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ASTRONOMICAL  INSTRUMENTSe 


CHAPTER  I. 

THE    TELESCOPE. 


1.  Thb  complete  theory  of  the  telescope  considered  simply  as 
an  optical  instrument  is  too  extensive  a  subject  to  be  condensed 
into  a  chapter  of  the  present  work :  it  must  be  sought  for  in  the 
larger  works  on  optics.*  I  shall,  therefore,  confine  myself  to 
Buch  points  as  appear  to  be  immediately  needed  by  the  observer 
for  the  intelligent  use  of  his  instruments.  The  following  expla- 
nations, at  once  elementary  and  practical,  some  of  which  are 
not  to  be  found  in  optical  works,  are  chiefly  derived  from 
SAWirscH.f 

2.  The  simple  astronomical  telescope. — The  astronomical  telescope, 
m  its  simplest  form,  consists  of  two  bi-convex  lenses ;  the  larger, 


Fig.l. 


AB  (Fig.  1),  which  is  turned  towards  the  object,  is  called  the 


*  See  HiRBOBSL's  Treatite  on  Light;  Pbsohtbl's  PractUehe  Dioptrik;  Biot'b  Aft* 
tronomU  PhyMiqw,  Vols.  I.  and  II. ;  Potibb'b  Optics \  Coddikoton's  Optics;  Lloyd's 
JVeatise  an  Light  and  Vition;  Litt&ow's  AnalytUch$  Dioptrik;  Pbarson's  Practical 
Astronomy, 

f  AhriiM  tUr praetitehin  Attronomiei  von  Da.  A.  Sawxtscb,  am  dem  RuintehenObersetzt 
•Ml  Da.  W.  C.  QoBTKB.    Hftinbarg,  1850. 
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objectW€y  or,  more  commonly,  the  object  glass;  and  the  smaller,  gg'. 
through  which  the  observer  looks,  is  called  the  ocidary  or,  mor^ 
commonly,  the  eye  glass  or  eye  piece.  The  two  surfaces  of  both 
these  lenses  are  segments  of  spherical  surfaces  of  different  radii. 
The  optical  axis  of  a  lens  is  the  straight  line  which  passes  through 
the  centres  of  the  two  spherical  surfaces  which  bound  the 
lens.  The  optical  axis  of  the  telescope  is  coincident  with  that 
of  the  object  glass.  When  the  telescope  is  well  constructed,  the 
optical  axis  of  the  ocular  should  always  be  parallel  to  that  of 
the  objective,  even  when  (as  is  usual  in  the  larger  instruments) 
the  ocular  is  movable,  this  motion  being  in  a  plane  at  right 
angles  to  the  axis  of  the  telescope.  Where  the  ocular  has  no 
motion,  its  axis  should  coincide  with  that  of  the  objective,  and, 
consequently,  with  that  of  the  telescope. 

8.  Let  us  now  suppose  that  our  telescope,  or  rather  its  optica) 
axis,  is  directed  towards  a  star  S.  Then,  on  account  of  the  great 
distance  of  the  star,  we  can  assume  that  all  the  rays  from  it  to 
various  points  of  the  object  glass,  as  SAy  SCy  SB^  are  parallel  to 
each  other.  The  ray  8Q  which  passes  along  the  optical  axis 
itself,  suffers  no  deviation  from  the  refractive  power  of  the  lens, 
since  it  enters  and  leaves  the  lens  at  right  angles  to  the  refracting 
surfaces ;  but  all  other  rays,  as  SA  and  SB,  are  refracted  both 
when  entering  the  lens  and  when  leaving  it,  and,  when  the  lens 
is  small  in  proportion  to  the  radii  of  curvature  of  its  surfaces, 
these  rays  will  all  converge  to  a  common  point  F  in  the  axis  of 
the  telescope.  This  common  point  in  which  a  system  of  parallel 
rays  meet  is  the  principal  focuSj  usually  called  simply  the  focuSy 
of  the  lens,  and  the  distance  FC  from  the  centre  C  of  the  lens 
is  called  the  focal  length  of  the  lens.  K  the  radiant  point  S  is  so 
near  to  the  telescope  that  the  lines  SA,  SB  are  sensibly  divergent, 
the  lens  will  not  bring  them  together  at  the  principal  focus,  but 
at  a  point  more  remote ;  that  is,  the  actual  focus  will  be  farther 
from  the  lens  than  F.  If  the  radiant  point  is  at  a  distance  from 
the  lens  equal  to  the  principal  focal  distance,  the  divergent  rays 
from  this  point  will  simply  be  rendered  parallel  by  the  lens,  or 
the  actual  focus  will  be  removed  to  an  infinite  distance.  For  all 
astronomical  purposes  we  need  consider  only  the  principal  focus, 
regarding  the  rays,  even  from  the  nearest  celestial  body,  the 
moon,  as  sensibly  parallel.  The  telescopes  used  in  surveying 
instruments  (where  the  terrestrial  objects  observed  are  at  variouei 
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distances  from  the  lens,  and  these  distances  all  small)  are  pro- 
vided with  a  ready  means  of  adjusting  the  position  of  the  object- 
ive, by  sliding  the  part  of  the  telescope  tube  containing  it  out 
and  in :  bo  that  the  actual  focus  may  always  occupy  the  same 
absolute  position  in  the  optical  axis,  and,  consequently,  always 
be  at  the  same  distance  from  the  ocular.  The  same  result  is 
also  obtained  by  giving  the  portion  of  the  tube  containing  the 
ocular  a  sliding  motion. 

4.  All  the  parallel  rays  from  a  distant  radiant  point,  as  a  star 
Sj  which  are  converged  to  the  focus  JP,  form  an  image  of  the 
star  in  that  focus.  Conversely,  if  the  radiant  point  be  placed  at 
-P,  all  the  divergent  rays  SAy  SB,  &c.  will  emerge  from  the  lens 
in  parallel  lines  ASy  BSy  &c.  We  shall  hereafter  have  occasion 
to  make  several  important  applications  of  this  property  of  a  lens : 
here  we  shall  apply  it  at  once  to  show  how  a  distinct  view  of 
the  image  of  a  star  at  F  is  obtained.  The  eye  lens  gg\  being 
placed  in  the  line  CF  produced,  at  a  distance  Fc  equal  to  its  own 
principal  focal  distance,  it  follows,  from  the  property  of  a  lens 
just  stated,  that  the  divergent  rays  Fg,  Fg'  will  emerge  in 
parallel  lines  gk^  g'k'y  and  will,  consequently,  enter  the  eye  of  the 
observer  in  parallel  lines,  thus  giving  a  distinct  view  of  the  star; 
for  the  eye,  in  persons  who  are  neither  far-sighted  nor  near- 
sighted, is  naturally  adapted  for  distinct  vision  when  the  rays 
entering  it  are  parallel.  Without  the  telescope  we  should  see 
only  those  rays  from  the  star  which  fall  upon  the  pupil  of  the 
eye ;  but  when  we  look  at  the  image  of  the  star  at  the  focus  of 
a  telesoope,  we  see  it  with  greater  distinctness,  because  we  then 
receive  into  the  eye  all  the  rays  which  have  entered  the  object 
glass  and  have  been  united  at  the  focus.  In  this  consists  the 
Jirsi  great  advantage  in  the  use  of  the  telescope. 

5.  Let  a  very  fine  thread  be  stretched  in  the  focus  F  of  the 
telescope  at  right  angles  to  the  optical  axis.  This  thread  will 
be  visible  through  the  ocular  when  the  latter  is  so  placed  that 
its  focus  coincides  with  F:  consequently,  when  the  telescope 
is  directed  towards  a  star,  we  shall  have  distinct  vision  of 
both  the  star  and  this  thread  at  the  same  time.  If  two  threads 
are  placed  at  the  focus  at  right  angles  to  each  other,  their  inter 
section  will  determine  a  fixed  point  in  the  field  of  view,  which 
by  moving  the  telescope  may  be  brought  upon  the  object  to  be 
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observed.  By  bringing  this  point  successively  npon  different 
celestial  objects,  their  relative  positions  can  be  measured  with 
the  greatest  precision ;  and  in  this  consists  the  second  great  ad- 
vantage in  the  use  of  the  telescope.  Since  the  apparent  thick- 
ness of  these  threads  is  increased  by  the  magnifying  power  of 
the  ocular  it  is  necessary  to  use  a  very  fine  material :  the  spider's 
web  is  that  which  is  almost  universally  used. 

The  line  of  sight  is  the  straight  line  drawn  from  the  thread 
through  the  optical  centre  of  the  objective ;  for  this  line  repre- 
sents the  direction  of  a  distant  point  (as  a  star),  when  the  tele- 
scope is  so  directed  that  an  image  of  the  point  is  formed  at  the 
thread.  This  line  is  also  called  the  line  of  coUimation ;  but  we 
shall  hereafter,  for  the  sake  of  brevity,  call  it  the  sight-line. 

6.  The  spider  lines,  or  threads,  are  usually  stretched  across  a 
ring,  or  diaphragm,  which  is  placed  in  a  tube  which  slides  in  the 
principal  tube  of  the  telescope.  The  ocular  also  slides  without 
affecting  the  threads :  so  that  by  means  of  these  two  motions  we 
can  bring  the  threads  exactly  into  the  common  focus  of  the  ob- 
jective and  ocular.  It  is  to  be  observed  that  the  motion  of 
the  ocular  is  necessary  merely  for  adaptation  to  the  eyes  of 
different  observers.  The  threads,  being  once  accurately  placed 
in  the  focus  of  the  objective,  must  not  be  disturbed;  but  the 
ocular  may  be  drawn  out  or  pushed  in  by  each  observer  until 
he  obtains  a  distinct  view  of  the  threads.  To  ascertain  whether 
the  threads  are  accurately  placed  in  the  focus  of  the  objective, 
first  adjust  the  ocular  for  distinct  vision  of  the  threads,  then, 
bringing  a  thread  upon  a  very  distinct  point,  as  a  slow  moving 
star,  observe  whether  a  motion  of  the  eye  in  any  direction 
towards  the  edge  of  the  eye  lens  causes  the  star  to  leave  the  thread ; 
for,  if  the  image  of  the  star  is  exactly  on  the  thread,  it  ought  to  be 
seen  on  it  even  from  a  side  view ;  but,  if  it  is  before  or  behind 
the  thread,  it  will  be  seen  on  it  only  from  a  direct  front  view. 

7.  Magnifying  power. — ^Let  us  suppose  the  telescope  to  bo 
directed  towards  a  very  distant  object  DL  (Fig.  2).  From  its 
upper  extremity  D  a  multitude  of  rays  proceed  which  fall  upon 
all  parts  of  the  objective  AB^  and  which  (in  consequence  of  the 
great  distance  of  the  object)  may  all  be  regarded  as  parallel  to  the 
line  DCd  which  passes  through  the  middle  point  of  the  lens.  All 
these  ravs  are  brought  to  a  focus  in  this  line  JD  (7g{  at  a  point  d  whose 
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distance  from  the  lens  is  equal  to  the  focal  length  of  the  lens.  There 
exists  then  at  the  point  d  a  distinct  image  of  the  point  D.    In  a 


Fig.  2. 


similar  manner  an  image  of  every  point  of  the  object  is  found  at 
the  same  distance  behind  the  object  glass :  so  that  there  will  exist 
at  the  focus  of  the  lens  a  complete,  though  very  small,  image  of  the 
object.  This  image  will  be  inverted ;  for,  while  the  image  of  the 
upper  point  D  is  formed  at  d,  that  of  the  lowest  point  L  is  formed 
at  ly  the  axes  of  the  systems  of  rays  from  the  several  points  of  the 
object  crossing  at  the  middle  point  C  of  the  lens.  K  the  focus  of 
the  ocular  is  coincident  with  that  of  the  objective,  and,  con* 
sequently,  also  with  the  image  dly  the  rays  which  diverge  from 
a  point  d  of  the  image  and  fall  upon  the  ocular  gg'  will  emerge 
from  the  latter  in  lines  parallel  to  each  other  and  to  the  line 
dck  which  is  drawn  from  d  through  the  centre  of  the  ocular; 
and,  the  same  being  true  of  rays  from  every  point  of  the  image, 
those  from  the  extreme  point  I  emerge  in  lines  parallel  to  the 
line  IcTL  Hence  the  rays  from  the  two  extreme  points  d  and  I 
of  the  image  enter  the  eye  of  the  observer  at  an  angle  with  each 
other  equal  to  nek  or  led;  and  this  angle  is  the  apparent  angular 
magnitude  of  the  image  to  the  eye.  But  without  the  telescope 
the  apparent  angular  magnitude  of  the  object,  the  eye  being  at 
Cy  would  be  DCL  =  dCl;  which  angle  may  be  assumed  to  be 
the  same  as  that  under  which 
the  object  is  seen  from  the  ''V 
actual  position  of  the  eye  be- 
hind the  ocular,  the  length 
of  the  telescope  being  in- 
considerable in  relation  to 
the  distance  of  the  object. 
Now,  the  apparent  linear 
magnitudes  of  the  object 
and  its  image  seen  thus  under  different  angles  can  be  com- 
pared by  referring  them  to  the  same  absolute  distance.  Thus, 
referring  the  image  dl  (Fig.  3)  to  the  actual  distance  of  the 
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object  i)i,  by  the  lines  Edd'^  EW  drawn  from  the  eye  at  JS?,  we 
have 

dViDL=:^d'MiDM=ttLn\dElit2^ii\DEL 

Hence,  denoting  the  magnifying  power  by  G^  we  have 

dT  ^    tv^nhdEl 
DL        tan  i  DEL  ^^^ 

whence  the  proposition,  (A),  The  magnifying  power  of  the  telescope 
is  equal  to  the  tangent  of  half  the  apparent  angular  magnitude  of  the 
image  seen  through  the  ocular^  divided  by  the  tangent  of  hcdf  the  ap* 
parent  angular  magnitude  of  the  object  seen  without  the  telescope. 

Referring  again  to  Fig.  2,  we  have  the  apparent  magnitude  of 
the  image  as  seen  through  the  ocular  =  Ud^  and  that  of  the 
object  as  seen  by  the  naked  eye  =  ICd^  and 

tan} led; tan  \lCd  =  — :— 7=  =  mCimc 
mc   mC 

or 

■"  tunilCd  ^  mc  (^) 

whence  the  proposition,  (B),  The  magnifying  power  of  the  telescope 
is  equal  to  the  quotient  of  the  focal  length  of  the  objective  divided  by  the 
focal  length  of  the  ocular. 

This  principle  serves  for  the  calculation  of  the  magnifying 
power  when  the  focal  lengths  of  the  glasses  are  known,  at  least 
for  the  simple  astronomical  telescope  here  considered.  A  mode 
of  obtaining  the  magnifying  power  of  any  telescope  by  direct 
observation  will  be  given  below. 

We  see  then  that  with  the  same  objective  we  can  have  various 
magnifying  powers  by  simply  varying  the  ocular ;  and  the  less 
the  focal  length  of  the  ocular,  the  greater  will  be  the  magni- 
fying power.  The  more  the  telescope  magnifies,  the  nearer  will 
the  object  appear  to  us,  and,  consequently,  the  more  distinctly 
will  its  several  parts  be  seen.  Herein  consists  the  third  essential 
advantage  in  the  employment  of  the  telescope. 

8.   The  field  of  view. — ^By  the  field  of  view  is  meant  the  space 

which  can  be  viewed  with  the  tele- 
'*  scope  at  one  and  the  same  time.   The 

magnitude  of  the  field  depends  upon 
the  angle  gCg'  (Fig.  4),  which  is  con- 
tained by  two  rays  from  the  centre 
of  the  objective  to  the  extremities 
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of  a  diameter  gg*  of  the  ocular ;  and  conBequently  it  depends  upon 
the  magnitude  of  the  ocular  and  its  distance  from  the  objective. 
Most  telescopes  have  diaphragms^  or  opaque  rings,  placed  within 
the  tube  to  cut  oiF  rays  from  the  extreme  edges  of  the  objective^ 
as  well  as  stray  light  falling  down  the  tube.  If  the  inner  edge 
of  any  diaphragm  trenches  upon  the  lines  Cg^  Cg\  the  magni- 
tude of  the  field  will  be  diminished,  and  will  then  depend  upon 
thence  aperture  of  the  diaphragm,  or  upon  that  portion  of  the 
ocular  upon  which  rays  from  the  centre  of  the  objective  can  fall. 
As  it  is  difficult  to  construct  large  eye  pieces  which  shall  give 
as  perfect  images  near  their  edges  as  in  the  centre,  it  is  usual  to 
obtain  a  large  field  with  a  small  eye  piece  by  giving  the  latter 
a  sliding  motion  at  right  angles  to  the  axis  of  the  telescope.  In 
this  case  the  whole  available  field  depends  also  upon  the  quantity 
of  motion  possessed  by  the  eye  piece.  Usually  this  motion  can 
be  given  only  in  one  direction,  in  which  case  the  whole  available 
field  is  oblong,  its  breadth  being  limited  by  the  dimensions  of 
the  eye  piece,  and  its  length  by  the  quantity  of  motion.  Some- 
times, however,  two  motions  are  provided,  at  right  angles  to  each 
other,  and  then  the  whole  of  the  free  circular  aperture  of  the 
diaphragm  becomes  available  for  the  field. 

9.  Brightness  of  images  produced  by  the  telescope^  and  the  intensity 
of  their  light.  The  image  which  the  telescope  gives  of  an  object 
must  possess  a  sufficient  degree  of  brightness  to  make  an  impres- 
sion upon  our  eye.  Let  us  suppose  two  telescopes,  the  object 
glasses  of  which  are  of  different  diameters,  to  have  the  same  mag- 
nifying power.  Then  the  brightness  of  the  two  images  formed 
will  be  proportional  to  the  quantity  of  light  which  falls  on  the 
surface  of  the  two  objectives  respectively;  but  these  surfaces  are 
proportional  to  the  squares  of  the  diameters  of  the  objectives, 
and  hence  the  brightness  of  the  images  is  proportional  to  the 
square  of  these  diameters.  On  the  other  hand,  let  us  suppose 
two  telescopes,  with  object  glasses  of  equal  diameters,  to  have 
different  magnifying  powers ;  then  one  and  the  same  quantity  of 
light  is  distributed  over  the  larger  and  over  the  smaller  image, 
and,  consequently,  in  this  case  the  brightness  of  the  image  is 
inversely  proportional  to  the  square  of  the  magnifying  powers. 

It  is  to  be  observed,  however,  that  not  all  the  rays  which  fall 
upon  the  object  glass  reach  the  eye,  partly  on  account  of  the 
^ant  of  absolute  transparency  of  the  glass,  and  still  more  on 
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account  of  the  reflection  of  a  number  of  rays  from  the  surfaces 
of  the  lens.  Some  light  is  also  lost  occasionally,  when  the 
breadth  of  the  eye  glass  is  not  sufficient  to  embrace  all  the  rays 
which  proceed  in  a  cone  from  the  image  of  a  radiant  point  formed 
at  the  focus,  or  when  the  pupil  ot  the  eye  is  not  large  enough  to 
receive  the  whole  cylinder  which  these  rays  form  after  passing 
through  the  eye  glass.  Thus,  in  Fig.  1,  let  SABS  he  the  cylinder 
of  rays  from  a  very  distant  point,  falling  upon  the  free  opening 
of  the  object  glass ;  g'k'kg^  the  cylinder  of  light  which  emerges 
from  the  eye  glass ;  -Fthe  common  focus  of  the  two  glasses.  On 
account  of  the  similarity  of  the  triangles  ABF  and  g'gF,  we 
have 

ABt^g=  GFi  Fc 

OF 

But  the  magnifying  power  G  is  (Art.  7)  equal  to  — ;  consequently, 

also,  ^"^ 

Now,  all  the  rays  which  fall  upon  the  object  glass  will  enter  the 
pupil  of  our  eye  only  when  g'g  is  either  equal  to  the  diameter  d 
of  the  pupil,  or  is  less  than  d.    In  the  first  case  we  shall  have 

G  =  -T-\   in  the  second,  6?  >  -j-     But  if  (r  <  -j-*  we  must 
a  a  a 

have  gg'  >  d,  or  the  diameter  of  the  cylinder  of  light  emerging 
from  the  eye  glass  greater  than  the  diameter  of  the  pupil :  in 
that  case,  therefore,  some  of  the  light  must  be  lost  to  the  eye. 

Since  every  point  of  an  object  seen  through  a  telescope  must 
appear  as  a  point,  whatever  may  be  the  magnifying  power  of  the 
telescope,  it  follows  that  the  intensity  of  the  illumination  of  the 
several  points  of  the  image  in  the  telescope  depends  upon  the 
quantity  of  light  which  proceeds  from  each  point  of  the  object 
and  reaches  our  eye.  We  must,  therefore,  not  confound  intensiiy 
with  the  brightness  which  results  from  the  impression  of  the  whole 
image  upon  the  eye.  The  intensity  of  the  light  is  independent 
of  the  magnifying  power,  while  the  brightness  is,  as  we  have 
seen,  inversely  proportional  to  the  square  of  the  magnifying 
power.  According  to  these  principles,  the  following  explanation 
of  the  working  of  the  telescope,  given  by  the  distinguished 
Olbebs,  will  be  readily  understood : 

"Let  B  be  the  brightness,  /the  intensity  of  light  of  an  object 
seen  through  the  telescope ;  both  being  supposed  to  be,  for  the 
naked  eye,  equal  to  unity.    Let  D  be  the  diameter  of  the  object 
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glass,  d  that  of  the  pupil  of  the  eye,  G  the  magnifying  power 
of  the  telescope,  and  1 :  m  the  ratio  in  which  the  light  is  dimity 
ished  by  its  passage  through  all  the  glasses  of  the  telescope ; 
then  we  have 

Now,  so  long  as  ff  <  — »  which,  however,  occurs  only  in  tele* 

scopes  of  large  objective  apertures  and  low  magnifying  power, 
the  quantity  £  must  remain  constant  and  =  m;  for,  if  G^  is  less 

than  —  the  diameter  of  the  cylinder  of  emergent  rays  from  the 

ocular  will  be  greater  than  can  be  received  by  the  pupil ;  the 
eye  then  receives  no  more  of  the  light  than  it  would  if  the  ob- 
jective had  the  diameter  Gd.  Hence,  the  greatest  value  of  B  is 
m,  and  can  never  be  greater  in  the  telescope.  Since  in  the  best 
achromatic  telescopes  m  =  0.85,  we  see  that  the  brightness  of 
an  object  is  always  greatest  with  the  naked  eye.     As  soon  as  G 

is  greater  than  -z'  the  brightness  rapidly  diminishes  as  the  square 

of  G. 
"  On  the  other  hand,  J,  or  the  intensity  of  the  light,  is  constant 

as  soon  as  6?  =  or  >  -j.  provided  that  the  field  of  view  always 

includes  the  whole  of  the  magnified  object.  I  can  therefore 
become  very  great  when  D  is  great ;  and  this  is  the  reason  why 
exceedingly  faint  stars  can  be  seen  through  a  telescope  with  a 
large  objective.  The  diameter  d  of  the  pupil  (which  may  be 
assumed  to  be  about  0.2  of  an  inch)  is  not  only  different  in 
diflferent  observers,  but  also  varies  with  the  absolute  intensity  of 
the  light  of  the  object  viewed, — e.g.  it  is  less  when  we  view  the 
moon,  greater  when  we  view  Saturn;  less  when  we  view  the 
moon  through  a  telescope  of  five  inches  aperture  than  through 
one  of  two  inches  aperture. 

"The  sky,  or  Aground  of  the  heavens,'  has  a  certain  degree 
of  brightness,  not  only  in  daytime,  in  twilight  and  moonlight, 
but  even  at  night  in  the  absence  of  the  moon.     This  brightness 

of  the  sky  also  diminishes  in  the  telescope  as  m .  -^^^>  and  therefore. 

the  ratio  of  the  brightness  of  an  observed  object  to  the  bright- 
ness of  the  sky  remains  constant  for  all  magnifying  powers. 
This  is  the  reason  why  for  considerable  magnifying  powers  We 
^    VoIm  n.— 2 
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do  not  observe  a  correspondingly  great  decrease  of  brightness. 
But,  If  we  call  this  brightness  of  the  sky  6,  although  the  ratio 
5:6  remains  constant,  our  eye  can,  nevertheless,  no  longer  dis- 
tinguish the  difference  B  —  6  of  the  brightness  of  the  object  and 
the  sky  when  this  difterence  is  very  small.  Hence,  faint  nebulee, 
tails  of  comets,  &c.  become  invisible  under  high  magnifying 
powers.  The  intensity  of  the  light  of  the  portion  of  the  sky 
which  we  see  in  the  telescope  varies  inversely  as  (?*,  nearly.* 
This  intensity  of  the  light  of  the  field  may  be  so  great  as 
wholly  to  prevent  our  seeing  objects  of  feeble  intensity.  This 
is  the  reason  why  with  the  comet-seeker  (a  telescope  of  large 
aperture  and  small  magnifying  power)  we  cannot  see  stars,  even 
of  the  first  magnitude,  in  the  daytime,  when  we  can  see  them 
without  diflBlculty  with  telescopes  of  much  smaller  apertures  and 
greater  magnifying  powers.  This  also  explains  why  with  high 
magnifying  powers  we  often  discover  very  faint  stars  which  are 
wholly  invisible  in  the  same  telescope  with  lower  powers.*' 

The  more  perfect  the  telescope  is,  the  more  nearly  will  the 
image  of  a  star  resemble  a  bright  point;  and,  according  to  the 
above,  we  may  without  hesitation  always  employ  for  the  obser- 
vation of  fixed  stars  the  highest  magnifying  powers. 

10.  Spherical  and  Chromatic  Aberration. — A  telescope  of  the 
simple  construction  above  described  would  possess  serious  defects. 
All  the  parallel  rays  from  an  object  which  fall  upon  a  simple 
spherical  lens  cannot  be  brought  exactly  to  a  common  point  in 
any  case ;  and  not  even  approximately  unless  the  lens  is  small 
or  of  relatively  great  focal  length.  The  image  of  a  fixed  star 
will,  therefore,  not  be  a  well  defined  point,  but  rather  an  ill  defined 
spot  of  light;  and  the  images  of  all  objects  will  be  the  more  dis- 
torted the  greater  the  objective  is  in  proportion  to  the  focal 
length.  This  deviation  of  the  rays  from  a  common  point  in  the 
telescope  is  called  the  spherical  aberration. 

In  the  simple  astronomical  telescope,  still  another  diflBlculty 
exists:  for  white  rays  of  light,  after  they  are  refracted  by  a  simple 
lens,  are  resolved  into  the  colors  of  the  prismatic  spectrum,  or 
of  the  rainbow,  and,  consequently,  the  image  of  any  object  will 
appear  surrounded  and  disfigured  by  colored  light.     This  arises 

*  That  is,  the  effect  upon  the  eye  of  the  whole  of  the  light  of  that  portion  of  the 
•ky  which  is  yisible  under  the  magnifying  power  G  yaries  nearly  as  — ^;  as  iseyi- 
denty  since  the  field  is  diminished  in  this  ratio. 
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from  the  different  degrees  of  refrangibility  of  the  different  colors. 
The  deviation  of  the  rays  of  different  colors  from  a  common  focus 
IB  called  the  chromatic  aben^ation. 

With  regard  to  the  means  by  which  the  telescope  is  rendered 
almost  wholly  free  both  from  spherical  and  from  chromatid' 
aberration,  that  is,  rendered  both  apUmaik  and  achromatic^  it 
must  here  suffice  to  state,  in  general  terms,  that  the  result  is 
obtained  by  substituting  for  the  simple  lens  a  compound  one  of 
which  the  component  lenses  are  made  of  glass  of  different  degrees 
of  refractive  and  dispersive  powers.  There  are  generally  two 
component  lenses,  as  in  Fig.  6 ;  one  of  which,  J. J5,  is  a  biconvex 

Fig.  5. 


lens  of  croum  glass,  and  is  that  which  is  turned  towards  the  object; 
the  other,  AA'BB' yiQ  a  meniscus  or  concavo-convex  lens  of  flint 
glass.  The  latter  kind  of  glass  usually  contains  at  least  88  per 
cent,  of  oxyde  of  lead,  from  which  crown  glass  is  wholly  free ; 
and  both  its  refractive  and  its  dispersive  powers  exceed  those  of 
crown  glass.  By  giving  the  four  spherical  surfaces  of  the  com- 
ponent lenses  suitable  curvatures,  both  the  spherical  and  the 
chromatic  aberrations  produced  by  the  crown  glass  lens  are  very 
nearly  corrected  by  the  flint  glass  lens. 

Even  in  the  best  telescopes  an  absolutely  perfect  compensation 
of  the  errors  has  not  been  reached.  Some  idea  of  the  relative 
excellence  of  the  instrument  may  readily  be  obtained  as  follows.' 
The  correction  for  spherical  aberration  is  well  made  when  the 
Image  of  a  star,  in  favorable  states  of  the  atmosphere,  is  a  very 
small,  well  defined,  round  disc.  Having  adjusted  the  eye  piece, 
by  sliding  it  out  or  in,  until  this  disc  is  reduced  to  its  least  dimen- 
flions  and  most  perfectly  defined,  the  slightest  motion  of  the  eye 
piece  from  this  position,  either  out  or  in,  should  disturb  the  per- 
fection of  the  image :  a  telescope  in  which  the  character  of  the 
image  remains  sensibly  the  same  during  a  considerable  motion 
of  the  eye  piece  is  imperfectly  corrected  for  the  spherical  aber- 
ration.    The  correctness  of  the  general  figure  of  the  lens  is 


so 
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judged  of  by  Bliding  the  eye  piece  in  beyond  the  perfect  focus, 
whereby  the  image  becomes  enlarged;  but  if  the  lens  is  sym- 
metrical throughout,  the  image  will  remain  circular,  and  in  very 
perfect  telescopes  will  present  a  number  of  complete  concentric 
circular  rings  of  light ;  a  similar  result  should  follow  when  the 
eye  piece  is  drawn  out.  An  imperfect,  unsymmetrical  lens,  with 
the  eye  piece  out  of  tocus,  will  give  an  image  composed  of  incom- 
plete and  distorted  rings,  or  only  a  confused  and  irregular  mass 
of  variously  colored  light  If  the  glass  of  which  the  lens  is  com- 
posed is  not  perfectly  homogeneous  (one  portion  having  greater 
refractive  power  than  another),  the  images  of  bright  stars  of  the 
first  or  second  magnitudes  will  have  what  opticians  call  a  vmg  on 
one  side,  which  no  perfection  of  figure  or  of  adjustment  can  re- 
move.  But  the  defective  portion  of  the  glass  may  be  discovered 
by  covering  up  successively  different  parts  of  the  lens  by  means 
of  caps  of  variable  apertures  in  various  positions;  and  some  im- 
provement in  the  performance  of  the  lens  may  be  obtained  by 
excluding  this  defective  portion,  at  the  expense  of  light 

The  achromatism  is  judged  of  by  pointing  the  telescope  to 
some  bright  object,  as  the  moon  or  Jupiter,  and  alternately  push- 
ing in  and  drawing  out  the  eye  piece  from  the  place  of  most  per- 
fect vision :  in  the  former  case,  if  the  lens  is  good,  a  ring  of  purple 
will  appear  round  the  edge  of  the  image,  in  the  latter,  a  ring  of 
pale  green  (which  is  the  central  color  of  the  prismatic  spectrum) ; 
for  these  appearances  show  that  the  extreme  colors  of  the  spec* 
trum,  red  and  violet,  are  corrected. 


11.  Achromatic  eye  pieces. — The  eye  pieces  now  most  commonly 
used  are  of  two  kinds:  the  Huygenian  and  the  Bam^den, 
The  Huygenian  eye  piece  consists  of  two  plano-convex  lenses 

of  crown  glass,  A  and  B 
^'^'  ••  (Fig.  6),  the  convex  sur- 

faces of  both  being  turned 
towards  the  object.  The 
first  lens  A  receives  the 
converging  rays  Sa,  8b^ 
coming  from  the  object 
glass,  before  they  have 
reached  the  principal  fo- 
cus F  of  the  object  glass, 
and  brings  them  to  a  focus  F'  half-way  between  the  two  lenses 
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A  and  S.  The  focal  length  of  the  lens  B  being  made  equal  to 
BF',  the  image  formed  at  F'  is  distinctly  visible  to  an  eye  be- 
hind B.  Since  this  eye  piece  is  adapted  to  rays  already  converg- 
ing, instead  of  diverging  rays,  it  is  commonly  called  ihe  negative 
eye  piece. 

The  Bamsden  eye  piece  is  shown  in  connection  with  the  tele- 
scope in  Fig.  6.  It  also  consists  of  two  plano-convex  lenses; 
but  the  plane  surface  of  the  lens  nearest  the  object  is  turned 
towards  the  object.  The  diverging  rays  from  an  image  F  are 
rendered  less  divergent  by  the  first  lens,  and  finally  parallel  by 
the  second  lens ;  after  emerging  from  the  latter,  therefore,  they 
are  adapted  for  distinct  vision  to  an  eye  placed  behind  it.  This 
eye  piece  being  adapted  for  diverging  rays,  like  the  simple  double 
convex  lens,  is  called  the  positive  eye  piece.  It  is  universally 
used  wherever  spider  threads  are  placed  in  the  focus  of  the  object 
glass  for  the  purposes  of  measurement,  as  in  the  transit  instrument, 
&c. ;  for  the  permanency  of  the  position  of  these  threads  is  of 
the  first  importance,  and  this  could  not  be  insured  unless  the 
threads  were  so  placed  as  to  be  independent  of  any  motion  of 
the  eye  piece.  Threads  are,  however,  often  placed  in  the  focus 
of  a  Huygenian  eye  piece  merely  to  mark  the  centre  of  the  field, 
as  in  the  eye  pieces  of  the  telescopes  of  a  sextant. 

The  optical  qualities  of  the  Huygenian  eye  piece  are,  however, 
superior  to  those  of  the  Ramsdeji^  the  spherical  aberration  being 
more  perfectly  corrected ;  and  it  is,  therefore,  preferred  for  the 
mere  examination  of  celestial  objects  when  no  measurements 
are  to  be  made. 

Neither  of  these  eye  pieces  changes  the  apparent  position  of 
the  image,  which  therefore  remains  inverted.  Achromatic  eye 
pieces  designed  to  show  objects  in  their  erect  positions  usually 
consist  of  four  lenses.  They  are  used  chiefly  for  land  objects,  and 
only  in  small  telescopes.  The  great  loss  of  light  from  the  addi- 
tional lenses  is  an  insuperable  objection  to  them  for  astronomical 
purposes. 

The  lenses  composing  the  eye  piece  are  fixed,  at  the  proper 
distance  from  each  other,  in  a  separate  tube,  which  has  a  sliding 
motion  in  another  tube  fixed  to  the  telescope,  so  that  it  can  be 
pushed  in  or  drawn  out  and  thus  adapted  for  diflTerent  eyes. 
For  near-sighted  persons  it  must  be  pushed  in ;  for  far-sighted 
persons,  drawn  out. 
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12.  Diagonal  eye  pieces. — ^When  a  telescope  is  directed  towards 
an  object  near  the  zenith,  it  is  always  inconvenient,  and  often, 
with  small  instruments,  impossible,  for  the  observer  to  bring 
his  eye  directly  under  the  telescope.  The  inconvenience  is 
obviated  by  employing  an  eye  piece  which  bends  the  rays  at 
right  angles  to  the  optical  axis  of  the  telescope, 
*  'b  as  in  Fig.  7,  where  the  lens  A  receives  the  rays 
-rC^^^IU.  in  the  direction  of  the  axis  of  the  telescope  and 
partially  refracts  them ;  they  are  then  reflectec* 
by  the  plane  surface  M  (placed  at  an  angle  of 
45°  with  the  axis)  to  the  lens  5,  by  which  they 


I/' 


are  rendered  parallel  and  adapted  for  distinct  vision  to  the  eye 
at  B  looking  in  the  direction  BM,  The  surface  M  may  be  either 
a  plane  metallic  mirror,  or  the  interior  face  of  a  right  prism  of 
glass,  the  section  of  which  is  shown  in  the  figure  by  the  dotted 
lines.  The  prism  is  usually  preferred,  as  less  light  is  lost  by 
reflection  from  its  interior  face  than  from  a  metallic  speculum. 

.  13.  To  measure  the  magnifying  power  of  a  telescope. — I\rst  Method.-^ 
The  magnifying  power  depends  upon  the  focal  lengths  of  the 
object  glass  and  eye  piece  (Art.  7),  and  hence  for  the  same  tele- 
scope different  eye  pieces  will  give  different  magnifying  powers. 
We  suppose,  then,  that  the  eye  piece  whose  magnifying  power 
is  to  be  found  is  placed  upon  the  telescope  and  very  carefully 
adjusted  for  distinct  vision  of  very  distant  objects.  J£  we  then 
direct  the  telescope  in  daytime  towards  the  open  sky,  we  shall 
see  near  the  eye  piece,  and  a  little  way  beyond  it,  a  small  illumi- 
nated circle,  which  is  nothing  more  than  the  image  of  the 
objective  opening  of  the  telescope.  Let  the  diameter  of  this 
circle  be  measured  by  a  very  minutely  divided  scale  of  equal 
parts ;  then  the  magnifying  power  is  equal  to  the  quotient  arising  from 
dividing  the  diameter  of  the  object  glass  by  the  diameter  of  this  iUumU 
nated  circle.*    For  example,  let  the  diameter  of  the  object  glass 

.  *  The  demonstraUon  of  this  rule  is  not  usually  giyen  in  our  optical  works.     LeC 

A2iB,  Fig.  8,  be  the  objective;  Cthe 
''**■  ^'  ocular,  which  we  can  regard  as  in  effect 

a  single  lens ;  N  the  middle  of  the  ob- 
jectiye;  n  the  middle  of  the  small  il- 
luminated circle  anbf  which  is  the  image 
of  the  objectiye  opening  formed  bejond 
b\ — -  the  ocular.     If  we  remove  the  object 

glass  ftrom  the  telescope  tube,  the  image  anb  of  the  opening  will  still  remain  the  same 
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be  4  inches,  that  of  the  small  illuminated  circle  ^  of  an  inch ; 
th^  magnifying  power  is  4  -;-  J^j  =  80. 

The  chief  difficulty  in  this  method  lies  in  the  exact  measure- 
ment of  the  diameter  of  the  small  illuminated  circle.  Various 
methods  have  been  contrived  for  this  purpose;  but  the  most 
effective  is  by  means  of  the  instrument  known  as  Bamsden's 
Dynameter. 

Second  Method  (proposed  by  Gauss). — K  we  reverse  the  tele- 
scope and  direct  the  ocular  towards  any  distant  object,  we  shall, 
when  looking  through  the  objective,  see  the  image  of  the  object 
as  many  times  diminished  as  we  see  it  magnified  when  looking 
through  the  ocular.  Select,  therefore,  two  well  defined  points, 
lying  in  a  horizontal  line,  and  direct  the  telescope  so  that,  look- 
ing into  the  objective,  these  points  may  appear  to  lie  at  about 
equal  distances  on  each  side  of  the  optical  axis.  Then  place  a 
theodolite  in  front  of  the  objective,  level  the  horizontal  circle, 
and  bring  the  optical  axis  of  its  telescope  nearly  into  coincidence 
with  that  of  the  larger  telescope,  so  that  looking  into  the  object* 
ive  of  the  latter,  through  the  telescope  of  the  theodolite,  tha 
selected  points  may  be  distinctly  seen.  Measure  the  apparent 
angular  distance  of  the  images  of  the  points  with  the  theodolite, 
by  bringing  the  vertical  thread  successively  upon  these  images 
and  taking  the  difference  a  of  the  two  readings  of  the  horizontal 
circle.  Remove  the  larger  telescope,  and  measure  in  the  same 
manner  with  the  theodolite  the  angular  distance  A  of  the  points 
themselves.  Then  the  magnifying  power  6?  is  given  by  the 
formula 

t8  when  the  glass  is  in  its  place.  Now,  it  is  known,  from  the  elements  of  optics,  that 
if  M  is  the  distance  of  a  bright  object  Arom  a  conyez  lens,  v  the  distance  of  the 
image  from  the  lens,  /  the  focal  length  of  the  lens,  we  haTe  the  equation 

1  +  1  =  1 

tet  /'be  the  focal  length  of  the  objectiye,/  that  of  the  ocular,  u  the  distance  between 
(hem;  then  we  haye  JV(7=  u==  F-^f;  On  =  v;  and,  consequently, 

1       1  1  F 


V      f       F  +  f     /{F+f) 
AUmh 

AB  _NC_F^f_F 

ab  ~'  nC  '^     V       ~  / 

F  A.B 

But,  by  Art.  6,  —  expresses  the  magnifying  power  of  the  telescope:  hence,  also,  — -- 

f  ab 

•xpreases  tlie  magnifying  power,  as  in  the  method  of  the  text.  ; 
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^       tan  }  ii 

A 

or,  if  the  angles  A  and  a  are  very  small,  (r  =  — 

If  the  observed  points  are  not  very  distant,  we  should  in  strict- 
ness measure  the  angle  A  by  placing  the  theodolite  at  the  point 
first  occupied  by  the  ocular ;  for  A  is  the  angle  contained  by  the 
rays  from  the  two  points  to  the  ocular,  and  a  the  angle  contained 
b;  these  rays  after  they  have  passed  through  the  ocular  and  have 
been  refracted  by  it. 

If  the  telescope  cannot  be  removed  conveniently,  the  angle  A 
may  be  obtained  by  measuring  the  linear  distance  D  of  the  middle 
point  between  the  two  observed  points  from  the  ocular,  and  the 
horizontal  linear  distance  d  between  the  points ;  then 

tanM  =  ^  (6) 

When  the  latter  method  is  practised,  however,  it  is  necessary  to 
observe  that  i/  the  telescope  of  the  theodolite,  in  measuring  the 
angle  a,  is  inclined  to  the  horizon  by  the  angle  J,  we  must  employ 
instead  of  a  the  angle  a'  given  by  the  formula 

sin  ia!  =  sin  i  a  cos  I 

or,  with  sufficient  precision, 

tan  ia'=  tan  i  a  cos  J 

a  reduction  which  was  unnecessary  where  both  A  and  a  were 
measured  by  the  theodolite,  since  the  factor  cos  /would  enter 
into  both  numerator  and  denominator  of  (4).  But  the  reduction 
may  also  be  neglected  here,  if  by  D  is  understood,  not  the  direct 
distance  from  the  ocular  to  the  observed  points,  but  the  projec- 
tion of  this  distance  on  the  horizontal  plane,  and  then  the  formula 

becomes  G  =  -=r—. — »  with  sufficient  precision,  since  a  is  always 
Duma  r  7  J 

very  small. 

For  accuracy,  the  angular  distance  of  the  points  observed 

should  be  as  great  as  can  be  embraced  within  the  field  of  the 

telescope. 

.  Example  1. — The  angles  A  and  a  were  directly  measured  with 
a  theodolite,  in  the  case  of  an  equatorial  telescope  with  a  ^ertaia 
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«jre  piece,    and  were  ^  =  5^  10'  80",  a  ==  8'  10".     We  have, 
therefore,  for  this  eye  piece, 

tan  0<>  1'  35" 

ExampIjES  2. — ^For  verification  of  the  preceding  measure,  tne 
angle  A  ivas  also  obtained  without  the  theodolite,  for  which  pur- 
pose there  was  measured  the  distance  of  the  observed  points 
from  the  ocular,  D  =  803.2  feet,  and  the  distance  between  the 
points,  d  =  26.98  feet  The  inclination  of  the  telescope  of  the 
theodolite  was  here  observed  to  be  1=  10°  40',  and  as  before  by 
direct  measure  a  =  8'  10".    We  have  first, 

*      1  A       26.98 

tan  k  A  = 

*  606.4 

and  hence 

a^ i^? =  98  30 

606.4  tan  1'  35"  cos  10°  40^ 

The  horizontal  distance  D  was  here  298  feet,  with  which,  by  the 
last  formula  above  given,  we  have 

(^  =  —??:??-,  =  98.29 
298  sin  3' 10" 

The  magnifying  power  of  this  eye  piece  may  therefore  be  taken 
at  98.3,  or  simply  98. 

Third  Method  (proposed  by  H.  B.  Valz,  m  the  Asironomische 
Nachrichten^  Vol.  vii).  This  very  convenient  method  consists  in 
directing  the  telescope  towards  any  object  of  known  angular 
diameter,  and  measuring  the  angle  formed  by  rays  from  the 
extremities  of  a  diameter  after  these  rays  have  emerged  from  the 
eye  piece.  The  sun,  the  angular  diameter  of  which  is  always 
known,  is  especially  adapted  for  the  purpose.  The  image  of  the 
sun  may  be  received  upon  a  screen  placed  in  the  prolongation 
of  the  axis  of  the  telescope  with  its  flat  surface  carefully  adjusted 
at  right  angles  to  that  axis.  The  telescope  is  to  remain  fixed, 
being  properly  directed  so  that  the  sun  shall  pass  over  the  centre 
of  its  field ;  and  as  the  image  passes  over  the  screen  its  linear 
liameter  d  is  to  be  measured.  Also  the  perpendicular  distance 
D  from  the  middle  of  the  eye  piece  to  the  screen.     Then,  if  a  is 
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the  true  angular  diameter  of  the  sun,  A  the  angular  diameter  of 
the  image  on  the  screen,  subtended  at  the  eye  piece,  we  have 

tan  *^  =  ^ 

and  the  magnifying  power  G^,  as  before,  is 

^_tanM_ d 

tan  ia        2i>ten  ia  ^  ^ 

Fourih  Method. — ^For  small  instruments,  and  where  great  accu- 
racy is  not  required,  the  following  process  will  answer.  Let  a 
staft*,  which  is  very  boldly  divided  into  equal  parts  by  heavy  lines, 
be  placed  vertically  at  any  convenient  distance  from  the  telescope, 
for  example,  fifty  yards.  While  one  eye  is  directed  towards  the 
staff  through  the  telescope,  the  other  eye  may  observe  the  staff  by 
looking  along  the  outside  of  the  tube.  One  division  of  the  staff 
will  be  seen  by  the  eye  at  the  eye  piece  to  be  magnified,  so  as  to 
cover  a  number  of  divisions  of  the  staff,  and  this  number,  which 
is  the  magnifying  power  required,  may  be  observed  by  the  other 
eye  looking  along  the  tube.  The  staff  here  not  being  very  distant^ 
the  focal  adjustment  of  the  telescope  is  not  the  same  as  for  stars; 
the  focal  length  is,  in  fact,  somewhat  greater  than  the  "principal" 
focal  length  (Art.  3),  and  the  magnifying  power  obtained  is  pro- 
portionally greater  than  that  which  applies  to  very  distant  or 
celestial  objects,  the  rays  from  which  are  sensibly  parallel.  If  we 
call  the  magnifying  power  obtained  from  the  terrestrial  object  G'f 
that  for  a  celestial  object  6r,  F'  the  focal  length  employed,  -Fthe 
principal  focal  length,  we  have 

F'iF=  G'\G 

For  example,  a  telescope  whose  principal  focal  length  was 
24  inches,  being  directed  towards  a  graduated  staftj  it  was  found 
that  for  distinct  vision  of  the  staff  it  was  necessary  to  draw 
out  the  eye  piece  0.75  inch.  Then,  one  division  of  the  staff 
seen  by  the  eye  at  the  eye  piece  was  observed  by  means  of 
the  other  eye  to  cover  40  divisions.  Here  we  have  F  =  24» 
F'=  24.75,  G'  =  40,  and  hence 

(?=G.'.|,  =  40X2^  =  88.8 
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Instead  of  nsing  the  diviBions  of  a  staff,  which  may  not  be  suffi* 
ciently  distinct,  a  disc  of  white  paper  may  be  placed  against  a 
black  ground,  and  the  size  of  the  magnified  image  may  be  marked 
on  the  same  ground  by  an  assistant  from  signals  made  by  the 
observer  at  the  telescope. 

14.  It  was  shown  in  Art.  7  that  the  magnifying  power  is  equal 

F 

to  -T»  -F  being  the  focal  length  of  the  objective,  and/ that  of  the 

ocular.  To  apply  this  rule  when  the  eye  piece  is  composed  of 
two  lenses,  it  is  necessary  to  find  the  focal  length,  /,  of  a  single 
lens  which  is  equivalent  to  the  two  lenses.  This  is  effected  by 
the  formula  of  optics 


r+r-d 


in  which/',/"  are  the  focal  lengths  of  the  component  lenses, 
and  d  the  distance  between  them.  This  formula,  however,  is  but 
approximative  (it  gives  /  somewhat  too  great) :  it  is  better  to 
measure  the  magnifying  power  directly  by  one  of  the  methods 
above  given. 

15.  Rejkcting  telescopes. — As  these  are  rarely  used  for  the  pur- 
poses  of  mecLSuremeniy  we  shall  content  ourselves  with  merely 
stating  the  forms  of  the  two  kinds  which  have  been  in  most 
common  use.  The  simplest,  and  now  most  commonly  used,  is 
the  Herschelian  telescope,  introduced  by  Sir  William  Herschel. 
A  polished  concave  speculum,  a6.  Fig.  9,  is  placed  at  the  bottom 

Fig.  9. 


of  a  tube,  ABCD.  It  is  ground  to  the  form  of  a  paraboloid,  the 
focus  of  which  is  near  the  mouth  of  the  tube ;  it  is  slightly  in- 
clined, so  that  the  focus  falls  near  one  side  of  the  tube,  as  at  D, 
where  the  reflected  rays  from  the  speculum  form  an  image  which 
is  viewed  through  an  eye  piece,  E,  of  the  usual  form.  The  head 
of  the  observer  may  intercept  a  small  portion  of  the  rays  from 
a  celestial  object  to  the  speculum ;  but  this  is  of  little  conse- 
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quence,  aa  the  speculum  ia  usually  very  large.     In  Lord  Rosse's 
Herschelian,  the  diameter  of  the  speculum  is  six  feet. 

The  reflecting  telescope  next  in  most  common  use  is  the  New- 
tonian, which  differs  from  the  Herschelian  only  in  receiving  the 
reflected  rays  from  the  speculum  upon  a  small  plane  mirror,  <r, 
Fig.  10,  placed  in  the  middle  of  the  tube  near  its  mouth,  which 
reflects  these  rays  at  right  angles  to  the  axis  of  the  tube  to  an 

Fig.  10. 


eye  piece  at  -E?.  In  this  form,  the  small  plane  mirror  intercepts 
a  portion  of  the  light  from  the  object ;  moreover,  light  is  lost  in 
the  double  reflection ;  but  a  slight  advantage  is  gained  in  having 
the  axis  of  the  speculum  coincide  in  direction  with  the  axis  of 
the  tube.  The  reflected  rays  reach  the  mirror  c  before  they  are 
brought  to  a  focus :  they  converge  after  reflection  to  the  point/, 
where  is  produced  the  image  which  is  examined  through  an  eye 
piece  by  the  eye  at  K 

16.  Finding  telescopes. — ^A  telescope  of  great  focal  length  and 
high  magnifying  power  has  a  very  small  field,  in  consequence 
of  which  it  becomes  very  difficult  to  find  a  small  object  in  the 
sky.  This  inconvenience  is  obviated  by  attaching  to  the  outside 
of  the  tube  a  smaller  telescope,  called  b.  finder,  of  low  magnifying 
power  and  large  field,  with  its  axis  adjusted  parallel  to  that  of 
the  larger  telescope.  The  search  for  the  object  is  made  with 
the  finder  (both  telescopes  having  a  common  motion),  and, 
when  found,  it  is  brought  to  the  middle  of  the  field  of  the 
finder ;  it  is  then  somewhere  in  the  field  of  the  larger  telescope. 
The  middle  of  the  field  of  the  finder  is  indicated  by  the  inter- 
section of  two  coarse  threads  in  the  focus;  or,  still  letter,  by 
four  threads  forming  a  small  square,  the  middle  point  of  which 
is  the  centre  of  the  field. 
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CHAPTER  IL 

or  THE    MEASUKEMENT  OP  ANGLES  OB  ARCS  IN  GENERAL — * 
CIRCLES — ^laCROMETERS — ^LEVEL. 


17.  Grraduated  Circles. — The  most  obvious  mode  in  which  an 
angle  may  be  measured  is  that  in  which  we  employ  a  circle,  or 
portion  of  a  circle  (constructed  of  metal  or  other  durable  material), 
the  limb  of  which  is  mechanically  divided  into  equal  parts,  as 
degrees,  minutes,  &c.  The  centre  of  the  circle  being  placed  at 
the  vertex  of  the  angle  to  be  measured,  the  arc  of  the  circum. 
ference  intercepted  between  the  two  radii  which  coincide  in 
direction  with  the  sides  of  the  angle  is  the  required  measure.* 
To  give  this  mode  precision  when  the  angle  is  found  by  lines 
drawn  to  two  distant  points,  the  aid  of  the  telescope  is  invoked. 
This  is  connected  with  the  circle  in  various  ways,  according  to 
the  nature  of  the  instru- 
ment of  which  it  forms  ^**'  ^^ 
a  part;  but,  in  general, 
we  may  conceive  it  to  be 
essentially  as  follows. 
To  the  tube  of  the  tele- 
scope, ABj  Fig.  11,  is 
attached  a  pivot,  (7,  at 
right  angles  to  the  op- 
tical axis,  which  turns 
in  a  circular  hole  in  the 
centre  of  the  graduated 
circle  MN.  An  arm  a  (76,  extending  from  the  centre  (7  to  the 
graduations  on  the  limb,  is  permanently  attached  to  the  telescope, 
and  revolves  with  it.  To  measure  an  angle  subtended  by  two 
distant  objects  at  the  point  (7,  the  circle  is  to  be  brought  into  the 
plane  of  the  objects  and  firmly  fixed.     Then  the  telescope  is 

*  In  the  sextuit  and  other  mstruments  of  *<  double  reflection,"  the  vertex  of  the 
angle  to  be  measured  is  not  in  the  centre  of  the  arc  used  to  measure  it.  See  article 
"Sextant." 
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directed  successively  upon  the  two  objects,  and  in  each  case 
the  number  of  degrees  indicated  by  a  mark  on  either  extremity 
of  the  arm  ab  is  to  be  read  oft';  the  difference  of  the  two  readings, 
which  is  the  number  of  degrees  passed  over  by  the  arm,  and, 
consequently,  also  by  the  telescope,  will  be  the  required  measure 
of  the  angle.  The  same  result  is  reached  by  permanently  con- 
necting the  circle  and  telescope,  which  then  revolve  together, 
while  a  fixed  mark  near  the  limb  of  the  circle  serves  to  indicate 
the  number  of  degrees  through  which  the  telescope  revolves. 

In  order  to  point  the  telescope  with  ease  and  accuracy  upon 
an  object,  a  clamp  and  tangent  screw  are  commonly  employed. 
This  contrivance,  which  may  be  seen  upon  almost  every  astro- 
nomical instrument,  takes  a  great  variety  of  forms,  but  in  all  cases 
the  operation  of  it  is  as  follows:  when  the  telescope  is  approxi- 
mately pointed  upon  the  object  by  hand,  it  is  clamped  in  its  posi- 
tion by  a  slight  motion  of  the  clamp  screw,  after  which  the 
telescope  admits  of  no  motion  except  that  which  is  common  to 
it  and  the  clamp:  hence,  by  a  fine  screw  which  moves  the  clamp 
a  slow  delicate  motion  can  be  given  to  the  telescope,  whereby  the 
sight-line  marked  by  a  thread  in  the  focus  is  brought  accurately 
upon  the  object. 

The  great  increase  of  accuracy  in  pointing  a  telescope  which  is 
obtained  by  the  introduction  of  the  spider  threads  in  its  focus 
brings  with  it  the  necessity  of  a  corresponding  increase  of  accu- 
racy in  reading  off  the  number  of  degrees  and  fractions  of  a  degree 
on  the  divided  limb  of  the  circle.  A  single  reference  mark  upon 
the  extremity  of  an  arm,  as  in  Fig.  11,  enables  us  to  determine 
only  the  number  oi  entire  divisions  of  the  limb  passed  over;  but, 
as  this  mark  will  generally  be  found  between  two  divisions, 
some  additional  means  are  required  for  measuring  the  fraction 
of  a  division.  Two  methods  are  now  exclusively  employed. 
The  first  of  these,  in  the  order  of  invention,  is 

THE   VERNIER.* 

18.  Let  MN,  Fig.  12,  be  a  portion  of  the  divided  limb  of  a 
circle;  CD  the  arm  which  revolves  with  the  telescope  about 
the  centre  of  the  circle.     The  extremity  of  this  arm  is  expanded 

*  So  caUed  after  its  inyentor,  Peter  Verniee,  of  France,  who  lived  about  1680. 
Bj  some  it  is  called  a  noni%u,  after  the  Portuguese  Nunez  or  Nonius  ;  but  the  in- 
Tention  of  the  latter  (who  died  in  1577)  was  quite  different. 
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Fig.  12. 
c 


Into  an  arc  aft,  which  is  con- 
centric with  the  circle  and  is 
graduated  into  a  number  of 
divisions  n  which  occupy  the 
space  of  n  —  1  divisions  of 
the  limb.  Thus  graduated, 
this  small  arc  receives  the 
name  of  a  vernier.  The  first 
stroke  a  is  the  zero  of  the 
vernier,  and  the  reading  is  al- 
ways to  be  determined  by  the 
jwsition  of  this  zero  on  the 
limb.    Let  us  put 


d  =  the  value  of  a  division  of  the  limb, 
d'  =  the  value  of  a  division  of  the  vernier, 

then  we  have 

(n  —  1)  4  =  nd' 


whence 


and 


d'='^^d 


d-^d'  =  ^d 


(7) 


The  difference  d  —  d'iQ  called  the  least  count  of  the  vernier,  which 

is,  therefore,  — th  of  a  circle  division.     If  now  the  zero  a  falls 

between  the  two  circle  graduations  P  and  P+  1,  the  whole 
reading  is  Pd  plus  the  fraction  from  P  to  a.  To  measure  this 
fraction,  we  observe  that  if  the  mth  division  of  the  vernier  is  in 
coincidence  with  a  division  of  the  limb,  the  fraction  is  m  X  (d  —  d') 

or  —  rf.     For  example,  if,  as  in  our  figure,  the  vernier  is  divided 

into  10  equal  parts,  occupying  the  space  of  9  divisions  of  the 
limb,  and  if  the  4th  division  is  in  coincidence,  the  whole  reading 

is  Pd  +  '^d;  and  if  d  =  W  and   P  corresponds  to   20°  20' 

(P  being  the  122d  division  from  the  zero  of  the  limb),  then  the 

whole  reading  is  20°  20'  +  —  X  10'  =  20°  24'.    In  this  case  the 

least  count  is  1'.  In  practice,  no  calculation  is  necessary  to 
obtain  the  fraction,  for  this  is  indicated  by  proper  numbers 
against  the  graduations  of  the  vernier  itself. 
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If  the  least  count  is  given,  to  find  n,  we  have 


n  = 


d  —  d' 


d  and  d  —  d'  being,  of  course,  expressed  in  the  same  unit  For 
example,  if  the  limb  is  divided  to  10',  and  the  least  count  is  to 
be  10'',  we  have 

(f  =  600" 
d'-d'=   10" 
whence 

n=60 

and  we  must  make  60  divisions  of  the  vernier  equal  to  69  divi. 
sions  of  the  limb. 

When  a  large  number  of  divisions  are  made  on  the  vernier, 
and  the  least  count  is  very  small,  the  graduations  must  be 
exceedingly  delicate;  otherwise,  several  consecutive  divisions 
of  the  vernier  may  appear  to  be  in  coincidence  with  divisions  of 
the  limb.  The  reading  is  then  to  be  assisted  by  a  microscope,  or 
reading  glass^  placed  over  the  vernier  and  having  a  lateral  motion, 
whereby  its  optical  axis  can  be  brought  immediately  over  that 
division  of  the  vernier  which  is  in  coincidence. 

To  increase  the  accuracy  of  a  reading  still  more,  two  or  more 
arms,  each  carrying  a  vernier,  are  employed,  and  the  mean  of 
the  indications  of  all  is  taken.  The  eftect  of  reading  off  a  circle 
at  various  points,  in  eliminating  errors  of  the  circle,  will  be 
treated  of  hereafter. 

The  arm  carrying  a  vernier,  or  the  frame  bearing  several 
verniers,  is  often  called  the  alidade.  Sometimes  the  several 
verniers  are  attached  to  a  circle,  which  then  receives  the  name 
of  the  alidade  circle. 

19.  "We  have  assumed  above  that  the  divisions  on  the  vernier 
are  smaller  than  those  on  the  limb.  This  is  the  most  common 
arrangement;  but  we  may  also  have  them  greater  by  making  n 
divisions  of  the  vernier  occupy  the  space  o{  n-j  1  divisions  of 
the  limb :  so  that  we  have 

(n  +  l)d  =  nd' 

whence  the  least  count  is,  as  before, 

d'--d  =  ^d 
n 
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The  only  difference  will  be,  that  when  the  graduations  of  the 
limb  proceed  from  right  to  left,  those  of  the  vernier  must  pro- 
ceed from  left  to  right ;  that  is,  the  zero  of  the  vernier  must  be 
the  extreme  left-hand  stroke. 

20.  In  case  a  vernier  has  been  used  which  is  found  to  be  too 
long  or  too  short,  the  reading  may  be  corrected  as  follows.  Let 
the  error  in  its  length  be  denoted  by  a;,  then  (in  the  verniers  of 
the  ordinary  form)  we  have  (Art.  18) 

whence 

d  —  d'=-d  +  ^  (S) 

Hence  a  reading  in  which  the  fraction  was  m  (rf  —  d')  becomes 
—  rf  +  m  —     The  correction  of  the  reading  is, therefore,  +  m-^ 

when  the  vernier  is  too  short  by  x;  and  —  m-—  when  it  is  too 

long  by  X,     For  example,  if  the  limb  is  divided  to  10'  and  the 

vernier  gives  10"  (in  which  case  n  =  60),  and  we  find  that  the 

vernier  is  too  short  by  x  =  +  5",  then  we  must  add  to  every 

5" 
reading  the  correction  +  m  •  — ;  or,  since  every  6th  graduation 

of  the  vernier  gives  one  minute,  we  must  add  0".6  for  everj 
minute  read  on  the  vernier. 

The  actual  length  of  the  vernier  is  found  by  bringing  its  zero 
into  coincidence  with  a  division  of  the  limb  and  observing  where 
the  next  coincidence  occurs.  If  this  second  coincidence  occurs 
at  the  last  division  of  the  vernier,  its  length  is  correct ;  but  if  the 
coincidence  occurs  at  =b  p  divisions  from  the  last,  it  is  too  short 
or  too  long  by  p  times  the  least  count.  This  should  be  done 
at  various  points  of  the  limb,  and  the  mean  of  all  the  results 
taken,  in  order  to  eliminate  the  effect  of  accidental  errors  in  the 
graduations  of  the  limb. 

The  vernier  is  now  used  chiefly  on  small  circles  and  portable 
Instruments ;  but  when  the  highest  degree  of  accuracy  is  sought 
for  in  reading  off  a  circle,  we  have  recourse  to 

THE   READING   MICROSCOPE. 

21.  Let  us  conceive  the  arm  which  carried  the  vernier,  instead 
of  lying  close  to  the  plane  of  the  circle,  to  be  raised  at  some 
distance  from  it,  and  in  place  of  the  vernier  let  the  extremity  of 
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the  arm  carry  a  microscope  A  C  (Plate  11.  Fig.  1),  the  optical  axis 
of  which  is  perpendicular  to  the  plane  of  the  circle  MNemd 
intersects  the  divisions  on  the  limb.  The  telescope  and  circle 
are  to  be  supposed  to  revolve  together,  while  the  microscope 
remains  fixed.  An  image  of  the  divisions  is  formed  at  the  focus 
D  of  the  object  lens  C.  Two  lenses,  B  and  Ay  constitute  a  posi- 
tive eye  piece  through  which  this  image  is  viewed.  ITG  is  a 
micrometer,  the  interior  of  which  is  shown,  enlarged,  in  Plate  11. 
Fig.  2.  A  fine  screw,  cCj  with  a  large  graduated  head,  UFy 
carries  the  sliding  frame  aa^  across  which  are  stretched  two  inter- 
secting spider  threads.  These  threads  lie  exactly  in  the  focus 
o^the  microscope,  and  are  consequently  visible  at  the  same  time 
with  the  image  of  the  divisions  of  the  limb.  On  one  side  of  the 
field  is  a  notched  scale  of  teeth  (which  does  not  move  with  the 
cross-threads),  the  distance  between  the  teeth  being  the  same  as 
that  between  the  threads  of  the  screw.  The  middle  notch  is 
distinguished  by  a  hole  opposite  to  it,  and  every  fifth  notch  is 
cut  deeper  than  the  rest.  At  i  (Fig.  1)  is  an  index  to  which  the 
divisions  of  the  micrometer  head  are  referred.  Since  one  com- 
plete revolution  of  the  micrometer  head  must  carry  the  cross- 
threads  a  distance  equal  to  the  thickness  of  the  thread  of  the 
screw,  if  the  head  is  graduated  into  100  parts  we  have  the  means 

of  measuring  a  space  equal  to  T^th  of  the  thickness  of  the  thread 

of  the  screw.  Either  by  making  the  screw  very  fine,  or  increasing 
the  number  of  graduations  on  the  head,  or  by  both,  and  at  the 
same  time  increasing  the  optical  power  of  the  microscope,  we 
can  carry  this  subdivision  of  space  to  almost  an  unlimited  extent. 
In  order  to  understand  the  mode  of  reading  the  circle  by  this 
apparatus,  let  us  conceive  the  intersection  of  the  cross-threads  to 
stand  against  the  central  notch,  the  zero  of  the  micrometer  being 
also  exactly  opposite  the  index.  The  point  of  the  fdi  then  occur 
pied  by  the  intersection  of  the  cross-threads  is  to  be  regarded  as  a  fixed 
potrU  of  reference^  and,  as  the  telescope  revolves  from  one  position  to 
MtoiheTj  the  number  of  divisions  of  the  limb  which  pass  by  this  point 
will  be  the  measure  of  the  angular  motion  of  the  telescope.  Suppose, 
then,  the  revolution  has  brought  this  point,  not  upon  a  graduation 
of  the  limb,  but  at  a  fraction  of  a  division  beyond  a  certain 
graduation  P;  then,  to  measure  this  fraction,  we  have  only  to 
move  the  cross-thread  from  the  point  of  reference  into  coincidence 
with  the  graduation  P,  and  read  the  number  of  divisions  of  the 
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micrometer  head.  If  more  than  one  revolution  of  the  screw  is 
required,  the  whole  number  of  revolutions  will  be  shown  by  the 
number  of  notches  in  the  field  passed  over  by  the  cross-threads^ 
and  the  fraction  of  a  revolution  by  the  micrometer  head.  Then, 
knowing  the  relation  between  a  division  of  the  micrometer  head 
and  one  of  the  circle,  the  value  of  the  required  fraction  is  at 
once  found.  For  example,  suppose  a  division  of  the  circle  is 
equal  to  5',  and  that  five  revolutions  of  the  micrometer  screw 
just  carry  the  cross-threads  from  one  circle  graduation  to  the 
next ;  and,  further,  that  the  micrometer  head  is  divided  into  60 
equal  parts ;  then  each  revolution  of  the  screw  represents  1',  and 
each  division  of  the  micrometer  head  represents  1".  If  then  we 
have  made  three  whole  revolutions,  and  the  micrometer  head 
reads  25.3,  the  required  fraction  is  8'  26''.3.  If  the  graduation 
Pwas  289°  86',  the  whole  reading  is  289°  88'  25".8. 

The  coincidence  of  the  point  of  intersection  of  the  threads 
with  a  graduation  of  the  limb  is  made  in  the  manner  shown  in 
Fig.  2.  In  many  of  the  German  instruments,  instead  of  a  cross- 
thread,  two  very  close  parallel  threads  are  used,  the  middle 
point  between  which  is  the  point  of  reference,  and  a  coincidence 
is  made  by  bringing  the  circle  division  to  bisect  the  space 
between  them.  This  bisection  is,  of  course,  estimated ;  but  it 
may  be  eflfected  with  very  great  accuracy  where  the  threads  are 
very  close.  Their  distance  should  be  very  little  greater  than 
the  breadth  of  the  graduations  of  the  limb.  Bbssbl  preferred 
the  parallel  threads;  but  it  is,  perhaps,  doubtful  whether  they 
afford  any  advantage  in  the  hands  of  most  observers. 

The  spiral  springs  bb  serve  to  make  the  screw  bear  always  on 
the  same  side  of  the  thread,  so  that  in  reverse  motions  of  the 
screw  there  is  no  lost  or  dead  motion,  that  is,  revolution  of  the 
screw  without  a  corresponding  movement  of  the  cross-threads. 
But,  to  guard  against  the  possible  existence  of  lost  motion,  the 
coincidence  of  the  cross-threads  with  a  circle  division  should 
always  be  produced  by  a  motion  of  the  micrometer  head  in  one 
and  the  same  direction. 

22.  Error  of  Rons. — ^When  a  reading  microscope  is  in  perfect 
adjustment,  a  whole  number  of  the  revolutions  of  the  screw  is 
equal  to  the  distance  of  two  consecutive  graduations  of  the  circle. 
To  effect  this,  provision  is  made  for  lengthening  or  shortening 
the  microscope  tube,  and  also  for  moving  the  whole  microscope 
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farther  from  or  nearer  to  the  circle.    In  this  way,  the  magnitude 

of  the  image  of  a  division  as  seen  in  the  field  can  be  changed 

until  it  corresponds  exactly  to  a  whole  number  of  revolutions  of 

the  screw.     For  example,  if  a  whole  number  of  revolutions  is 

greater  than  the  image  of  a  circle  division,  the  objective  lens 

must  be  brought  nearer  to  the  ocular,  and  at  the  same  time  the 

whole  microscope  brought  nearer  to  the  circle. 

But,  as  changes  of  temperature  and  other  causes  are  found  to 

produce  changes  in  the  value  of  a  division  of  the  microscope,  and 

it  is  not  expedient  to  be  always  changing  the  adjustment,  it  is 

usual,  after  making  one  very  exact  adjustment,  to  let  it  stand,  and 

then  determine  from  time  to  time  the  correction  of  a  reading  for 

any  change  of  value  which  may  appear.     The  excess  of  a  circle 

division  above  a  whole  number  of  revolutions  is  called  the  error 

ofrunSy  and  a  proportional  part  of  this  excess  must  be  allowed 

on  all  readings.     This  error  is  to  be  found  by  measuring  several 

divisions  in  different  parts  of  the  circle  and  taking  the  mean  of 

all  the  results,  in  order  to  eliminate  the  eiFect  of  errors  in  the 

circle  graduations  themselves.   For  example,  if  a  division  exceeds 

five  revolutions  of  the  screw  by  +  2".2,  then  for  each  minute  in 

the  fraction  of  a  division  obtained  by  the  micrometer  we  must 

2".2 
apply  to  the  reading  the  correction —,  or  —  0''.44.     The 

0 

error  of  runs  will  take  the  negative  sign,  and  the  correction  for 
it  the  positive  sign,  when  a  circle  division  falls  short  of  a  whole 
number  of  revolutions  of  the  screw. 

23.  To  increase  the  accuracy  of  a  reading,  several  microscopes 
are  used,  having  a  fixed  position  relatively  to  each  other,  by 
which  the  fraction  of  a  division  in  the  reading  is  measured  at 
different  points  of  the  circle  and  the  mean  of  the  different  mea- 
sures is  taken.  Two  microscopes  are  placed  so  as  to  read  at 
opposite  points  of  the  circle,  that  is,  the  angular  distance  of  the 
microscopes  is  180°,  or  differs  but  little  from  180° ;  three  micro- 
scopes are  placed  at  120°,  four  at  90°,  &c. ;  or,  in  general,  what- 
ever the  number  of  microscope,  they  are  placed  so  as  to  divide 
the  circle  into  equal  portions.  The  whole  degrees  and  minutes 
are  read  only  at  one  of  the  microscopes.  In  large  instruments, 
where  the  field  of  the  microscope  takes  in  but  a  part  of  a  degree, 
the  number  of  degrees  and  minutes  of  the  nearest  circle  division 
is  read  off*  by  means  of  an  index  outside  the  microscope,  or, 
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indeed,  wholly  separate  from  it,   the  microscope  heing  used 
exclusively  to  measure  the  fraction  of  a  division. 

24.  The  probable  error  of  a  reading  of  one  microscope  being  e, 
that  of  the  mean  of  m  microscopes  e^,  we  have  (Appendix, 
Method  of  Least  Squares) 


1 


c 


that  is,  the  probable  error  of  the  mean  varies  inversely  as  the 
square  root  of  the  number  of  microscopes.     For  example,  if  the 

probable  error  of  reading  of  one  microscope  is  1",  that  of  the 

1"  1" 

meanof  two  willbe—  =  0''.71;  that  of  four,  —  ==  0".5 ;  that  of 

six,  —  =  0".41,  &c. ;  and  the  error  will  decrease  but  slowly  as 

the  number  of  microscopes  increases.  It  would  require  sixteen 
microscopes  to  reduce  the  error  to  0''.25.  On  this  account,  the 
advantages  of  increasing  the  number  of  microscopes  beyond 
four,  except  in  instruments  of  the  largest  class,  are  usually 
regarded  as  outweighed  by  the  greater  liability  of  the  apparatus 
to  derangement. 

The  use  of  a  number  of  microscopes  or  verniers  is,  however, 
not  solely  to  increase  the  accuracy  of  reading,  but  also  to  elimi- 
nate the  errors  of  the  circle  itself,  as  will  be  seen  in  the  following 
articles. 

ECCENTRICITY   OF   GRADUATED   CIRCLES. 

25.  The  centre  of  the  alidade  is  seldom,  if  ever,  even  in  the 
best  instruments,  exactly  coincident  with  the  ^.    jj 

centre  of  the  graduated  arc.  To  investigate 
the  effect  of  such  eccentricity,  let  C(Fig.  13) 
be  the  centre  of  the  alidade,  C  that  of  the 
circle ;  CA  a  straight  line  joining  Cand  the 
centre  of  one  of  the  reading  microscopes ; 
CA'  a  parallel  to  CA.  When  the  micro- 
scope reading  is  at  Aj  the  true  reading  is  at 
A'.  Let  the  diameter  drawn  through  C  and  C"  intersect  the 
graduation  at  ^,  and  let  0  be  the  zero  of  the  graduation,  which 
we  will  suppose  is  numbered  from  0  towards  A.    Put 

z  =  the  microscope  reading, 

y  =  the  true  reading, 

E=EO, 

e  =.  the  eccentricity  CC. 
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It  is  to  be  assumed  that  such  care  has  been  bestowed  upon  the 
centring  of  the  instrument  that  e  is  very  small,  and,  therefore, 
that  the  arc  AA'  =  z'—  z  may  be  regarded  as  equal  to  the  per- 
pendicular CP:  so  that  we  have,  since  the  angle  EC  A'  =  z'  -^Ey 

y— 2r  =  «8in(2'+^)  (9) 

in  which  e  must  be  expressed  in  arc.  In  the  factor  sin  {z'  +  E) 
we  may  substitute  z  for  z'  without  sensible  error. 

When  z'-^  E=  ±  90°,  we  have  2'  —  2:  =  ±:  e:  so  that  e  is  the 
maximum  error  of  a  reading,  and  this  maximum  occurs  when 
the  reading  is  90®  from  E. 

;  26.  Kow,  let  -AC and  A'C'he^  produced  to  meet  the  gradua- 
tion again  at  the  opposite  points  B  and  B'^  and  let  the  alidade 
carry  a  second  microscope  at  B.  The  degrees  and  minutes  may 
be  supposed  to  be  obtained  from  the  microscope  Ay  while  B  is 
used  only  to  give  the  seconds.    Put 

z  =  the  division  of  the  circle  under  Ay 
A  and  J9  =  the  readings  of  the  microscopes, 

gf  =.  the  true  reading  corresponding  to  A. 

Then  the  whole  reading  given  by  J.  is  ^  +  J.,  and  by  (9)  we  have 

2f=z  +  A'\'e%\n{z  +  E) 

and  the  microscope  B  gives 

180«>  +2'=  180<>  +  Z  +  B-\-e  8in(180«  +z  +  E) 
or 

sf  =  z  +  B'-evixi{Z'\-E) 

The  mean  of  the  two  microscopes  is  then 

^  =  z  +  \{A  +  B) 

Hence  the  eccentricity  is  fully  eliminated  by  taking  the  mean  of 
two  microscopes  180°  apart  In  general,  an  even  number  of 
microscopes  are  employed,  which  are  arranged  in  pairs,  so  that 
the  mean  of  each  pair,  and,  consequently,  of  the  whole,  will  be 
free  from  the  eccentricity. 

27.  The  eccentricity  may  also  be  eliminated  by  three  micro- 
scopes or  verniers,  whose  mutual  distance  is  120°.    JS  z  +  A. 
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120^  +  z+  £,  240^  +  2r  +  C  are  the   readings  of  the   three 
mi<2ro8Cope8y  the  tnie  reading  corresponding  to  A  will  be 

z'  =  z  +B—eBiu  (120*>  +  z  +  E) 
sf  =  z  +  C—e  Bin  (240«  ^  z  +  E) 

and  since,  by  PL  Trig.,  we  have 

Bin (120<»  +z  +  E)+ Bin (240«  +  z  +  E)  =  --  &m(z  +  E) 

the  mean  of  these  three  equations  is 

z'  =  z  +  i(A  +  B+C) 

Indeed,  it  will  readily  be  inferred  from  the  discussion  in  Arts. 
81  and  82  that  the  eccentricity  will  be  eliminated  by  taking  the 
mean  of  any  number  whatever  of  equidistant  microscopes. 

28.  To  find  the  eccentricUy. — The  two  opposite  microscopes  may 
not  be  perfectly  adjusted  at  the  distance  of  180°,  and  hence  we 
shall  here  put 

180**  +  a  =  the  angular  distance  of  the  microscope  B  from  A; 

and  then,  if  we  put,  as  before, 

z  =  the  division  under  the  microscope  A, 
A  and  B  =  the  readings  of  the  two  microscopes, 


}    (10) 


the  trae  readings  will  be 

z'  =  z  +  A  +  e  Bm(z  +  E) 
ISQo  -f  a  +  y  =  180<>  +  2:  +  J5  +  c  sin  (180<>  +  z  +  E) 

for  the  second  of  which  we  take 

2f  =  z  +  B --  a  —  e  Bin(z  +  E) 

If^  therefore,  we  put 

B'-A=n 

the  difference  of  the  two  equations  gives  the  equation  of  condition 

n  ==  tt  +  2c  sin  (ar  +  E)  (11) 

in  which  a,  e,  and  E  are  unknown.    Let  the  values  of  n  be 
obtained  from  the  readings  of  both  microscopes  at  four  equidistant 
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points  of  the  circle,  namely,  z^  z^  +  90®,  z^  + 180,®  and  Zq'\-  270®, 

and  denote  these  values  by  n^  Wj,  n^  Wj,  respectively :  then,  by 

putting 

P  =  z,  +  E, 


we  have 


whence 


,  =  a  +  2e8inP 


=  a  +  2e8inP 


nj  =  o  H- 2csin(P+  90*^)  =  o  +  2c  cosP 
n,  =  a  +  2c  sin  (P  +  180®)  =  a  —  2e  sin  P 
n,  =  a  +  2e  sin  (P  +  270®)  =  o  —  2c  cosP 

4c  sin  P  =zn^^~n^ 
4ccosP  =  n.  —  n. 


}   (12) 


which  determine  both  c  and  P,  after  which  we  have  E=  P-^z^ 
The  value  of  a  is  evidently  the  mean  of  the  values  of  n. 

Example. 

The  readings  of  a  pair  of  opposite  microscopes  of  the  Repsold 
Meridian  Circle  of  the  U.  S.  Naval  Academy  were  as  follows : 


f 

A 

B 

Values  of  n  =  B—^ 

0» 

+  4".0 

—   6".7 

n,  =  -  10".7 

90 

+  6  .9 

—  13  .6 

n,  =  —  20  .6 

180 

+  6  .3 

—  16  .6 

n,  =  —  21  .8 

270 

—  1  .2 

—    1  .2 

n,  =         0  .0 

From  these  we  obtain 

4csinP=  +  irM 

4ccosP=  — 20".5 

P  =  161®  34' 

c  =      6".83 


log    1.0458 

log  nl.3118 

log  tan  P  n9.7335 

log  4c  1.8676 


Hence,  since  ^^=0®,  we  have  -E=161®  34',  and  any  single 
reading  of  the  microscope  A  requires  the  correction  for  eccen- 
tricity 

+  5".83sin(2  +  151®84') 

The  mean  of  the  values  of  n  gives  a  =  — 13".25,  an  i  the  angular 
distance  of  the  microscope  B  from  A  is  179®  69'  46".76. 

The  same  process  may  be  used  for  any  other  four  equidistant 
points  of  the  circle,  and  the  mean  of  the  various  results  may  be 
taken. 
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29.  With  three  nearly  equidistant  microscopes  the  eccentricitj 
can  he  found  from  two  complete  readings  at  points  180°  apart 
Let  the  angular  distances  of  the  microscopes  B  and  C  from  A  be 
denoted  by  fi  and  y;  and,  z  being  the  division  under  -4,  put 
P  =  z  +  JE;  then  we  have,  for  the  true  reading  at  J., 

2'  =  j?-[-ii-|-«sinP 

^'=^  +  -8  —  /5  +  e8in(P+  120°) 
2'  =  ^+(7  —  r  +  «8in(P+  240°) 

Subtracting  the  first  equation  from  the  mean  of  the  other  two, 
and  putting 

i(B+C)-A  =  n 
we  find 

n  =  iir  +  fi)  +  ieBmP 

and  subtracting  the  second  from  the  third,  and  putting 

i(a— 5)==(f 
we  find 

£f  =  i  (r  —  /5)  +  J  i/8  €  cos  P 

If  we  read  a  second  time  with  the  microscope  A  over  the  division 
z  +  180°,  and  obtain  the  readings  A\  jB',  C",  we  shall  have 

and  since  we  shall  have  180  +  P  instead  of  P,  we  shall  obtain 

n'=i(r  +  fi)-iesinP 

d'=  ^  0- — /9)  — i  |/g  e  cosP 
Hence 

€  sin  P  =  4  (n  —  n') 

ccosP=  J|/ff(rf—  (fO 

which  determine  e  and  P.    We  find  also 

p  =  iiB^A  +  B'^A) 

r  =  KC'  — ^  +  C'  —  A) 

80.  In  order  to  determine  the  eccentricity  with  greater  accu- 
racy, and  to  eliminate,  as  far  as  possible,  errors  in  reading  and 
accidental  errors  of  graduation,  the  circle  may  be  read  at  a  great 
number  of  equidistant  points.  Each  reading  of  a  pair  of  oppo- 
site verniers  or  microscopes  furnishes  an  equation  of  condition 
of  the  form  (11),  and  fi*om  all  these  equations  the  most  probable 
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valae  of  the  eccentricity  will  be  deduced  by  the  method  of  least 
squares.  The  computation  according  to  this  method  is  rendered 
extremely  simple  by  the  application  of  some  theorems  relating 
to  periodic  functions,  which,  on  account  of  their  utility  in  this 
and  similar  investigations,  will  be  here  demonstrated. 

81.  Periodic  Functions. — The  circumference  of  a  circle  being 
denoted  by  2t,  any  commensurable  fractional  portion  of  it  may  be 

expressed  by  2«'  X  -  =  -^  p  and  q  being  whole  numbers ;  and 

the  successive  multiples  of  this  fractional  portion  by  m  •  -^  by 

supposing  m  to  take  successively  the  values  0,  1,  2,  8,  &c.  K 
now  we  consider  only  the  multiples  from  m  =  0,  tom  =  y  —  1, 
we  shall  have  the  following  theorems : 

Theorem  L —  When  p  is  not  a  multiple  of  y, 

2:8inm.^  =  0  (13) 

Jco8m.?^  =  0  (14) 

butj  when  pis  a  multq>le  of  y, 

lsmm'^  =  0  (15) 

Ico^m.^  =  q  (16) 

where  the  summation  sign  2*  is  used  to  denote  the  sum  of  all 
the  quantities  of  the  given  form  between  the  given  limits^  namely, 
from  m  =  Otow^  =  j  —  1. 
To  prove  this,  put 

co8?^  +  l/^=a8in?^=r 

then,  by  Moivrk's  formula  [PL  Trig.  (440)], 

cos  m}J^  +  V^=^  sin  «.H£?  =  r- 
!?  9. 

Taking  the  sum  of  all  the  expressions  of  this  form  from  m  =«  0, 

to  m  =  J  —  1,  we  have 

2pi:  ,      > =■  _  .         2pit       T*—  1  ^^. 

Jcos  m.  -^  +  V  —I  i^sm  m.  -^^  =  -^ — =-  (17) 

q     '  q         T —  1  ^    ^ 

But  we  have  again,  by  Moivrb's  formula, 

r*=  cos  2pK  +  >/^^  sin  2pK  =  1 
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and,  consequently,  2^—1  =  0.  The  second  member  of  the 
above  formula,  therefore,  becomes  zero,  unless  the  denominator 
T —  1  is  zero,  that  is,  unless  T  =  1.  Now,  we  can  have  T  =  l  only 

when  sin  —  =  0  and  cos—  =  1,  that  is,  only  when  »  is  a  mul- 

tiple  of  q.     In  all  other  cases  we  have,  therefore, 

^cosm.?^  +  1/"=^  ^Bin  m.?^  =  0 

and,  since  the  real  and  the  imaginary  terms  must  here  be  sepa- 
rately equal  to  zero,  the  first  part  of  our  theorem  is  established. 

When  r=  1,  the  second  member  of  (17)  becomes  jr»  but  is  not 

really  indeterminate ;  for,  going  back  to  the  geometric  progres- 
sion of  which  this  is  the  sum,  we  have 

^^  =  r*+T^+r»+ +  r*-»  =  j 

and  hence,  when  pis  a  multiple  of  9,  we  have 

r  cos  m .  -^  4-  1/  — 1  J  sin  m .  -^  =  a 


which  establishes  the  second  part  of  the  theorem. 

Theorem  n. —  When  2p  is  not  a  multiple  ofq^ 

i(dBm.^'")"=lj 

as) 

.(o«»4)"='^ 

(19) 

6uiy  when  2p  is  a  multiple  of  g. 

r(8inm.2i-)'=0 

(20) 

.(cos«.f)  =  , 

(21) 

If  or  we  have,  for  any  angle  a:, 

sin'  X  =  I  —  ^  cos  2  a: 
and,  therefore, 

=  i9  —  4r  COS  TO  .  -^ 
q 
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irhich,  by  Theorem  I.,  gives  either  (18)  or  (20).    Again 

.(«»».?f)"=.[i-(.„..!f)-] 


=  ,-( 


Bin  m .  -^—  I 


which  gives  either  (19)  or  (21). 


Theorem  HI. — For  all  integral  values  of  p  and  q  we  have^  from 
m  =  Oiom  =  q  —  lj 

2:Binm.?^coBm.?^  =  0  (22) 

q  q 

for  this  is  the  same  as  the  quantity 

I  2:Binm.^  =  0 

82.  Now,  let  the  circle  be  read  off  by  a  pair  of  opposite  micro- 
scopes, A  and  Bj  at  any  number  of  equidistant  points.  The  circle 
is  thus  divided  into  a  number  of  equal  parts,  each  of  which  may 

be  denoted  by  — •    K  the  first  reading  corresponds  to  the  divi- 
sion z^  the  subsequent  readings  will  correspond  to  2:^.  +  ---, 

2ir  2k  2r  ^ 

Zq+2-—»  z^,+  3 •  — 7  &c.  to  2^,+  (j  —  1)  — •    Each  reading  fur- 

nishes  an  equation  of  condition  of  the  form  (11),  giving,  therefore, 
the  following  system,  where  P  =  2^+  JE: 

n^=  o  +  2e  sin  P 

n,=  a  +  2eBm(p+^\ 

n.=  a  +  2e8in/p+^j 

ii  a       u 

u  u       li 

which  are  all  included  in  the  general  form 

«.=  ,  +  2.sin(p  +  i^") 

m  being  taken  from  0  to  g  —  1. 
Developing  the  sine  in  the  second  member,  we  have 

n  =a  +  2eBmPcos h2«cosPsm 

^  q  q 
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In  this  form,  the  three  unknown  quantities  are  a,  e  sin  P,  and 
e  cos  -P.  The  final  equation  in  each  unknown  quantity,  according 
to  the  method  of  least  squares,  is  to  be  found  by  multiplying 
each  equation  of  condition  by  the  coefficient  of  the  unknown 
quantity  in  that  equation,  and  adding  together  the  products. 
This  process  gives,  by  the  aid  of  the  theorems  of  the  preceding 
article  (observing  that  here  p  =  1), 


qe  sm  P=  I\  n^cos j 

qe  cos  P=  II  n^sm j 


(23) 


These  formulfle  embrace,  as  a  particular  case,  the  solution  already 
given  in  Art.  28  for  j  =  4. 

Example. 
The  following  values  o{  n  =B  —  A  were  obtained  from  the 
readings  of  two  opposite  microscopes  of  the  meridian  circle  of 
the  U.  S.  Naval  Academy: 


3 

n 

I 

fi 

s 

n 

> 

n 

0» 

—  10".7 

90° 

—  20".5 

180° 

—  21".8 

270O 

_  0".0 

10 

11  .6 

100 

20  .7 

190 

18  .8 

280 

1  .8 

20 

12  .8 

110 

21  .0 

200 

16  .4 

290 

2  .4 

1  30 

14  .7 

120 

21  .2 

210 

11  .8 

800 

4  .6 

40 

16  .8 

180 

22  .8 

220 

7  .8 

310 

5  .1 

50 

17  .8 

140 

24  .7 

280 

4  .3 

320 

7  .4 

60 

18  .5 

150 

28  .4 

240 

1  .9 

830 

9  .4 

70 

18  .1 

160 

22  .5 

250 

—  2  .0 

840 

11  .7 

80 

19  .7 

170 

22  .8 

260 

+  0  .8 

350 

11  .6 

2n 

We  have  here  q  =  36,  and  —  =  10° 


so  that  — —  is  successively 


0°,  10°,  20°,  &c.    We  find,  first,  by  taking  the  sum  of  all  the 
values  of  w, 

86  a  =  —  476".2  a  =  —  13".23 

and  hence  the  distance  of  the   microscope  B  from  A  was 
179°  59'  46".77. 

To  find  qe  sin  P,  we  multiply  each  n  by  the  cosine  of  the  angle 
to  which  it  belongs,  and  add  the  products.    In  like  manner^ 
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qecos  P  is  found  by  multiplying  each  n  by  the  sine  of  the  angle 
to  which  it  belongs,  and  adding  the  products.*  We  thus  form 
the    following    table,    in   which,    for    brevity,   we   put  wcosz 

and  71  sin  2:  for  the  quantities  denoted  in  our  formulae  (23)  by 

2mir       -        .    ImK 
n^  cos  — -  and  n^  sm  -— - 


t 

II  00a  » 

n  sin  < 

o* 

— 10".70 

—  0".00 

10 

—  11  .42 

—  2  .01 

20 

— 12  .08 

—  4  .88 

80 

—  12  .73 

—  7  .85 

40 

—  12  .49 

—  10  .48 

60 

—  11  .12 

—  13  .25 

60 

—  9  .25 

—  16  .02 

70 

—  6  .19 

—  17  .01 

80 

—  8  .42 

—  19  .40 

90 

0  .00 

—  20  .60 

100 

+  8  .59 

—  20  .39 

110 

+  7  .18 

—  19  .73 

120 

H-10  .60 

—  18  .86 

180 

+  14  .66 

—  17  .47 

140 

H-  18  .92 

—  15  .88 

160 

+  20  .26 

—  11  .70 

160 

+  21  .14 

-   7  .70 

170 

+  21  .96 

—  3  .87 

Sams 

+  28  .96 

—  225  .50 

t 

noos< 

n 

Ana 

180» 

+  21' 

.80 

+ 

0".00 

190 

+  18 

.02 

+ 

8  .18 

200 

+  15 

.41 

+ 

5  .61 

210 

+  10 

.22 

+ 

6  .90 

220 

+  6 

.98 

+ 

6  .01 

230 

+  2 

.76 

+ 

8  .29 

240 

+  0 

.95 

+ 

1  .65 

250 

+  0 

.68 

+ 

1  .88 

260 

—  0 

.06 

— 

0  .30 

270 

0 

.00 

0  .00 

280 

—  0 

.23 

+ 

1  .28 

290 

—  0 

.82 

+ 

2  .26 

800 

—  2 

.25 

+ 

8  .90 

810 

—  3 

.28 

+ 

3  .91 

820 

—  6 

.67 

+ 

4  .76 

330 

—  8 

.14 

+ 

4  .70 

340 

—  10 

.99 

+ 

4  .00 

350 

—  11 

.42 

+ 

2  .01 

+  32 

.97 

+ 

53  .04 

86«  sin  P  =  +    28".96  +  32".97  =  +    6r'.93  log    1.7919 

36«  coflP=  —  225  .50  +  53  .04  =  —  172  .46  log  n2.2367 

P  =  160<>  15'  log  tan  P  n9.5552 

e=      6".09  log86€        2.2630 

Then,  since  z^  =  0°,  we  have  -B=  P,  and  each  reading  of  the 
microscope  A  requires  the  correction,  for  eccentricity, 

+  5".09  sin  {z  +  160^  150  (24) 


*  The  seyeral  products  may  be  taken  bj  inspeotion  from  a  trayerse  table,  by  enter- 
ing the  table  with  the  angle  2  as  a  **  bearing'*  and  with  n  as  a  **  distance,"  and  taking 
out  the  corresponding  "dift'erence  of  latitude"  and  "departure,"  which  will  be, 
vefipeotiTely,  the  products  required  in  forming  qe  sin  P  and  qe  cos  P. 
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ELLIPTICITY  OP  THE   PIVOT   OP  THE  ALIDADE. 

S3.  K  the  pivot  of  the  alidade  is  the  horizontal  axis  of  a 
vertical  circle,  as  in  the  case  of  some  meridian  circles,  or  if,  as 
in  other  cases,  the  alidade  is  fixed  to  a  pier  while  the  pivot  of 
the  horizontal  axis  of  the  circle  revolves  in  a  V,  then  any  defect 
in  the  pivot,  which  renders  a  section  at  right  angles  to  its  axis 
other  than  a  circle,  will  cause  the  centre  of  the  alidade  to  vary 
its  distance  from  the  centre  of  the  graduated  circle  during  a 
revolution  of  the  instrument.  If  the  section  of  the  pivot  is  any 
regular  figure,  the  variations  in  the  readings  of  a  single  micro- 
scope may  be  regarded  as  a  function  of  the  division  {z)  which  is 
under  the  microscope,  and  the  correction  of  this  reading  may  be 
denoted  by  f  {z\  The  correction  of  the  reading  of  the  opposite 
microscope  must  be  —  f  (e).  In  order  to  investigate  the  form  of 
the  pivot  without  involving  the  errors  of  eccentricity  or  of  gradua- 
tion,  let  us  denote  the  correction  of  the  division  z  for  both  these 
errors  by  ^  {z\  and  that  of  the  division  180°  +  2r,  which  is  under 
the  opposite  microscope,  by  -i^  (180°  +  z).  Then,  A  and  B  being 
the  readings  of  the  microscopes,  and  180°  +  a  their  constant 
distance  from  each  other,  we  have 

2f  =  z  +  A       +       ^(,z)  +  ^iz) 
^  =  z  +  B---  a   — ^(2r)+4,  (180^  +  z) 
whence 

0  =  jB  —  A— a  —  2^(2r)  —  4'(^)+4  (180^  +  z) 

Now,  let  the  division  180°  +  zhe  brought  under  the  microscope 
Aj  and  let  A'  and  -B'  be  the  microscope  readings ;  then  we  have 
the  true  reading  ^"  by  the  equations 

y'  =  180^  +Z  +  A'  +  ^  (180^  +  -?)  +  4  (180^  +  z) 

y'=180   +Z  + 5'_a  — f(180^+2)+4'(-?) 

whence 

0  =  J?'  —  A'  —  a  —  2  f»(180<>  +z)  +  ^  (z)  —4(180°  +  z) 

therefore,  if  we  put 

i(B--A  +  B'~A')=n' 
we  have 

n'=a  +  9>(z)+  f  (180°+  J?)  (25) 

the  errors  of  eccentricity  and  of  graduation  being  wholly  elimi- 
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nated.  The  form  of  the  function  ip  is  yet  to  be  determined; 
since,  however,  it  necessarily  returns  to  the  same  value  after  one 
complete  revolution,  we  may  assume  for  it  a  general  periodic 
series,  namely : 

ip  (2)=f  sin  {z  +  F')  +  /"  sin  (2z  +  F")  +  /'"  sin  (3^:  +  F'")  +  &c. 

in  which/',  F'j  f'\  F*\ /'",  -P'",  &c.  are  constants.   Hence  also 

f  (180<>+ 2:) = — /'  sin  (z+F')+/"  sin  (2  2+^?"')-/"  sin  (3  2:+i?"")+  *«• 

and 

^(^)_^.^(180<»  +  ^)=2/"8in(2^+F")  +  2/•^sin(4^4-2?'»0+&c•   (26j 

The  combination  of  two  readings  180°  apart  gives,  therefore, 
the  equation  of  condition 

n'=a  +  2/"8in(22:  + J'")  +  2/»^Bin(42  +  i?'«^)+&c.      (27) 

If  we  have  read  the  circle  at  2y  equidistant  points,  so  that  the 
number  of  such  equations  is  9,  then  the  values  of  z  are  success- 
ively 0,  -.  — » a         *^^  ^®  general  form  of  the  equation 

of  condition  is 

n',=  a+2/''8in/m.?^  +  i?''')  +  2/»^8in|m.^  +  i?'^^W&c.    (28) 

m  being  taken  from  0  to  9  —  1.  K  we  treat  these  equations  by 
the  method  of  least  squares,  we  shall  readily  find,  by  the  aid  of 
the  theorems  of  Art  81, 

}/"  sin  J"'  =  l[  n'.cos  m  ~  \ 

j/"  cos  F'*  =  l[  n'.  sin  m .  —  \ 

j/»^8in  F^  =  l[  v!^ cos  m  ~  I 

j/»^cos  J'»^=  j/n'.sin  m.  — \ 
&c.  &c. 


(29) 


bllipticitt  op  pivot. 
Example. 


49- 


To  investigate  the  form  of  the  alidade  pivot  of  the  meridian 
circle,  in  the  example  of  Art.  82,  the  readings  there  given  are 
combined  as  follows : 


1    * 

B  —  A 

B'—A' 

n" 

* 

B-A 

B'  —  A' 

«' 

0» 

—  10".7 

—  21".8 

— 16".25 

90» 

—  20".5 

—  0".0 

— 10".25 

10 

11  .6 

18  .3 

14.95 

100 

20  .7 

1  .8 

11  .00 

20 

12  .8 

16  .4 

14.60 

110 

21  .0 

2.4 

11.70 

30 

14  .7 

11  .8 

13.25 

120 

21  .2 

4.5 

12  .86 

40 

16  .8 

7  .8 

12.05 

130 

22  .8 

5  .1 

18  .95 

'  50 

17  .8 

4  .8 

10.80 

140 

24  .7 

7  .4 

16  .05 

60 

18  .5 

1  .9 

10.20 

150 

23  .4 

9  .4 

16  .40 

'  70 

18  .1 

—  2  .0 

10  .05 

160 

22  .5 

11  .7 

17.10 

i  80 

19  .7 

+  0  .8 

9.70 

170 

22  .3 

11  .6 

16  .95 

Since  here  j  =  18,  the  sum  of  the  values  of  n'  gives 


18a  =  — 238'MO 


a  =  — 18".28 


Then,  with  the  aid  of  a  traverse  table,  we  find  the  values  of 
n*  cos  2^  and  n'  sin  2?,  as  below : 


X 

n' 008  2  s 

n'ain  2> 

t 

n' COB  22 

n'iin2< 

0° 

— 16".25 

—   0".00 

90» 

+  10".25 

+    0".00 

10 

—  14  .05 

—   6  .12 

100 

+ 10  .34 

+    8  .76 

20 

- 11  .18 

—   9  .88 

110 

+   8  .96 

+    7  .62 

80 

—  6  .68 

— 11  .48 

120 

4-   6  .48 

+ 11  .13 

40 

—  2  .09 

- 11  .87 

130 

+    2  .42 

+ 18  .74 

50 

+   1  .88 

—  10.64 

140 

—  2  .79 

+ 15  .81 

60 

+   5.10 

—   8  .83 

150 

—   8  .20 

+ 14  .20 

70 

+   7  .70 

—  6  .46 

160 

—  18  .10 

+ 10  .99 

80 
Sams 

+  9  .12 

—  3  .82 

170 

— 16  .93 

+   5  .80 

—  26  .40 

—  67  .10 

—  1  .62 

4-  82  .96 

18 /"sin  2?"'  =  -    28".02 

18/"co6J?"=+    15.85 

F"=^      2990  80' 

/"=  1''.79 


log  nl.4475 

log    1.2000 

log  tan  F"  nO.2475 

log  18/"    1.6078 
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Id  the  same  manner,  we  find,  from  the  sums  of  the  products 
n/  cos  42  and  n'  sin  42:, 

18/«'sinF»^=4-0'M5 

18/»^cos2?'»^==  +  2".00 

JP»^=       4017' 

/•»=       CMl 

Hence  we  have 

9  (j^)+9  (180*'+  ^)=8'^68  sin  (2  ^+299**  30')+(K'.22  sin  (4^+4*»  17')  (30) 

The  term  in  Az  is  so  small  that  we  may  suppose  that  it  proceeds 
from  the  accidental  errors  of  reading,  and  irreffidarUies  of  the 
pivot,  and  we  may,  therefore,  disregard  it,  as  well  as  the  subse- 
quent terms  in  62:,  &c. 

Bessel  has  shown*  that  if  the  section  of  a  pivot  which  rests  in 
a  V  is  an  ellipse,  the  centre  of  this  ellipse  will,  as  the  instrument 
revolves,  move  in  the  arc  of  a  circle  the  centre  of  which  is  the 
angular  point  of  the  Vf;  that  during  a  complete  revolution  the 
centre  of  the  ellipse  describes  this  arc  four  times, — ^twice  forwards 
and  twice  backwards ;  and  that  the  effect  of  this  motion  upon 
the  reading  of  a  single  microscope  is  expressed  by  a  term  de- 
pending upon  2z. 

Hence,  the  last  term  of  (30)  being  neglected,  the  remaining 
term  may  be  regarded  as  the  effect  of  ellipticity  of  the  pivot,  and, 
since  we  must  then  have  fp{z)  =  fp  (180°  -\-z  ),  it  follows  that 

ip  iz)  =  r'.79  sin  (2^  +  299^  SV)  (81) 

Upon  the  hypothesis  that  the  pivot  is  elliptical,  the  observed 
values  of  n'  should  satisfy  the  equation  (27),  which  in  the 
present  case  becomes 

n'=  —  13".23  +  8".58  sin  (2z  +  299<»  30') 

at  least  within  the  errors  of  reading.  To  show  that  this 
hypothesis  explains  the  observations  in  the  present  case  suffi- 
ciently well,  the  following  comparison  is  made,  in  which  the 
value  of  n'  computed  by  the  preceding  formula  is  denoted  by 
C,  the  observed  value  by  0,  the  residual  error,  or  0  —  C,  by  v. 

*  ABtnmomi»dyt  Bwhcaaldiimgm  avf  der  StemwarU  in  Kdnigaberg,  Vol.  I.  p.  xii. 
f  Proyided  the  angle  of  the  V  is  ninety  dejp-eee. 
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M 

o 

C 

V 

TO 

» 

0 

C 

» 

w 

V^ 

— 16''.26 

—  16".  35 

+  0".10 

0.0100 

90O 

— 10".25 

-10".ll 

—  0".14 

0.0196 

10 

14  .95 

16  .55 

+  0  .60 

.8600 

100 

11  .00 

10  .91 

—  0  .09 

.0081 

20 

14  .60 

14  .48 

—  0  .12 

.0144 

110 

11  .70 

11  .98 

-fO  .28 

.0784 

30 

18  .26 

18  .26 

-fO  .01 

.0001 

120 

12  .85 

18  .20 

+  0  .85 

.1225 

40 

12  .05 

12  .08 

—  0  .02 

.0004 

180 

18  .95 

14  .48 

+  0  .48 

.2804 

60 

10  .80 

10  .95 

+  0  .16 

.0225 

140 

16  .06 

15  .51 

—  0  .54 

.2916 

60 

10  .20 

10  .16 

—  0  .05 

.0026 

150 

16  .40 

16  .81 

—  0  .09 

.0081 

70 

10  .05 

9  .71 

—  0  .34 

.1156 

160 

17  .10 

16  .75 

— 0  .85 

.1225 

80 

9  .70 

9  .70 

0  .00 

.0000 

170 

16  .95 

16  .76 

— 0  .19 

.0861 

K  we  denote  the  mean  error  of  a  single  observed  value  of  n' 
by  e,  we  have  (Appendix,  Method  of  Least  Squares)^  q  being  the 
nnmber  of  observations, 


=V(f5')=V^=-- 


and  this  quantify  also  expresses  the  mean  error  of  a  single 
reading  of  one  microscope  of  this  instrument.  This  mean  error 
of  a  reading  was  also  found  by  comparing  a  number  of  successive 
readings  of  the  same  microscope  on  the  same  division,  which 
gave  0".36 :  so  that  the  agreement  of  the  above  computed  and 
observed  values  of  w'  is  even  closer  than  is  necessary  to  sustain 
the  hypothesis  of  an  elliptical  form  of  the  pivot.  It  is  also  evi- 
dent that  the  addition  of  the  term  0".22  sin  {4z  +  4°  17')  of  (30) 
would  but  slightly  reduce  the  mean  error  of  n'. 

84.  The  error  introduced  by  the  ellipticity  of  the  pivot,  like 
that  produced  by  the  eccentricity  of  the  circle,  is  fully  eliminated 
by  taking  the  mean  of  the  readings  of  a  pair  of  opposite  micro- 
scopes. K,  however,  the  arms  of  the  alidade,  carrying  the 
microscopes,  do  not  preserve  a  constant  inclination  to  the  horizon 
during  a  revolution  of  the  instrument,  the  readings  of  both 
microscopes  will  be  increased  or  diminished  by  the  whole 
amount  of  the  change  of  inclination,  and,  consequently,  their 
mean  will  involve  the  same  error.  A  level  placed  on  the  alidade 
is  usually  employed  to  determine  these  changes  of  inclination, 
and  the  readings  are  finally  corrected  according  to  its  indications. 

ERRORS   OF   GRADUATION. 

35.  Errors  of  graduation  of  a  divided  circle  may  be  either 
rtgvlar  or  accidental. 
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The  regular  or  periodic  errors  are  those  which  recur  at  regular 
intervals  according  to  some  law,  and  which  may,  therefore, 
be  expressed  as  functions  of  the  reading  itself.  Even  the  error 
of  eccentricity,  above  considered,  may  be  treated  as  such  a 
periodic  error  of  graduation,  since  its  effect  upon  the  reading 
(z)  is  the  same  as  if  the  graduation  everywhere  required  the 
correction  e  sin  {z  +  E).  The  sum  of  all  the  corrections  for  such 
periodic  errors,  regarded  as  a  function  of  the  reading  {z\  and 
denoted  by  '^  (2:),  must  have  the  general  form 

4  (z) = u'  sin  {z  +  U')  +  tt"8in  (2z-\-  ^7")+  W"  sin  (3 2r  +  U"*)  +  &c.   (32) 

in  which  w',  ?7',  m",  ?7",  &c.  are  constants.  The  shorter  the 
period  of  any  error,  the  higher  is  the  multiple  of  z  in  the  terra 
representing  it 

Now,  let  the  circle  be  read  by  q  microscopes  at  q  equidistant 
points,  namely,  at  all  the  points  expressed  by 

2ff 
z^=z  +  m-  — 

m  being  taken  successively  0,  1,  2,  8 {q  —  1),  and  z  being 

the  reading  of  the  first  microscope ;  then  we  shall  have,  for  the 
correction  of  any  one  of  these  microscopes,  the  general  expression 

4(zJ==ti'Bin/z+Cr'+m.— \  +  u''8in/22+tr''+m.-)  +  &c. 

The  discussion  of  this  series  will  be  abridged  if  we  express  it 
under  the  following  general  form : 

^izJ=S^u^^Bmlpz+  I7^)+m.^\ 

m  which  p  is  successively  1,  2,  8,  &c.,  and  2*^  denotes  the  sum 
of  all  the  terms  thus  found.    Developing  the  sine,  this  gives 

4  (zj  =S^u^p^  sin  (pz  +  U^'^)  cos  m  •  ^  +2u^'^  cos  (pz+  U^^)  Binm-^ 

The  mean  of  the  q  microscopes  will,  therefore,  require  the  cor- 
rection 

-"'"♦(O=-'2;p'^sin(p^  +  ir^>).r'"*c08m.?^l 
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Bntwehave  (Art.  81),  fipomm  =  0  to  m=j  — 1,  Jsiiim'-^^O 
in  all  cases ;  and  also  I  cos  m  •  -^  =  0,  except  when  j?  is  a  mul- 
tiple of  g,  or  p  =  rg,  in  which  case  this  latter  sum  is  equal  to  q. 
Hence  all  the  terms  of  the  above  expression  which  do  not  vanish 
are  expressed  by  the  formula 

-  Y*'\  (O  =  %,  w^*  sin  (rqz+  U^^^)  (33) 

r  being  successively  the  integers  1,  2,  3 ;  whence  the  fol- 
lowing important  theorem:  Ttie  terms  of  the  periodic  series  not 
eliminated  by  taking  the  mean  of  q  equidistant  microscopes  are  those 
ovdy  which  involve  the  multiples  of  qz. 

Thus,  the  mean  of  two  microscopes  requires  a  correction  of 
the  form 

u"  sin  (2^  +  Z7'0  +  tt»^  sin  (42:  + 17>^)  +  Ac. ; 

the  mean  of  three  microscopes,  the  correction 

w'"  sin  (3^  -f  CT"')  +  u"^  sin  (62  +  tT^)  +  &c. ; 

the  mean  of  four  microscopes,  the  correction 

u^"  sin  (4z  +  J7»0  +  tt^  sin  (82  +  tT^O  +  &c. 
&c.  &c. 

86.  The  values  of  the  terms  of  the  periodic  series  which  are 
eliminated  by  means  of  a  number  of  microscopes  may  be  found 
fix)m  the  readings  of  these  microscopes  themselves.  Thus,  for 
two  microscopes,  the  readings  of  which  at  the  divisions  z  and 
t  +  180°  are  A  and  B^  and  whose  angular  distance  is  180°  -f  a, 
we  have 

Tl^z^A  +4(2:)  +^(;8r) 

2^  =  2:  -I-  JB  — a  -|-4(2r-f  180<*)— f»(z) 

In  which  tp  (2)  is  the  correction  for  the  form  of  the  pivot  (Art.  83). 
Hence,  putting  B  —  -4  =  n,  we  have 

n  =  a  +  4(^)-  +(-?  +  180o)+  2^(z) 
But  we  have 

4  {z)  =  v!  sin  (z  +  IT')  +  u"  sin  (2  2  +  J7")  -f  tt'"  sin  (82?  + 17'")  -f  &c. 

and  hence,  substituting  z  +  180°  for  2:, 

+(2:+180°)=  — tt'  sin(2:  +  Cr')+tt"  sin  (2  2+  J7")— u"'  8in(3  2r  +  CT")  +&c. 
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For  ip  (z)  we  have  already  found  the  form /"sin  (2e  +  -F"),  and 
therefore  the  value  of  n  becomes 

n=a+2u'8in(^+  Cr0+2/"sin (2^+J"0+2tt'"Bin (3^+  Cr"0+&c.  (34) 

The  readings  being  made  for  successive  values  of  z  expressed 
generally  by 

29r 

we  have  q  equations  of  condition  of  the  form 

n.  =  a  +  2v'8in(m.  — 4.CrO+2/"8in(m.— +  J'")  +  &c.  (86) 

m  being  taken  equal  to  0,  1,  2,  3 ?  —  1,  successively.     The 

solution  of  these  equations  by  the  method  of  least  squares  gives 

qu'  sin  Z7'  =  I'l  n^  cos  m  —  I  =  -^  (^«  ^^   O 
gw'  cos  ?7'  =  i?| n^sin  m.  —  1=  ^(n^sin    z^ 

qf"  sin  i?"'  =2:/n.cosm.  — j=2:(n.C082O 
qf"  cos  JP"  =  z/n.sin  m- —j=  i:(n^ sin  2^J 

yw^'sin  ir'"=2:/n.cosm.  — j=2'(n.C08  8O 

5ti'"oo8  I7'"=  j/n.Bin  m. —)=  2:(n. sin  8^ 
&o.  &c.  &. 

Example. 
The  values  of  n  given  on  page  45  for  thirty-six  readings  of  the 
Meridian  Circle  of  the  Naval  Academy  give,  by  the  preceding 
formulffi,  a  =  —  18".28  and 

U'  =  leO*'  15',  F*'  =  299*^  SCK,  W  =  68<>  ly 

tt'=     5".09,  /"=     1".79,  tt"'=    0".69 

The  difference  of  the  readings  of  the  two  microscopes  A  and  J5 
of  this  circle  is  therefore  represented  by  the  formula 

n  =  —  13".23  4-  lO'MS  sin  {z  +  IGO*'  15')  +  3".58  sin  (2z  +  299*>  30') 

+  l".38sin(3^-f    es*' 19') 
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of  which  the  terms  in  z  and  2z  of  coarse  agree  with  those  before 
fonnd  for  the  eccentricity  and  for  the  ellipticity  of  the  pivot  of 
the  alidade. 

K  now  we  compute  the  values  of  n  by  this  formula  for  every 
10°,  we  shall  find  that  they  agree  with  the  observed  values  given 
on  page  45  within  quantities  which  in  almost  every  instance 
are  less  than  1".  Prom  this  agreement  we  may  presume  that 
this  circle  is  very  accurately  graduated  throughout 

87.  In  a  similar  manner,  the  terms  of  the  periodic  series  which 
do  not  involve  the  multiples  of  Az  can  be  found  from  the  read- 
ings of  four  microscopes.  K  -4,  (7,  Bj  D  are  these  readings  at 
the  divisions  z,  z -{-  90°,  z  +  180°,  z  +  270°  respectively,  and  if 
180°  +  a  is  the  distance  of  the  microscope  B  from  -4,  while 
180°  +  7-  is  that  of  D  from  C,  then  the  mean  of  the  readings  of 
A  and  B  gives 

/=^  +  i(^  +  B)-  Ja  +  i[4(2:)+  4(^  +  180°)] 
=  z  +  k{A  +  J?)—  Ja  +  tt"8in(22:+J7")4-tt»^8in(4z+C^)+&c. 

and,  consequently  (exchanging  zfoTZ  +  90°),  the  mean  of  the 
readings  of  C  and  D  gives 

y=^+ J(C+D)  — Jr  —  tt"8in(2z  +  Cr")+u«^8in(4^  +  ir»-)— &e. 

Taking  the  diflFerence  of  these  equations,  and  putting 

we  have  the  equation  of  condition 

n  =  fi  +  2u"  ein(2z  +U'')  +  2u^B\n(fiz  +  U^)  + &c.      (36) 

and  from  the  q  equations  of  this  form  we  derive  jS,  m",  £7"",  A;c. 
by  the  process  already  employed. 

The  terms  in  z  and  3^  may  be  found  from  either  pair  of  micro- 
scopes as  in  the  preceding  article. 

88.  The  accidental  errors  of  graduation  are  those  which  follow 
no  regular  law,  and  may  with  equal  probability  occur  at  any 
given  division  with  either  the  positive  or  the  negative  sign.  An 
error  of  this  kind  in  any  division  is  to  be  regarded  as  peculiar  to 
that  division,  and,  therefore,  as  having  no  analytical  connection 
with  other  errors  of  the  same  kind.     The  use  of  a  number  of 
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microscopes  tends  to  reduce  the  effect  of  such  errors,  without 
entirely  eliminating  them ;  for  (as  in  Art.  24)  if  e  is  the  probable 
accidental  error  of  a  division,  the  probable  accidental  error  in 

the-  mean  of  m  microscopes  will  be  -— • 

The  general  character  of  the  graduation,  as  to  its  freedom 
from  accidental  errors,  may  be  judged  of  by  comparing  the 
values  of  the  n  of  the  preceding  articles,  computed  from  the 
terms  of  the  periodic  series,  with  their  observed  values.  The 
differences  will  be  composed  of  both  errors  of  reading  and  acci- 
dental errors,  which  may  be  separated  by  employing  an  inde- 
pendent determination  of  the  probable  error  of  reading.  Thus, 
if  we  have  n  =  B  —  A,  and  have  found  the  probable  error  of  an 
observed  value  of  n  to  be  e,  and  then,  if  we  put 

Cj  =  the  probable  error  of  a  single  reading, 
e,=   «  «  «         «    division, 

the  probable  error  of  either  -4  or  ^  will  be  |/(€i*  +  e,*),  and  that 
of  JB  —  -4  will  be  |/2  (Cj"  +  €,*),  whence 

.'=2(c,«+c,') 

which  will  determine  e,  when  e  and  e^  have  been  found. 

39.  The  accidental  error  of  any  division  of  the  circle  may  be 
directly  found  by  means  of  an  additional  microscope  which  can 
be  set  and  securely  clamped  at  any  given  distance  from  the 
regular  or  fixed  microscopes.  Let  us  denote  this  movable 
microscope  by  JHf,  and  let  it  be  proposed  to  determine  the  error 
of  the  division  z.  Bring  the  division  0°  under  the  microscope 
Aj  and  clamp  the  movable  microscope  M  over  the  division  z. 
Let  the  true  angular  distance  of  M  from  A  (which  is  as  yet 
unknown)  be  denoted  by  2:  +  ;/,  and  let  the  readings  of  the  two 
microscopes,  referred  to  the  divisions  0  and  z  respectively,  be 
called  A  and  J!f,  then,  z  denoting  the  nominal  value  and  z'  the 
true  value  of  the  arc  from  0  to  2:,  we  shall  have 

z  +  fi  =  z'  +  M^A 
and  the  correction  of  the  graduation  z  will  be 

or  rather,  since  every  division  (and,  therefore,  0°  included)  may 
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be  regarded  as  in  error,  this  will  be  the  difference  of  the  correc- 
tions of  the  graduations  0  and  z,  and  we  may  write 

f  (^)  -  f  (0)  =  /i  -  iM^A)  (37) 

in  which  y  {z)  denotes  the  total  correction  of  a  division  for  both 
periodic  and  accidental  errors.  The  periodic  errors  being  known 
from  previous  investigation,  the  accidental  error  maybe  separated. 
Now,  to  find  the  constant  distance  //,  we  resort  to  the  well 
known  method  of  repeiitUm,  First,  bring  any  arbitrarily  selected 
division  Z  under  the  microscope  -4,  then  Z  +  z  will  be  under 
M;  let  the  readings  of  the  two  microscopes  be  A'  and  M'  re- 
spectively. Then  bring  the  division  Z  +  z  under  -4,  and,  con- 
sequently, the  division  Z  +  2z  under  3fj  and  let  the  readings  be 
A''  and  M^\  In  this  way,  let  m  repetitions  be  made,  the  micro- 
scope A  being  successively  placed  upon  the  divisions  Zj  Z  +  Zy 

Z+  2Zj ^  +  (m  —  1)  ^,  and  M  successively  upon  Z  +  z^ 

Z  +  2Zj  Z  +  8Zy Z  +  mz;  then  we  have,  as  in  (37), 

^(Z  +  z  )-f(^  =f.^{M'  -A') 

^(Z+ 22)— f(^+    z)  =  tL  —  {M"  —A'*) 
^(^Z  +  ^z)  —  ^(Z  +  2z)  =  fi  -^ {M"'  —  A'") 


^iZ  +  me)—  ^(^  +  (m  —  1)  2)  =  /i  —  (^^"^  —  ^^""0 
The  mean  of  all  these  equations  is 

l[s.(^  +  7^)-s^(^]  =  /i-^2:(ilf-^) 

If  the  number  m  is  large,  the  77?th  part  of  the  difference  of  the 
accidental  errors  of  the  extreme  divisions  Z  and  Z  +  mz  may  be 
regarded  as  evanescent,  and  then,  if  we  regard  the  first  member 
as  composed  only  of  the  periodic  errors  already  found,  we  shall 
have 

PL  =  ~  ^(^-  A)  +  i  [4(^  +  mz)^^(Z)']  (38) 

where  the  function  t//  denotes  a  periodic  error,  as  in  Art  85.  If 
this  process  be  repeated  a  number  of  times,  each  time  commencing 
at  a  different  division,  the  mean  of  all  the  values  of  //  may  be 
regarded  as  entirely  free  from  the  effect  of  the  accidental  errors 
of  the  first  and  last  divisions.  Thus,  /jl  being  found,  the  correc- 
tion of  the  division  {z)  becomes  known  by  (37). 

K  z  is  an  aliquot  part  of  the  circumference  =  — >  we  shall  have 
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f{Z+  mz)  =  f  {Z)y  since  we  have  returned  to  the  same  divisiok  4 
and  the  value  of  ja  is  then  rigorously 

m     ^  ^ 

Thus,  the  fixed  microscopes  themselves,  whose  distance  is  — » 

may  be  at  once  employed  in  this  manner  (without  an  additional 
microscope)  to   determine  the   errors   of  the  divisions  whose 

mutual  distance  is  —    If  then  we  have  four  fixed  microscopes 

and  one  movable  one  Jlf  placed  at  the  distance  z  from  Ay  we  shall 
be  able  to  find :  1st,  the  errors  of  the  four  cardinal  divisions  0®, 
90°,  180°,  and  270°,  by  the  fixed  microscopes ;  2d,  the  errors  of 
the  divisions  Zj  90°  +  ^,  180°  +  Zy  270°  +  ^,  by  placing  the  micro- 
scope A  successively  upon  0°,  90°,  180°,  and  270°,  and  reading  M; 
3d,  the  errors  of  the  divisions  90°  —  z,  180°  —  2:,  270°  —  ;^,  and 
360°— z,  by  placing  iHf  successively  upon  90°,  180°,  270°,  and 
360°,  and  reading  A.  Thus,  after  the  errors  of  the  four  cardinal 
divisions  are  known,  the  operation  just  described  gives  the  errors 
of  eight  divisions.  A  second  operation  with  the  microscope  M 
at  the  distance  z^  from  A  gives  in  like  manner  the  errors  of  eight 
more  divisions,  ±  z^y  90°  =b  Zp  180^  ±  z,y  270°  zb  z,;  and,  more- 
over,  the  errors  of  the  divisions  ±  z  ±  z^y  90""  ±  z  ±  z^y  180°  ±  z 
zh  ^l,  270°  ±,z±:Zyy  by  placing  the  microscope  A  over  dz  z, 
90°  ±  Zy  &c.  successively  while  M  is  over  dz  z  +  ^i,  90°  dz  z  +  z^y 
kc.y  or  placing  M  over  ±  z,  90°  zh  Zy  &c.  successively  while  A  is 
over  ±  z  —  Ziy90°  ±  z  —  z^,  &c.  By  judiciously  combining  all 
the  observations  of  this  kind,  the  corrections  of  each  degree  of 
the  circle  may  be  found. 

In  order  to  eliminate  the  effect  of  changes  in  the  angular 
distance  of  the  fixed  and  movable  microscopes  occurring  during 
the  observations  and  produced  chiefly  by  changes  of  temperature, 
it  is  proper  to  repeat  each  series  of  observations  at  a  given  dis- 
tance z  backwards,  commencing  this  repetition  by  placing  the 
movable  microscope  M  over  the  last  division  Z  +  mz  and  the 
fixed  one  A  over  Z  +  {m  —  VjZy  and  so  returning  to  the  first 
assumed  division  Z.  Also  the  readings  on  the  eight  divisions  to 
be  determined  should  be  made  several  times,  say,  once  before 
the  first  or  forward  repetition  series,  again,  between  the  two 
repetition  series,  and  finally,  after  the  second  or  backward  repe- 
tition series.     Thus,  the  whole  operation  will  embrace 
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Ist.  Observations  on  the  eight  divisions, 

2d.    Repetition  senes  forwardSy 

8d.    Observations  on  the  eight  divisions^ 

4th.  Bepetition  series  hackwardSy 

5th.  Observations  on  the  eight  divisions. 

By  this  symmetrical  arrangement,  the  mean  of  the  three  deter- 
minations of  the  errors  of  the  eight  divisions  corresponds  to  the 
mean  state  of  the  apparatus  as  found  fipom  the  mean  of  the  two 
repetition  series.* 

THE  FILAR   MICROMETER. 

40.  For  the  measurement  of  small  angles,  not  greater  than 
the  angular  breadth  of  the  field  of  the  telescope,  graduated  cir- 
cles may  be  wholly  dispensed  with,  and  a  micrometer  attached 
to  the  eye  end  of  the  telescope  may  be  substituted  with  great 
advantage  both  in  respect  of  accuracy  and  facility  of  manipula- 
tion. Indeed,  for  many  purposes  to  which  the  micrometer  is 
adapted,  divided  circles  are  entirely  out  of  the  question;  for 
example,  the  measurement  of  the  angular  distance  between  the 
two  components  of  a  double  star. 

Micrometers,  however,  are  very  frequently  used  in  combina- 
tion with  graduated  circles ;  as  in  the  meridian  circle. 

41.  The  flat  micrometer  is  the  same  in  principle  as  the  micro- 
meter employed  in  the  reading  microscope  (Art.  21),  only  more 
elaborate  and  complete  when  intended  to  be  used  at  the  focus 
of  a  large  telescope.  It  is  variously  constructed,  according  to 
the  instrument  with  which  it  is  to  be  connected.  A  very  com- 
mon form  which  involves  the  essential  features  of  all  the  others 
is  sketched  in  Plate  11.  Fig.  8,  where  the  outside  plate  and  the 
eye  piece  are  removed  and  the  field  of  view  exhibited.  The 
plate  aa  is  permanently  attached  to  the  eye  end  of  the  telescope 
tube  at  right  angles  to  the  optical  axis.  The  plate  66,  carrying 
the  thread  mm,  slides  upon  aa,  and  is  moved  by  the  screw  B. 
The  plate  ec,  carrying  the  thread  wn,  slides  upon  66,  and  is 
moved  by  the  screw  C.     The  threads  are  at  right  angles  to  the 

*  This  process,  which  is  due  to  Bbssel,  wiU  be  found  more  fully  discussed  in  the 
Konigtbtrg  Observations,  Vol.  VII.,  and  in  the  Attron.  Nach.,  Nos.  481  and  482.  See 
also  C.  A.  P.  Pet«B8,  Untertuehung  der  Theilungsfehler  des  ErteUchen  Verticalkreises 
der  Pulkawaer  StemwarU {^i.  Petersburg,  1848) ;  and  Hansen  in  the  Aitron.  Nach., 

Ko.ses. 


60  MEABUBBMENT  OF  ANGLBS. 

direction  of  the  motion  produced  by  the  screws.  Their  dis- 
tance apart  is  changed  only  by  the  screw  C,  which  carries  a  large 
graduated  head,  by  means  of  which  this  distance  is  measured. 
The  screw  B  merely  shifts  the  whole  apparatus  66,  so  that  the 
threads  may  be  carried  to  any  part  of  the  field  of  view.  A 
notched  scale  in  the  field  of  view,  the  notches  of  which  are  at 
the  same  distance  apart  as  the  threads  of  the  screw  Q  is  at- 
tached either  to  the  plate  66,  or  to  the  plate  cc  (in  the  figure,  to 
the  latter) ;  in  either  case  the  number  of  notches  between  the 
threads  indicates  the  whole  number  of  revolutions  of  the  screw 
by  which  the  threads  are  separated,  while  the  graduated  head 
oiF  C  indicates  the  fraction  of  a  revolution.  Finally,  at  least 
one  thread  is  stretched  across  the  middle  of  the  field  at  right 
angles  to  the  micrometer  threads:  sometimes  three  or  more 
equidistant  and  parallel  threads ;  these  are  usually  attached  to 
the  plate  66.  In  micrometer  measures  the  thread  mm  usually 
remains  fixed  while  nn  moves :  the  former  is  therefore  usually 
called  the  fixed  thread,  and  the  latter  the  movable  thread.  The 
threads  at  right  angles  to  these  are  called  transverse  threads; 
sometimes  transit  threads. 

That  portion  of  the  telescope  to  which  the  micrometer  is  im- 
mediately attached  is  a  tube  which  both  slides  and  revolves 
within  the  main  tube  of  the  telescope,  so  that  (by  sliding)  the 
plane  of  the  threads  may  be  accurately  placed  in  the  focus  of 
the  object  glass,  and  (by  revolving)  the  threads  may  be  made  to 
take  any  required  direction. 

To  measure  directly  the  angular  distance  between  two  objects 
whose  images  are  seen  in  the  field,  we  have  first  to  revolve  the 
whole  micrometer  until  the  middle  transverse  thread  passes 
through  the  two  objects ;  then,  bringing  the  fixed  thread  upon 
one  of  the  objects  and  the  movable  thread  upon  the  other,  the 
distance  is  at  once  obtained  in  revolutions  and  parts  of  a  revolu- 
tion of  the  micrometer  screw.  This  measure  is  then  to  be  re- 
duced to  seconds  of  arc,  for  which  purpose  the  angular  value 
of  a  revolution  of  the  screw  must  be  known. 

42.  To  find  the  angular  value  of  a  revolution  of  the  micrometer 
screw, — This  value  evidently  depends  not  only  upon  the  distance 
of  the  threads  of  the  screw,  but  also  upon  the  focal  length  of 
the  telescope,  since  the  greater  the  focal  length,  the  larger  will 
be  the  image  of  any  given  object. 
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A  FIRST  METHOD  of  finding  the  value  of  the  screw  is,  there- 
fore, to  measure  the  focal  length,  -P,  of  the  object  glass,  and  the 
distance,  m,  between  the  threads  of  the  screw  (which  is  done  bj 
counting  the  number  of  threads  to  an  inch) ;  then,  if  M  denotes 
the  angular  value  of  a  revolution,  we  have 

iAniE=—  or  B=      ^  (39) 

as  is  evident  from  Fig.  2,  p.  13,  where  we  may  suppose  <K,  at 
the  focus  of  the  lens  AB^  to  be  the  space  through  which  the 
micrometer  thread  is  moved  by  a  revolution  of  the  screw,  and 
the  angular  breadth  of  the  object  D7>,  of  which  dl  is  the  image, 
to  be  DCL  =  ICd,  and  Cm  =  F,dl  =  m. 

43.  Second  Method. — Measure  with  the  micrometer  any  pre- 
viously known  angle  -4,  and  let  M\>e  the  number  of  revolutions 
of  the  screw  in  the  measure ;  then,  assuming  that  the  middle 
point  of  A  is  observed  in  the  middle  of  the  field, 

^       2tan}A  ,  -n       A  ..^^ 

tan  B  = —^ —  or,  nearly,  B  =  --  (40) 

M  M 

The  sun's  apparent  horizontal  diameter  (see  Vol.  I.  Art.  134) 
may  be  used  for  the  angle  -4,  if  the  field  is  sufliciently  large  to 
embrace  the  whole  image  of  the  sun,  which,  however,  is  the 
case  only  with  small  instruments,  or  with  low  magnifying  powers. 

The  constellation  of  the  Pleiades  furnishes  pairs  of  stars  at 
various  distances,  suited  to  instruments  of  various  capacities : 
and  Bessel  determined  their  distances  with  very  great  accuracy 
with  a  view  to  this  as  well  as  other  applications.* 

The  angle  A  in  (40)  is  the  apparent  angular  distance  measured, 
80  that,  when  two  stars  are  employed,  their  apparent  distance 
must  be  computed  by  subtracting  the  correction  for  refraction, 
for  which  see  Chapter  X. 

44.  Third  Method. — Point  the  telescope  at  a  star,  and  let  the 
micrometer  be  revolved  so  that  the  transverse  thread  will  coin- 
cide with  the  apparent  path  of  the  star  in  its  diurnal  movement, 
and  the  fixed  micrometer  thread  will  represent  a  declination 
circle.   Place  the  movable  thread  at  any  number  M  of  revolutions 

*  Bbssbl's  Attrowmuelu  Untfnuehunfftn,  Vol.  I.  p.  200. 


62  MEASUREMENT   OF  ANGLES. 

from  the  fixed  thread,  and  note  the  times  of  transit  of  the  star 
over  these  threads  by  the  sidereal  clock,  the  telescope  remaining 
fixed  during  the  whole  observation.  Denote  the  sidereal  in- 
terval between  these  times  by  /,  the  declination  of  the  star  by 
^,  the  true  angular  interval  of  the  threads  by  i;  then  (as  will  be 
proved  in  the  theory  of  the  transit  instrument)  we  shall  find  i  by 
the  formula 

Bin  t  =  sin  I  cob  d  (41) 

or,  when  the  star  is  not  within  10°  of  the  pole, 

t  =  JC08^  (41*) 

after  which  the  value  of  a  revolution  of  the  screw  in  seconds  of 
arc  is  found  by  the  formula 

For  extreme  precision,  the  correction  for  refraction  should  be 
applied  to  i;  but  if  the  observations  are  made  near  the  meridian 
the  correction  will  rarely  be  appreciable. 

We  may  in  this  process  dispense  with  the  use  of  the  fixed 
thread  by  setting  the  movable  thread  successively  at  different 
points  in  the  field,  and  noting  the  times  of  transit  of  the  star 
over  it  together  with  the  number  of  revolutions  of  the  screw 
between  the  successive  positions.  In  this  way  the  regularity  of 
the  screw  may  be  tested  throughout  its  whole  length.  If  the 
star  is  very  near  the  pole,  each  observation  should  be  compared 
with  that  made  near  the  middle  of  the  field,  and  the  true  inter- 
vals computed  by  the  formula  sin  i  =  sin  Jcos  d. 

This  method  is  applicable  in  all  cases  where  the  micrometer 
can  be  revolved  so  as  to  place  the  fixed  and  movable  threads  in 
the  direction  of  a  declination  circle.  If  the  telescope  is  equa- 
torially  mounted,  this  can  be  done  m  all  positions  of  the  instru- 
ment, and  the  star  may  be  in  any  part  of  the  heavens ;  but  a 
slow  moving  star  near  the  meridian  is  to  be  preferred,  if  we 
wish  to  avoid  the  correction  for  refraction. 

The  times  of  transit  are  supposed  to  be  observed  by  a  sidereal 
clock,  the  rate  of  which  if  it  is  large  should  be  allowed  for.  If 
the  time  is  noted  by  a  mean  time  clock,  the  mean  intervals  are 
to  be  converted  into  sidereal  intervals  (Vol,  I.  Art.  49). 
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45.  If  the  micrometer  is  attached  to  an  instrument  designed 
only  for  the  measurement  of  zenith  distances,  or  differences  of 
zenith  distance  (as  in  the  case  of  the  Zenith  Telescope),  the 
movable  threads  being  always  perpendicular  to  a  vertical  circle, 
we  can  still  employ  this  method  of  transits,  by  observing  the 
pole  star,  or  any  star  near  the  pole,  at  the  time  of  its  greatest 
elongdtion.  At  this  time  the  vertical  circle  of  the  star  is  tangent 
to  its  diurnal  circle,  and,  consequently,  the  micrometer  thread 
will  coincide  in  direction  with  this  declination  circle,  as  required 
in  the  preceding  method.  If  the  instrument  is  not  moved  in 
azimuth  during  the  star's  transit  through  the  field,  the  formula 
for  computing  the  interval  i  from  the  sidereal  interval  I  is  still, 
as  in  the  transit  instrument,  sin  i  =  sin  /  cos  d ;  but  it  must  be 
observed  that  this  formula  here  applies  strictly  only  to  the  case 
where  the  thread  is  at  one  time  at  the  point  of  greatest  elonga- 
tion, and  therefore  each  observation  should  be  compared  with 
that  taken  nearest  the  computed  time  of  elongation.  To  find 
this  time,  we  first  find  the  hour  angle  t  of  the  star  by  the  for- 
mula (Vol.  I.  Art  18) 

cos  t  =  cot  d  tan  f> 

in  which  f  is  the  latitude  of  the  place  of  observation;    and 
then,  a  being  the  star's  right  ascension,  we  have 

Sid.  T.  of  gr.  elongation  =  a  dzt 

the  lower  sign  for  the  eastern  elongation. 

K  the  instrument  is  slowly  moved  in  azimuth  as  the  star 
crosses  the  field,  so  as  to  make  each  observation  of  a  transit  in 
the  middle  of  the  field,  the  vertical  distances  between  the  differ- 
ent positions  of  the  movable  thread  are,  rigorously,  differences 
of  zenith  distance,  and  the  formula  for  the  transit  instrument  is 
no  longer  strictly  applicable.  I  shall  show,  however,  that  it  is 
practically  sufficiently  exact.  Let  the  zenith  distance,  hour 
angle,  and  azimuth  of  the  star  at  the  elongation  be  denoted  by 
z^  t^  and  Aq  respectively ;  those  for  any  observation  by  z,  <,  A ; 
and  let  A^  and  A  be  reckoned  from  the  elevated  pole.  At  the 
time  of  the  observation,  the  star,  the  zenith,  and  the  pole  form 
an  oblique  spherical  triangle,  and  we  have  the  general  relations 

COB  d  coe  t  =  cos  f>  cos  z  —  sin  ^  sin  z  cosJ. 
cos  d  sin  t  =^  sin  z  sin  J. 
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At  the  elongation  the  triangle  becomes  right  angled  at  the  star, 
and  we  have 

,   ^       sin  2^      cos  z«  cos  Jl 

sm  L  = 2  = i 3 

"       cos  ^  sm  f 

From  these  we  dedace 

cos  d  sin  f^cos  t  =  sin  ^^cos  z  —  cos  ^^sin  z  cositgCOSil 
cos  d  cos  t^  sin  t  =  cos  z^  sin  z  sin  A^  sin  A 

the  difference  of  which  gives 

cos  d  sin  (*  —  fj  =  —  sin  ^r^  cos  z  +  cos  ^^  sin  z  cos  (A^ — A) 
=  Bin  (2f  —  ^r^j)  —  2  cos  z^  sin  2f  sin*  i  {A^  —A) 

where,  if  we  neglect  the  last  term  and  denote  t  —  t^hj  J,  and 
z  —  z^hy  I,  we  have  the  formula  for  the  transit  instrument.  To 
obtain  an  expression  for  this  last  term,  we  take  the  relations 

sin  z  COB  A  =  cos  ^  sin  ^  —  sin  f  cos  d  cost 
sin  2r  sin  il  ==  cos  d  sin  t 

and  combine  them  with 

cos  A^  =  sin  9  sin  t^ 


whence 


.      ,        cos  ^       smdeosfo 

sm  A  = =  — : 2 

"      cos  ^  sm  f 


sin  z  sin  (A^  —  -A)  =  sin  9  cos  d  —  sin  ^  cos  d  cos  (t  —  f„) 
=  sin  2^sin«}(t  — fo) 

Thus  sin(^o  ~-^)  is  very  nearly  proportional  to  the  square  of 
sin  i  {t  —  Qj  and  is,  consequently,  so  small  that  we  may  put 
sin  J  (-4^  —  J.)  =  J  sin  {A^  —  A)  in  the  las*,  term  of  the  above  for- 
mula. We  may  also  in  so  small  a  term  put  Zq  for  z.  Making  these 
substitutions,  and  writing  7  and  i  fovt  —  i^  and  z  —  Zq^wb  find 

sin  i  =  sin  7  cos  ^  +  J  cot  z^  sin*  2  d  sin* }  7  (43) 

Since  not  only  sin  J  7  is  a  small  quantity,  but  also  sin  2*,  it  is 
evident  that  the  last  term  will  be  inappreciable  in  all  practical 
cases.  Thus,  for  the  pole  star,  d  =  88^  80'  and  7  =  80*  =  7°  30', 
this  term  is  only  0".0052cotZo. 
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For  either  method  of  observation,  therefore,  we  can  regard 
the  formula  sin  i  =  sin  Z  cos  8  as  entirely  rigorous. 

But  in  either  method  we  must  correct  the  computed  interval  i 
for  refraction.  This  computed  interval  is  the  difierence  of  th& 
true  zenith  distances  at  the  two  instants  of  transit,  and  the 
micrometer  interval  M  represents  the  difference  of  the  apparent 
zenith  distances  at  these  instants ;  hence,  if  r  and  ro  are  the  re-» 
fractions  for  the  zenith  distances  z  and  Zq,  we  shall  have 

ff  ^  *  — (r  —  r^  ^£r  —  g^  — (r  —  rj 
M  M 

If  we  put 

Ar  =  the  difference  of  refiraction  for  1'  of  zenith  distance, 

we  shall  have 

or,  very  nearly, 


and,  consequently, 


r  —  r^=zMR^r 

B  =  j^^B.^r  (44) 


The  value  of  Ar  may  be  taken  from  the  refraction  table  for  the 
zenith  distance  at  the  elongation,  which  will  be  found  by  the 

formula 

sin  ^ 


COS^j=     .      . 

"      sm  d 


An  example  of  this  method  will  be  given  in  the  chapter  on 
the  Zenith  Telescope. 

46.  Fourth  Method. — The  angular  distance  of  two  threads  in 
the  focus  of  a  telescope  may  be  directly  measured  with  a  theodo- 
lite. We  have  seen  (Art.  4)  that  the  rays  which  diverge  from 
the  focus  and  fall  upon  the  object  glass  emerge  from  this  glass 
in  parallel  lines.  If  then  these  emerging  rays  be  received  by 
the  lens  of  another  telescope,  they  will  be  converged  by  the 
latter  lens  to  its  principal  focus,  where  they  will  form  an  image 
of  the  point  from  which  they  diverged.  Hence,  if  two  telescopes 
are  placed  with  their  optical  axes  in  the  same  straight  line  and 
with  their  objectives  turned  towards  each  other,  we  may  in 
either  telescope  see  the  images  of  threads  at  the  principal  focus 
of  the  other.    If  our  second  telescope  is  connected  with  a 

VoIhIL-*** 
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vertical  or  horizontal  circle,  as  in  the  theodolite,  the  circle  may 
be  used  to  measure  the  angular  distance  of  the  threads  in  the 
first 

First-'Tf  the  micrometer  threads  are  horizontal,  that  is,  per- 
pendicular to  the  vertical  plane  (as  in  the  meridian  circle  when 
the  micrometer  is  an*anged  to  measure  diflferences  of  zenith 
distance  or  of  declination),  the  telescopes  may  have  any  inclina- 
tion to  the  horizon,  and  the  angular  distance  of  two  threads  will 
be  directly  measured  by  moving  the  theodolite  telescope  in  the 
vertical  plane  and  bringing  its  cross-thread  successively  into 
coincidence  with  the  images  of  the  two  micrometer  threads. 
Denoting  the  difference  of  readings  of  the  vertical  circle  in  the 
two  positions  by  -4,  and  the  number  of  revolutions  of  the  micro- 
meter screw  between  the  threads  by  M.  we  have  tan  jR  = :=^ — , 

A  ^ 

or,  veiy  nearly,  ^  =  ]^* 

Secondly. — ^If  the  micrometer  threads  are  parallel  to  a  vertical 
plane  (as  in  the  meridian  circle  when  the  micrometer  is  arranged 
to  measure  differences  of  right  ascension),  the  theodolite  is  placed 
as  before,  and  the  angular  distance  of  the  threads  is  measured 
with  the  horizontal  circle.  But,  in  this  case,  if  the  telescopes 
are  inclined  to  the  horizon  by  the  angle  y  (which  is  obtained 
from  the  vertical  circle  of  the  theodolite),  the  angular  distance  A^ 
read  on  the  horizontal  circle,  will  exceed  that  of  the  threads  in 

the  ratio  l:cos;'  (see  the  theory  of  the  altitude  and  azimuth 

A  cos  Y 
instrument) :  so  that  we  shall  then  have  R  =  — ^-jr^- 

This  ingenious  method  was  suggested  by  Gauss.* 

47.  Fifth  Method. — ^When  the  telescope  is  connected  with  a 
graduated  vertical  circle  and  its  micrometer  is  arranged  to  mea- 
sure differences  of  zenith  distance,  the  value  of  the  screw  may 
be  found  by  means  of  this  vertical  circle  as  follows.  Let  the  tele- 
scope be  directed  towards  the  nadir  and  looking  into  a  basin  of 
mercury  immediately  under  it.  The  rays  which  diverge  from  a 
thread  in  the  focus  of  a  telescope  emerge  from  the  objective  in 
parallel  lines;  they  are  therefore  reflected  by  the  mercury  in 

*  In  1828,  Astron,  Naeh.,  Vol.  II.  p.  871.  Rittenhousb  had  previously  (in  1785) 
pointed  out  the  prACticability  of  obserying  the  threads  of  ono  telescope  through 
another  directed  towards  the  objective  of  the  first,  in  the  TranBoeHon*  of  tht  American 
FMosophkal  Society^  Vol.  II.  jx  181. 
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parallel  lines,  so  that  they  must  be  converged  by  the  objective 
again  to  the  focus,  where  they  form  an  image  of  the  thread.  It 
is  evident  that  the  distance  of  the  reflected  images  of 
two  micrometer  threads  will  be  the  same  as  that  of 
the  threads  themselves.  Let  then  EO^  Fig.  14,  be  a 
vertical  line  drawn  through  the  centre  0  of  the  ob- 
jective, and  suppose  the  fixed  and  movable  threads  n 
and  m  to  be  at  the  same  angular  distance  from  EO^ 
on  opposite  sides  of  it,  or  EOn  =  EOm.  Then  the 
rays  from  n,  after  passing  through  the  objective,  form 
a  system  of  rays  parallel  to  nO^  and,  after  reflection 
from  the  mercury  (the  surface  of  which  is  perpen- 
dicular to  EO)^  form  a  system  of  rays  parallel  to  Om, 
and  therefore  the  reflected  image  of  n  is  seen  at  m. 
For  the  same  reason,  the  reflected  image  of  m  is  seen  at  n.  Now 
let  the  telescope  be  revolved  through  an  angle  equal  to  EOn^  so 
as  to  make  the  line  nO  a  vertical  line ;  then  the  image  of  n  will 
be  found  in  the  vertical  line,  and  will,  consequently,  be  seen  in 
coincidence  with  n  itself.  And  if  the  telescope  is  revolved  in  the 
opposite  direction  through  an  angle  equal  to  EOm^  the  image  of  m 
will  be  brought  into  coincidence  with  itself  Hence  the  whole 
angular  motion  {A)  of  the  telescope,  as  measured  by  the  vertical 
circle,  between  the  two  positions  in  which  n  and  m  are  seen  in 
coincidence  with  their  own  reflected  images,  respectively,  is  the 
required  angular  distance  of  the  threads ;  and,  the  number  of 
revolutions  of  the  micrometer  screw  between  them  being  J!f,  we 

have,  as  in  other  cases,  R  =  -Tr 

We  may,  however,  dispense  with  the  use  of  the  fixed  thread 
in  this  process.  Let  the  movable  thread  be  placed  in  any  part 
of  the  field,  bring  it  into  coincidence  with  its  reflected  image  by 
revolving  the  telescope,  and  read  the  circle.  Then  place  it  in 
any  other  part  of  the  field,  bring  it  into  coincidence  with  its 
reflected  image,  and  read  the  circle.  The  thread  having  been 
moved  through  M  revolutions,  and  the  difference  of  the  circle 
readings  being  A^  we  find  R  as  before. 

In  order  that  the  reflected  images  of  the  threads  may  be 
visible,  it  is  found  necessary  to  throw  light  dovm  the  tube,  that 
Is,  from  the  ocular.  For  this  purpose,  one  of  the  eye  pieces 
(called  a  colUmaiing  or  nadir  eye  piece)  is  furnished  with  a  reflector, 
placed  at  an  angle  of  45^  with  the  optical  axis,  which  receives 
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light  from  a  lamp  held  on  one  side  and  reflects  it  down  the  tube. 
This  reflector  is  sometimes  placed  within  the  eye  piece,  between 
the  two  lenses ;  the  light  is  then  received  through  an  aperture 
in  the  side  of  the  eye  tube,  and  the  reflector,  if  made  of  metal, 
is  perforated  in  the  centre  in  order  that  the  field  may  be  visible. 
A  better  plan  is  to  place  a  small  piece  of  very  thin  mica  outside 
the  eye  piece,  between  the  outer  lens  and  the  eye,  and  at  an 
angle  of  45^  with  the  axis.  The  mica,  being  transparent,  does 
not  interfere  with  the  view  of  the  field,  and  is  at  the  same  time 
a  very  perfect  reflector.  This  plan  has  the  advantage  that  the 
mica  reflector  may  be  temporarily  applied  to  any  of  the  eye  pieces 
in  actual  use. 

A  mercury  reflector  used,  as  in  this  case,  to  give  reflected 
images  of  the  threads,  we  shall  hereafter  designate  as  a  mercurjf 
collimator.* 

48.  Efeci  of  temperature  upon  the  value  of  a  revolution  of  the 
micrometer  screw. — Changes  of  temperature  affect  the  angular 
value  of  a  revolution  of  the  screw  in  tw^o  ways :  frst^  by  changing 
the  absolute  length  of  the  screw  itself;  secondly^  by  changing  the 
figure  of  the  objective,  and  thereby  also  the  focal  length.  Per- 
haps we  should  add,  also,  the  almost  evanescent  change  in  the 
focal  length  resulting  from  a  change  in  the  refractive  power  of 
the  glass.  The  whole  effect,  however,  is  very  small,  and  may  be 
assumed  to  be  proportional  to  the  change  of  temperature:  so 
that,  if  iZj  is  the  value  of  a  revolution  of  the  screw  for  an 
assumed  temperature  r^,  R  the  value  for  any  given  temperature 
r,  we  have 

R^=  R  +  R(j---r,)x  =  R\\  +  (r-Oo:]  (45) 

in  which  x  is  to  be  determined  so  as  to  satisfy  the  observed  values 
of  R  at  different  temperatures  as  nearly  as  possible,  which  is 
done  by  the  method  of  least  squares. 

Example. — Suppose  the  following  values  of  R  have  been 
observed : 

R  =z  26''.56r,       26".532,       26".529,       26".600,        26".498, 
for  T  =    10^  30^  40<>  62°  75°  (Fahr.) 

*  The  use  of  the  mercury  collimator  in  connection  with  the  nadir  eye  piece  was 
introduced  by  Bobnikbkboib  in  1825 :  ▼.  Attron.  ydeh.,  Vol.  IV.  p.  827. 
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and  it  is  proposed  to  determine  JR^  for  Tq=  60®,    We  shall  have 
the  equations 

-Bo  =26"  557(1— 40  ar) 
-Bo  =26  .532(1  — 20  a:) 
-Bo=26  .529(1  — 10 x) 
-Bo=  26  .500(1  +  12a;) 
i2p=26  .498(1  + 25  x) 

Let  us  assume  Il^=  26.5  +  y  ;  these  equations  become 

1062j;  +  y  — 0".057  =  0 
Saix  +  y  —  0  .032  =  0 
265a; +  y  —  0  .029  =  0 

—  318a; +  y  +  0  .000  =  0 

—  662a; +  y  +  0  .002  =  0 

Hence,  by  the  usual  process  in  the  method  of  least  squares,  we 
find  the  nonoal  equations 

2019398  a;  +  878y  —  86".535  =  0 
878a;  +     5y  —   0  .116  =  0 
whence 

x  =  +  0.0000355  y  =  +  0".017 

and,  consequently,  B^  =  26''.517,  and 

26".517 


B  = 


1  +  0.0000855  (r  — 50^) 
As  the  coefficient  of  r  —  60®  is  so  small,  we  may  take 

E  =  26".517  [1  —  0.0000355  (t  —  50®)] 
=  26".517  +  0".000941  (50®  —  r) 

This  gives  for  the  values  of  jR  at  the  observed  temperatures. 


S  =  26".555, 

26".636, 

26".526, 

26".504, 

26".493 

for  T  =   10° 

80O 

40° 

62° 

75° 

•which  agree  with  the  observed  values  within  the  probable  errors 
of  such  determinations. 

49.  The  position  flar  micrometer. — ^When  a  filar  micrometer  is 
attached  to  an  equatorially  mounted  telescope,  there  is  usually 
combined  with  it  a  small  graduated  circle,  the  plane  of  which  is 
parallel  to  that  of  the  micrometer  threads,  by  means  of  which 
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the  angle  which  these  threads,  or  the  transverse  threads,  make 
with  a  declination  circle  may  be  ascertained.  The  micrometer 
then  serves  to  measure  not  only  the  distance  between  two  stars, 
but  also  their  angle  of  posiHon  ;  that  is,  the  angle  which  the  arc 
joining  the  two  stars  makes  with  a  declination  circle. 

The  index  error  of  the  circle,  or  its  reading  for  the  position 
angle  zero,  is  best  obtained  with  the  telescope  in  the  meridian. 
Let  the  micrometer  be  revolved  until  the  movable  thread  is  per- 
pendicular to  the  meridian,  which  will  be  the  case  when  a  star 
of  small  declination  remains  upon  the  thread  throughout  its 
passage  across  the  field.  The  transverse  thread  will  then  repre- 
sent the  meridian,  and  in  all  other  positions  of  the  telescope,  if 
the  equatorial  adjustment  is  good,  will  represent  a  declination 
circle.*  If  the  reading  of  the  position  circle  is  then  P^^,  and 
the  micrometer  is  afterwards  revolved  so  that  its  transverbe 
thread  passes  through  two  stars  in  the  field,  and  the  reading 
becomes  P,  the  apparent  position  angle  of  the  stars  is 

P  =  T-P,  (46) 

All  position  angles  should  be  read  from  0  to  360®  in  the  same 
direction.  I  shall  always  suppose  them  to  be  reckoned  from  the 
north  through  the  east. 

50.  I  shall  briefly  notice  some  other  micrometers  hereafter 
(Chapter  X.).  What  has  been  given  in  relation  to  the  filar  micro- 
meter was  necessary  in  this  place  on  account  of  the  connection 
of  this  instrument  with  nearly  every  form  of  telescope. 

THE   LEVEL. 

51.  The  spirit  level  may  here  be  classed  among  the  instru-. 
ments  for  measuring  small  angles,  inasmuch  as  its  use  in  p<»tro- 
nomy  is  not  so  much  to  make  a  given  line  absolutely  level  a&  to 
measure  the  small  inclination  of  the  line  to  the  horizon.  It 
consists  of  a  glass  tube,  ground  on  the  interior  to  a  curve  of 
large  radius,  and  nearly  filled  with  alcohol  or  sulphuric  ether. 
("Water  would  freeze  and  burst  the  tube).  The  bubble  of  air 
occupying  the  space  left  by  the  fluid  will  always  stand  at  the 

*  See,  howeTer,  Chapter  X.  in  case  the  adjustment  of  the  equatorial  telescope  U 
not  quite  exact. 
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highest  point  of  the  curve  of  the  tube;  and  therefore  any 
change  of  the  relative  elevation  of  the  two  ends  of  the  tube 
must  be  followed  by  a  corresponding  change  in  the  position  of 
the  bubble.  This  position  of  the  bubble,  therefore,  which  is 
read  off  by  means  of  a  scale,  or  by  graduations  marked  on  the 
tube  itself,  serves  to  measure  all  changes  of  inclination  within 
the  extreme  ranges  of  the  arc  of  the  curve  employed.  The 
larger  the  radius  of  the  curve,  the  more  sensitive  will  the  level 
be.  There  is,  however,  obviously  a  practical  limit  to  the  radius, 
which  is  determined  by  the  kind  of  instrument  to  which  the 
level  is  to  be  applied  and  the  degree  of  accuracy  aimed  at. 

In  order  to  apply  the  level  to  the  horizontal  axis  of  an  instru- 
ment, it  is  either  mounted  upon  two  legs,  the  distance  apart  of 
which  is  nearly  equal  to  the  length  of  the  axis ;  and  these  legs 
terminate  in  Vs,  so  that  the  level  bears  only  at  two  points  of  the 
cylindrical  pivots  of  the  axis,  in  which  case  it  is  called  a  striding 
level :  or  it  hangs  from  the  axis  by  arms,  which  are  recurved 
and  terminate  in  inverted  Vs;  and  it  is  then  called  a  hanging 
level. 

Plate  IL,  Pig.  4,  represents  a  common  form  of  the  striding 
level,  and  Fig.  5  is  an  end  view  of  the  legs.  The  tube  ef  is  in 
this  level  covered  by  a  larger  glass  tube  abcd^  to  protect  the  fluid 
from  sudden  changes  of  temperature.  These  are  secured  to  a 
bar  AB^  usually  a  hollow  brass  cylinder,  which  is  connected 
with  the  legs  by  screws  s  and  <,  which  serve  to  adjust  the  rela-' 
tion  of  the  level  tube  to  the  line  of  bearing  of  the  Vs  of  the 
feet,  as  will  be  explained  hereafter. 

52.  In  order  to  investigate  the  method  of  using  the  level,  let. 
us  first  suppose  EW^  Fig.  15,  to  be 
a  truly  horizontal  line  on  which 
the  level  AB  rests.  Let  0  be  the 
zero  of  the  graduations ;  e  and  w 
the  ends  of  the  bubble.  Let  the 
length  of  the  bubble  be  21  If 
the  legs  AE  and  B  W  were  per- 
fectly  equal,  and  0  were  in  the 

middle  of  ABy  the  readings  of  w  and  e  from  0  would  be  exactly 
the  same,  and  each  equal  to  I.  But,  if  ^TT  is  the  longer  leg, 
the  bubble  will  stand  nearer  to  ^  by  a  number  x  of  divisions ; 
and  if  at  the  same  time  the  zero  0  stands  nearer  to  A  than  to  J5,- 
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at  a  distance  of  y  diviflions  from  the  middle,  then  the  readings 
will  be 

at  w,  '  +  «  +  y> 

at  e,  I  —  X  —  y. 

If  now  TTis  raised  so  that  EW  becomes  inclined  to  the  horizon 
by  the  angle  6,  the  bubble  will  stand  nearer  to  the  end  -B  by  a 
number  z  of  divisions,  so  that  the  whole  readings  at  w  and  e 
will  be 

To  eliminate  the  errors  x  and  y,  let  the  level  now  be  reversed, 
no  that  the  end  A  stands  over  W  and  B  over  E.  The  errors  x 
and  y  will  both  change  sign ;  but,  the  line  EW  being  inclined 
as  before,  the  readings  of  the  ends  of  the  bubble  towards  W  and 
Ei  respectively,  vnll  be 


t(/=  {  —  x  —  y  -{-  z 

tf'rzr^  +  X  +  y  — Xf 

From  the  equations  (47)  and  (48)  we  deduce 


}      (48) 


}      (49) 


ii(y>  —  e)  =  x^y  +  z 

i(«/-o  =  -(^  +  y)  +  ^ 

whence 

0=.Hi(t^-O+i(t^-O] 

(u;  +  ir-)~(e  +  0  1     (^*^) 

whence  the  practical  rule :  Place  the  level  on  the  line  whose  incUna- 
tUm  is  to  be  measured^  atid  read  the  divisions  at  the  ends  of  the  bubble  ; 
reverse  the  levels  and  read  again.  Add  together  the  tioo  readings  lying 
towards  one  end  of  the  line^  and  also  the  two  readings  lying  towards  the 
other  end  of  the  Une.  One-fourth  the  difference  of  these  sums  is  the 
measure  of  the  inclination.  The  Une  is  elevated  at  that  end  which 
fives  the  greatest  sum  of  readings. 

This  gives  the  inclination  expressed  in  divisions  of  the  level ; 
the  value  of  the  angle  b  corresponding  to  z  divisions  is  known 
when  the  angular  value  d  of  a  division  is  known,  so  that 

b  =  dz  (51) 

63.  The  errors  x  and  y  are  inseparable ;  we  can  only  find  their 
gjum,  which  is 
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^  +  y  = —^ (52) 

If  the  errors  of  the  level  could  be  regarded  as  constant,  the 
value  of  X  +  y  thus  found  would  enable  us  to  dispense  with  the 
reversal  of  the  level,  since  either  of  the  equations  (49)  would 
then  4etermme  z;  but  such  constancy  is  never  to  be  assumed. 

54.  For  greater  accuracy,  the  level  may  be  read  a  number  of 
times  in  each  position,  taking  care  to  lift  it  up  after  each  read- 
ing, so  that  each  observation  may  be  independent  of  the  others. 
The  sums  of  all  the  readings  at  each  end  of  the  bubble  are  to  be 
formed,  and  the  difference  of  these  sums  divided  by  the  whole 
number  of  readings.  The  number  of  readings  in  the  two  posi- 
tions must  be  equal. 

Example  1. 


A  level 

on 

the 

axifl 

of  a 

transit  instrament  was  read  as 

follows: 

r. 

E. 

» — « 

Ist  Position 

29.1 

31.2 

—    2.1 

2d        « 

35.4 
64.5 

24.9 
56.1 

+  10.5 
4)  — 12.6 

66.1 

X 

+  y 

=  —   8.15  =  error  of  the  leyel. 

4)  8.4 
*=    2.1 
The  value  of  a  division  was  d=  1".26 ;  and  hence 

b  =  dz  =  2".63 
irbich  is  the  elevation  of  the  west  end  of  the  axis. 


Example  2. 

The  following  readings 

were  obtained  with  the  same  instru- 

ment: 

w. 

B. 

let  Position 

29.0 

81.3 

2d       " 

35.4 

24.9 

2d       « 

85.6 

24.6 

let      « 

29.2 

81.0 

129.2  111.8 

111.8 

8)  17.4 
2=     218  6  =  2".72 
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By  taking  the  first  and  last  observations  in  the  same  position 
of  the  level,  as  in  this  example,  any  small  change  in  the  level 
itself,  occuring  during  the  observations,  is  eliminated. 

55.  The  zero  of  the  level  is,  however,  not  always  placed,  near 
the  middle  of  the  tube ;  it  may  be  at  one  end  and  the  divisions 
numbered  consecutively  through  the  whole  length  of  the  tube. 
In  this  case,  we  have  only  to  find  the  reading  corresponding  to 
the  middle  of  the  bubble  in  each  position  of  the  level :  the  half 
diflference  of  these  readings  will  evidently  be  the  required  incli- 
nation. It  will  be  necessary,  in  the  record  of  the  observation, 
to  note  the  position  of  the  ends  of  the  level,  or  to  indicate  in 
some  manner  the  direction  in  which  the  divisions  increase,  which 
is  usually  effected  most  readily  by  a  conventional  use  of  the 
algebraic  sign,  as  in  the  following 

Example. 

A  level  which  is  graduated  from  the  end  A  towards  the  end  -B 
reads  as  follows  when  placed  on  the  axis  of  a  transit  instrument' 

or  thus: 

A  east     +  64.0       + 18.5      +  38.75  +  77.5 

JS    a       -.10.1       —60.7      —35.40  —70.8 

4)  +6.7 
^  =  + 1.675 

Since  in  the  case  of  a  transit  instrument  we  wish  to  find  the 
elevation  of  the  west  end  (a  negative  elevation  being  interpreted  as 
a  depression),  we  here  mark  the  level  readings  with  the  positive 
sign  when  they  increase  towards  the  west,  and  with  the  negative 
sign  when  they  increase  towards  the  east.  The  value  of  z  will 
then  be  obtained,  vrith  its  proper  sign,  by  simply  taking  the 
mean  of  all  the  readings,  as  in  the  last  column  above. 

66.  In  the  above  examples,  the  diameters  of  the  two  pivots  of 
the  axis  on  which  the  level  rests  are  assumed  to  be  the  same. 
When  this  is  not  the  case,  a  correction  becomes  necessary,  which 
will  be  considered  in  its  place  under  "Transit  Instrument," 
Chapter  V. 


w. 

E. 

Beading  of 
middle  of 
bubble. 

+  64.0 
—  10.1 

+  18.5 
—  60.7 

+  88.75 
—  85.40 

z 

2) +8.85 

=  +  1.675 

LEVEL.  T&' 

57.  To  find  the  value  of  a  dimsum  of  the  hod. — This  is  most  readily 
done  by  means  of  a  simple  instrument  called  a  leveUrier.  A 
horizontal  bar  is  supported  by  two  feet  at  one  end  and  by  a 
single  footnscrew  at  the  other.  The  level  is  placed  on  the  bar, 
and  the  number  of  turns  of  the  foot-screw  necessary  to  carry  the 
bubble  over  any  given  number  of  divisions  is  observed.  The 
angular  value  of  a  turn  of  the  foot-screw  is  known  from  the 
distance  of  its  threads  and  the  length  of  the  bar.  The  head  of 
the  screw^  is  graduated  so  that  a  fraction  of  a  turn  may  be  noted. 

We  can  also  determine  the  value  of  a  division  by  attaching 
the  level  tube  to  a  vertical  circle  and  noting  the  number  of 
seconds  on  the  circle  corresponding  to  a  motion  (of  the  circle 
and  level  together)  which  carries  the  bubble  over  a  given  number 
of  divisions.  Thus,  suppose  we  read  the  ends  A  and  -B  of  a  level 
thus  attached  to  a  circle,  and  also  read  the  circle  itself,  as  follows: 

A  B  Circle. 

5.0  40.2  0°  0'  40". 

41.3  3.8  0    1  25  .3 

36.8  36.4  45  .3 

(mean)  36.35  (i==45".3 
d=    1".246 

When  the  level  is  applied  to  a  telescope  which  is  provided 
with  a  micrometer,  the  value  of  the  divisions  of  the  level  may 
be  found  from  those  of  the  micrometer.  An  example  of  this 
method  will  be  given  in  connection  with  the  Zenith  Telescope, 
Chapter  Vm. 

68.  To  find  (he  radius  of  curvature  of  a  level— "Let  n  be  the  length 
of  a  division  in  linear  units,  d  the  value  of  a  division  in  arc, 
found  as  above ;  then  the  radius  will  be 


r  = 


d  sin  1" 

Suppose  that  in  the  level  of  the  preceding  article  we  have 
n  =  0.108  inch,  then  we  find,  for  this  level,  r  =  17051  inches,  or 
1421  feet. 

59.  The  value  of  a  division  of  a  level  may  be  affected  by  changes  of 
temperature. — This  will  be  discovered  by  taking  observations  for 
determining  this  value  at  two  temperatures  as  different  as  pos- 
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Bible.    The  proper  value  to  be  used  for  any  intermediate  tem- 
perature will  then  be  found  by  interpolation. 

60.  It  is  also  possible  that  the  radius  of  curvature  of  different  por- 
tions of  the  tube  may  be  different. — This,  of  course,  is  a  radical  defect 
in  the  construction  of  the  instrument :  its  effect  is  to  give  dif- 
ferent angular  values  to  divisions  of  equal  absolute  length  in 
different  portions  of  the  tube.  The  existence  of  such  a  defect 
will  be  discovered  by  determining  the  value  of  a  division  inde- 
pendently at  various  points;  and  it  is  proper  to  examine  all  our 
levels  in  this  manner.  A  level  thus  defective  should  be  rejected 
as  unfit  for  any  refined  observation ;  but,  if  no  other  can  be  had, 
a  careful  investigation  might  determine  a  system  of  corrections 
to  be  applied  to  the  different  readings. 

61.  It  remains  to  be  shown  how  to  effect  the  mechanical  adjust- 
ment of  the  level.  1st.  The  bubble  should  stand  nearly  in  the 
middle  of  the  tube  when  the  level  stands  upon  any  horizontal 
line.  This  is  quickly  brought  about  by  finding  the  error  of  the 
level  =  X  +  y,  (as  in  Example  1,  Art.  54)  and  then  turning  the 
screws  ty  t\  Plate  IE.  Pig.  6,  until  the  bubble  has  moved  through 
this  quantity  in  the  proper  direction.  2d.  The  axis  of  the  tube 
should  be  parallel  to  the  line  joining  the  angle  of  the  Vs  of  tiie 
feet,  and,  consequently,  parallel  to  the  axis  of  an  instrument  on 
which  it  rests.  This  is  tested  by  slightly  revolving  or  rocking 
the  level  on  the  axis  of  the-  instrument,  so  that  the  legs  are 
thrown  out  of  a  perpendicular  on  either  side.  If  the  axis  of  the 
level  tube  is  not  parallel  to  the  line  joining  the  feet,  but  lies 
cross-wise  with  respect  to  that  line,  this  revolution  will  cause  the 
bubble  to  change  its  position,  and  it  will  be  easy  to  see  in  what 
direction  the  correction  must  be  made.  The  adjustment  is  made 
by  the  screws  s,  s'. 
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CHAPTER  III. 

IKSTRUMENTS  FOR  MEASURING  TIME. 

62.  ChroTiomeiers. — The  chronometer  is  merely  a  very  perfect 
watch,  in  which  the  balance  wheel  is  so  constructed  that  changes 
of  temperature  have  the  least  possible  effect  upon  the  time  of  its 
oscillation.  Such  a  balance  is  called  a  compensation  balance.  A 
chronometer  may  be  well  compensated  for  temperature  and  yet 
its  raU  may  be  gaining  or  losing  on  the  time  it  is  intended  to 
keep:  the  compensation  is  good  when  changes  of  temperature  do 
not  affect  the  rate.  It  is  not  necessary  that  a  chronometer's  rate 
should  be  zero  (or  even  very  small,  except  that  a  small  rate  is 
practically  convenient)  \  it  is  sufficient  if  tilie  rate,  whatever  it  is, 
remains  constant.  The  indications  of  a  chronometer  at  any 
instant  require  a  correction  for  the  whole  accumulated  error  up 
to  that  instant.  If  the  correction  is  known  for  any  given  time, 
together  with  the  rate,  the  correction  for  any  subsequent  time  is 
known.  The  methods  of  finding  these  quantities  are  given  in 
Vol.  L,  Chapter  V. 

68.  Winding. — Most  chronometers  are  now  made  to  run  either 
eight  days  or  two  days.  The  former  are  wound  every  seventh 
day,  the  latter  daily,  so  that  in  case  the  winding  should  be  for- 
gotten for  twenty-four  hours  the  chronometers  will  still  be  found 
running.  But  it  is  of  importance  that  they  should  be  wound  regu- 
larly at  stated  intervals ;  otherwise  an  unused  part  of  the  spring 
comes  into  action,  and  an  irregularity  in  the  rate  may  result. 

Chronometers  are  wound  with  a  given  number  of  half  turns  of 
the  key.  It  is  well  to  know  this  number,  and  to  count  in  winding, 
in  order  to  avoid  a  sudden  jerk  at  the  last  turn:  still  the  chro- 
nometer should  always  be  wound  aafar  as  it  will  go^  that  is,  until 
it  resists  further  winding.  This  resistance  is  produced  not  by 
the  end  of  the  chain,  but  by  a  catch  provided  to  act  at  the  proj'ur 
time  and  thus  protect  the  chain. 
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When  a  chronometer  has  stopped,  it  does  not  again  start 
immediately  after  being  wound  up.  It  is  necessary  to  give  the 
whole  instrument  a  quick  rotatory  movement,  by  which  the 
balance  wheel  is  set  in  motion.  This  must  be  done  with  care, 
however,  and  with  little  more  force  than  is  necessary  to  produce 
the  result;  afterwards  the  chronometer  must  be  guarded  from  all 
sudden  motions. 

The  hands  of  a  chronometer  can  be  moved  without  injury  to 
the  instrument,  so  that  it  may  be  set  proximately  to  the  true 
time.     It  is,  however,  not  advisable  to  do  this  often. 

64.  Transporting, — Chronometers  transported  on  board  ship 
should  be  placed  as  near  the  centre  of  motion  as  possible,  and 
allowed  to  swing  freely  in  their  gimbals,  so  that  they  may  pre- 
serve a  horizontal  position.  They  should  also  be  kept  as  nearly 
as  possible  in  a  uniform  temperature. 

When  transported  by  land,  the  chronometer  should  no  longer 
be  allowed  to  swing  in  its  gimbals,  but  is  to  be  fastened  by  a 
clamp  provided  for  the  purpose ;  for  the  sudden  motions  which 
it  is  then  liable  to  receive  would  set  it  in  violent  oscillation 
in  the  gimbals,  and  produce  more  effect  than  if  allowed  to  act 
directly. 

Pocket  chronometers  should  be  kept  at  all  times  in  the  same 
position :  consequently,  if  actually  carried  in  the  pocket  during 
the  day,  they  should  be  suspended  vertically  at  night. 

It  has  been  found  that  the  rates  of  chronometers  have  been 
affected  by  masses  of  iron  in  their  vicinity,  indicating  a  magnetic 
polarity  of  their  balances.  Such  polarity  may  exist  in  the  balance 
when  it  first  comes  from  the  hands  of  the  maker,  or  it  may  be 
acquired  by  the  chronometer  standing  a  long  time  in  the  same 
position  with  respect  to  the  magnetic  meridian.  In  order  to 
avoid  any  error  that  might  result  from  this  polarity  (whether 
known  or  unknown),  it  will  be  well  to  keep  the  chronometers 
always  in  the  same  position.  Hence,  they  should  not  be  removed 
from  the  ship  to  be  rated;  but  their  rates  should  be  found  after 
they  are  placed  in  the  position  they  are  to  occupy. 

The  rate  of  a  chronometer  when  transported  is  seldom  the 
Bame  as  when  at  rest.  The  travelling  rate  is  found  by  comparing 
the  observations  taken  at  the  same  place  before  and  after  the 
journey,  or  from  observations  at  two  places  whose  difference  of 
longitude  is  perfectly  well  known.    A  list  of  well  determined 
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"differences  of  longitude"  is  given  in  Raper's  Practice  of  Navi- 
gation, for  the  use  of  navigators  in  finding  the  sea  rates  of  their 
chronometers.     (See  Vol.  L  Art  258). 

65.  Correction  for  temperature. — ^An  absolutely  perfect  compensa- 
tion for  temperature  in  chronometers  is  hardly  to  be  expected, 
it  has  been  found*  that  the  average  temperature  compensation 
of  chronometers  is  of  such  a  nature  as  to  cause  the  instrument  to 
lose  on  its  daily  rate  when  exposed  to  a  temperature  either  above 
or  below  a  certain  point  for  which  the  compensation  is  most 
perfect.  Professor  Bond  found  for  a  large  number  of  chronome- 
ters that  if  ^0 1>®  the  temperature  of  best  compensation,  t>  that  of 
actual  exposure,  the  rate  may  be  expressed  for  a  range  of  20^ 
above  and  below  ^©by  the  formula 

m  =  m,+  A:(*-*,)«  (63) 

in  which  A:  is  a  constant,  and  has,  with  rare  exceptions,  a  positive 
sign,  and  itIq  and  m  are  the  rates  at  the  temperatures  i?^  and  i?, 
respectively ;  losing  rates  being  positive. 

M.  LiEUSSON,  from  a  very  extended  examination  of  the  per- 
formance of  chronometers  on  trial  at  the  Observatories  of  Green- 
wich and  Paris,  finds  that  the  rate  varies  both  with  the  tempe- 
rature and  with  the  age  of  the  oil  with  which  the  pivots  are 
lubricated.  The  thickening  of  the  oil  tends  to  diminish  the 
amplitude  of  the  vibration  of  the  balance,  and  thus  produces  an 
acceleration  of  the  chronometer.  This  acceleration  is  almost 
exactly  proportional  to  the  time,  so  that  for  any  time  t  the  rate 
may  be  found  by  the  complete  formula 

m  =  m^+k{^^  ^^y  —  Vt  (54) 

in  which  k'  is  the  daily  change  of  rate  resulting  from  the  gradual 
thickening  of  the  oil.  The  constants  k  and  A:' will  be  different 
for  every  chronometer,  and  are  determined  by  experiment  for 
each  instrument. 

66.  Comparison  of  Chronometers. — When  one  or  more  chro- 
nometers are  to  be  regulated  by  means  of  astronomical  observa- 

*  L11U88ON,  R^cherehes  sur  les  Tariations  de  la  marche  des  pcndules  et  des  chro- 
BomMres;  Paris,  1854.  0.  P.  Bond,  in  his  report  on  the  longitude  in  the  Report  of 
the  Superintendent  U.S.  Coast  Survey  for  1854,  App.  p.  141. 
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tions,  these  observations  are  made  with  but  one  of  them,  and  the 
corrections  of  all  the  others  are  found  by  comparing  them  with 
this.  On  board  ship  the  chronometers  are  never  brought  on 
deck;  but  the  observations  are  made  with  a  watch  (often  called  a 
"hack-watch"),  which  is  compared  with  the  chronometer  either 
before  or  after,  or  both  before  and  after,  the  observations.  The 
double  comparison  is  necessary  where  extreme  precision  is  re- 
quired, in  order  to  eliminate  any  difference  of  the  rates  of  the 
watch  and  chronometer. 

Example. 

An  observation  is  recorded  by  a  hack-watch  at  the  time 
10*  12^  13'.3,  and  the  following  comparisons  are  made  with  the 
chronometer.  Required  the  time  of  the  observation  by  the 
chronometer. 


Chron. 

8»  17-  0*. 

8»  27-  0*. 

Watch 

10     8    9.5 

10  18  8.0 

Bedaction 

—  1  51    9.5 

—  1  51  8.0 

Here  the  watch  loses  1*.5  in  10**:  hence,  in  4"*,  the  time  from  the 
first  comparison  to  the  observation,  it  loses  1*.5  X  t^  or  O'.B,  so 
that  the  difference  at  the  time  of  the  observation  isl*  61"*  8*.9j 
therefore  we  have 

Watch  time  of  obs.  =  10*  12*  13«.3 
Reduction  to  chron.  =  —  1  61  8 .9 
Chron.  time  of  obs.   =         8  21      4.4 

Comparison  by  coincident  beats. — ^When  two  chronometers  are 
compared  which  keep  the  same  kind  of  time,  and  both  of  which 
beat  half  seconds,  it  will  mostly  happen  that  the  beats  of  the  two 
instruments  are  not  synchronous,  but  one  will  fall  after  the  other 
by  a  certain  fraction  of  a  beat,  which  will  be  pretty  nearly  con^ 
stant,  and  must  be  estimated  by  the  ear.  This  estimate  may  be 
made  within  half  a  beat,  or  a  quarter  of  a  second,  without  diffi- 
culty, but  it  requires  much  practice  to  estimate  the  fraction 
within  O'.l  with  certainty.  But  if  a  mean  time  or  solar  chro- 
nometer is  compared  with  a  sidereal  chronometer,  their  dif- 
ference may  be  obtained  with  ease  within  one-twentieth  of  a 
second.  Since  V  sidereal  time  is  less  than  1*  mean  time,  the  beats 
of  the  sidereal  chronometer  will  not  remain  at  a  constant  fraction 
behind  those  of  the  solar  chronometer,  but  will  gradually  gain 
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on  them,  so  that  at  certain  timee  they  will  be  coincident.    BTow, 
if  the  comparison  is  made  at  the  time  this  coincidence  occurs, 
there  'will  be  no  fraction  for  the  ear  to  estimate,  and  the  differ- 
ence of  the  two  instruments  at  this  time  will  be  obtained  exactlj. 
The  only  error  will  be  that  which  arises  from  judging  the  beats 
to  he  in  coincidence  when  they  are  really  separated  by  a  small 
fraction ;  and  it  is  found  that  the  ear  will  easily  distinguish  the 
beats  as  not  synchronous  so  long  as  they  differ  by  as  much  as 
©•.OS;  consequently  the  comparison  is  accurately  obtained  withii;i 
that  quantity.     Indeed,  with  practice  it  is  obtained  within  O'.OS, 
or  even  0'.02.     Now,  since  1*  sidereal  time  —  0'.99727  mean  time, 
the  sidereal  chronometer  gains  0'.00273  on  the  solar  chronometer 
in  1*;  and  therefore  it  gains  0*.5  in  183',  or  very  nearly  in  3"*. 
Hence,  once  every  three  minutes  the  two  chronometers  w\\\  beat 
together.*     When  this  is  about  to  occur,  the  observer  begins  to 
count  the  seconds  of  one  chronometer,  while  he  directs  his  eye  to 
the  other;  when  he  no  longer  perceives  any  difference  in  the 
beats,  he  notes  the  corresponding  half  seconds  of  the  two  instru- 
ments. 

Example. 

A  eolar  and  a  sidereal  chronometer  were  compared  by  coincir 
dent  beats,  as  follows: 

Solar  chron.    4*16-    0*.  4*  19- 10*. 

Sidereal  «        1     3    11.5  1     6    22 . 

Difference        3   12    48.5  3   12    48. 

Here  the  interval  between  the  two  comparisons  being  about  8"*, 
tlie  sidereal  chronometer  has  gained  a  beat.  In  order  to  judge 
of  the  accuracy  of  the  comparisons,  let  us  reduce  the  second  to 
the  time  of  the  first.  The  solar  interval  is,  by  the,  solar  chro- 
nometer, S^IO*;  the  corresponding  sidereal  interval  is,  by  the 
tables,  3*  10'.52;  the  second  comparison  reduced  to  the  time  of 
the  first  stands  as  follows : 

Solar  chron.    4»  16*    O*. 
Sid.        «         1     3    11.48 
Difference        3   12    48.52 


*  They  wUl  either  beat  together,  or  at  least  their  beats  will  both  fkll  within  • 
of  time  equal  to  one-half  of  COOSTS. 
VoL.II.— « 
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that  is,  it  agrees  with  the  first  comparison  within  0*.02.  Suppose 
that  at  the  second  comparison  the  time  when  the  beats  were 
coincident  was  mistaken,  and  the  observer  made  his  comparison 
10*  later;  he  would  have  had  !()•  more  on  each  chronometer,  and 
consequently  would  have  put  down  the  comparison  thus: 

Solar  chron.    4*  19*  20«. 
Sid.       «         1     6    32. 

The  mean  interval  between  the  comparisons  would  have  been 
8*  20*,  and  the  equivalent  sidereal  intei'val  is  3*  20*.65,  so  that 
this  second  comparison  reduced  to  the  time  of  the  first  would 
have  stood  thus : 

Solar  chron.    4*  16*    0*. 

Sid.       «  1     3    11.45 

Difference        1   12    48.55 

that  is,  the  two  comparisons  would  still  have  agreed  within  (y-OS. 
The  observer  can  in  this  way  satisfy  himself  by  a  few  trials  that 
the  two  chronometers  can  really  be  compared  within  O'.OS  with 
certainty. 

When  two  solar  chronometers  are  to  be  compared  together,  it 
will  be  most  accurately  done  by  comparing  each  with  a  sidereal 
chronometer  by  coincident  beats,  and  reducing  the  comparisons 
as  follows : 

Example. 

Two  solar  chronometers  A  and  B  are  compared  with  a  sidereal 
chronometer  (7,  as  below: 


C    6M8-20'.                   A    4*40- 

10'.5 

C    6  15    15.                  5    5  21 

18. 

Sid.  interval         1    55.                    =       1 

54  .69  solar 

B  reduced  to  time  of  A  =  5  19 

18.31 

Diflference  of  ^  and  5    =0  39 

7.81 

The  intermediate  chronometer  used  for  comparison  is  not 
necessarily  a  sidereal  one.  It  may  be  a  mean  time  chronometer 
which  does  not  beat  half  seconds ;  for  example,  a  pocket  chro- 
nometer which  beats  13  times  in  6  seconds.  In  this  case  each 
beat  of  the  pocket  chronometer  is  worth  j%y  and  therefore  dijSers 
from  that  of  a  chronometer  beating  half  seconds  by  ^  of  a  second. 
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The  inaccuracy  of  a  coincidence  cannot  exceed  this  quantity,  and 
the  comparison  may,  therefore,  also  be  made  within  a'g  of  a  second. 

67.  Probable  error  of  an  inierpolaied  value  of  a  chronometer  cor- 
rection. — ^When  the  corrections  a  T  and  aT'  for  the  times  Tsmd  T 
are  given,  the  correction  for  any  other  time  T  -\-  i=  T'  —  <'  is 
found  by  inteipolation.  Denoting  the  rate  by  iT^  and  the 
required  correction  by  x,  we  have 

eitherx  =  A!r+ ^^^  or  x  =  aT'  — f .  JT 

Now,  granting  that  the  given  quantities  ATand  aT'  are  perfectly 
correct,  the  interpolated  values  of  x  will  also  be  correct  if  there 
are  no  accidental  irregularities  in  the  going  of  the  chronometer. 
But  such  accidental  irregularities  certainly  exist,  and  tend  to 
diminish  the  weight  to  be  assigned  to  any  interpolated  value  of 
the  correction.  If  the  mean  (accidental)  error  in  a  unit  of  time 
is  e,  the  mean  error  in  the  interval  t  is,  by  the  theory  of  least 
squares,  e|/7,  and  the  weight  is  inversely  proportional  to  the 
square  of  this  error,  that  is,  inversely  proportional  to  t.  We  shall 
have  then 

x  =  ^T-i-t.dT  with  the  weight  - 

x  =  ^T'  —  f.dT    «       "        '*      s 

t 

in  which  k  is  an  undetermined  constant. 

Multiplying  each  value  by  its  weight,  and  dividing  the  sum  by 
the  sum  of  the  weights  (according  to  the  usual  process  in  the 
method  of  least  squares),  we  have 


f.Ar+  f.AT' 
a:  = ■ 


(55) 

Vttf 
t  -\-  t 

This  error  is  zero  either  for  <  =  0  or  <'  =  0,  and  is  a  maximum 
for  t  =  /',  that  is,  when  the  correction  is  found  for  the  middle 
time  between  the  two  given  times  T  and  T\ 

68.  If,  however,  the  chronometer  has  accelerated  or  retarded 
uniformly,  the  error  will  obtain  a  different  expression.    Let  the 
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rate  at  the  time  The  8T  and  at  the  time  7"  be  d'T.  The 
acceleration  in  a  unit  of  time  is 

The  rate  at  the  middle  instant  between  T  and  T  +  i  is  dT 
+  \t.d''T;  and  at  the  middle  instant  between  T'  and  T —  t' 
it  is  8'T—\V.  8^'T;  hence  we  have 

Multiplying  the  first  by  <',  the  second  by  /,  and  dividing  the  sum 
of  the  products  by  t  +  t\  we  have 

f.i.T  +  t.&r  i'T-JT 

at 

'  x  =  ^-^\-^*^'''^'-\te.»"T  (57) 

whence  it  appears  that  the  error  of  the  value  obtained  by  simple 
interpolation,  or  upon  the  supposition  of  a  uniform  rate,  is 
i  W.  5"  Tj  and  this  error  is  also  a  maximum  for  the  middle  instant 
between  Tand  T',  when  t  =  i\  and  vanishes  for  <  =  0  or  <'  =  0. 

69.  Every  chronometer  has,  moreover,  its  own  peculiarities 
which  render  the  application  of  any  formula  for  weight  more  or 
less  uncertain.  Struvb  found  that,  for  the  greater  number  of 
the  chronometers  which  he  tried,  the  mean  error  of  an  interpo- 
lated value  of  their  corrections  could  be  expressed  by  the  empiri- 

Iff 

cal  formula  e  •  -r-jrzr  differing  from  the  above  theoretical  formula 

by  the  omission  of  the  radical  sign.  {Expidition  Chronomitriqitej 
p.  101.) 

70.  Clocks. — The  astronomical  clock  is  provided  with  a  com- 
pensation pendulum,  by  which  the  effect  of  temperature  is  even 
more  completely  eliminated  than  in  chronometers.  The  only 
forms  in  use  are  the  Harrison  (the  gridiron)  and  the  mercuriai 
pendulum. 

In  the  gridiron  pendulum  the  rod  is  composed  (in  part)  of  a 
dtimber  of  parallel  bars  of  steel  and  brass,  so  connected  together 
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that  the  expanBion  of  the  steel  bars  produced  by  an  increase  of 
temperature  tends  to  depress  the  ^^  bob"  of  the  pendulam,  the 
greater  expansion  of  the  brass  bars  tends  to  raise  it,  so  that  when 
the  total  lengths  of  the  steel  and  brass  bars  have  been  properly 
adjusted  a  perfect  compensation  occurs,  and  the  centre  of  oscil- 
lation remains  at  a  constant  distance  from  the  point  of  suspen- 
sion. The  rate  of  the  clock,  so  far  as  it  depends  upon  the  length 
of  the  pendulum,  will  therefore  be  constant. 

In  the  mercurial  pendulum,  the  weight  which  forms  the  bob 
in  other  cases  is  replaced  by  a  cylindrical  glass  vessel  nearly 
filled  with  mercury.  With  an  increase  of  temperature  the  rod 
lengthens,  but  the  mercury  expanding  must  rise  in  the  cylinder, 
80  that  when  the  quantity  of  mercury  is  properly  proportioned 
to  the  length  of  the  rod  the  centre  of  oscillation  remains  at  the 
same  distance  from  the  point  of  suspension.  If  a  clock  is  to  be 
exposed  to  sudden  changes  of  temperature,  the  gridiron  pendulum 
will  be  preferable  to  the  mercurial,  as  the  large  body  of  mercury 
will  obtain  the  temperature  of  the  air  more  slowly  than  the 
thin  metal  rods. 

In  setting  up  the  clock  the  chief  point  to  be  observed  is  that 
its  alternate  beats  are  exactly  equal.  The  pendulum  usually 
carries  a  pointer  at  its  lower  extremity  which  indicates  upon  an 
arc  below  the  pendulum  the  extent  of  a  vibration.  Let  the 
pendulum  be  drawn  towards  one  side  gently,  until  a  tooth  of  the 
escapement  wheel  is  just  freed,  and  mark  the  point  of  the  arc  at 
which  this  occurs;  then  let  the  pendulum  be  drawn  towards  the 
other  side,  and  mark  the  point  of  the  arc  at  which  a  tooth  escapes. 
Find  the  middle  point  A  of  the  included  arc.  Then  let  the 
pendulum  come  to  rest  in  a  vertical  position:  if  the  pointer  is  on 
A  the  adjustment  is  correct,  and  the  vibrations  on  each  side  will 
be  isochronous ;  if  not,  the  clock  case  must  be  moved  until  the 
vertical  pendulum  is  directed  exactly  towards  A.  The  equality 
of  the  vibrations  may  also  be  tested  by  the  electro-chronograph, 
hereafter  described. 

What  has  been  said  above  respecting  the  comparison  of  chro- 
nometers will  apply,  with  scarcely  any  modification,  to  that  of 
blocks,  or  of  a  clock  with  a  chronometer. 

In  tiie  observatory,  a  clock  regulated  to  sidereal  time  is  the 
indispensable  companion  of  the  transit  instrument.  The  standard 
or  normal  clock  of  an  observatory  is  carefully  mounted  upon  a 
fitone  pier  which  is  disconnected  from  the  walls  or  floors  of  the 
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building,  and  also  protected  as  much  as  possible  from  changes 
of  temperature.  For  the  latter  purpose  it  is  sometimes  imbedded 
in  a  stone  pier,  in  an  air-tight  compartment  below  the  surface 
of  the  ground.  Struve  found  that  the  changes  of  barometric 
pressure,  by  varying  the  resistance  which  the  air  opposes  to  the 
motions  of  the  pendulum,  caused  a  variation  in  the  rate  of  the 
normal  clock  of  the  Pulkowa  Observatory  of  0'.32  for  a  variation 
of  one  English  inch  of  the  barometer.* 

71.  The  electro-chronograph. — This  contrivance  may  be  regarded 
as  an  appendage  of  the  astronomical  clock,  and  bearing  the  same 
relation  to  it  that  the  reading  microscope  bears  to  a  divided 
circle  ;  for  its  chief  use  is  to  subdivide  the  seconds  of  the  clock, 
and  thus  to  measure  micrometrically  the  smallest  fractions  of 
time.  In  order  to  effect  this  micrometric  subdivision,  the  clock 
beats  are  converted  from  audible  into  visible  signals,  which  are 
recorded  on  paper  by  means  of  an  electro-magnet.  The  instant 
of  the  occurrence  of  any  phenomenon  is  also  registered  by  a 
visible  signal  on  the  same  paper,  and  thus  referred  to  the  pre- 
ceding clock  beat  with  great  precision.  This  general  statement 
covers  a  great  variety  of  special  contrivances  leading  to  the  same* 
end.  We  shall  here  treat  only  of  those  which,  thus  far,  have 
been  most  used. 

72.  The  simplest  form  of  register  is  that  known  on  our  tele- 
graphic lines  as  Morse's,  in  which  a  fillet  of  paper  is  reeled  off 
at  a  uniform  velocity  by  means  of  a  train  of  wheels  moved  by  a 
weight.  The  fillet  passes  over  a  small  cylinder  and  just  imder 
a  hard  steel  point,  or  pen  (as  it  is  called,  for  brevity),  which  is  so 
connected  with  the  armature  of  an  electro-magnet  that  whenever 
the  electric  circuit  of  the  galvanic  battery  is  established,  the  pen 
is  pressed  upon  the  paper  and  leaves  a  visible  mark.  The  wire 
from  one  pole  of  the  battery  which  passes  around  the  electro- 
magnet does  not  return  directly  to  the  other  pole,  but  first  passes 
through  the  clock,  where,  by  a  contrivance  presently  to  be 
described,  the  circuit  is  broken  and  restored  at  every  second. 
The  Morse  fillet  in  running  off,  therefore,  receives  an  impression 
every  second,  and  thus  becomes  graduated  into  spaces  represent- 
ing seconds.     These  spaces  are  greater  or  less  according  to  the 

*  Descriptum  dt  Vobtervatoire  aatronomique  central  de  Poulkova,  p.  220. 
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velocity  with  which  the  paper  runs  off;  an  inch  per  second  is 
even  more  than  sufficient,  as  it  is  easy  to  divide  an  inch  into  fifty 
parts  by  a  scale,  even  without  the  aid  of  a  magnifier. 

It  is  of  importance  that  the  paper  should  run  off  with  a  uni- 
form velocity;  at  least,  no  sudden  changes  of  velocity  should 
occur.  In  the  Morse  register  this  regularity  is  maintained  by  an 
ordinary  fly-wheel.  In  the  spring-governor^  invented  by  the 
Messrs,  Bond,  a  fly-wheel  and  pendulum  are  both  used.  The 
pendulum  secures  the  condition  that  the  seconds  shall  be  of  the 
same  length,  while  the  fly  is  supposed  to  maintain  a  uniform 
motion  during  the  second.  In  this  and  in  other  chronographic 
instruments  there  is  substituted  for  the  fillet  a  sheet  of  paper 
wrapped  about  a  cylinder  which  makes  one  revolution  per  minute. 
As  the  cylinder  revolves,  a  fine  screw  causes  it  to  move  also  in 
the  direction  of  its  length,  so  that  the  pen  records  in  a  perpetual 
spiral,  and  when  the  paper  is  removed  from  the  cylinder  the 
successive  minutes  are  found  recorded  in  successive  parallel 
lines.  One  such  sheet  will  contain  the  record  of  upwards  of 
two  hours'  work.  This  cylindrical  register  is  preferable  to  the 
Morse  fillet  for  most  chronographic  purposes,  on  account  of  the 
convenience  with  which  the  sheets  may  be  read  oft'  and  filed 
away  for  subsequent  reference. 

In  Saxton's  cylindrical  register  the  movement  is  regulated  by 
a  combination  of  the  crank  motion  with  the  vibration  of  two 
pendulums. 

Professor  Mitchel  employed  a  circular  disc  upon  which  the 
successive  minutes  occupied  concentric  circles,  each  of  which 
was  graduated  into  seconds  with  great  precision  by  connection 
with  the  clock. 

73.  The  connection  of  the  clock  with  the  register  is  made  in 
one  of  two  ways ;  either  so  as  to  break  the  circuit  every  second, 
or  so  as  to  make  it. 

The  method  most  used  of  causing  the  clock  to  break  the 
circuit  is  that  suggested  by  Mr.  Saxton,  of  the  Coast  Survey. 
ACB^  Fig.  16,  is  a  small  and  very  light  "tilt-hammer,"  usually 
made  of  platinum  wire,  mounted  upon  a  pivot  C,  so  that  the  end 
A  shall  slightly  preponderate  and  rest  upon  a  platinum  plate  E. 
The  end  B  is  bent  into  an  obtuse  angle.  The  wire  jPfrom  one 
pole  of  the  galvanic  battery  is  constantly  connected  with  the  tilt- 
hammer  through  the  metallic  support  D.    Another  wire  G  is 
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Fig.  i«.  connected  with  the  plate  E^  and  goes 

f  first  to  the  electro-magnet  of  the  register 

\  and  thence  to  the  other  pole  of  the  hat- 

I  tery.     This  apparatus  is  placed  in  the 

n  clock  case  in  front  of  the  pendulum  PM^ 

\\  with  the  vertex  of  the  angle  ^  in  a  ver^ 

\  \  tical  line  below  the  point  of  suspension 

\\  P.     A  small  pin  N  projecting  from  the 

B  \\  pendulum  rod  passes  over  the  angle  JB 

"^  n  at  each  vibration  of  the  pendulum,  and, 

\  \         by  thus  depressing  the  end  JB  of  the  tilt- 
\  \        hammer,  raises  the  end  A  from  the  plate 
\\        -Kand  breaks  the  circuit,  which  other- 
jT^  wise  is  complete  through  the  connection 
(  )  of  the  portion  AC  of  the  tilt-hammer 

^^^Yl  ^^^^  ^^*^  *^®  wires  F  and  G.  The  in- 
jj  terval  of  time  during  which  the  circuit 
is  broken  will  be  longer  or  shorter  accord- 
ing as  the  pin  iNT  strikes  the  sides  of  the  angle  JB  farther  from  or 
nearer  to  its  vertex.  It  may  be  adjusted  so  that  the  break  shall 
last  but  one-twentieth  of  a  second,  or  for  a  shorter  time  if 
required. 

Now,  if  the  pen  of  the  register  is  kept  pressed  upon  the  paper 
by  the  attraction  of  the  electro-magnet,  it  is  clear  that  the  breaks 
produced  by  the  clock  will  produce  corresponding  breaks  in  the 
continuous  line  made  by  the  pen,  and  the  paper  will  be  gradu- 
ated into  seconds,  thus : 


But  if  the  pen  is  pressed  upon  the  paper  by  a  spring  acting 
against  the  attraction  of  the  magnet,  then  each  break  produced 
by  the  clock  will  give  a  corresponding  short  mark  on  the  paper 
with  an  intervening  blank,  so  that  the  paper  will  be  graduated 
into  seconds,  thus: 


The  first  of  these  methods  is  commonly  preferred. 

In  the  cylindrical  registers  a  pen  carrying  ink  is  used,  and  the 
breaking  of  the  circuit  by  the  clock  does  not  cause  the  pen  to 
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me  from  the  paper,  but  moves  it  laterally;  in  this  case  the  paper 
is  graduated  into  seconds,  thus: 


Dr.  Locke  also  employed  b,  tilt-hammer  for  breaking  the  cir- 
cuit; but  the  hammer  was  worked  by  the  teeth  of  a  wheel  placed 
on  the  axis  of  the  escapement  wheel  of  the  clock. 

At  the  Washington  Observatory,  the  record  on  the  paper  of 
the  cylindrical  registers  has  also  been  made  by  fine  punctures 
produced  by  a  needle  point.  The  needle  has  a  little  play  which 
prevents  its  resisting  the  motion  of  the  cylinder  during  the  time 
required  for  the  needle  to  enter  and  leave  the  paper. 

74.  The  most  simple  method  by  which  the  pendulum  makes 
the  circuit  at  each  beat  is  aiso  the  suggestion  of  Mr.  Saxton. 
A  small  globule  of  mercury  is  placed  just  below  the  pendulum, 
as  at  Aj  rig.  17,  upon  a  metallic  support  which  by 
the  wire  F  is  in  connection  with  one  pole  of  the 
battery.  Another  wire  G  is  connected  with  the 
metallic  support  of  the  pendulum  rod  at  P,  and  is 
connected  with  the  other  pole  of  the  battery  through 
the  electro-magnet.  A  fine  point  m  upon  the  ex- 
tremity of  the  pendulum  passes  through  the  globule 
at  each  vibration  and  establishes  the  electric  cir- 
cuit, for  a  small  fraction  of  a  second,  through  the 
pendulum  itself.  The  effect  will  be  to  graduate 
the  paper  in  one  of  the  above  mentioned  ways 
according  to  the  arrangement  of  the  register. 

76.  Having  thus  obtained  a  graduated  visible 
time-scale,  its  application  to  the  exact  recording  of 
an  astronomical  observation  is  very  simple.  We 
have  only  to  let  one  of  the  wires  in  connection  with 
the  magnet  pass,  on  its  way  to  the  battery,  through 
the  hand  of  the  observer^  where  the  circuit  may  be 
broken  and  restored  at  pleasure.  A  small  piece 
of  apparatus  called  a  signaUkey  is  used  for  this  purpose.  It  con- 
sists of  a  piece  of  wood,  five  or  six  inches  in  length.  Fig  18,  on 
which  is  fastened  a  metallic  spring  AB^  which  by  a  very  slight 
pressure  of  the  finger  can  be  brought  into  contact  with  a  metallic 
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plate  at  C.     Conceive  the  wire  in  its  circuit  from  the  magnet  to 

the  battery  to  be  severed  at  the  key;  let 
^*«-  ^®'  s      one  end  -Fbe  connected  with  the  spring 

I  ABj  the  other  end  G  with  the  plate  C 
The  continuity  of  the  wire  may  be  re- 
garded as  restored  whenever  the  spring 
is  pressed  into  contact  with  the  plate  C. 
This  constitutes  a  make-circuit  key.  It  is  easy  to  see  how  the 
arrangement  may  be  reversed,  so  that  by  pressing  the  spring  the 
continuity  of  the  wire  is  interrupted,  constituting  a  break-circuit 
key.  Now,  whenever  the  observer  taps  on  his  key  he  will  pro- 
duce upon  his  graduated  time  scale  a  mark  similar  to  that  of  the 
clock,  but  mostly  distinguishable  from  it.  For  example,  on  a 
Morse-iillet,  and  with  a  break-circuit  key,  we  have 


26*  27*  28*  20*  30" «!• 9» 


Here,  at  Ay  is  a  record  of  an  astronomical  observation  occurring 
between  the  30th  and  31st  second.  By  a  scale  of  equal  parts,  we 
find  the  distance  of  A  from  30*  is  0.61  of  the  distance  from  30* 
to  31',  and  hence  the  instant  of  the  observation  is  30*.61. 

In  order  to  identify  the  seconds  on  the  register,  a  peculiar 
mechanical  contrivance  (which  need  not  be  described  here)  is 
employed,  by  means  of  which  one  of  the  breaks  is  omitted  at 
the  beginning  of  each  minute  of  the  clock ;  thus,  for  example : 

(6*13») 


The  observer  has  only  to  identify  the  minute  and  write  it  on  the 
fillet,  as  in  this  example.  For  greater  security,  sometimes,  every 
fifth  minute  is  also  distinguished  by  the  omission  of  two  consecu- 
tive breaks,  thus : 


(11»  26«) 
7*               68*                 59»                  0-                                                            «i 

4« 

1 

A  record  on  a  cylindrical  register  stands  thus: 

40>              41*               42i               43*               44«              46*              46* 

47* 

48* 

where  the  observation  A  occurs  at  44'.71.  The  observer's  signal 
is  generally  distinguishable  from  the  clock  signals,  as  in  this 
example,  by  its  form. 
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In  all  the  forms  of  recording  it  must  be  observed  that  the 
beginning  of  the  break,  or  dot,  marks  the  point  of  time  recorded. 

In  order  to  read  off  the  record  with  the  greatest  convenience,  a 
glass  scale  is  used,  on  which  are  etched  eleven  equidistant  parallel 
lines,  dividing  the  second  of  the  chronograph  into  tenlhs;  the 
hundredths  are  obtained  by  estimation.     (Plate  L  Fig.  8.) 

When  the  length  of  a  second  on  the  register  is  greater  than 
the  perpendicular  distance  of  the  extreme  lines  of  the  scale,  we 
have  only  to  place  the  scale  obliquely  on  the  line  of  seconds, 
always  causing  their  exti'eme  lines  to  pass  through  two  consecu- 
tive second  dots.  Sometimes  the  lines  on  the  scale  are  made 
divergent;  it  is  then  always  applied  so  that  the  line  of  seconds 
shall  be  perpendicular  to  the  middle  line  of  the  scale,  and  at  the 
point  where  the  distance  of  the  extreme  lines  is  equal  to  the 
length  of  the  second.     (Plate  I.  Fig.  2.) 

76.  When  the  pen  of  the  chronograph  is  made  to  press  upon  the 
paper  by  the  attraction  of  the  electro-magnet  upon  its  armature, 
a  certain  small  fraction  of  time  elapses  after  the  closing  of  the 
circuit  (by  the  clock  or  by  the  observer)  before  the  signal  is 
actually  impressed  upon  the  paper.  This  time  is  called  the 
armature  time.  If  it  were  certainly  constant,  and  the  same  for  the 
clock  signals  and  for  those  of  the  observer,  it  would  have  no 
effect  upon  the  difference  of  time  between  any  two  recorded 
phenomena.  But  the  armature  time  probably  varies  both  with 
the  strength  of  the  battery  and  the  length  of  the  wire  through 
which  the  electric  current  passes.  The  variable  error  which 
would  thus  be  introduced  into  our  results  is  avoided,  or  at  least 
very  much  reduced  in  magnitude,  by  employing  break-circuit 
signals  exclusively ;  for  the  interval  of  time  between  the  breaking 
of  the  circuit  and  the  cessation  of  the  action  of  the  magnet  is  pro- 
bably smaller  and  more  constant  than  that  between  the  making 
of  the  circuit  and  the  commencement  of  the  action  of  the  magnet. 

77.  To  give  the  reader  a  just  appreciation  of  the  degree  of 
accuracy  attained  in  the  recording  of  time  by  the  chronograph, 
full  size  specimens  of  the  records  on  three  different  kinds  of 
registers  are  given  in  Plate  I.  Figs.  4  and  5  are  specimens  of 
clock  signals  as  recorded  on  a  Morse-Fillet  and  Saxton's  Cylin- 
drical Register  used  on  the  United  States  Coast  Survey.  Fig. 
6  is  a  specimen   of  clock    signals   and    a   number  of   actual 
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abservations  of  stars*  transits  recorded  on  Bond's  Spring-Gover- 
nor Register,  which  has  been  obligingly  furnished  by  Professor 
G.  P.  Bond.  Figs.  2  and  3  exhibit  in  full  size  the  manner  in 
which  the  glass  scales  for  reading  these  records  are  ruled.  Fig. 
1  exhibits  the  reticule  of  a  transit  instrument,  provided  with 
twenty-five  transit  threads,  for  determining  the  longitude  by  the 
electric  telegraph.    (Vol.  I.,  p.  344). 


CHAPTER  IV. 

THB   SEXTANT,   AND  OTHER  REFLECTING   INSTRUMENTS. 

78.  The  sextant,  of  all  astronomical  instruments,  is  the  most 
especially  adapted  to  the  purposes  of  the  navigator  and  the 
scientific  explorer,  as  it  is  at  once  portable  and  extremely  simple 
of  manipulation,  requires  no  fixed  support,  and  furnishes  its  data 
with  the  least  expenditure  of  the  time  of  the  observer.  Being 
held  in  the  hand,  and  having  small  dimensions,  the  extreme 
accuracy  of  fixed  instruments  is  not  to  be  expected  from  it,  but 
in  the  hands  of  a  practised  observer  the  precision  of  the  results 
obtained  with  it  is  often  surprising.* 

79.  The  optical  principle  upon  which  the  sextant  and  other 
refiecting  instruments  are  founded  is  the  following:  "If  a  ray  of 
light  suffers  two  successive  refiections  in  the  same  plane  by  two 
plane  mirrors,  the  angle  between  the  first  and  last  directions 
of  the  ray  is  twice  the  angle  of  the  mirrors." 

Let  M  and  m.  Fig.  19,  be  the  two  mirrors.  Since  the  direct 
and  reflected  rays  are  always  found  in  a  plane  perpendicular 
10  the  reflecting  surface, — called  the  plane  of  rejUctioriy — it  follows 
that,  after  two  successive  reflections  from  two  surfaces,  the  last 
direction  of  the  ray  will  be  found  in  the  same  plane  as  the  first 
only  when  the  plane  of  reflection  is  perpendicular  to  both  mirrors. 
In  the  diagram,  let  the  plane  of  reflection  be  that  of  the  paper, 

*  The  first  inventor  of  the  sextant  (or  quadrant)  was  Newton,  among  whose  papers 
a  description  of  such  an  instrument  was  found  after  his  death ;  not,  however,  until 
after  its  re-inyention  by  Thomas  Qodf&bt  of  Philadelphia,  in  1780,  and,  perhaps, 
\j  Hadlbt,  in  1781. 
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the  lines  M  and  m  being  the  intersections  of  this  plane  with  the 
surfaces  of  the  mirrors.    Let  AM 
be  the  direct  ray  falling  upon  the  ^<^        ^^*"  ^^' 

mirror  Jf,  which  we  shall  first  sup- 
pose to  lie  in  the  direction  MC; 
let  Mm  be  the  direction  of  the  ray 
after  the  first  reflection,  and  mE 
its  direction  after  the  second  re- 
flection. Draw  MB  parallel  to 
Eniy  MP  perpendicular  to  MC^ 
aud  Mp  perpendicular  to  the  mir- 
ror m.  The  angle  AMB  is  the 
difierence  of  the  first  and  last  di- 
rections of  the  ray.  The  angle 
PMp  is  the  same  as  the  angle 
contained  by  the  mirrors,  being  obviously  equal  to  MOm.  W« 
have,  therefore,  to  prove  that  AMB  =  2PMp. 

If  we  conceive  a  perpendicular  drawn  at  m,  parallel  to  JKp,  we 
easily  see  that  pMm  is  equal  to  the  angle  of  incidence  of  the  ray 
Mm  falling  upon  m,  and  pMB  is  equal  to  the  angle  of  reflection 
of  the  same  ray;  and  since  these  angles,  by  a  principle  of  Optics, 
are  equal,  we  have 

pMm  =:pMB  =  PMp  +  PMB 
But,  on  the  same  principle,  we  have 

PMm  =  PMA  =AMB  +  PMB 

The  difference  of  these  two  equations  gives 

PMp  =  AMB --PMp 
whence 

AMB  =  2PMp 

80.  In  order  to  apply  this  principle,  let  the  mirror  JSf  be  at- 
tached to  an  index  arm  MCI^  which  revolves  upon  a  pivot  at 
M  in  the  centre  of  a  graduated  arc  0/iV,  and  let  m  be  perma- 
nently secured  in  a  fixed  position  at  right  angles  to  the  plane  of 
this  arc.  Let  MO  be  the  direction  of  the  central  mirror  and  of 
the  index  arm  when  it  is  parallel  to  the  fixed  mirror  rw,  and  let 
the  graduation  of  the  arc  commence  at  0.  In  this  position,  an 
incident  ray  B-Sf  from  a  distant  object  5  will  be  reflected  first  to 
m  and  then  in  the  direction  mE.  which  will  be  parallel  to  thc> 
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first  direction  BM.  If  then  the  object  is  so  distant  that  two  rays 
from  it,  BM Riid  bm^  falling  upon  the  two  mirrors,  will  be  sensibly 
parallel,  an  observer's  eye  at  E  will  receive  both  the  direct  ray 
bra  and  the  reflected  ray  mE  at  the  same  time.  Hence  the  ob- 
server will  see  two  images  of  the  same  object — a  direct  and  a 
reflected  image — ^in  coincidence. 

In  the  next  place,  let  the  mirror  ^be  revolved  into  the  posi- 
tion MCI^  in  which  a  ray  AM  from  a  second  object  A  is  reflected 
finally  into  the  line  mE.  The  observer  now  sees  the  direct  image 
of  the  object  B  in  apparent  coincidence  with  the  reflected  image 
of  the  object  A.  The  angular  distance  AMB  of  the  two  objects 
is  then  equal  to  twice  the  angle  of  the  mirrors,  that  is,  to  twice 
MCm  or  to  twice  OML  The  arc  07,  which  measures  this  angle, 
is  then  the  measure  of  one-half  the  angular  distance  of  the 
objects.  If  the  arm  J!f/ carries  a  vernier  at  J,  the  exact  value 
of  the  arc  will  be  obtained.  In  order  to  avoid  the  necessity  of 
doubling  this  value  after  reading,  a  half  degree  of  the  arc  is 
numbered  as  a  whole  degree :  thus,  an  arc  of  60°  is  divided  into 
120  equal  parts,  each  of  which  is  reckoned  as  a  degree.  As  the 
index  arm  ^/cannot  pass  beyond  the  position  MmN,  where  it 
comes  against  the  fixed  mirror,  it  is  not  found  practicable,  in  this 
form  of  the  instrument,  to  extend  the  arc  OD  much  beyond  60°, 
and  it  is  from  this  circumstance  that  the  instrument  derives  its 
name. 

81.  Plate  HE.  Fig.  1  represents  the  most  common  form  of  the 
sextant  constructed  upon  these  principles. 

The  frame  is  of  brass,  constructed  so  as  to  combine  strength 
with  lightness ;  the  graduated  arc,  inlaid  in  the  brass,  is  usually 
of  silver,  sometimes  of  gold,  or  platinum.  The  divisions  of  the 
arc  are  usually  10'  each,  which  are  subdivided  by  the  vernier  to 
10".  The  handle  H,  by  which  it  is  held  in  the  hand,  is  of 
wood.  The  mirrors  M  and  m  are  of  plate  glass,  silvered.  The 
upper  half  of  the  glass  m  is  left  without  silvering,  in  order  that 
the  direct  rays  from  a  distant  object  may  not  be  intercepted.  To 
give  greater  distinctness  to  the  images,  a  small  telescope  E  is 
placed  in  the  line  of  sight  mE,  It  is  supported  in  a  ring  KKy 
which  can  be  moved  by  means  of  a  screw  in  a  direction  at  right 
angles  to  the  plane  of  the  sextant,  whereby  the  axis  of  the  tele- 
scope can  be  directed  either  towards  the  silvered  or  the  trans- 
parent part  of  the  mirror.     This  motion  changes  the  plane  of 
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reflection,  which,  however,  remains  always  parallel  to  the  plane 
of  the  sextant :  the  use  of  the  motion  being  merely  to  regulate 
the  relative  brightness  of  the  direct  and  reflected  images. 

The  vernier  is  read  with  the  aid  of  a  glass  B  attached  to  an 
arm  which  turns  upon  a  pivot  5,  and  is  carried  upon  the  index 
bar. 

The  index  glass  M^  or  central  mirror,  is  secured  in  a  brass 
frame,  which  is  firmly  attached  to  the  head  of  the  index  bar  by 
screws  a,  a,  a.  This  glass  is  generally  set  perpendicular  to  the 
plane  of  the  sextant  by  the  maker,  and  there  are  no  adjusting 
screws  connected  with  it. 

The  fixed  mirror  m  is  usually  called  the  horizon  glass^  being 
that  through  which  the  horizon  is  observed  in  taking  altitudes. 
It  is  usually  provided  with  screws  by  which  its  position  with 
respect  to  the  plane  of  the  sextant  may  be  rectified. 

At  P  and  Q  are  colored  glasses  of  different  shades,  which  may 
be  used  separately  or  in  combination,  to  defend  the  eye  from 
the  intense  light  of  the  sun. 

I  shall  first  treat  of  those  common  adjustments  of  the  sextant 
which  the  observer  is  obliged  to  attend  to  in  the  ordinary  use 
of  the  instrument,  and  shall  afterwards  treat  fully  of  its  mathe- 
matical theory. 

82.  Adjtisimeni  of  the  index  glass. — ^The  reflecting  surface  of  the 
glass  must  be  perpendicular  to  the  plane  of  the  sextant.  The 
simplest  test  of  its  perpendicularity  is  the  following.  Set  the 
index  near  the  middle  of  the  arc ;  then,  placing  the  eye  very 
nearly  in  the  plane  of  the  sextant,  and  near  the  index  glass, 
observe  whether  the  arc  seen  directly  and  its  reflected  image  in 
the  glass  appear  to  form  one  continuous  arc,  which  will  be  the 
case  only  when  the  glass  is  perpendicular.  The  glass  leans  for- 
ward  or  backward  according  as  the  reflected  image  appears  too 
high  or  too  low.  It  may  be  corrected  by  putting  a  piece  of  paper 
under  one  edge  of  the  plate  by  which  the  glass  is  secured  to  the 
index  arm,  first  loosening  the  screws  a,  a,  a  (PL  in.  Fig.  1)  for 
that  purpose.  Or  we  may  make  the  adjustment,  as  it  is  done 
by  the  instrument  makers,  by  removing  the  glass  and  filing 
down  one  of  the  metallic  points  against  which  the  glass  bears 
when  secured  in  its  frame. 

83.  Adjustment  of  the  horizon  glass. — This  must  also  be  perpen- 
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dicular  to  the  plane  of  the  sextant.  The  index  glass  having 
been  previously  adjusted,  if  by  revolving  it  (by  means  of  the 
index  arm)  there  is  found  one  position  in  which  it  is  parallel 
to  the  horizon  glass  the  latter  must  also  be  perpendicular  to  the 
plane  of  the  sextant.  The  test  of  this  parallelism  is  the  following* 
Put  in  the  telescope,  and  direct  it  towards  a  star.  Move  the 
index  until  the  reflected  image  of  the  star  appears  to  pass  the 
direct  image.  If  one  image  passes  exactly  over  the  other,  it 
will  be  possible  to  bring  both  into  exact  coincidence,  so  as  to 
form  but  a  single  image ;  and  it  is  evident  that  when  this  coin- 
cidence takes  place  the  mirrors  must  be  parallel.  If  one  image 
passes  on  either  side  of  the  other,  the  horizon  glass  needs  ad- 
justment. 

The  perpendicularity  of  the  horizon  glass  may  also  be  tested 
as  follows.  Hold  the  instrument  so  that  its  plane  shall  be  nearly 
vertical,  and  bring  the  direct  and  reflected  images  of  the  sea 
horizon  into  coincidence.  Then  incline  the  instrument  until  its 
plane  makes  but  a  small  angle  with  the  horizon  ;  if  the  images 
still  coincide,  the  two  glasses  are  parallel :  consequently,  if  the 
index  glass  is  perpendicular  to  the  plane  of  the  sextant,  the 
horizon  glass  is  also  in  adjustment. 

Any  distant  and  well  defined  terrestrial  object  may  be  substi^ 
tuted  for  the  star  or  the  sea  horizon.  A  star,  however,  is  to  be 
preferred ;  and  one  of  the  third  magnitude  will  afford  greater 
precision  than  the  brighter  ones. 

84.  Adjustment  of  the  telescope. — The  sight-line  of  the  telescope 
must  be  parallel  to  the  plane  of  the  sextant  Two  parallel  wires 
or  threads  are  placed  in  the  telescope,  which  are  to  be  made 
parallel  to  the  plane  of  the  sextant  by  revolving  the  sliding 
tube  containing  them;  then  all  contacts  or  coincidences  of 
images  are  to  be  made  midway  between  these  two  wires.  The 
sight-line  of  the  sextant  telescope  is,  therefore,  a  line  drawn 
through  the  optical  centre  of  the  object  lens  and  the  middle 
point  between  these  parallel  threads. 

Select  two  objects  from  100°  to  120°  apart,  as  the  sun  and 
moon,  and  bring  the  reflected  image  of  one  into  contact  with 
the  direct  image  of  the  other,  at  the  thread  nearest  the  plane  of 
the  instrument ;  then  move  the  instrument  so  as  to  throw  the 
images  upon  the  other  thread;  if  the  contact  remains  perfect, 
the  line  of  sight  midway  between  the  threads  is  parallel  to  the 
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plane  of  the  sextant.  If  the  limbs  of  the  two  objects  appear  to 
separate  on  the  thread  farthest  from  the  instrument,  the  object 
end  of  the  telescope  droops  towards  the  sextant;  otherwise  it 
rises. 

It  is  to  be  observed  that  when  the  telescope  is  adjusted  and 
two  images  are  brought  into  contact  at  either  thread,  they  will 
not  be  in  contact  in  the  middle  of  the  field,  but  will  there  over- 
lap; consequently,  the  reading  of  the  sextant  will  be  less  for  a 
contact  in  the  true  sight-line  in  the  middle  of  the  field  than 
for  one  on  either  side.  Kthe  telescope  is  out  of  adjustment,  the 
middle  of  the  field  is  no  longer  in  the  true  sight-line,  and  the 
contacts  observed  there  give  angles  which  are  too  great.  The 
correction  for  a  given  inclination  of  the  telescope  will  be  inves- 
tigated in  a  subsequent  article. 

This  adjustment  may  also  be  examined  as  follows.  Place  the 
sextant  horizontally  on  a  table,  and  place  two  small  metallic 
sights  A,  A  (Fig.  20)  on  the  arc.  At 
a  distance  of  at  least  15  or  20  feet,  let 
a  w^ell  defined  mark  be  placed  so  as 
to  be  in  the  same  straight  line  with 
the  upper  edges  of  the  sights,  and  in 
such  a  position  that  it  may  also  be  seen  through  the  telescope. 
The  top  edges  of  the  sights  should  be  at  the  same  distance  from 
the  plane  of  the  sextant  as  the  axis  of  the  telescope.  The 
threads  of  the  telescope  being  made  parallel  to  tlie  plane  of  the 
sextant,  the  mark  should  be  seen  in  the  middle  between  them. 

The  adjustment  of  the  telescope  when  necessaiy  is  effected 
by  means  of  two  small  opposing  screws  in  the  ring  which 
carries  it. 

85.  The  index  correction. — Having  made  the  preceding  adjust- 
ments, it  is  necessary  to  find  the  point  of  the  graduated  arc  at 
which  the  zero  of  the  vernier  falls  when  the  two  mirrors  are 
parallel ;  for  all  angles  measured  by  the  instrument  are  reckoned 
fix)m  this  point  (Art  80).  K  this  point  is  to  the  left  of  the 
actual  zero  of  the  scale  by  a  quantity  r,  all  readings  in  the  arc 
will  be  too  great  by  r;  if  it  is  to  the  right  of  the  actual  zero,  all 
readings  will  be  too  small  by  the  same  quantity.  If  we  wish 
the  reading  to  be  zero  when  the  mirrors  are  parallel,  we  must 
place  the  zero  of  the  vernier  on  the  zero  of  the  arc,  and  then 
revolve  the  horizon  glass  about  a  vertical  line,  until  the  direct 
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and  reflected  images  of  the  same  object  coincide.  Some  instra* 
ments  are  provided  with  a  pair  of  opposing  screws  by  which  this 
revolution  can  be  effected ;  but  in  others  no  such  adjustment  is 
possible.  In  fact,  the  adjustment  is  unnecessary,  as  we  can 
always  determine  the  correction  to  be  applied  to  our  readings  to 
reduce  them  to  what  they  would  be  if  the  adjustment  were 
made.     This  index  correction  is  found  as  follows : 

1st.  By  a  «tor.--Bring  the  direct  and  reflected  images  of  a  star 
Into  coincidence,  and  read  off  the  arc.  The  index  correction  is 
numerically  equal  to  this  reading,  and  is  positive  or  negative 
according  as  the  reading  is  on  the  right  or  the  left  of  the  zero. 
For  example,  the  direct  and  reflected  images  of  a  star  being  in 
coincidence,  we  read  on  the  arc  6'  20" ;  then,  calling  the  index 
correction  x,  we  have 

a:  =  —  5'  20". 

In  another  sextant  the  direct  and  reflected  images  of  a  star 
being  in  coincidence,  we  read  on  the  extra  arc  2'  40" ;  thep 

a:  =  +  2'  40". 

This  method  may  be  used  with  the  sea-horizon  instead  of  a 
star,  but  not  with  great  precision. 

2d.  By  ike  sun. — Measure  the  apparent  diameter  of  the  sun  by 
first  bringing  the  upper  limb  of  the  reflected  image  to  touch  the 
lower  limb  of  the  direct  image ;  and  again  by  bringing  the  lower 
limb  of  the  reflected  image  to  touch  the  upper  limb  of  the  direct 
image.  Denote  the  readings  in  the  two  cases  by  r  and  r';  then. 
If  5  =  the  apparent  diameter  of  the  sun  and  R  is  the  reading  of 
the  sextant  when  the  two  images  are  in  coincidence,  we  have 

T  =zR  +  S 
f=R  —  8 

whence 

R=h(r-\-f) 

and  the  index  correction  is  x  =  —  iZ.  The  practical  rule  derived 
from  this  is  as  follows.  If  the  reading  in  either  case  is  on  the 
arc,  mark  it  with  the  negative  sign ;  if  off  the  arc  (i.  e.  on  the  extra 
arc),  mark  it  with  the  positive  sign ;  then  the  index  correction  is 
one-half  the  algebraic  sum  of  the  two  readings.  For  example, 
we  ha^ «  read  as  follows : 
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On  the  arc  —  31'  20" 
Off  the  arc  -f  33  10 

+    1  50 
x  =  +    0'56" 

We  have  s  =  ^{r  —  r'):  hence,  if  the  observationa  are  good,  we 
ought  to  find  that  half  the  algebraic  diflference  of  the  readings  is 
equal  to  the  sun's  diameter  as  given  in  the  Ephemeris  on  the  day 
of  the  observation.  But,  in  order  that  this  comparison  may  be  a 
good  criterion,  we  should  measure  the  sun*s  horizontal  diameter, 
which  is  not  sensibly  aflfected  by  refraction.     (Vol.  I.  Art.  134.) 

In  order  to  obtain  the  index  correction  with  the  greatest  pre- 
cision, the  mean  of  a  number  of  measures  of  the  sun's  diameter 
should  be  taken. 

Example. — March  15,  1858,  the  following  measures  of  the 
sun's  horizontal  diameter  were  taken: 


On  the  are. 

Off  the  sn. 

-  81'  20" 

+ 

38'  10" 

«    10 

«     0 

"    15 

«    20 

"    25 

"    15 

«    20 

«    10 

«    20 

«    10 

MeM*  — 31  18.S 

+ 

33  10  .8 

31  18  .8 

x  =  +  56".3 
Obserred  sun's  diameter,  8  =  32'  14".6 
By  the  Ephemeris,  «  =  32   13  .8 

86.  To  measure  the  angular  distance  of  two  objects  with  the  sextant. — 
Place  the  threads  of  the  telescope  parallel  to  the  plane  of  the 
instrument.  Direct  the  telescope  towards  the  fainter  of  the  two 
objects,  and  reVolve  the  sextant  about  the  sight-line  until  its 
plane  produced  passes  through  the  other  object,  observing  to 
have  the  index  glass  on  the  side  towards  this  object.  Then 
move  the  index  until  the  reflected  image  of  the  second  object  is 
nearly  in  contact  with  the  direct  image  of  the  first ;  clamp  the 
index,  and  make  an  exact  contact  (at  the  middle  point  between 
the  threads)  by  means  of  the  tangent  screw.  The  reading  of  the 
arc  will  be  the  instrumental  distance:  applying  to  this  the  index 
correction  according  to  its  sign,  the  result  will  be  the  observed 
distance. 
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In  order  to  make  a  good  observation,  it  is  important  that  the 
two  images  whose  contact  is  observed  should  be  equally  bright. 
Hence,  we  direct  the  telescope  towards  the  fainter  object,  so  that 
it  may  be  the  brighter  one  which  suffers  the  double  reflection. 
But  in  observing  the  distance  of  the  moon  from  a  star  it  will 
generally  be  found  that,  even  after  the  double  reflection,  the  image 
of  the  moon  is  so  bright  that  the  star  will  appear  very  indistinct 
unless  the  telescope  is  raised  (by  the  screw  for  that  purpose)  so 
that  the  sight-line  is  directed  through  the  transparent  part  of  the 
horizon  glass ;  for  then,  a  portion  of  the  reflected  rays  from  the 
moon  being  lost,  the  intensity  of  its  light  is  rendered  more 
nearly  equal  to  that  of  the  star.  When  the  distance  of  the  sun 
and  moon  is  observed,  the  telescope  is  usually  directed  towards 
the  moon,  and  the  intensity  of  the  sun's  rays  is  diminished  by 
putting  one  or  more  of  the  colored  shades  between  the  index  and 
horizon  glasses.  It  will  be  found  necessary  in  this  case  also  to 
regulate  the  distance  of  the  telescope  from  the  plane  of  the 
instrument,  in  order  to  give  the  image  of  the  moon  the  same 
intensity  as  that  of  the  sun.  It  is  a  common  error  of  inexpe- 
rienced observers  with  the  sextant  to  have  the  images  too  bright. 
It  is  essential  to  a  good  observation,  1st,  that  the  images  be  w^ell 
defined  by  carefully  adjusting  the  focus  of  the  telescope;  2d,  that 
they  be  so  faint  as  not  in  the  least  to  fatigue  the  eye,  yet  perfectly 
distinct;  3d,  that  their  intensities  should  be  as  nearly  as  possible 
equal. 

In  the  case  of  the  moon  and  a  star,  we  observe  the  distance  of 
the  star  from  that  point  of  the  moon's  bright  limb  which  lies  in 
the  great  circle  joining  the  star  and  the  moon's  centre.  To 
ascertain  that  this  point  has  actually  been  brought  into  contact 
with  the  star,  the  sextant  must  be  slightly  revolved  or  vibrated 
«bout  the  sight-line  (which  is  directed  towards  the  star),  thus 
causing  the  moon  to  sweep  by  the  star;  the  limb  of  the  moon 
should  appear  to  graze  the  star  as  it  passes,  or,  rather,  the  limb 
should  pass  through  the  centre  of  the  star's  light,  for  in  the 
feeble  telescope  of  the  sextant  the  star  does  not  appear  as  a  well 
defined  point. 

In  the  case  of  the  moon  and  a  planet  we  bring  the  reflected 
image  of  the  moon's  limb  to  the  estimated  centre  of  the  planet. 

In  the  case  of  the  moon  and  the  sun,  the  contact  of  the  nearest 
limbs  is  observed,  vibrating  the  instrument  as  above  stated,  and 
making  the  limbs  just  touch  as  they  pass  each  other. 
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It  facilitates  the  observation  of  lunar  distances  to  set  the  index 
approxinaately  upon  the  angular  distance  before  commencing 
the  observation.  The  approximate  distance  for  a  given  time 
may  be  found  from  the  Ephemeris  (see  Vol.  L  Art  65);  the  dis- 
tance thus  found  is  in  the  case  of  the  sun  and  moon  to  be 
diminished  by  the  sum  of  the  semidiameters  of  the  two  bodies 
(say  32'),  and  in  the  case  of  the  moon  and  a  star  or  planet  it  is 
to  be  diminished  or  increased  by  the  moon's  semidiameter  (say 
16'),  according  as  the  bright  limb  is  nearer  to  or  farther  from  the 
star  than  the  moon's  centre.  This  proceeding  is  also  a  check 
against  the  mistake  of  employing  the  wrong  star. 

87.  To  observe  the  altitude  of  a  celestial  body  with  the  sextant  and 
artificial  horizon. — The  artificial  horizon  is  a  small  rectangular 
shallow  basin  of  mercury,  over  which  is  placed  a  roof,  consisting 
of  two  plates  of  glass  at  right  angles  to  each  other,  to  protect  the 
mercury  from  agitation  by  the  wind.  The  mercury  affords  a 
perfectly  horizontal  surface  which  is  at  the  same  time  an  excel- 
lent mirror.*  If  MN  (Fig.  21)  is  the  horizontal 
surface  of  the  mercury,  SB  a  ray  of  light  from  a 
star,  incident  upon  the  surface  at  -B,  BA  the  re- 
flected ray,  then  an  observer  at  A  will  receive 
the  ray  BA  as  if  it  proceeded  from  a  point '  S' 
whose  angular  depression  MBS'  below  the  hori- 
zontal plane  is  equal  to  the  altitude  SBM  of  the 
star  above  that  plane.  If  then  SA  is  a  direct  ray 
from  the  star,  parallel  to  SB^  an  observer  at  A 
can  measure  with  the  sextant  the  angle  SAS' 
==  SBS'=  2  SBM,  by  bringing  the  image  of  the 
star  reflected  by  the  index  glass  into  coincidence 
with  the  image  S'  reflected  by  the  mercury  and  seen  through 
the  horizon  glass.  The  instrumental  measure,  corrected  for 
index  error,  will  be  double  the  apparent  altitude  of  the  star. 

The  sun's  altitude  will  be  measured  by  bringing  the  lower 

*  Obseryers  are  sometimes  annoyed  by  impurities  in  the  mercury  which  float  on 
its  surface,  and  imagine  that  it  is  important  to  haye  yery  pure  distilled  mercury. 
I  haye  found  it  preferable  to  use  mercury  amalgamated  with  tin  (a  few  square 
inches  of  tin  foil  added  to  the  mercury  of  an  ordinary  horizon  will  answer).  When 
Ihe  mercury  is  poured  out,  a  scum  of  amalgam  will  cover  its  surface:  this  scum  can 
be  drawn  to  one  side  of  the  basin  with  a  card  or  the  smooth  edge  of  a  folded  piece 
of  paper,  leaying  a  perfectly  bright  reflecting  surface,  entirely  free  eyen  from  thr 
minutest  particles  of  dust. 
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limb  of  one  image  to  touch  the  upper  limb  of  the  other.  Half 
the  corrected  instrumental  reading  will  be  the  apparent  altitude 
of  the  sun's  lower  or  upper  limb,  according  as  the  nearest  or 
farthest  limbs  of  the  direct  and  reflected  suns  were  brought  into 
contact.     For  examples,  see  Vol.  I.  Arts.  145,  151,  4c. 

In  observations  of  the  sun  with  the  artificial  horizon,  the  eye 
is  protected  by  a  single  dark  glass  over  the  eye  piece  of  the 
telescope,  thereby  avoiding  the  errors  that  might  possibly  exist 
in  the  dark  glasses  attached  to  the  frame  of  the  sextant. 

The  glasses  in  the  roof  placed  over  the  mercury  should  be 
made  of  plate  glass  with  perfectly  parallel  faces.  If  they  are  at 
all  prismatic,  the  observed  altitude  will  be  erroneous.  The  error 
may  be  removed  by  observing  a  second  altitude  with  the  roof  in 
reversed  position,  and,  in  general,  by  taking  one-half  of  a  set 
of  altitudes  with  the  roof  in  one  position  and  the  other  half  with 
the  roof  in  the  reverse  position.  It  is  easily  proved  that  the 
error  in  the  altitude  produced  by  the  glass  will  have  different 
signs  for  the  two  positions :  so  that  the  mean  of  all  the  altitudes 
will  be  free  from  this  error. 

Instead  of  the  mercurial  horizon,  a  glass  plate  is  sometimes 
used,  standing  upon  three  screws,  by  means  of  which  it  is  levelled, 
a  small  spirit  level  being  applied  to  the  surface  to  test  its  hori- 
zontality.  The  lower  surface  of  the  plate  is  blackened,  so  that 
the  reflexion  of  the  celestial  object  takes  place  only  at  the  upper 
surface. 

88.  In  the  observation  of  the  altitude  of  a  star  with  the  arti- 
ficial horizon,  it  requires  some  practice  to  find  the  image  of  the 
star  reflected  from  the  sextant  mirrors;  and  sometimes,  when 
two  bright  stars  stand  near  each  other,  there  is  danger  of  em- 
ploying the  reflected  image  of  one  of  them  for  that  of  the  other. 
A  very  simple  method  of  avoiding  this  danger,  by  which  the 
observation  is  also  facilitated,  has  been  suggested  by  Professor 
Knorre,  of  Russia.*  From  very  simple  geometrical  considera- 
tions it  is  readily  shown  that  at  the  instant  when  the  two  images 
of  the  same  star— one  reflected  from  the  artificial  horizon,  the 
other  from  the  sextant  mirrors — are  in  coincidence,  the  inclina- 
tion of  the  index  glass  to  the  horizon  is  equal  to  the  inclination 
of  the  sight-line  of  the  telescope  to  the  horizon  glass,  and  is, 

♦  AftTim.  Nach,,  Vol.  VII.  p.  262. 
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therefore,  a  eonsiant  angle^  which  is  the  same  for  all  stars.  If^ 
therefore,  we  attach  a  small  spirit  level  to  the  index  arm,  so  as  to 
make  with  the  index  glass  an  angle  equal  to  this  constant  angle, 
the  bubble  of  this  level  will  play  when  the  two  images  of  the 
star  are  in  coincidence  in  the  middle  of  the  field  of  view.  With 
a  sextant  thus  furnished,  we  begin  by  directing  the  sight  line 
towards  the  image  in  the  mercury;  we  then  move  the  index 
until  the  bubble  plays,  taking  care  not  to  lose  the  image  in  the 
mercury ;  the  reflected  image  from  the  sextant  mirrors  will  then 
be  found  in  the  field,  or  will  be  brought  there  by  a  slight 
vibratory  motion  of  the  instrument  about  the  sight  line. 

It  is  found  most  convenient  to  attach  the  level  to  the  stem 
which  carries  the  reading  glass,  aa  it  can  then  be  arranged  so  as 
to  revolve  about  an  axis  which  stands  at  right  angles  to  the  plane 
of  the  sextant,  and  thus  be  easily  adjusted.  This  adjustment  is 
effected  by  bringing  the  two  images  of  a  known  star,  or  of  the 
sun,  into  coincidence,  then,  without  changing  the  position  of 
the  instrument,  revolving  the  level  until  the  bubble  plays. 

89.  Observations  on  shore  may  be  rendered  more  accurate  by 
means  of  a  stand  to  which  the  sextant  can  be  attached,  and 
which  is  so  arranged  that  the  sextant  can  be  placed  in  any 
required  plane  and  there  firmly  held.  The  manipulation  must  be 
learned  from  the  examination  of  the  stands  themselves,  which 
are  made  in  various  forms. 

90.  On  account  of  the  feeble  power  of  the  sextant  telescope 
and  consequent  imperfect  definition  of  the  sun's  limb,  the 
apparent  diameter  of  the  sun  is  somewhat  increased.  This  error, 
however,  may  be  removed  by  taking  the  mean  of  two  sets  of 
altitudes,  one  of  the  lower  limb  and  one  of  the  upper  limb. 

91.  To  measure  an  aUitude  of  a  celestial  object  from  the  sea  horizon. 
— ^Direct  the  telescope  towards  that  part  of  the  horizon  which  is 
beneath  the  object.  Move  the  index  until  the  image  of  the 
object  reflected  in  the  sextant  mirrors  is  brought  to  touch  the 
horizon  at  the  point  immediately  under  it.  To  determine  this 
point,  the  observer  should  move  the  instrument  round  to  the 
right  and  left  (by  a  swinging  motion  of  the  body,  as  if  turning 
on  his  heel),  and  at  the  same  time  vibrate  it  about  the  sight  line, 
taking  care  to  keep  the  object  in  the  middle  of  the  field  of  view; 
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the  object  will  appear  to  sweep  in  an  arc  the  lowest  point  of 
which  must  be  made  to  touch  the  horizon,  by  a  suitable  motion 
of  the  tangent  screw. 

In  general,  altitudes  for  determining  the  time  should  be  taken 
when  the  altitude  varies  most  rapidly ;  and  this  is  near  the  prime 
vertical  (See  Vol.  I.  Arts.  143  and  149.)  K  the  object  is  the 
sun,  the  lower  limb  is  usually  brought  to  touch  the  horizon  ;  if 
the  moon,  the  bright  limb. 

The  apparent  altitude  of  the  point  observed  is  found  by  cor- 
recting the  sextant  reading  for  the  index  error,  and  subtracting 
the  dip  of  the  horizon.  (Vol.  I.  Art.  127.)  To  obtain  the  ap- 
parent altitude  of  the  sun's  or  moon's  centre,  we  must  also  add 
or  subtract  the  apparent  semidiameter.    (Vol.  I.  Art.  185.) 

92.  As  the  sea  horizon  is  often  enveloped  in  mist,  even  when 
the  celestial  bodies  are  visible,  various  attempts  have  been  made 
to  obtain  an  artificial  horizon  adapted  for  use  on  shipboard. 
The  simplest  apparatus  heretofore  proposed  for  the  purpose  is 
that  of  Capt.  Bkcher,  of  the  English  Navy.  "  Outside  the  horizon 
glass  of  the  sextant  is  a  small  pendulum  about  an  inch  and  a 
half  long,  suspended  in  oil  (in  order  to  check  its  sudden  oscillar 
tions) ;  to  the  pendulum  is  attached  a  horizontal  arm,  carrying 
at  the  inner  end  a  slip  of  metal  which  is  seen  in  the  field  of  the 
telescope  at  the  usual  focus,  and  whose  upper  edge  when  it  coin- 
cides with  a  given  line  is  the  true  horizon.  The  error  is  easily 
determined  by  a  known  altitude,  and  is  the  same  for  all  altitudes. 
The  apparatus,  which  is  in  a  very  compact  form,  is  easily  attached 
to  any  reflecting  instrument,  and  is  shipped  and  unshipped  at 
pleasure.  A  lamp  is  attached  for  observing  at  night."*  With 
this  apparatus,  when  the  motion  of  the  ship  is  not  too  great,  an 
altitude  can  be  obtained  within  5'  by  a  practised  observer ;  and 
this  is  often  sufficient. 

98.  Method  of  observing  equal  altWides  with  the  sextant. — Some 
observers  set  the  sextant  at  pleasure,  and  note  two  instants, 
namely,  the  contact  of  the  nearest  and  farthest  limbs  of  the  two 
images  of  the  sun  (one  from  the  sextant,  and  the  other  from  the 
mercurial  horizon),  both  morning  and  evening,  without  touching 

*  Rapbr'8  Practice  of  Navigation^  2d  edition,  p.  151.  It  does  not  appear,  how- 
ever, how  the  slip  of  metal  behind  the  horizon  glass  could  be  distinctly  seen  in  the 
field  of  the  telescope.    A  plain  tube  must  be  used. 
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the  index  in  the  mean  time.  With  a  star  they  obtain  but  one 
observation  on  each  side  of  the  meridian.  This  pra<;tice  is  de- 
signed to  secure  the  condition  that  the  altitudes  observed  before 
and  after  meridian  shall  be  absolutely  identical,  which  may  not 
be  the  case  of  the  index  if  the  sextant  is  moved  and  brought 
back  again  to  the  same  reading.  The  errors  to  be  feared,  how- 
ever, from  not  setting  the  index  correctly  on  a  given  reading, 
are,  in  general,  so  much  less  than  errors  of  observation,  that  it 
is  better  to  sacrifice  this  merely  theoretical  consideration  for  the 
sake  of  multiplying  the  observations.  The  following  method 
will  be  found  convenient  in  practice. 

1st.  For  the  sun.— In  the  morning,  bring  the  lower  limb  of  the 
sun,  reflected  from  the  sextant  mirrors,  and  the  upper  limb  of 
that  reflected  from  the  mercury,  into  approximate  contact; 
move  the  0  of  the  vernier  forward  (say  about  10'  or  20')  and  set 
it  on  a  division  of  the  limb ;  the  images  will  now  appear  over- 
lappedj  and  will  be  separating;  wait  for  the  instant  of  contact: 
note  it  by  the  chronometer,  and  immediately  set  the  vernier  on 
the  next  division  of  the  limb,  that  is,  10'  in  advance;  note  the 
instant  of  contact  again,  and  proceed  in  the  same  manner  for  as 
many  observations  as  are  thought  necessary.  If  the  sun  rises 
too  rapidly,  let  the  intervals  on  the  limb  be  20'. 

Now,  find  (roughly)  the  time  when  the  sun  will  be  at  the  same 
altitude  in  the  afternoon,  and  just  before  that  time  set  the  vernier 
on  the  last  altitude  noted  in  the  morning  (of  course  employing 
the  same  sextant) ;  tlie  images  will  be  separated,  but  will  be  ap- 
proachmg;  wait  for  the  instant  of  contact;  note  it  by  the  chro- 
nometer ;  set  the  vernier  back  to  the  next  division  of  the  limb 
(IC  or  20',  as  the  case  may  be) ;  note  the  contact  again,  and  so 
proceed  until  all  the  A.M.  altitudes  have  been  again  noted  as 
P.M.  altitudes. 

K,  instead  of  noting  the  times  directly  by  the  chronometer,  a 
watch  is  employed  (compared  with  the  chronometer  both  before 
and  after  each  observation),  it  will  generally  be  found  necessary 
to  allow  for  its  gain  or  loss  on  the  chronometer,  so  as  to  obtain 
the  exact  difference  between  the  two  at  the  instant  of  observation. 
The  mean  of  all  the  A.M.  chronometer  times  and  the  mean  of 
all  the  corresponding  P.M.  times  are  regarded  as  two  simple  obser- 
vations of  the  same  altitude,  and  the  computation  proceeds  from 
these  according  to  the  method  and  example  of  Vol.  I.  Art.  140. 
2d.  For  a  star. — Set  the  sextant,  and  note  the  coincidences  of  the 


106  SEXTANT. 

two  images  of  the  star  in  the  same  manner  as  the  contacts  of  th<9 
8un*8  limbs  are  oberved. 

In  selecting  stars  for  this  observation,  it  is  to  be  observed  that 
the  nearer  the  zenith  the  star  passes,  the  less  may  the  elapsed 
time  be ;  and  when  the  star  passes  exactly  through  the  zenith, 
the  two  altitudes  may  be  taken  within  a  few  minutes  of  each 
other.  But  with  the  ordinary  sextants  altitudes  near  90°  cannot 
be  taken  with  the  artificial  horizon,  as  the  double  altitude  is  then 
nearly  180®.  The  prismatic  sextants  and  circles  of  Pistor  and 
Martins  ure  adapted  for  measuring  angles  of  all  magnitudes  up 
to  180°,  and  are,  therefore,  especially  suitable  for  these  observiu- 
tions. 

94.  To  examine  the  colored  glasses. — The  two  faces  of  any  one  of 
the  colored  glasses,  or  shades,  may  not  be  parallel.  The  glasses 
then  act  like  prisms  with  small  refracting  angles,  which  change 
the  direction  of  the  rays  passing  through  them,  and,  consequently, 
vitiate  the  angles  measured.  To  examine  them,  measure  the 
sun's  diameter  with  a  suitable  combination  of  shades ;  then  in- 
vert one  of  the  shades,  turning  it  about  on  an  axis  perpendicular 
to  the  plane  of  the  sextant,  and  repeat  the  measure ;  the  half 
difference  of  the  two  measures  will  be  the  error  produced  by 
that  shade.  A  number  of  measures  must,  of  course,  be  taken  in 
both  positions  of  the  shade,  in  order  to  eliminate  accidental 
errors  of  observation. 

In  order  to  save  the  necessity  of  this  examination,  the  shades 
are  so  arranged  in  Pistor  and  Martin2'  sextants  that  they  may 
be  instantaneously  reversed.  We  have  then  only  to  take  one-half 
of  a  set  of  observations  with  one  position  of  the  shades,  and  the 
other  half  with  the  reverse  position,  and  take  the  mean  of  all  the 
measures,  in  order  fully  to  eliminate  the  errors  of  these  glasses. 

95.  To  find  the  constant  angle  betioeen  the  sight  line  and  the  per^ 
pendicidar  to  the  horizon  glass. — A  knowledge  of  the  value  of 
this  angle  will  be  useful  in  following  out  the  theory  of  the 
errors  of  the  sextant  in  the  subsequent  articles.  It  varies  in 
different  instruments,  and  must  be  found  for  each  by  a  special 
examination.  Let  the  sextant  be  placed  on  a  firm  horizontal 
support;  direct  the  sight  line  towards  a  distant  object  B,  Fig. 
22,  and  bring  the  two  images  of  the  object  into  coincidence. 
The  mirrors  M  and  m  are  then  parallel ;  and,  if  we  put 
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P  =  the  angle  between  the  sight  line  and  the  perpendicular 
to  the  horizon  glass, 

we  have 

BMm  =  MmE=2p 

We  have,  therefore,  only  to  find  some  means  of  measuring  the 
angle  BMm.     Leaving  the  sextant  in 

its  present  position,  place  a  theodolite     ^^^'  ^y 

in  the  line  Mm  produced,  with  its  tele- 
scope TN  on  a  level  with  the  sextant 
mirrors  and  looking  into  the  index 
glass;  adjust  it  so  that  the  image  of 
B  reflected  from  Jf  shall  be  seen  upon 
the  cross-wire  w  in  the  focus.  Rays 
from  w  passing  through  the  object  glass 
N  emerge  in  parallel  lines,  as  if  from 
an  infinitely  distant  object  lying  in  the 
direction  MNT.  Bring  the  sextant  tele- 
scope to  look  into  the  theodolite  tele- 
scope, and  reflect  the  image  of  B  to  the  cross-wire :  the  reading 
of  the  sextant  corrected  for  the  index  error  is  the  measure  of  the 
angle  BMm^  or  of  2^9.  If  the  object  is  not  very  distant,  the 
angle  subtended  by  the  distance  Mm  at  the  object  may  be  ap- 
preciable. This  angle  may  be  called  the  sextant  parallax^  and 
denoted  by  p.    We  shall  have 

BMm  =  2/9  —  p 

When  the  object  and  its  reflected  image  are  in  coincidence,  let 
the  reading  be  JR,  and  let  x  be  the  true  index  correction  for  an 
infinitely  distant  object;  then  we  have 

R  +  x  =  —p  (58) 

and  when  the  object  is  reflected  to  the  cross- wire  of  the  theodo- 
lite, let  the  sextant  reading  be  jR';  then  we  have 

R'+x=2^—p  (59) 

and  from  these  two  equations, 

B:^R=2P  (60) 

By  this  method  1  found  for  one  of  Troughton's  sextants,  at 
the  Naval  Academy,  2/3  =  83°  6'. 
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96.  The  sextant  parallax  for  an  object  at  a  known  distance  is 
found  with  the  aid  of  the  angle  /9.    Let 

/  =  the  distance  of  the  index  and  horizon  glasses, 
d  =  the  distance  of  the  object  from  the  index  glass. 

The  perpendicular  drawn  from  M  upon  mE  is  equal  to/ sin  2^9; 
and  for  the  angle;?  at  the  object,  subtended  by  this  perpendicular, 
we  have 


%mp  = 


/sin  2^9 


or 


p  = 


/sin  2/9 
d%iiiV' 


(61) 


From  this  formula  we  may  find  a  rough  value  of  /9  when  p  has 
been  determined  for  a  near  object  by  means  of  (58)  and/  and  d 
are  carefully  measured. 

The  distance  of  an  object  for  which  the  sextant  parallax  will 
be  V  will  be  found  by  the  equation  c/ =/8in2/9cosecl".  In 
the  sextant  mentioned  in  the  preceding  article  we  have/=  3 
inches,  whence  rf  =  5.33  miles. 

In  measuring  horizontal  angles  between  terrestrial  objects^ 
the  effect  of  the  sextant  parallax  may  be  eliminated  by  deter- 
mining the  index  correction  from  the  object  which  is  seen 
directly  through  the  horizon  glass.  This  index  correction  will 
involve  the  parallax,  and,  when  applied  to  the  sextant  reading 
of  the  angular  distance  between  the  objects,  will  give  the  angle 
subtended  by  the  objects  at  the  centre  of  the  sextant.  The  sex- 
tant must,  of  course,  remain  in  the  same  position  in  the  measure 
of  the  angle  and  the  determination  of  the  index  correction. 


Fig.  23. 

p*         p 


97.  To  determine  the  error  produced  by  a  prismatic  form  of  the  index 
glass. — ^Let  us  first  consider  the  case  of  a 
glass  with  parallel  faces.   Let  MM\  NN^y 
f^  Fig.  28,  be  the  parallel  faces,  of  which 
NN*  is  silvered.    An  incident  ray  AB  is 
refracted  by  the  glass  at  5,  and  takes  the 
"^  direction  BC;  at  C  it  is   reflected  into 
-m  CB' ;  and  at  B'  it  is  refracted  into  BA'. 


m 


u    Q    D ^  If  we  put 

m  =  the  index  of  refraction  for  glass, 
ip  =  the  angle  of  incidence  ABP^ 
*  =  the  angle  of  refraction  DBC^ 
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we  have,  by  Optics, 


sin  ^  =  m  Bin  »^ 
sin  q/  ^=m  sin  »y' 


But  when  the  faces  MM*  and  NN'  are  parallel,  the  normals  BD 
and  B'D*  are  also  parallel ;  moreover,  the  incident  ray  jBCupon 
iVW,  and  the  reflected  ray  CJ5',  make  equal  angles  with  JDJD': 
hence,  also  i?  =  i?',  and,  consequently,  <p  =  <p^.  K  AB  and  A'B^ 
are  produced  to  meet  in  C,  we  see  that  A'B'  has  the  same  direc- 
tion that  it  would  have  had  if  it  had  been  reflected  directly  from 
the  plane  surface  mCm'  parallel  to  MM'  or  to  NN\  The  re- 
fraction which  the  ray  suffers  in  passing  through  the  glass,  there- 
fore, produces  no  error  when  the  surfaces  of  the  glass  are  parallel. 
It  may  here  be  remarked,  also,  that  it  is  not  necessary  that  the 
reflecting  surface  of  the  mirror  should  stand  exactly  over  the 
centre  of  the  arc  of  the  sextant. 

Let  us  next  consider  the  cas^  of  a  glass  whose  faces  are  not 
parallel,  as  M'B,  N'D,  Fig. 
24,  which,  produced  to  meet 
in  Mj  form  a  prism  MM'N'. 
Let  us  assume  that  these  faces 
are  perpendicular  to  the  plane 
of  the  sextant,  and,  conse- 
quently, that  the  refracting 
edge  of  the  prism  is  also  per- 
pendicular to  this  plane.  The  incident  and  reflected  rays  will 
be  found  in  a  plane  parallel  to  that  of  the  sextant.  The  ray 
being  traced  through  the  glass,  we  shall  have,  as  before,  employ- 
ing the  same  notation, 

sin  ^  =  m  sin  ^  1       ^g2\ 

Bin  ^  =  m  sin  d^  ) 

but  here  ^  and  ^  are  no  longer  equal.     If  we  put 

M=i  the  angle  of  the  prism  =  M^MN' 

we  shall  evidently  have 

W^^  =  CBB'=BCB  +-af 
90^  —  ^=  CB'B  =  B'GL^^  M 

and,  since  BCD^=B'CD\  the  difference  of  these  equations  gives 

df-^^  =  2M  (68) 
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From  (62)  and  (63),  y ,  m,  and  J!f  being  given,  we  can  determine 
f\  OP  the  difference  p'  —  ip.    From  (62)  we  deduce 

cos  }(^  +  f')%m  }(/— f>)=  m  C08}(t^  +  t^')  sin  }(i>'—  tf) 

whence,  by  (63), 

•     1/^          N                   TUT  co8j(*  +*') 
sm  K/  —  f)  =  m  8in  Jtf^ -^^ — ■ ^ 

As  M  is  always  a  very  small  angle,  approximate  values  may  be 
employed  in  the  second  member  of  this  equation :  it  will  be  suffi- 
cient to  take 

•     1  /    r  \  '      TUT  ^^^^ 

cos  ^ 

or  

^     -mM-             L       sin'© 
^'  —  f>  =  2mM  sec  fY  ^ r" 

which  may  be  reduced  to  the  form 

/  —  ^  =  2M  i/l+(m«  — l)8ecV 
or,  finally,  by  putting 

jr>=m«  — 1 

to  the  form 

/— f>  =  2Jlfi/l  +  3»8ecV  (^) 

The  error  varies  with  p,  and  consequently  with  the  angle  mea- 
sured.   If 

y  =  the  angle  given  by  the  sextant, 

we  have,  in  Fig.  19,  PMm  =  PMp  +  pMrn^  or 

9  =  ir  +  fi  (66) 

The  whole  error  in  the  measured  angle  will  be  the  difference  of 
the  errors  produced  at  the  reading  ^  and  at  the  zero  point  of  the 
sextant;  and  at  the  zero  point  we  have  f  =  jS.  Hence  the  error 
will  be  the  difference  of  the  values  of  (64)  for  y  =  Jj'  +  j9  and 
p  =  j9,  so  that,  if  f  denotes  the  true  value  of  the  angle,  we  shall 
have 

r  —  f=2M  {yi  +  q*BQC^{ir  +  fi)  —  l^l  +  ^'secv]        (66) 

For  glass  we  have  usually  m  =  1.55,  and  hence  q^=  1.4025.  If 
M=  10",  fi  =  10^  and  r  =  120°,  we  shall  find  r'-'f=  41"- 
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The  eflfect  of  the  error  in  the  glass  is  evidently  less  for  small 
values  of  ^  than  for  large  ones.  Moreover,  the  smaller  the  angle 
j9,  the  larger  the  angle  which  can  be  measured  with  the  sextant, 
for  all  reflection  from  the  index  glass  ceases  when  ^  ==  90°,  and 
this  value  gives  by  (65)  y  =  180® —  2^9  as  the  limit  of  possible 
measures  with  the  instrument. 

The  preceding  investigation  is  confined  to  the  case  in  which 
both  feces  of  the  glass  are  perpendicular  to  the  sextant  plane ; 
but  it  suffices  to  show  the  nature  of  the  effect  produced.  This 
case  is,  moreover,  that  in  which  the  effect  is  greatest. 

The  glass  reflects  from  its  outer  face  as  well  as  from  its  silvered 
face,  though  in  a  less  degree.  If  the  faces  are  parallel,  the  rays 
from  a  distant  object  reflected  from  the  two  faces  will  be  parallel 
after  leaving  the  glass ;  they  will,  therefore,  be  converged  to  the 
same  focus  in  the  telescope  and  produce  but  a  single  image  of 
the  object.  But  if  the  glass  is  prismatic  there  will  be  two  images, 
a  fainter  image  superposed  upon  the  stronger  one  and  not  quite 
coincident  with  it.  The  effect  will  be  to  give  an  image  with  an 
indistinct  outline;  a  star  will  present  a  somewhat  enlarged  or 
elongated  image.  "We  can,  therefore,  very  readily  determine 
whether  the  glass  is  prismatic  by  examining  the  reflected  image 
of  a  star  when  the  index  is  set  upon  a  reading  of  about  120°. 

The  best  makers  will  reject  a  glass  that  does  not  stand  this 
test.  K,  however,  an  instrument  is  found  to  be  defective  in  this 
respect,  we  may  determine  the  error  produced  by  it  as  follows. 
After  carefully  adjusting  the  instrument  and  finding  its  index 
correction,  measure  a  large  angle  between  two  well  defined  ter- 
restrial objects.  Then  take  out  the  index  glass  and  invert  it 
(so  that  the  edge,  which  was  before  uppermost,  may  now  be  next 
the  plane  of  the  instrument),  readjust  the  instrument,  determine 
the  new  index  correction,  and  again  measure  the  angle  between 
the  two  objects.  Half  the  difference  of  the  two  measures  will  be 
the  error  in  either  measure  produced  by  the  glass.  The  same 
process  repeated  for  a  number  of  angles  of  various  magnitudes 
will  furnish  a  table  of  errors,  from  which  the  error  for  any  par- 
ticular angle  may  be  obtained  by  interpolation. 

98.  A  prismatic  form  of  the  horizon  glass  affects  all  angles,  the 
index  correction  included,  by  the  same  quantity,  and  therefore 
produces  no  error  in  the  results. 
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99.  To  determine  the  error  produced  by  a  small  inclination  of  the 
sight  line  to  the  plane  of  the  sextant. — The  directions  of  lines  in 
space  are  most  clearly  represented  by  points  on  the  surface 
of  a  sphere  described  about  an  assumed  centre  with  an  arbitrary 
radius  (Vol.  I.  Art.  1).  The  radii  drawn  parallel  to  any  given 
lines  in  space  will  intersect  each  other  under  the  same  angles  as 
those  lines,  and  these  angles  will  be  measured  by  the  arcs  of 
great  circles  joining  the  extremities  of  the  radii  on  the  surface 
of  the  sphere.  Let  us  here  take  the  centre  of  the  sextant  arc 
as  the  centre  of  such  a  sphere.     Let  0,  Fig.  25,  be  that  centre, 

OP  the  direction  of  the  perpendicular 
to  the  index  glass.  Op  that  of  the  per- 
pendicular to  the  horizon  glass.  The 
points  P  and  p  are  the  poles  of  the 
great  circles  whose  planes  are  parallel 
to  those  of  the  glasses,  and  may  be 
called,  briefly,  the  poles  of  the  index 
glass  and  horizon  glass,  respectively. 
Let  OA  be  the  direction  of  the  sight 
line.  When  the  instrument  is  per- 
fectly adjusted,  the  lines  OP,  Op^  and 
OA  are  in  the  same  plane,  which  is 
parallel  to  that  of  the  sextant.  The  course  of  a  ray  which 
reaches  the  eye  will  be  most  readily  followed  by  tracing  it  back- 
wards from  the  eye.  Thus,  the  ray  OA  coinciding  with  the  sight 
line  is  reflected  from  the  horizon  glass  in  the  direction  BO,  so 
thsit  pB  =  pA.  It  is  then  reflected  from  the  index  glass  in  the 
direction  OC,  so  that  PB  =  PC;  and  OC  is  therefore  the  direc- 
tion of  an  object  whose  image  is  reflected  to  the  eye  in  the  same 
direction,  AO,  in  which  another  object  is  seen  directly.  Hence 
AOCf  or  ACy  is  the  angular  distance  of  the  objects.  From  this 
construction  we  obtain  easily  AC=2Pp,  which  is  the  funda- 
mental property  of  the  sextant  (Art.  79). 

But  if  the  sight  line  is  inclined  to  the  plane  of  the  instrument, 
it  meets  the  sphere  in  a  point  A'  not  in  the  great  circle  Pp. 
The  inclination  is  measured  by  the  arc  AA'  perpendicular  to 
Ppy  which  is  a  part  of  the  arc  QA^A  drawn  through  A'  and  the 
pole  Q  of  the  great  circle.  The  point  Q  may  be  called  the  pole 
of  the  sextant  plane.  Tracing  the  ray  OA^  backwards,  we  ob- 
serve that  the  plane  of  reflexion  from  the  horizon  glass  is  repre- 
sented by  the  great  circle  A'pB^^  determined  by  the  ray  and  the 
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normal  Op,  bo  that  if  we  take  pB'  =  pA'^  the  reflected  ray  takes 
the  direction  -B'O,  The  plane  of  reflexion  from  the  index  glass 
will  be  represent^jd  by  the  great  circle  B'PC\  and  by  taking 
PC  =  PB',  OC  will  be  the  direction  of  the  reflected  ray. 
Hence,  -A' C  will  be  the  true  angular  distance  of  the  two  objects 
observed  in  contact;  while -4. C  or  2 i^  will  be  the  angle  given 
by  the  sextant    Let 

Y  =  the  angle  given  by  the  sextant  =  -4(7, 
y'=  the  true  angle  =  A'C'j 

X  =  the  inclination  of  the  sight  line  =  AA', 

It  18  evident  that  CC  =  BB'  =  AA',  and  therefore  QA'C  is  an 
isosceles  triangle  of  which  the  angle  Q  =  Yj  the  side  A'  C  =  y\ 
and  the  side  QA'  or  §(7'  =  90°  —  i.  If  then  we  divide  this 
triangle  into  two  rectangular  ones  by  a  perpendicular  from  §, 
we  obtain 

sin  J  /  =  cos  i  sin  i  y  (67) 

for  which,  as  i  is  always  very  small,  we  may  take  the  approxi- 
mate equation* 

/  —  r  =  —  *''  sin  1"  tan  J  y  (67*) 

According  to  the  second  method  of  adjustment  in  Art.  84,  if 
the  mark  is  placed  at  a  distance  of  20  feet,  and  if  the  error  of  its 
position  in  a  vertical  direction  is  not  more  than  \  an  inch  (which 
is  a  large  error  in  such  a  case),  the  telescope  adjusted  to  it  will 
have  an  inclination  which  will  be  found  by  the  equation  sin  i 

0  5 
=  >  which  gives  i  =  V  10".     Taking  this  value  of  i,  the 

formula  (67*)  gives  ^'  —  7-  ==  —  0".897  tan  J  7-,  and  for  y  =  120°, 
y'  —  ^  =  —  1".5.  The  error  may  therefore  be  regarded  as  evan- 
escent when  ordinary  care  has  been  bestowed  upon  the  adjust' 
ment  When  the  error  exists,  the  observed  angles  are  always  too 
great 

100.  K  the  contact  of  the  images  of  two  objects  is  made  on 
either  side  of  the  middle  of  the  field  of  the  telescope,  the  actual 
sight  line  is  inclined,  although  the  axis  of  the  telescope  may  be 
parallel,  to  the  sextant  plane. 

*  ThiB  ftpproximate  equation  can  be  deduced  from  (67)  or  taken  directly  from 
Sph.  Trig.  (112). 
Vol.  n.— 8 
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The  inclination  of  this  actual  sight  line  can  be  estimated  by 
the  aid  of  the  angular  distance  of  the  threads.  To  find  this 
distance,  place  the  threads  at  right  angles  to  the  plane  of  the 
sextant,  bring  the  direct  image  of  a  distant,  well  defined  line  on 
one  thread,  and  the  reflected  image  on  the  other  thread,  and 
read  the  arc;  then  move  the  index  until  the  images  have 
exchanged  places  on  the  threads,  and  again  read  the  arc ;  the 
half  difference  of  the  two  readings  is  the  angular  distance  of 
the  two  threads. 

Let  this  distance  of  the  threads  be  denoted  by  5,  and  suppose 
an  angle  y  is  observed  by  making  the  contact  at  a  distance  nb 
from  one  of  the  threads  (the  fraction  n  being  estimated  at  the 
time  of  making  the  observation) ;  then  the  inclination  of  the 
actual  sight  line  to  the  true  sight  line  corresponding  to  the 
middle  point  between  the  threads  will  be  /  =  J5  — n^,  with 
which  value  of  i,  the  correction  of  the  observed  angle  7*,  will 
be  found  by  (67*). 

The  distance  b  in  the  best  sextant  telescopes  will  not  exceed 
80'.  When  the  instrument  is  held  in  the  hand,  we  cannot  make 
all  contacts  exactly  in  the  middle  of  the  field;  but,  if  we  assume 
that  we  can  always  make  them  at  a  distance  greater  than  \b 
from  either  thread  (which  a  little  practice  will  enable  us  to  do), 
we  shall  always  have  i  <  i  <J,  or  i  <  5',  and  hence  the  correction 
f  —  y  <.  0'^44  tan  \y.  For  any  tolerably  good  observer,  there- 
fore, this  correction  will  be  practically  insensible. 

At  the  same  time,  however,  we  see  the  importance  of  making 
the  contacts  as  near  to  the  middle  of  the  field  as  possible,  since 
the  error  always  has  the  same  sign  and  all  the  measured  angles 
are  liable  to  be  too  great.  If  a  contact  is  made  on  either  thread, 
and  we  have  b  =  30',  the  error  in  y  will  be  8".93  tan  \y^  or  6".8 
for  r  =  120^ 

101.  The  distance  b  of  the  threads  may  also  be  used  to  find 
the  inclination  of  the  axis  of  the  telescope,  or  rather  of  the  true 
sight  line.  Measure  an  angular  distance  of  120®  or  more,  be- 
tween two  well  defined  objects ;  bring  the  images  in  contact  first 
on  one  thread  and  then  on  the  other  (the  threads  being  placed 
parallel  to  the  plane  of  the  instrument),  and  let  the  readings  on 
the  arc  be  T'  and  y^  Then,  f  being  the  true  reading  in  either 
case,  and  i  the  inclination  of  the  true  sight  line,  we  have 
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Y  —  z'  =  —  I  s  —  i  I  sin  1"  tan  \x 

/— /'j=— |-  +  ij  sinrtanJri 
whence,  taking  tan  \y=^  tan  \y^  in  the  second  members, 


2  d  sin ! 


•  =  ^7^'''^**''  ('«> 


It  is  evident  that,  when  i  is  positive,  the  greater  measure  is  7*1, 
taken  on  the  thread  nearest  the  plane  of  the  instrument,  and 

I  +  i  is  the  distance  from  this  thread  to  the  point  in  the  field 

which  represents  a  direction  parallel  to  the  plane  of  the  sextant. 
Hence  the  first  method  of  adjusting  the  telescope  given  in  Art.  84. 

102.  To  find  the  error  produced  by  a  small  inclination  of  the  index 
glass. — ^The  horizon  glass,  being  ad- 
justed by  means  of  the  index  glass 
(Art  88),  may  be  supposed  to  have  the 
same  inclination.  Let  pP  (Fig.  26)  be 
the  great  circle  of  the  sextant  plane ; 
let  the  poles  of  the  mirrors  be  at  P' 
and  p\  and  put 

I  =  the  inclination  of  the  index  glass  =  PP'  =  that  of  the 
horizon  glass  =pp'' 

If  we  suppose  that  the  sight  line  is  adjusted  by  the  first  method 
of  Art  84,  it  will  be  found  in  a  plane  perpendicular  to  both 
mirrors,  and  its  direction  will  be  represented  by  a  point  A'  in  the 
great  circle  p^P'.  The  direct  ray  from  the  eye  to  an  object  A^ 
will  be  reflected  in  the  direction  B\  and  thence  to  C",  these  points 
all  lying  in  the  same  great  circle ;  J.'C"  will  be  the  true  distance 
f  of  the  objects  observed,  and  ;>'P'  =  ^f  will  be  the  true  angle 
of  the  mirrors,  while  pP=  Jr '^iW  be  the  angle  given  by  the 
sextant  reading.  In  the  isosceles  triangle  P'Qp'^  we  have  the 
anglep'§P'=  J;-  and  Qp'=  QP'=90''—l;  and,  dividing  it 
into  two  right  triangles  by  a  perpendicular  from  Q^  we  obtain 

gin  t  /  =:  cos  Z  sin  J  y'  (69) 
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whence,  very  nearly, 

r'  —  r  =  —  2/« Bin  1"  tan  i y  (69*) 

By  the  method  of  adjusting  the  index  glass  given  in  Art.  82,  it 
may  easily  be  placed  within  5'  of  its  true  position,  and  for 
l  =  h'=  800",  and  y  =  120°,  this  formula  gives  f  —  y  =  -~  0".5. 
Hence,  with  ordinary  care,  this  error  will  also  be  practically 
insignificant. 

The  inclination  of  the  sight  line,  in  this  solution,  is  variable 
with  the  angle  measured.  Denoting  it  by  f'  =  AA^,  we  readily 
find,  by  the  aid  of  a  perpendicular  from  Q  upon  p'P\ 

tenf  =  tani.^°''^*>^-^  (70) 

cos  J  z' 

in  which  fi  =  Ap;  or 

i'  =lBecir  cos  (i  r  —  /5)  (70*) 

103.  If,  however,  the  sight  line  is  not  determined  as  above 
supposed,  but  has  a  constant  inclination  to  the  plane  of  the  sex- 
tant, denoted  by  i,  its  inclination  to  the  plane  of  reflection  p'P' 
will  be  z'  —  I,  and  the  additional  error  produced  by  this  inclina- 
tion will  be  found  by  (67*)  to  be 

—  (i'— O'sinT'tan  iy 

Combining  this  with  (69*),  the  complete  formula  is 

r'  — r  =  — 2Z«8inl"tani^~p8ec  JrcoB(ir  — /5)  — 2]»8inr'tanjy 

which  can  be  put  under  the  form 

r'— r=  — 2sinl"tani7'[Z»  +  sec}/'[/co8(i/'  — /?)  — tco8i/']«]  (71) 

Which  agrees  with  Enckb's  formula  in  the  Berlin  Jahrbuch  for 
1830,  p.  292. 

Taking,  as  an  extreme  case,  ?  =  5',  i  =  —  6',  y=  120®,  fi  =  80®, 
this  gives  f  —  y  =  —  4".0. 

104.  To  find  the  error  produced  by  a  small  inclination  of  the  horizon 
glass. — Assuming  that  the  index  glass  and  the  telescope  are  in 
adjustment,  let  the  pole  of  the  horizon  glass  be  at  p',  Pig.  27, 
the  pole  of  the  index  glass  being  at  P,  and  the  sight  line  directed 
towards  A  in  the  plane  of  the  sextant.  The  ray  from  the  eye 
towards  A  is  reflected  to  -B'  in  the  arc  Ap'y  so  that  p'B^  =  p^A. 
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and  thence  to  C,  which  is  at  the  distance  CC  =  BB'  from  the 

great  circle  pPC.    -4(7=7-  is  the 

angle  given   by  the  sextant ;    and  ^r^sST""^--^*  ^ 

AC'=^y'  is  the  true  angular  dis-  J^ 

tance between  the  two  objects  whose 

images    are    observed   in    contact. 

Putting 

h  =  the  iDclination  of  the  horizon  glass  =  jpp', 

we  have  from  the  triangles  App'  and  ABB\  very  nearly, 

m  =  2/:  cos/9 

and,  from  the  triangle  AC'Cj 

cos  y'  =  cos  m  cos  y 
whence 

f  —  r  =  iw}Bm  V  cot  z'  =  2 A* sin  1"  cosV  cot  y  (72) 

This  error  is  sensible  only  for  small  values  of  y.  For  7-  =  0  the 
expression  becomes  infinite ;  for  in  fact  it  is  inapplicable  in  this 
case,  since  when  the  horizon  glass  is  inclined  it  is  impossible  to 
make  a  contact  of  two  images  of  the  same  point.  But  in  the  deter- 
mination of  the  index  correction  by  the  sun,  the  limbs  of  the 
two  images  will  be  brought  into  contact  alternately  on  each  side 
of  the  true  zero  point  of  the  arc,  and  we  shall  have  7-  =  ±  0°  32'. 
For  this  case,  with  ^  =  80°  and  k  =  30"  (which  ought  to  be 
the  maximum  error  in  the  adjustment  by  Art.  83),  we  find 
f  —  r  =  —  O"**^ ;  ^^^  even  this  error  is  eliminated  from  the 
index  correction  itself.  For  all  angles  greater  than  0®  82'  the 
error  is  wholly  inappreciable. 

105.  To  find  the  ecceniriciiy  of  the  sextant. — ^As  the  arc  of  the 
sextant  is  limited,  the  method  of  determining  whether  the  centre 
about  which  the  index  arm  revolves  is  coincident  with  the  centre 
of  the  graduations  by  means  of  two  verniers  ISO®  apart  (Art.  28) 
is  not  applicable.  We  can  find  the  eccentricity  only  by  comparing 
various  angles  measured  with  the  sextant  with  their  known  values 
found  by  some  other  means.  Thus,  the  angular  distances  of  a 
number  of  terrestrial  points  situated  in  a  horizontal  plane  may 
be  accurately  determined  with  a  good  theodolite  and  then  also 
measured  with  the  sextant. 
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Or  we  may  measure  with  the  sextant  the  distance  of  two  well 
known  fixed  stars  and  compare  it  with  the  apparent  distance 
computed  from  their  right  ascensions  and  declinations.  The  re- 
fraction, however,  must  be  taken  into  account,  which  may  be 
done  in  either  of  two  ways.  1st,  The  true  distance  of  the  stars 
will  be  found  as  in  the  case  of  the  moon  and  a  star,  Vol.  I. 
Art.  255.  Then  the  apparent  distance  will  be  found  by  the 
formulae  (448)  and  (449)  of  Vol.  I.,  in  which  we  must  for  this 
case  suppose  A',  IT',  d!  to  be  the  true  altitudes  and  distance,  and 
Ai,  Hy,  d^  to  be  their  apparent  values  affected  by  refraction.  The 
altitudes  will  be  computed  by  Art.  14,  Vol.  L,  the  local  time, 
and  consequently  the  hour  angles  of  the  stars,  being  given. 

2d.  We  may  compute  the  zenith  distances  and  parallactic 
angles  of  the  stars  for  the  time  of  the  observation  by  Vol.  I.  Art 
15,  and  then  the  refraction  in  right  ascension  and  declination  by 
Art.  120.  We  shall  then  have  the  apparent  right  ascensions  and 
declinations,  from  which  the  apparent  distance  will  be  directly 
computed  by  the  method  of  Vol.  I.  Art.  255. 

Now,  let  Y  be  the  sextant  reading,  x  the  index  correction  (here 
supposed  to  be  unknown,  as  we  must  regard  the  zero  point  as 
likewise  affected  by  the  eccentricity),  f  the  true  value  of  the 
measured  angle,  e  the  eccentricity;  then,  since  the  readings  of  the 
sextant  are  double  the  true  arcs,  we  have,  by  (9), 

/-(r  +  x)=2esm(H/+E) 

•r,  putting  n  =  7*'  —  ;*, 

x  +  2«  cos  -K  sin  } y'  -f  2e  sin  j&  cos  } ^  =  n  (78) 

To  find  the  three  unknown  quantities  x,  2€cos  J5,  and  2csinJS?, 
we  must  have  three  such  equations  derived  from  three  angles 
falling  in  different  parts  of  the  arc, — ^for  example,  near  0°,  60°,  and 
120°.  If  we  have  measured  a  large  number  of  angles,  of  various 
magnitudes,  we  can  treat  the  equations  by  the  method  of  least 
squares. 

As  the  index  correction  is  liable  to  change  from  one  observa- 
tion to  another,  we  can  let  y  represent  the  reading  corrected  for 
the  index  error  found  at  each  observation,  and  then  x  will  be  the 
correction  of  the  zero  point  for  eccentricity. 
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THE   SIMPLE   REFLECTING   CIRCLE. 

106.  If  the  arc  of  the  sextant  is  extended  to  a  whole  circum- 
ference, the  index  arm  may  be  produced  and  carry  a  vernier 
upon  each,  extremity.  The  mean  of  the  readings  of  the  two 
verniers  may  then  be  taken  at  every  observation,  and  will  be 
wholly  free  from  the  error  of  eccentricity.  This  constitutes  a 
simple  reflecting  circle,  the  manipulation  of  which  is  in  every 
respect  the  same  as  that  of  the  sextant.  It  has  not  only  the 
advantage  of  eliminating  the  eccentricity,  but  at  thb  same  time 
of  diminishing  the  effect  of  errors  of  reading  and  accidental 
errors  of  graduation,  since  every  result  is  derived  from  the 
mean  of  two  readings  at  two  different  divisions  of  the  arc.  The 
only  objection  to  the  instrument  is  found  in  the  slight  increase 
of  its  weight. 

The  simple  reflecting  circles  of  Troughton  are  read  by  three 
verniers  at  distances  of  120° ;  but,  as  the  eccentricity  is  already 
fully  eliminated  by  two  verniers,  the  third  can  increase  the 
accuracy  of  a  result  only  by  diminishing  the  effect  of  errors  of 
reading  and  of  graduation.  If  e^  is  the  probable  error  of  the 
mean  of  two  readings,  that  of  the  mean  of  three  readings  will  be 

^.  =  M/I=0.81e, 

SO  that  if  two  verniers  reduce  the  error  to  5"  the  third  will  only 
further  reduce  it  to  4",  an  increase  of  accuracy  which  for  a 
single  observation  is  not  worth  the  additional  complication  and 
weight  and  the  trouble  of  reading.  As  was  to  be  expected, 
these  instruments,  though  of  very  refined  and  perfect  construc- 
tion, have  been  but  little  used. 

The  prismatic  reflecting  circles  of  Pistor  and  Martins  noticed 
below  have  but  two  verniers,  and  combine  many  practical  ad- 
vantages. 

THE    REPEATING   REFLECTING   CIRCLE. 

107.  In  the  repeating  reflecting  circle  the  small  mirror,  or 
horizon  glass,  is  not  permanently  attached  to  the  frame  of  the 
instrument,  but  is  attached  to  an  arm  which  revolves  about  the 
centre  of  the  instrument.  As  the  telescope  must  always  be 
directed  through  this  glass,  it  is  also  attached  to  the  same  arm 
and  revolves  with  it.  This  arm  also  carries  a  vernier  at  ita 
extremity. 
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Let  ETH  (Fig.  28)  be  the  revolving  arm  to  which  are  attached 

the   small  mirror  m,  the 
^^^'  ^^'  telescope  7",  and  the  ver- 

nier, or  index  H;  M  the 
central  mirror  which  is 
revolved  by  the  arm  MI^ 
carrying  the  vernier,  or 
index  /.  In  accordance 
with  the  nomenclature  in 
nautical  works,  we  shall 
call  If  the  horizon  indeXy 
and  /the  centred  index. 

The  arc  is  graduated 
from  0°  to  720°  in  the  di- 
rection HIM 

Let  A  and  B  be  the  objects  whose  angular  distance  is  to  be 
measured.  First:  let  the  central  index  /  be  clamped  at  any 
assumed  point  of  the  arc.  Bring  the  plane  of  the  instrument  to 
pass  through  the  two  objects.  Direct  the  telescope  towards  the 
right  hand  object  J5,  and,  without  touching  the  central  index, 
move  the  horizon  index  H  (or  rather  revolve  the  instrument^ 
keeping  the  telescope  bearing  on  £),  until  the  image  of  the  left 
hand  object  A  is  reflected  from  the  central  mirror  3f  to  the 
horizon  glass  m,  and  thence  to  the  eye,  and  thus  into  coincidence 
with  the  object  B  seen  directly.     This  completes  the  first  part 

of  the  observation.  Now, 
leaving  the  horizon  index 
-ff  clamped  in  this  posi- 
tion, unclamp  the  central 
index  /;  direct  the  tele- 
scope to  the  left  hand 
object  Ay  Fig.  29,  and 
move  the  index  /  for- 
ward (in  the  direction  of 
the  graduations)  until  the 
reflected  image  of  the 
right  hand  object  B  is 
brought  to  coincide  with 
the  direct  image  of  A. 
This  completes  the  second 
'^  part  of  the  observation. 


Fig.  29. 
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Then,  the  difference  between  the  readings  of  the  central  index  in  its  two 
posiUQHS  is  twice  the  angular  distance  of  the  objects.  For  let  Ej  Fig. 
29,  be  tlie  point  of  reading  of  the  central  index  before  the  first 
contact,  and  i2'  that  after  the  second  contact.  At  each  contact 
the  angle  of  the  mirrors  is  equal  to  one-half  the  angle  measured 
(Art  80) ;  and  it  is  evident  that  the  points  R  and  -R'  are  at  equal 
distances  on  each  side  of  that  point  of  the  arc  at  which  the  cen- 
tral index  would  have  stood  had  we  stopped  its  motion  when  the 
mirrors  were  parallel.  Hence  the  angle  RMR  is  twice  the 
angle  of  the  mirrors  at  either  contact.  Denoting  the  angle 
measured  by  7*,  and  the  readings  by  R  and  JB',  we  have,  there- 
fore, 

2r  =  R'  —  R 

The  half  diflference  of  the  two  readings  is  then  the  mean  of 
Udo  measures  of  the  required  angle ;  while  with  the  sextant  two 
observations  are  necessary  to  furnish  one  measure  of  an  angle, 
since  one  observation  must  be  made  to  determine  the  index  cor- 
rection, which  is  here  dispensed  with. 

If  we  now  recommence  the  observations,  starting  from  the 
last  position  of  the  central  index,  this  index  will  be  found  after 
the  fourth  contact  at  a  reading  -R",  which  differs  from  R'  by 
twice  the  angle  y:  so  that  we  have 

and,  consequently. 

Continuing  this  process  as  long  as  we  please,  we  shall  have,  after 

any  even  number  n  of  contacts,  a  reading  R^  of  the  central 

index,  and 

nr  =  Rn-R 
or 

r  =  ^V^  (74) 

Hence  it  is  necessary  to  read  off  the  arc  only  before  the  first  and 
after  the  last  observed  contact,  which  is  one  of  the  greatest 
advantages  of  this  instrument  for  use  on  board  ship  in  night 
observations. 

108.  If  the  distance  of  the  objects  is  changing,  as  in  the  case 
of  a  lunar  distance  or  an  altitude,  the  difference  between  the 
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first  and  last  readings  will  be  the  mm  of  all  the  individual 
measures,  and  the  value  of  x  found  by  dividing  this  sum  by  the 
number  of  observations  will  be  the  mean  of  all  these  measures. 
The  time  of  each  observation  having  been  noted,  this  value  of  y 
will  be  the  value  of  the  observed  angle  at  the  mean  of  these 
times,  provided  the  angular  distance  b  changing  uniformly. 

109.  We  have  thus  far  supposed  the  telescope  to  be  directed 
alternately  towards  each  object;  but  (as  in  the  measurement  of 
a  lunar  distance,  for  example)  it  is  expedient  to  look  directly  at 
the  fainter  object  and  reflect  the  brighter  one.  This  can  be  done 
by  reversing  the  face  of  the  instrument  after  each  contact ;  for 
the  relative  position  of  the  mirrors  will  thus  be  inverted  without 
requiring  the  line  of  sight  to  be  shifted  from  one  object  to  the 
other. 

It  is  convenient  in  practice  to  distinguish  the  two  kinds  of 
observation  by  the  relative  positions  of  the  mirrors.  For  this 
purpose,  let  a  plane  be  conceived  to  be  passed  through  the  axis 
of  the  telescope  at  right  angles  to  the  plane  of  the  circle ;  the 
instrument  is  thus  divided  into  two  portions,  of  which  that  which 
is  on  the  same  side  of  the  perpendicular  plane  as  the  central 
mirror  will  be  called  the  righty  and  that  which  is  on  the  opposite 
side,  the  left;  these  designations,  however,  having  no  reference 
to  the  right  and  left  of  the  observer  when  the  instrument  is  held 
in  various  positions. 

An  observation  to  the  right  is  one  in  which  the  object  reflected 
from  the  central  mirror  is  on  the  right  of  the  instrument. 

An  observation  to  the  left  is  one  in  which  the  object  reflected 
from  the  central  mirror  is  on  the  left  of  the  instrument. 

A  cross  observation  is  one  consisting  of  two  observations,  ona  to 
the  right  and  one  to  the  left. 

The  observation  to  the  right  is  precisely  like  that  with  the 
sextant.  We  may,  in  fact,  use  the  instrument  as  a  sextant. 
Clamp  the  horizon  index  at  any  point  of  the  arc ;  bring  the  direct 
and  reflected  images  of  the  same  object  into  coincidence  by 
moving  the  central  index,  and  read  oft'  this  index.  Call  this 
reading  R;  then,  making  any  observation  to  the  right,  let  the 
reading  be  iZ';  the  angle  measured  is  iZ'— JB,  and  ~jB  may  be 
regarded  as  the  index  correction,  as  in  the  sextant. 

110.  In  observing  altitudes  with  the  repeating  circle,  the  tele- 
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scope  is  directed  to  the  image  in  the  artificial  horizon.  The 
central  index  is,  for  convenience,  set  upon  zero,  and  we  com- 
mence with  an  observation  to  the  left,  as  in  Fig.  28,  holding  the 
instrument  in  the  left  hand.  The  next  observation  is  to  the 
right,  as  in  Eig.  29,  and  the  instrument  is  held  in  the  right  hand. 

111.  In  order  to  facilitate  the  repetition  of  the  observations, 
the  horizon  glass  and  telescope  carry  with  them  an  inner  circular 
arc,  which  is  called  the  finder.  This  finder  moves  under  the 
central  index  arm  alternately  backwards  and  forwards  in  the  suc- 
cessive observations ;  and,  consequently,  when  the  two  places  of 
the  index  arm  have  been  once  noted  on  the  finder,  it  can  be 
brought  approximately  to  these  places  for  the  succeeding  obser- 
vations, whereby  the  images  will  be  already  approximately  in 
contact.  Two  sliding  stops  are  usually  placed  on  the  finder,  and, 
when  once  set,  serve  to  indicate  the  two  positions  of  the  central 
index.  The  finder  is  also  roughly  graduated  for  the  same  pur- 
pose. 

112.  The  adjustment  and  verification  of  the  glasses  and  tele- 
scope are  in  every  respect  the  same  as  for  the  sextant.  The 
theory  of  the  errors  is  also  similar,  only  we  have  a  compensa- 
tion of  some  of  them  which  is  worthy  of  notice  and  will  be 
considered  below. 

Dark  glasses  or  shades  are  placed,  as  in  the  sextant,  behind 
the  horizon  glass  and  between  the  horizon  glass  and  central 
mirror,  for  observations  of  the  sun.  In  cross  observations,  the 
errors  of  these  glasses  are  eliminated,  since  their  positions  with 
respect  to  the  incident  rays  are  reversed  at  each  alternate  contact. 
In  observations  to  the  left,  however,  Fig.  28,  it  is  evident  that 
when  the  angular  distance  between  the  objects  A  and  B  is  small, 
colored  glasses  midway  between  M  and  m  would  intercept  a 
portion  of  the  direct  rays  from  A  on  their  way  to  M.  In  this 
case,  therefore,  it  becomes  necessary  to  substitute  for  them  a 
large  shade  immediately  in  front  of  the  central  mirror.  The 
same  shade  serves  for  the  observation  to  the  right ;  but,  as  the 
angle  of  incidence  of  rays  falling  upon  it  is  no  longer  the  same 
as  in  the  observation  to  the  left,  the  error  of  the  shade  is 
not  wholly  eliminated.  However,  as  the  angle  of  incidence  is 
small  in  both  positions,  the  errors  produced  by  a  prismatic  form 
of  the  shade  will  be  small,  and  the  partial  compensation  of  these 
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errors  whicli  occurs  will  leave  a  residual  error  mostly  inappre- 
ciable. 

113.  To  determine  the  error  produced  by  a  prismatic  form  of  the 
central  mirror  in  a  cross  observation  with  the  circle. — ^Let  us  consider 
the  two  contacts  separately. 

1st.  The  observation  to  the  right  is  the  same  as  with  the  sextant^ 
and  hence  we  have,  for  this  observation,  by  (66), 

r  —  -/=2M  [l/l  +  j»  sec*  (J /-  +  /?)  —  V'l  +  j'sec'/?]       (75) 

in  which  JHf,  y,  j9,  y^  and  f  have  the  same  signification  as  in  Art.  97. 
2d.  In  the  observation  to  the  left,  the  central  mirror  is  reversed 

with  respect  to  the  incident  ray,  and 
therefore  the  sign  of  M  must  be 
changed.  But  the  angle  of  incidence 
(P  is  also  changed.  Let  M  and  m,  Fig. 
30,  be  the  positions  of  the  mirrors, 
AM  a  ray  from  the  left-hand  object  A 
reflected  from  the  central  mirror  to  m, 
A  and  thence  to  -E  in  coincidence  with 

the  direct  ray  from  the  object  B.  Producing  the  faces  of 
the  mirrors,  we  readily  find,  from  the  triangle  MQUy 

9  =  ir  —  fi 
This  value  is  to  be  used  in  the  equation  (64).  The  error  in  the 
measured  angle  will  be  the  difference  of  the  values  of  (64)  for 
if  =  \T  ^  ?  ^^^  f'  =  ~  i''  5  ^^^  ^^  ^^^^^  therefore  obtain  for  it 
a  formula  differing  from  (75)  only  in  having  —  j9  instead  of  +  )9 
and  —  J!f  instead  of  +  M.  Hence  the  error  in  an  observation 
to  the  left  is 

r  —  /=  —  2-af[l/l+(2r«  sec*  (}^  —  /9)  —  i/l  +  gr«  sec*  p\    (76) 

8d.  For  the  error  in  the  cross  observation  we  have,  by  taking  the 
mean  of  (76)  and  (76), 

r  —  /  =  M[yi  +  q'Beo\ir  +  P)  —  Vl  +  2«8ec« (ir  — /5)J  (77) 

If  we  suppose,  as  in  Art.  97,  q^=  1.4025,  J!f  =  10'',  r  =  120^ 
j9  ==  10°,  we  find,  by  these  formulae,  that  the  error  of  an  observa- 
tion  to  the  left  is  41",  that  of  an  observation  to  the  right  is  11''', 
and  that  of  a  cross  observation  is  15".  The  error  of  the  central 
mirror,  though  not  wholly  eliminated,  is  reduced  to  about  one- 
third  that  of  a  sextant  observation* 
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BoRDA,*  to  whom  we  owe  the  most  important  improvements  in 
the  reflecting  circle,  gave  the  numerical  values  of  the  formulse 
(75),  (76),  and  (77),  in  a  small  table  with  the  argument  ^j  for  a 
circle  in  which  /9  =  10°.  Table  XXXIV.  of  Bowditch's  Navi- 
gator is  derived  from  similar  formulae. 

The  error  produced  by  the  central  mirror  for  a  given  angle 
may  be  found  by  Art.  97,  and  then  by  means  of  Borda's  table 
we  may  infer  the  correction  for  any  other  angle,  by  simple  pro- 
portion. 

114.  The  errors  of  reading,  of  imperfect  graduation,  and  of 
eccentricity  are  all  nearly  eliminated  by  taking  a  suflUcient  num- 
ber of  cross  observations.  For  these  errors  affect  only  the  first 
and  last  readings,  and  are  divided  by  the  number  of  observations. 
If  the  sum  of  all  the  measures  is  very  nearly  720°  or  1440°,  &c., 
so  that  the  central  index  has  made  one  or  more  complete  revo* 
lutions,  the  eccentricity  is  wholly  eliminated. 

The  error  resulting  from  an  inclination  of  the  sight  line  of  the 
telescope  is  not  reduced  by  repetition,  since  it  makes  every 
measure  too  great.     (Art.  99.) 

In  theory,  therefore,  the  repeating  circle  is  very  nearly  a  per- 
fect instrument,  capable  of  eliminating  its  own  errors.  As,  how- 
ever, we  cannot  pretend  to  measure  ^^what  we  cannot  seCj'*  the 
refinement  of  the  circle  may  really  be  thrown  away,  so  long  as 
the  optical  power  of  its  telescope  is  so  feeble.  In  fact,  the  results 
obtained  with  the  circle  do  not  appear  to  have  surpassed  those 
obtained  with  the  sextant  so  much  as  was  expected  from  its  theo- 
retical perfection.  This  may,  however,  be  due,  in  a  degree,  to 
the  mechanical  imperfections  arising  from  the  centring  of  two 
axes  one  within  another,  f 

*De»cription  et  wage  du  Cercle  de  RSflexion^  par  Ch.  Db  Borda,  4"^  ed.  Paris,  1816. 

f  It  seems  that  the  instrument  makers  haye  supposed  that  it  was  necessary  that 
both  the  horison  and  the  central  indices  should  be  perfectly  centred.  In  Gambbt's 
circles  the  axis  of  the  central  index  turns  within  that  of  the  horizon  index,  and  any 
9hdke  of  the  latter  is  communicated  to  the  former.  But,  if  we  use  the  instrument  as 
prescribed  in  the  text,  reading  off  only  the  central  index,  it  is  quite  unimportant 
whether  the  horixon  index  is  correctly  centred  or  not.  It  is  only  necessary  that  it 
should  roTolre  in  a  plane  parallel  to  the  plane  of  the  instrument,  and  should  remain 
firmly  clamped  throughout  each  cross  obsenration ;  and  this  will  be  secured  by  giying 
it  a  broad  bearing  about  the  centre.  The  axis  of  the  central  index  ought  then  to 
pass  directly  into  the  solid  frame  of  the  instrument,  and  the  horizon  index  should 
turn  upon  a  fixed  collar,  which  would  entirely  separate  it  from  the  former.     From 
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Fig.  81. 


115.  The  circle,  as  above  described,  is  capable  of  measuring 
no  angles  greater  than  about  140°.  In  this  respect,  therefore, 
it  does  not  excel  the  sextant.  A  very  simple  addition  proposed 
by  M.  Daussy  obviates  this  difficulty.  On  the  horizon  index 
arm  EH^  Fig.  81,  he  places   a  second  small  mirror  n,  which 

is  of  only  one-half  the 
height  of  the  silvered 
part  of  the  horizon  glass 
m.  The  angle  at  which 
it  stands  is  more  or  less 
arbitrary,  but  it  is  con- 
venient to  have  it  make 
an  angle  of  about  45° 
with  the  mirror  m.  Let 
A  be  any  distant  object, 
and  let  the  instrument 
be  held  so  that  a  ray -4 n, 
falling  upon  n,  shall  be 
reflected  in  the  line  nm 
to  m  and  thence  to  the  eye  at  E.  Now  move  the  central  index 
until  the  ray  ACy  from  the  same  object,  is  reflected  frpm  the 
central  mirror  MNm  the  line  Cm,  passing  over  the  small  mirror 
n  to  the  horizon  glass,  and  thence  to  the  ey^  in  coincidence  with 
the  first  ray.  (This  observation  is  like  the  ordinary  one  of  deter- 
mining the  zero  point  of  a  sextant  or  circle,  only  the  line  of  sight 
is  directed  to  a  point  about  90°  from  the  object.)  The  mirror 
MN  and  the  small  mirror  n  are  now  parallel.  Let  -R  be  the 
reading  of  the  central  index.  Now  let  £  be  a  second  object 
which  may  be  even  more  than  180°  from  A  reckoned  in  the 
direction  HRR\  Move  the  central  index  until  this  object  is 
reflected  from  the  central  mirror  M'N'  to  m,  and  thus  into  coin- 
cidence with  the  image  of  A  reflected  from  n.     Let  R'  be  the 

the  fact  that  such  a  conBtruotion  has  not  been  heretofore  adopted,  I  infer  that  this 
part  of  the  theory  of  the  instrument  has  not  been  weU  considered. 

If  this  change  is  made,  and  the  instrument  is  used  on  land  upon  a  stand,  I  cannot 
see  any  reason  why  we  should  not  realize  all  the  theoretical  advantages  of  the  in- 
strument, especially  if  we  considerably  increase  the  optical  power  of  the  telescope. 

The  opinion  of  Sir  John  Herschel  (Outlines  of  Astronomy^  Art.  188)  that  **the 
abstract  beauty  and  advantage  of  this  principle"  (of  repetition)  **8eem  to  be  counter- 
balanced in  practice  by  some  unknown  eauie,  which  probably  must  be  sought  for  in 
imperfeet  damping^"  is  hardly  sustained  by  practical  experience  with  instruments 
having  a  single  central  axis. 


PRISMATIC   CIRCLE.  127 

reading.  The  angular  motion  of  the  mirror -JfiV  being  always 
equal  to  one-half  the  angular  distance  of  the  objects,  E^  —  Bi& 
the  required  angle.  M.  Daussy  calls  this  contrivance  a  dipressio- 
mitre,  or  dip-measurer,  from  its  application  to  the  measurement 
of  the  dip  of  the  sea  horizon,  by  measuring  the  angular  distance 
between  two  diametrically  opposite  points  of  the  horizon,  this 
angular  distance  being  180°  plus  or  miniLs  twice  the  dip  accord- 
ing as  w^e  measure  through  the  zenith  or  through  the  nadir.  It 
finds,  however,  another  important  application  in  observations 
with  the  artificial  horizon  when  the  altitude  exceeds  65°  or  70°, 
and  the  double  altitude  is  consequently  too  great  to  be  measured 
in  the  usual  manner.  The  additional  mirror  is  usually  furnished 
with  the  Gambey  circles,  and  is  readily  applied  to  any  instru- 
ment. Since  the  angle  at  which  it  stands  is  not  required  to  be 
found,  the  only  adjustment  necessary  is  to  make  it  perpendicular 
to  the  plane  of  the  instrument,  which  is  done  by  the  aid  of  the 
same  test  as  that  which  is  used  in  adjusting  the  horizon  glass; 
we  have  only  to  observe  that  the  two  images  of  the  same  object 
A  (which  for  this  purpose  may  be  a  bright  star)  reflected  from 
JfiVand  n  can  be  brought  into  coincidence  in  the  middle  of  the 
field  of  the  telescope ;  the  mirrors  MN  and  m  having  of  course 
been  previously  adjusted.* 

THE   PRISMATIC   REFLECTING   CIRCLE   AND   SEXTANT. 

116.  The  prismatic  reflecting  circle,  constructed  by  Pistor  and 
Martins  of  Berlin,  differs  from  the  simple  reflecting  circle 
(Art.  106)  by  the  substitution  of  a  glass  prism  for  the  horizon 
glass,  and  by  the  position  of  this  prism  with  respect  to  the  cen- 
tral mirror. 

ABC,  Pig.  82,  represents  the  circle;  M  the  central  mirror 
upon  the  index  arm  ac,  which  carries  a  vernier  at  each  end  a 
and  c;  m  the  prism,  which  is  nearer  the  telescope  T  than  the 
central  mirror,  and  is  permanently  attached  to  the  frame  of  the 
instrument.  The  prism  has  two  of  its  faces  nearly  perpendicular 
to  each  other,  and  the  third  face  acts  as  the  reflector.  A  ray 
from  the  central  mirror  entering  one  of  the  perpendicular  faces 
IB  totally  reflected  at  the  inner  face  and  passes  out  through  the 

*  Special  instraments  for  measuriDg  the  dip  of  the  sea  horizon  have  been  contrived. 
For  aa  account  of  Troughtom's  Dip-Sector^  see  Simms'b  Treatise  on  Mathematical 
Itutrumentt. 
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other  perpendicular  face  in  the  direction  of  the  sight  line  of  the 
telescope.  The  height  of  the  prism  is  only  one-half  the  diameter 
of  the  object  lens  of  the  telescope,  and  therefore  direct  rays 
from  any  object  passing  over  the  prism  enter  the  telescope  and 
are  brought  to  the  same  focus  as  the  reflected  rays.  When  the 
central  mirror  is  parallel  to  the  longest  side  of  the  prism,  as  in 
Fig.  32,  two  images  of  the  same  object  are  in  coincidence,  and 
the  index  correction  is  determined  as  in  the  sextant,  except  that 
every  reading  is  here  the  mean  of  the  readings  of  the  two 
verniers. 
Now  revolving  the  index  into  the  position.  Fig.  88,  an  object 


Fig.  32. 


Fig.  S3. 


to  the  right  will  be  reflected  into  coincidence  with  the  direct 
object,  and  the  angular  distance  of  the  two  objects  is  given  by 
the  reading  corrected  for  the  index  error.  When  the  central 
mirror  becomes  nearly  perpendicular  to  the  line  Jfm,  the  prism 
intercepts  the  rays  from  the  right  hand  object  This  occurs 
when  the  angular  distance  of  the  two  objects  is  about  180°. 
Beyond  this  point  the  head  of  the  observer  also  intercepts  the 
rays,  until  we  come  to  the  position  of  Fig.  34. 

In  this  position  two  objects  180°  apart  can  be  brought  into 
optical  coincidence.  But,  although  the  prism  does  not  interfere 
with  the  rays  from  the  second  object,  the  head  of  the  observer 
may ;  and  this  is  obviated  by  placing  a  small  prism  D  at  the  eye 
end  of  the  telescope,  to  reflect  the  two  images  which  are  in 
coincidence,  to  the  eye  in  the  direction  DE. 
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Continuing  the  motion  of  the  index,  we  see,  by  Fig.  35,  that 
angles  greater  than  180°  can  now  be  obtained  until  the  index 
arm  comes  against  the  prism,  which  occurs  when  the  angle  is 
about  280°.  The  angles  thus  measured  may  be  reckoned  either 
as  between  280°  and  180°  or  between  80°  and  180°.  Of  these, 
the  angles  falling  between  80°  and  130°  may  be  observed  in  two 
reversed  positions  of  the  instrument,  constituting  a  cross  obser- 
vation, as  with  the  repeating  circle,  whereby  the  index  correc- 
tion becomes  unnecessary,  and  the  errors  arising  from  a  prismatic 
form  of  the  central  mirror  are  partially  eliminated. 


Fig.  34. 


Fig.  35. 


Sr-JB 


When  the  index  is  on  zero.  Fig.  82,  the  rays  incident  upon 
tlie  central  mirror  make  an  angle  with  it  of  20°,  and  in  this  posi^ 
tion  we  obtain  the  feeblest  reflected  images.  When  the  index 
is  at  130°,  the  incident  rays  make  an  angle  with  the  mirror  of 
85°,  and  we  obtain  the  brightest  reflected  images.  In  the  com- 
mon Bcxtant,  the  reverse  takes  place ;  the  feeblest  images  occur 
for  the  angle  130°  when  the  incident  rays  make  an  angle  of  only 
10°  with  the  central  mirror ;  and  the  brightest  images  when  the 
index  is  on  zero  and  the  rays  make  an  angle  of  75°  with  the 
mirror.  The  angles  of  incidence  in  the  prismatic  instruments 
are,  therefore,  more  favorable  for  the  production  of  distinct 
images  than  in  the  common  sextant,  since  even  the  smallest 
angle  which  the  incident  rays  make  with  the  mirror  in  the 
former  is  double  the  corresponding  angle  in  the  latter. 

Vol.  IL— » 
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The  adjustments  of  the  prism  and  central  mirror  are  similar  to 
those  of  the  horizon  and  index  glasses  of  the  sextant. 

The  theory  of  the  errors  is  also  similar  to  that  above  given 
for  the  sextant  and  circle. 

117.  The  advantages  of  these  instruments  over  the  common 
sextants  are :  1st.  Angles  of  all  magnitudes  can  be  measured ; 
2d,  the  eccentricity  is  completely  eliminated  by  always  employ- 
ing the  mean  of  the  readings  of  the  two  verniers ;  3d,  the  re- 
flected images  are  brighter  than  in  other  reflecting  instruments, 
both  because  the  angles  of  incidence  upon  the  central  mirror  are 
more  favorable,  and  because  the  inner  face  of  a  glass  prism  is  a 
much  better  reflector  than  a  silvered  glass;  4th,  the  errors 
arising  from  a  prismatic  form  of  the  central  mirror  are  much 
less  than  in  the  sextant.  The  instruments,  as  made  by  Pistor 
and  Martins  combine  also  other  improvements  which  might  be 
introduced  into  the  common  sextant.  Thus,  the  shade  glasses 
admit  of  reversal,  by  which  their  errors  are  wholly  eliminated ; 
a  revolving  disc,  containing  small  colored  glasses  or  shades,  is 
adapted  to  the  eye  piece  of  the  telescope,  for  use  in  taking  alti- 
tudes of  the  sun  with  the  artificial  horizon ;  all  lost  motion  is 
avoided  in  the  tangent  screw,  by  causing  it  to  act  against  a 
spring ;  the  arc  is  read  off*  at  night  by  the  aid  of  a  lantern  which 
is  placed  over  the  centre  of  the  instrument  and  the  light  of  which 
is  concentrated  upon  the  arc  by  a  lens. 

The  prismatic  sextant  differs  from  the  circle  only  in  dispensing 
with  the  second  vernier  (the  vernier  a  in  the  above  figures),  and 
that  portion  of  the  arc  upon  which  it  reads.  The  same  angles 
can  be  measured  with  this  instrument  as  with  the  circle,  but 
without  the  advantage  of  eliminating  the  eccentricity. 

For  an  extensive  series  of  observations,  illustrating  the  capa- 
bilities of  the  sextant  in  the  hands  of  a  good  observer,  and  espe- 
cially demonstrating  the  excellence  of  the  prismatic  sextants,  see 
an  article  of  Schumachbr,  in  the  Aatron.  Nach.^  Vol.  XXTTT.  p» 
821. 
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CHAPTER  V. 

THE  TRANSIT  INSTRUMENT, 

118.  The  transit  instrument  is  an  instrument  for  determining 
the  instant  of  a  star's  passage  through  any  given  vertical  plane  ; 
or  (which  is  the  same  thing)  the  time  of  a  star's  transit  over  any 
given  vertical  circle.  For  this  purpose,  it  is  necessary  that  the 
motion  of  the  telescope  be  confined  to  the  vertical  plane ;  and  this 
is  effected  by  attaching  the  tube  to  a  horizontal  axis  and  perpen- 
dicular to  it,  so  that  by  revolving  the  instrument  upon  this  axis 
the  principal  sight-line  of  the  telescope  describes  a  plane  passing 
through  the  zenith.  The  common  theodolite  may  therefore  be 
used  as  a  transit  instrument  when  its  telescope  admits  of  a  com- 
plete revolution  upon  its  horizontal  axis. 

The  time  of  transit  over  the  assumed  vertical  circle  is  deduced 
from  the  time  when  a  star  passes  a  given  thread  placed  in  the 
focus  of  the  objective. 

The  instrument  may  be  mounted  in  any  vertical  plane,  but  is 
chiefly  used  either  in  the  meridian  or  in  the  prime  vertical :  in 
the  first  position,  for  finding  either  the  true  local  time  or  the 
right  ascensions  of  stars ;  in  the  second,  for  finding  either  the 
latitude  of  the  place  of  observation  or  the  declinations  of  stars. 
When  spoken  of  simply  as  "the  transit  instrument,*'  however, 
it  is  usually  understood  to  be  in  the  meridian. 

It  admits  of  some  variety  of  form.  In  the  old  and  still  most 
cominon  form,  the  telescope  and  horizontal  axis  bisect  each 
other,*  and  the  two  ends  of  the  axis  are  supported  on  pillars 
between  which  the  telescope  revolves. 

A  second  form  is  that  in  which,  starting  from  the  first  form, 
one-half  the  telescope  tube  is  dispensed  with,  that  half  which 
contains  the  object  glass  being  retained,  while  the  horizontal  axis 
is  made  to  perform  the  part  of  the  other  half.     At  the  intersec- 

*  In  Hallet'8  transit  instrument  (still  preserved  as  a  relio  in  the  Greenwich  Ob- 
serratory)  the  pirota  of  the  axis  are  at  unequal  distances  ftom  the  telescope. 
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tion  of  the  tube  with  the  axis  is  a  glass  prism  which  bends  the 
rays  from  the  object  glass  at  right  angles,  and  transmits  them 
through  the  hollow  axis  to  the  eye  piece  which  is  placed  at  the 
end  of  this  axis.  The  chief  advantage  of  this  construction  is 
that  the  observer  does  not  have  to  change  his  position  to  observe 
all  the  stars  which  cross  the  plane  of  the  telescope.  It  has  also 
the  advantage,  for  a  portable  instrument,  of  diminished  weight 
and  a  more  compact  form. 

In  a  third  form,  proposed  by  Stbinhbil*  of  Munich  the 
telescope  tube  is  dispensed  with  entirely,  or  rather  the  horizontal 
axis  is  converted  into  a  telescope,  by  starting  from  the  second 
form  just  described  and  shortening  the  tube  until  the  object 
glass  is  brought  next  to  the  prism,  so  that  the  rays  are  bent 
immediately  after  entering  the  instrument.  This  is  therefore, 
practically,  an  instrument  of  the  second  form  with  the  telescope 
tube  reduced  to  its  minimum  length ;  but,  to  gain  sufficient  focal 
length,  the  object  glass  and  prism  (which  are  connected  together) 
are  placed  near  one  end  of  the  axis.  This  form  evidently  offers 
the  greatest  advantages  for  a  portable  instrument ;  its  want  of 
symmetry,  and  the  loss  of  light  incurred  by  the  introduction  of 
the  prism,  seem  to  prevent  its  adoption  for  the  larger  instruments 
intended  for  the  more  refined  purposes  of  the  observatory. 

The  principles  governing  the  use  of  such  instruments  being 
essentially  the  same  as  those  which  apply  to  the  transit  instru- 
ment of  the  common  form,  I  shall  here  treat  exclusively  of  the 
latter. 

119.  Plate  IV.  represents  the  meridian  transit  instrument  of 
the  Washington  Observatory,  made  by  Ertel  and  Sons,  Munich. 
It  has  a  focal  length  of  85  inches,  with  a  clear  aperture  of  5.S 
inches.  The  dimensions  of  all  the  parts  may  be  found  from  the 
drawing.  The  portions  of  the  telescope  tube  TT^  which  are 
made  conical  to  prevent  flexure,  are  screwed  to  the  hollow  cube 
M.  The  conical  portions  of  the  horizontal  or  rotation  axis  NN 
are  also  screwed  to  this  cube ;  this  axis  is  hollow,  and  terminates 
in  two  steel  cylindrical  pivots  which  rest  inVs  at  W.  It  is 
highly  important  that  these  pivots  be  perfect  cylinders  and  of 
precisely  equal  diameters. 

If  the  whole  weight  of  an  instrument  of  this  size  were  per- 

«  Aitron,  Naeh^y  Vol.  XXIX.  D.  177. 
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mitted  to  rest  upon  the  Vs,  the  friction  would  soon  destroy  the 
perfect  form  of  the  pivots,  and  hence  a  portion  of  this  weight  is 
counterpoised  by  the  weights  WWj  which,  by  means  of  levers, 
act  at  -ZLrT,  where  there  are  friction  rollers  upon  w^hich  the  axis 
turns.  By  this  arrangement,  only  so  much  of  the  weight  of  the 
instrument  is  allowed  to  rest  upon  the  Vs  as  is  necessary  to 
insure  a  perfect  contact  of  the  pivots  with  the  Vs.  This  not  only 
saves  the  pivots,  but  gives  the  greatest  possible  freedom  of 
motion  to  the  telescope,  the  lightest  touch  of  the  finger  being 
now  sufficient  to  rotate  the  instrument  upon  the  axis. 

The  counterpoises  may  be  made  to  perform  another  important 
service  in  diminishing  the  flexure  of  the  horizontal  axis,  which  they 
will  evidently  do  if  they  are  applied  nearer  to  the  cube  than  in  this 
instrument.  With  cones,  such  as  NNy  of  veiy  broad  base,  the 
amount  of  flexure  must  be  extremely  small ;  still,  with  counter- 
poises properly  placed,  the  necessity  of  making  the  cones  so 
large  and  heavy  would  be  obviated.  (See  the  arrangement  of 
the  counterpoises  in  the  meridian  circle,  Plate  VII.) 

In  the  principal  focus  of  the  objective,  at  m,  is  the  reticule^  con- 
sisting of  seven  parallel  transit  threads ;  these  are  parallel  to  the 
vertical  plane  of  the  telescope  and  perpendicular  to  its  optical 
axis  (Art  6).  These  threads  and  the  images  of  stars  in  their 
plane  are  observed  with  the  eye  piece  E,  Eye  pieces,  or  oculars, 
of  various  magnifying  powers  are  usually  supplied,  to  be  used 
according  to  the  nature  of  the  object  observed  and  the  state  of 
the  atmosphere,  the  highest  powers  being  available  only  in  the 
most  favorable  circumstances.  One  of  these  eye  pieces  (and 
usually  one  of  the  lowest  powers)  is  fitted  with  a  mirror  to  throw 
light  down  the  tube  in  observations  for  collimation,  as  will  be 
fully  explained  hereafter.  This  constitutes  what  is  called  the 
coUimaiing  eye  piece  ;  but  the  plan  of  placing  a  small  piece  of  mica 
outside  the  eye  piece  (Art.  47)  converts  any  one  of  the  eye  pieces 
into  a  collimating  eye  piece. 

There  is  also  a  micrometer  thread  which  moves  so  nearly  in 
the  plane  of  the  transit  threads  as  to  be  sensibly  in  the  same 
focus.  This  thread  may  be  either  parallel  or  at  right  angles  to 
the  transit  threads  according  to  the  application  of  it  intended ; 
but  in  the  simple  transit  instrument  its  use  will  be  chiefly  to 
determine  the  collimation  with  the  mercury  collimator,  and  then 
it  will  be  most  convenient  to  make  it  parallel  to  the  transit 
threads.   For  this  purpose,  it  will  be  still  better  to  substitute  for 
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the  single  movable  thread  a  cross-thread  or  two  very  close  parallel 
threads. 

The  transit  threads  are  rendered  visible  at  night  by  light 
thrown  into  the  interior  of  the  telescope  through  the  hollow 
rotation  axis  from  a  lamp  on  either  side.  The  light  is  reflected 
down  the  telescope  tube  by  a  small  silver  mirror  in  the  cube  M^ 
or  by  an  open  metallic  ring,  which  does  not  interfere  with  rays 
from  the  object  glass.  The  amount  of  light  can  easily  be  regu- 
lated by  a  contrivance  which  it  is  not  necessary  to  describe.  The 
color  of  the  light  may  be  varied  by  passing  it  through  glass  of 
the  desired  shade. 

The  light  thus  thrown  down  the  tube  illuminates  the/^W,  and 
the  transit  threads  appear  as  black  lines  upon  a  bright  ground. 
For  very  faint  stars  it  may  be  necessary  to  reduce  this  field 
illumination  to  such  an  extent  that  the  threads  cease  to  be  dis- 
tinctly visible,  and  then  the  direct  illumination  of  the  threads  is 
to  be  resorted  to.  This  direct  illumination  of  the  threads  is 
eflfected,  in  the  instrument  here  represented,  by  two  small  lamps 
(omitted  in  the  drawing)  suspended  upon  the  telescope  near 
the  eye  piece,  which  throw  their  light  obliquely  upon  the  threads 
without  illuminating  the  field.  The  lamps  are  so  suspended  that 
their  flames  occupy  the  same  position  relatively  to  the  threads 
for  all  positions  of  the  telescope.  The  threads  are  thus  made  to 
appear  as  bright  lines  on  a  dark  ground.  Two  lamps,  one  on 
each  side,  are  used  in  order  to  produce  symmetrical  illumination 
of  the  threads.  The  threads  may  also  be  illuminated  by  light 
admitted  through  the  axis,  but  so  brought  down  the  tube  (by  the 
aid  of  a  small  lens)  as  not  to  illuminate  the  field;  this  light  being 
finally  received  by  small  reflectors  near  the  eye  piece,  and  by 
them  thrown  upon  the  threads  in  such  a  manner  as  to  produce 
the  required  symmetrical  illumination. 

At  F  and  F  are  two  %ms^X  finding  circles^  also  called /wrfiny  levelsy 
or  simply /ntfer^,  which  serve  in  setting  the  telescope  at  any  given 
elevation  or  zenith  distance.  They  will  be  more  fully  explained 
in  connection  with  the  portable  transit  instrument  in  the  next 
article. 

The  handles,  A  and  -B,  which  are  within  reach  of  the  observer's 
hand,  act  upon  a  clamp  and  fine  motion  screw  by  which  the  tele- 
scope is  fixed  and  accurately  set  at  any  zenith  distance. 

The  inclination  of  the  rotation  axis  to  the  horizon  is  measured 
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with  the  striding  level  L  (Art.  51),  which  is  applied  to  the  pivots 
VV.    The  feet  of  the  level  have  also  the  form  of  Vs. 

The  piers  are  so  nearly  adjusted  in  the  first  place  that  the  Vs 
are  nearly  in  a  true  east  and  west  line,  but  a  small  final  correc- 
tion is  still  possible  by  means  of  screws  which  act  horizontally 
upon  one  of  the  Vs.  In  the  same  manner,  the  inclination  of  the 
axis  to  the  horizon  is  made  as  small  as  we  please  by  screws 
acting  vertically  upon  the  other  V.  These  screws  are  not  shown 
in  the  drawing. 

In  order  to  eliminate  errors  of  the  instrument,  it  is  necessary 
to  reverse  the  rotation  axis  fix)m  time  to  time,  that  is,  to  make 
the  east  and  west  ends  of  the  axis  change  places.  The  reversing 
apparatus  or  car  for  this  purpose  is  shown  at  R.  It  runs  upon 
grooved  wheels  which  roll  upon  two  rails  laid  in  the  observatory 
floor  between  the  piers  PPy  and  is  thus  brought  directly  beneath 
the  axis.  By  the  crank  h  acting  upon  the  beveled  wheels  e  and 
/,  two  forked  arms  aa,  are  lifted  and  brought  into  contact  with 
the  axis  at  NN;  then,  continuing  the  motion,  the  telescope  is 
lifted  just  sufficiently  to  clear  the  Vs,  and  the  friction  rollers  at 
XX;  the  car  is  then  rolled  out  from  between  the  piers,  bearing 
the  telescope  upon  its  arms ;  a  semi-revolution  is  given  to  the 
arms,  the  exact  semi-revolution  being  determined  by  a  stop  rf, 
the  car  is  rolled  ba<}k  between  the  piers,  and  the  telescope  lowered 
into  the  Vs.  It  is  hardly  necessary  to  observe  that  the  telescope 
is  placed  in  a  horizontal  position  during  this  operation. 

An  observing  couch  C  runs  on  the  rails  between  the  piers.  It 
is  so  arranged  that  the  observer  reclining  upon  it  may  give  his 
head  any  required  elevation,  and  thus  be  able  to  observe  stars  at 
high  altitudes  without  the  discomfort  which  would  destroy  the 
accuracy  of  his  observations. 

The  piers  PP  are  of  granite,  and  rest  upon  a  foundation  of 
stone  sunk  ten  feet  below  the  surface  of  the  ground.  They  are 
wholly  insulated  from  the  walls  and  floor  of  the  building. 

Between  the  piers,  a  granite  slab  about  a  foot  broad  and  ten 
feet  long  is  placed  on  a  level  with  the  floor.  This  rests  $rmly 
upon  the  foundation  which  supports  the  instrument,  and,  like 
the  piers,  is  insulated  from  the  floor.  On  this  slab  may  be 
placed  a  basin  of  mercury  at  various  distances  from  the  instru- 
ment, for  observing  stars  by  reflexion. 

I  do  not  propose  to  enter  into  the  details  of  constructing  the 
observatory  itself,  as  many  of  these  details  will  vary  according  to 
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the  taste  and  means  of  the  builder;  but  it  is  essential  to  remark 
that  the  opening  in  the  roof  and  sides  of  the  building  through 
which  the  observations  are  to  be  made  should  be  much  wider 
than  the  mere  aperture  of  the  telescope ;  for  there  are  always 
currents  of  air  of  various  temperatures  near  the  edges  of  the 
openings,  which  produce  unsteadiness  in  the  images  of  stars.  A 
width  of  two  feet  at  least  should  be  allowed. 

It  is  also  well  to  observe  that  the  observing  room  should  be 
large  and  high,  that  the  radiation  from  the  walls  may  not  have 
too  much  eftect  upon  the  instrument.  No  artificial  heat  should 
be  permitted  in  it  or  near  it.  Its  temperature  at  the  time  of  an 
observation,  and  that  of  the  whole  instrument,  should  be  as 
nearly  as  possible  the  same  as  the  temperature  of  the  atmosphere 
outside  the  observatory. 

The  indispensable  companion  of  the  transit  instrument  in  the 
observatory  is  the  sidereal  clock,  which  is  to  be  secured  to  a 
stone  pier,  resting  upon  a  foundation  which  is  insulated  from  the 
floor,  and  so  placed  that  its  dial  may  be  seen  by  the  observer 
from  any  position  he  may  occupy  at  the  telescope.  If,  however, 
the  transits  are  recorded  by  the  chronograph  (Arts.  71-77)  the 
clock  may  be  in  any  part  oif  the  observatory,  and  a  single  clock 
may  be  used  for  aU  the  observations  with  all  the  instruments.  It 
will  only  be  necessary  that  each  instrument  should  have  its  own 
chronographic  register,  which  is  graduated  into  seconds  by  the 
one  standard  clock.  However,  a  clock  in  the  room  with  the  in- 
strument is  still  necessary  to  enable  the  observer  to  prepare  for 
his  observations  at  the  proper  time;  but  this  may  then  be  re- 
garded as  a  sort  oi  finder  merely,  and  it  will  be  necessary  to  regu- 
late it  only  approximately. 

120.  Plate  V.  represents  a  portable  transit  instrument  as  con- 
structed by  Mr.  W.  Wurdemann  (Washington,  D.  C).  The  focal 
length  of  such  an  instrument  is  usually  from  24  to  36  inches. 

The  letters  common  to  Plate  V.  and  Plate  IV.  represent  the 
same  f)arts.  The  peculiar  feature  is  the  portable  frame  PP^  which 
here  takes  the  place  of  the  piers.  It  is  made  of  iron,  and  is  made 
as  light  as  possible  without  the  sacrifice  of  strength  and  stability. 
The  screws  it  being  removed,  the  inclined  supports  pp  fold  in 
against  the  upright  ones,  and  then  the  latter  fold  down  upon  the 
horizontal  frame ;  and  the  whole  frame  can  be  placed  in  a  box. 
This  box  is  deep  enough  to  receive  the  telescope  also.    The 
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Instrument  can  thus  be  conveniently  transported  and  set  up  in  a 
few  minutes  upon  any  temporary  pillar  Q.  In  the  field  it  will 
often  be  convenient  to  mount  the  instrument  upon  the  trunk  of 
a  tree  cut  off  to  the  required  height.  The  frame  is  quickly 
levelled  approximately  by  the  foot  screws  Sj  S,  S. 

A  diagonal  eye  piece  E  (Art.  12)  is  necessary  for  observing  stars 
at  considerable  altitudes. 

The  eye  tube  of  the  telescope  is  moved  out  and  in  by  a  rack 
and  pinion  r,  to  bring  the  threads  precisely  into  the  focus  of  the 
object  glass.  The  rack  and  pinion  k  carry  the  eye  piece  to  the 
right  and  left  so  as  to  bring  it  opposite  each  thread  in  succession 
as  a  star  crosses  it. 

The  j&nder  F  consists,  1st,  of  a  small  graduated  circle  which  is 
permanently  attached  to  the  telescope;  2d,  of  a  spirit  level  g 
attached  to  an  arm  which  revolves  about  the  centre  of  the  circle. 
This  arm  carries  a  vernier,  and  has  a  clamp  and  fine  motion 
screw  at/.  When  the  vernier  reads  0°,  the  axis  of  the  level  is 
parallel  to  the  optical  axis  of  the  telescope ;  consequently,  if  we 
set  the  vernier  to  this  reading,  0°,  and  then  revolve  the  tele- 
scope until  the  bubble  stands  in  the  middle  of  the  tube,  the 
optical  axis  will  be  horizontal.  If  then  we  set  the  vernier  at 
any  other  given  reading  JR,  and  revolve  the  telescope  until  the 
bubble  stands  in  the  middle  of  the  tube,  the  inclination  of  the 
telescope  to  the  horizon  will  be  =  JR.  The  altitude  of  a  star 
whose  transit  is  to  be  observed  is  known  from  its  declination 
and  the  latitude  of  the  place  of  observation,  and  it  is  usually 
necessary  to  prepare  for  the  observation  by  setting  the  telescope 
at  the  proper  altitude  by  means  of  the  finder. 

A  rack  and  pinion  (not  shown  in  the  drawing)  serve  to  revolve 
the  eye  piece  and  micrometer  so  as  to  make  the  threads  vertical, 
or  rather  parallel  to  the  vertical  plane  of  the  telescope. 

The  illuminating  lamps  are  shown  in  their  position.  Their 
light  is  thrown  into  the  axis  in  nearly  parallel  lines  by  means  of 
a  lens  in  the  lantern  opposite  the  middle  point  of  the  flame,  the 
flame  being  nearly  in  the  focus  of  the  lens. 

120*.  A  small  altitude  and  azimuth  instrument  so  constructed 
that  it  may  be  used  also  as  a  transit  instrument  is  called  a  universal 
instrument.  The  horizontal  graduated  circle  renders  such  an  in- 
Btrument  very  convenient  for  observations  out  of  the  meridian. 
See  Chapter  VII. 
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121.  Method  of  observation, — ^In  all  cases,  the  celestial  observa- 
tion made  with  the  transit  instrument  consists  only  in  noting,  by 
a  clock  or  chronometer,  the  several  instants  when  a  star  or  other 
object  crosses  the  threads.  The  method  of  doing  this  with  pre- 
cision is  as  follows.  The  instrument  remaining  stationary,  the 
diurnal  motion  causes  the  star  to  pass  across  the  field  of  the 
telescope.  As  it  approaches  a  thread,  the  observer  looks  at  the 
clock  and  begins  to  count  its  beats ;  and,  keeping  the  count  in 
his  head  by  the  aid  of  the  audible  beats  of  the  clock,  he  then 
turns  his  eye  to  the  telescope  and  notes  the  beat  when  the  star 
appears  on  the  thread.  The  transit  over  the  thread  may,  how- 
ever, fall  between  two  beats ;  and  then  the  fraction  of  a  beat  is 
to  be  estimated.  This  estimate  is  made  rather  by  the  eye  than 
the  ear.  Suppose  the  clock  beats  seconds.  Let  a,  Fig.  36,  be 
the  position  of  the  star  at  the  last  beat 
*'    '  before  the  star  comes  to  the  thread,  and  b 

its  position   at  the   next  following  beat. 
The  observer  compares  the  distance  from 

a  to  the  thread  with  the  distance  from  a  to 

6,  and  estimates  the  fraction  which  ex- 
presses the  ratio  of  the  former  to  the  latter 
in  tenths ;  and  these  tenths  are  then  to  be 
added  to  the  whole  number  of  seconds 
counted  at  a,  to  express  the  instant  of  transit.  Thus,  if  he  counts 
20  seconds  by  the  clock  at  a,  and  estimates  that  from  a  to  the 
thread  is  ^  of  a6,  the  instant  of  transit  is  20*.4,  which  he  records, 
together  with  the  minute  and  hour  by  the  clock. 

In  the  transit  of  the  sun,  the  moon,  or  a  planet,  the  instant 
when  the  limb  is  a  tangent  to  the  thread  is  noted.  The  mode 
of  inferring  the  time  of  transit  of  the  centre  from  that  of  the 
limb  will  be  explained  hereafter. 

The  most  accurate  method  of  observing  transits  is  by  the  aid 
of  the  chronograph.  At  the  precise  instant  when  the  star  is  on 
the  thread,  the  observer  presses  the  signal  key  and  makes  a 
record  on  the  register,  which  is  read  off  at  his  leisure,  according 
to  the  methods  explained  in  Arts.  71-77.  The  record  of  several 
transits  of  stars  over  the  five  threads  of  the  Cambridge  telescope 
is  shown  in  Plate  I.  Fig.  6.  Each  transit  is  preceded  by  an 
irregular  signal,  produced  by  a  rapid  succession  of  taps  on  the 
signal  key,  by  means  of  which  the  place  of  the  observation  on 
the  register  is  afterwards  readily  found.    As  the  observer  is 
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relieved  by  the  chronograph  from  the  necessity  of  counting  the 
seconds  and  estimating  the  fractions,  the  transit  threads  may  be 
placed  much  closer  to  each  other  and  their  number  greatly  in- 
creased. In  the  transit  instruments  used  in  the  United  States 
Coast  Survey  for  the  telegraphic  determination  of  differences  of 
longitude  (see  Vol.  I.  Art.  227),  the  diaphragms  contain  twenty- 
five  threads,  arranged  in  groups,  or  "tallies,"  of  five,  as  in  Plate 
L  Fig.  1. 

OBNEBAL  FORMULiE   OF  THE  TRANSIT  INSTRUMENT. 

122.  In  whatever  position  the  transit  instrument  may  be  placed, 
we  may  consider  its  rotation  axis  as  an  imaginary  line,  passing 
through  the  central  points  of  the  pivots,  which,  produced  to  the 
celestial  sphere,  becomes  a  diameter  of  the  sphere ;  and  the  axi^ 
of  coUimation  as  an  imaginary  line,  drawn  from  the  optical  centre 
of  the  object  glass  perpendicular  to  the  rotation  axis,  and  de- 
scribing a  great  circle  of  the  sphere  as  the  telescope  revolves. 
The  position  of  this  great  circle  in  the  heavens  is  fully  deter- 
mined when  we  have  given  the  position  of  the  rotation  axis ; 
and  the  position  of  the  rotation  axis  is  given  when  we  know  the 
altitude  and  azimuth  of  either  of  the  points  in  which  it  meets 
the  celestial  sphere. 

The  sight-line  marked  by  a  thread  in  any  part  of  the  field  is 
a  line  drawn  from  the  thread  through  the  optical  centre  of  the 
object  glass.  The  angle  which  this  line  makes  with  the  axis  of 
collimation  does  not  change  as  the  telescope  revolves :  so  that, 
while  the  axis  of  collimation  describes  a  great  circle,  the  sight- 
line  describes  a  small  circle  parallel  to  it  whose  distance  from  it 
is  everywhere  the  constant  measure  of  the  inclination  of  the 
sight-line.  If  then  a  star  is  observed  on  the  thread,  the  position 
of  the  star  with  respect  to  the  great  circle  of  the  instrument 
becomes  known  when  we  know  the  inclination  of  the  sight-line 
or  the  angular  distance  of  the  thread  from  the  axis. 

The  general  problem  to  which  the  use  of  the  transit  instru- 
ment gives  rise  is  the  following: 

128.  To  find  the  hour  angle  of  a  star  observed  on  a  given  thread  of 
the  transit  instrument  in  a  given  position  of  the  rotation  axis. — Let 
Fig.  37  represent  the  sphere  stereographically  projected  upon 
the  plane  of  the  horizon,  NS  the  meridian,  WE  the  prime 
vertical.    Suppose  the  axis  of  the  instrument  lies  in  the  vertical 
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plane  ZA,  and  that  A  is  the  point  in  which  this  axis  produced 

towards  the  west  meets  the  celestial 
sphere.  Let  N'Z'S'  be  the  great 
circle  described  by  the  axis  of  colli- 
mation ;  A  is  the  pole  of  this  circle. 
Let  nOs  be  the  small  circle  described 
by  the  sight-line  drawn  through  a 
thread  whose  constant  angular  dis- 
tance from  the  collimation  axis  is 
given  =  c.  Let  b  denote  the  altitude, 
90°  +  a  the  azimuth,  90°  —  m  the 
hour  angle,  n  the  declination  of  the 

point  A\  ip  the  latitude  of  the  observer;  8  the  declination  of  a 

star  observed  at  0  on  the  given  thread.    Join  PA^  PO,  AO. 

We  have 


NZA  =  90°  +  a, 
ZA  =  90°  —  6, 
AO  =  90°  +  €, 


ZPA  =  90°  —  m 
PA  =  90°  —  n 

p^=90°  — sP 
PO  =  90°  —  a 


and  the  triangle  PZA  gives  the  equations  [Sph.  Trig.  (6),  (3),  (4)] 


cos  n  sin  m  =  sin  h  cos  ^  +  cos  6  sin  a  sin  ip 
cos  n  cos  m  =  cob  b  cos  a 

sin  n  =  sin  6  sin  ^  —  cos  b  sin  a  cos  f 


} 


(78) 


\vhich  determine  m  and  n  when  a  and  b  are  given.     Now  let 

T  =  the  hour  angle  of  0  east  of  the  meridian ; 

then  the  angle  APO  =  90°  —  m  +  r  =  90°  +  (r  —  m),  and  the 
triangle  APO  gives 


whence 


—  sin  c  =  sin  n  sin  ^  —  cos  n  cos  d  sin  (r  —  m) 
sin  (t  —  m)  =  tan  n  tan  ^  -♦-  sin  c  sec  n  sec  ^ 


(79> 


which  determines  r  —  m,  whence  also  r. 

These  general  formulae  admit  of  simplification  when  the  in- 
strument is  either  near  the  meridian  or  near  the  prime  verticaL 
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124.  The  instrument  is  said  to  be  in  the  meridian  when  the 
great  circle  described  by  the  axis  of  collimation  is  the  meridian. 
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The  axis  of  rotation  is  then  perpendicular  to  the  plane  of  the 
meridian,  and,  consequently,  lies  in  the  intersection  of  the  prime 
vertical  and  the  horizon.  If,  further,  the  thread  on  which  the 
star  is  observed  is  in  the  axis  of  collimation,  the  time  of  obser- 
vation is  that  of  the  star's  transit  over  the  meridian ;  and,  since 
at  that  instant  the  sidereal  time  is  equal  to  the  star's  right  ascen- 
sion, the  error  of  the  clock  on  sidereal  time  is  obtained  at  once 
by  taking  the  dift'erence  between  that  right  ascension  and  the 
observed  clock  time  of  transit.     (Vol.  I.  Art.  188.) 

Practically,  however,  we  rarely  fulfil  these  conditions  exactly, 
but  must  correct  the  time  of  observation  for  the  small  deviations 
expressed  by  a,  6,  and  c,  of  which  a  is  the  excess  of  the  azimuth 
of  the  west  end  of  the  axis  above  90°  (reckoned  from  the  north 
point),  and  is  called  the  azimuth  constant;  b  is  the  elevation  of  the 
west  end  of  the  axis,  and  is  called  the  kvel  constant;  and  c  is  the 
inclination  of  the  sight-line  to  the  collimation  axis,  and  is  called 
the  colUmation  constant. 

We  must  first  show  how  to  adjust  the  instrument  approxi- 
mately, or  to  reduce  a,  6,  and  c  to  small  quantities. 

125.  Approximate  adjustment  in  the  meridian, — 1st.  The  middle 
thread  of  the  diaphragm  should  coincide  as  nearly  as  possible 
with  the  collimation  axis.  This  adjustment  can  be  approxi- 
mately made  before  putting  the  instrument  in  the  meridian,  by 
moving  the  thread  plate  laterally  until  the  middle  thread  cuts  a 
well  defined  distant  point  in  both  positions  of  the  rotation  axis 
in  the  Vs. 

2d.  The  middle  thread  (and,  consequently,  all  the  transit 
threads)  should  be  vertical  when  the  rotation  axis  is  horizontal ; 
that  is,  it  should  be  perpendicular  to  the  rotation  axis.  This 
can  be  verified  while  adjusting  the  sight-line,  by  observing 
whether  the  distant  point  continues  to  appear  on  the  thread  as 
the  telescope  is  slightly  elevated  or  depressed.  After  the  instru- 
ment has  been  placed  in  the  meridian  and  the  axis  levelled,  the 
verticality  of  the  threads  may  also  be  proved  by  an  equatorial 
star  running  along  the  horizontal  thread,  which  is  at  right  angles 
to  the  transit  threads. 

The  axis,  being  placed  nearly  east  and  west  (at  first  by  estima- 
tion), is  levelled  by  means  of  the  striding  level.  Thus  c  and  b 
are  easily  reduced  to  small  quantities. 

8d.  To  reduce  a  to  a  small  quantity,  or  to  place  the  instrument 
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very  near  to  the  meridian,  we  must  have  recourse  to  the  obser- 
vation of  stars.  The  following  process  will  be  found  as  simple 
as  any  other  with  a  portable  instrument. 

Compute  the  mean  time  of  transit  of  a  slow  moving  star  (one 
near  the  pole),  and  bring  the  telescope  upon  it  at  that  time.  For 
the  first  approximation,  the  time  may  be  given  by  a  common 
watch,  and  the  telescope  may  be  brought  upon  the  star  by 
moving  the  frame  of  the  instrument  horizontally.  Then  level 
the  axis,  and  note  the  time  by  the  clock  of  the  transit  of  a  star 
near  the  zenith  over  the  middle  thread.  It  is  evident  that  the 
time  of  transit  of  a  star  near  the  zenith  will  not  be  much  affected 
by  a  deviation  of  the  instrument  in  azimuth,  and  therefore  the 
difference  between  the  star's  right  ascension  and  the  clock  time 
will  be  the  approximate  error  of  the  clock  on  sidereal  time. 
With  this  error,  we  are  prepared  to  repeat  the  process  with 
another  slow  moving  star,  this  time  employing  the  clock  and 
causing  the  middle  thread  to  follow  the  star  by  moving  only  the 
azimuth  V.  When  the  clock  correction  has  been  previously 
found  by  other  means  (as  with  the  sextant),  the  first  approximation 
will  usually  be  found  sufficient.  The  instrument  is  now  suffi- 
ciently near  to  the  meridian,  and  the  outstanding  small  deviations 
can  be  found  and  allowed  for  as  explained  below. 

In  mounting  a  large  transit  instrument  in  an  observatory,  it 
will  be  convenient  first  to  establish  the  approximate  direction  of 
the  meridian  with  a  theodolite,  and  to  set  up  a  distinct  mark  at 
a  sufficient  distance  to  be  visible  in  the  large  telescope  without 
a  change  of  the  stellar  focus.  The  middle  thread  of  the  instru- 
ment can  then  be  brought  upon  this  mark  before  proceeding  to 
the  observation  of  stars. 

4th.  Finally,  it  is  necessary  to  adjust  the  finder  whereby  the 
telescope  is  to  be  directed  to  that  point  of  the  meridian  through 
which  a  given  object  will  pass.  If  the  finder  is  intended  to  give 
the  zenith  distance  (^),  we  take 

Z  =  ip  —  ^  —  r  +  j>  for  an  object  south  of  the  zenith, 
C  =  a— y  —  r+j>      «  «      north     "  " 

In  which  r  is  the  refraction,  and  2?  the  parallax  of  the  object  for 
the  zenith  distance  (^.    But,  for  the  purpose  oi  finding  an  object 
merely,  we  may  neglect  r,  except  for  very  low  altitudes,  and  p 
may  be  neglected  for  all  bodies  except  the  moon. 
To  adjust  the  finder,  we  have  only  to  clamp  the  telescope  when 
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Bome  known  star  is  on  the  horizontal  thread,  and  in  that  position 
cause  the  finding  circle  to  read  correctly  for  that  star,  by  means 
of  the  proper  adjusting  screws.  It  will  then  read  correctly  for 
all  other  stars.  In  large  instruments  the  finder  is  sometimes 
graduated  from  0°  to  860°. 

With  respect  to  the  time  when  a  star  is  to  be  expected  on  the 
meridian,  the  sidereal  clock  or  chronometer  answers  as  a  finder, 
since  (after  allowing  for  its  error)  it  shows  the  right  ascensions 
of  the  stars  that  are  on  the  meridian. 

126.  JEquations  of  the  transit  instrument  in  the  meridian. — ^By  the 
preceding  process  we  can  always  easily  reduce  a,  6,  and  c  to 
quantities  so  small  that  their  squares  will  be  altogether  insensible, 
or,  which  is  the  same  thing,  we  can  substitute  them  for  their 
sines,  and  put  their  cosines  equal  to  unity.  And,  since  m,  n,  and 
r  will  be  quantities  of  the  same  order  as  ez,  6,  and  c,  the  general 
fonnute  (78)  will  become 

m  =  6  cos  ip  -\-  a  sin  ^  )       (9,c\\ 

n  =  6  sin  ^  —  a  cos  y  J 

and  (79)  gives 

T  =  m  +  n  tan  ^  -f  c  sec  ^  (81) 

which  is  Bessel's  formula  for  computing  the  correction  to  be 
added  to  the  observed  sidereal  clock  time  of  transit  of  a  star 
over  the  middle  thread  to  obtain  the  clock  time  of  the  star's 
transit  over  the  meridian.  It  is  hardly  necessary  to  observe  that 
the  unit  of  all  the  quantities  a,  6,  c,  m,  n,  r  should  be  the  second 
of  time. 
If  now  we  put 

r=  the  observed  clock  time  of  the  star's  transit  over  the 
middle  thread, 
lT=  the  correction  of  the  clock, 
a  =  the  star's  apparent  right  ascension, 

the  true  sidereal  time  of  transit  will  be  T+  r  +  aT,  and  this 
quantity  must  be  equal  to  a.    Hence  we  have 


w  y    (82) 

o=r+AT+m  +  n  tan  ^  +  c  sec  ^ 


1 

^y  which  formula  the  right  ascension  of  an  unknown  star  can  be 
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found  when  ATand  the  constants  of  the  instrument  are  known. 
From  the  transits  of  known  stars,  on  the  other  hand,  this  equa- 
tion enables  us  to  find  a  Ty  when  the  constants  of  the  instrument 
are  given. 

The  apparent  right  ascension  in  this  equation  should  be 
affected  by  the  diurnal  aberration,  which,  by  Vol.  L  Art.  393,  is 
0".311  cos^sec5  =  0'.021  cos^sec<J  when  the  star  is  on  the 
meridian.  K  then  a  denotes  the  right  ascension  as  given  in  the 
Ephemeris,  the  first  member  of  (82)  ought  to  be  a  +  0".311 
cos  ip  sec  5,  so  that  the  equation  becomes 

a=r+A!r+m  +  ntan<J  +  ((?  —  0*.021  cos  ip)  sec  d      (83) 

Hence,  if  instead  of  c  we  take 

d  =c  —  0'.021  cos  ip 

we  may  use  (82)  without  further  modification,  and  the  diurnal 
aberration  will  be  fully  allowed  for.  Since,  for  each  place  of  ob* 
servation,  the  quantity  0*.021  cos^  is  constant, there  is  no  reason 
for  omitting  to  apply  this  correction,  although  its  influence  is 
scarcely  appreciable  except  with  the  larger  instruments  of  the 
observatory. 

127.  Bessel's  form  for  the  correction  r  is  usually  the  most 
convenient ;  but  other  forms  have  their  advantages  in  certain 
applications.     From  (80)  we  deduce 


a  =  m  sin  ^  —  n  cos  tp 
6=9/1  cos  ^  -|-  n  sin  ^ 


(84) 


and  from  the  second  of  these  we  have 

m  ==  6  sec  ^  —  n  tan  <p  (85) 

which  substituted  in  (81)  gives  Hansen's  formula, 

T  =  6  sec  f  -f  '^  (*^^  ^  —  ^"  f»)  +  c  sec  ^  (86) 

This  is  convenient  in  reducing  observations  of  stars  near  the 
zenith,  where  the  coeflJcient  tan  5  —  tan  ip  becomes  small.  It 
shows  that  for  a  star  in  the  zenith  the  correction  depends  only 
on  b  and  c,  and  that  in  general  the  best  stars  for  determining 
tlue  clock  correction  are  those  which  pass  nearest  to  the  zenith. 

K  we  substitute  the  values  of  m  and  n  from  (80)  in  (81),  we 
readily  bring  it  to  the  form 
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COB  d  COS  d  COS  ^ 

which  is  known  as  Mater's  formula.  This  is  the  oldest  form ; 
but  where  many  stars  are  to  he  reduced  for  the  same  values  of 
the  constants,  it  is  much  less  convenient  than  the  preceding.  It 
has  its  advantages,  however,  in  cases  where  the  constant  a  is 
directly  given,  or  in  discussions  in  which  this  constant  is  directly 
sought. 

128.  These  formnlse  apply  directly  to  the  case  of  a  star  at  its 
upper  culmination.  To  adapt  them  to  lower  culminations  (that 
is,  of  circumpolar  stars  at  their  transits  below  the  pole),  we 
obsenre  that  in  the  general  investigation  Art.  128,  d  represents 
the  distance  of  the  star  from  the  equator  reckoned  towards  the 
zenith  of  the  place  of  observation,  and,  consequently,  the 
fonnula  will  be  applicable  to  lower  culminations  if  we  still  repre- 
sent by  d  the  distance  of  the  star  front  the  equator  through 
the  zenith  and  over  the  pole  ;  that  is,  if  we  take  for  d  the  supple- 
ment of  the  declination.  This  being  understood,  we  shall  be 
saved  the  necessity  of  duplicating  our  forniulie. 

Again,  the  time  of  the  lower  culmination  differs  by  12*  of 
sidereal  time  from  that  of  the  upper  culmination  of  tiie  same 
star.  Hence,  to  apply  the  formulae  to  the  case  of  a  lower  cul- 
mination, it  is  also  necessary  to  suppose  that  a  represents  the 
star's  right  ascension  increased  by  12*. 

In  short,  for  lower  culminations,  we  must  substitute  12*  +  <* 
and  180°  —  5  for  a  and  8. 

129.  Since  the  instrument  may  be  used  in  two  positions  of  the 
rotation  axis,  it  is  necessary  to  distinguish  these  positions.  We 
shall  suppose  that  the  clamp  is  at  one  end  of  the  axis,  and  shall 
distinguish  the  two  positions  by  "  clamp  west"  and  "  clamp  east." 
If  the  value  of  e  has  been  found  for  clamp  west,  its  value  for 
clamp  east  will  be  numerically  the  same,  but  will  have  a  different 
sign;  for,  since  in  reversing  the  collimation  axis  remains  in  the 
same  plane,*  any  thread  will  be  at  the  same  absolute  distance 
from  this  axis,  but  on  opposite  sides  of  it  in  the  two  positions. 

*  Sxftepi  when  the  piToU  are  unequal,  the  correction  for  which  will  be  ooDsidered 
liemfter. 

Vol.  IL— 10 
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For  example,  if  we  have  found  for  clamp  west  <?  =  —  0*.292,  we 
mnst  take  for  clamp  east  c  ==  +  0'.292. 

If,  however,  we  take  the  diurnal  aberration  into  account,  we 
must  observe  that  e'  is  not  numerically  the  same  in  the  two  posi- 
tions of  the  axis.  For  example,  if  ^  =  38°  69',  the  correction 
0*.021  cos  ^  is  O'.Oie ;  and  if  for  clamp  west  we  have  c  =  —  0'.292, 
we  shall  have  for  this  position  e'  =  —  0'.292  —  O-.OIG  =  —  O-.SOS, 
but  for  clamp  east  <?'  =  +  0'.292  —  O-.OIG  =  +  0'.276. 

130.  In  the  above,  we  have  a^umed  that  the  star  has  been 
observed  on  a  single  thread  whose  distance  from  the  coUimation 
axis  is  known.  The  same  method  may  be  applied  to  each  thread ; 
but  when  the  intervals  between  the  threads  are  known,  each 
observation  may  be  reduced  to  the  middle  thread  or  to  a  point 
corresponding  to  the  "mean  of  the  threads,"  and  the  correction 
r  will  then  be  computed  only  for  this  middle  thread  or  this  mean 
point.  I  proceed  to  show  how  these  intervals  are  to  be  deter- 
mined and  applied* 

THREAD   INTERVALS. 

131.  An  odd  number  of  threads  is  always  used,  and  they  are 
placed  as  nearly  equidistant  as  possible,  or,  at  least,  they  are 
symmetrically  placed  with  respect  to  the  middle  one,  and  this 
middle  thread  is  adjusted  as  nearly  as  possible  in  the  coUimation 
axis.  If  the  threads  were  exactly  equidistant,  the  mean  of  the 
observed  times  of  transit  over  all  of  them  could  be  taken  as  the 
time  of  transit  over  the  middle  one,  and  this  with  the  greater 
degree  of  accuracy  (theoretically)  the  greater  the  number  of 
threads.*  But  since  it  rarely  happens  that  the  threads  are  per- 
fectly equidistant  or  symmetrical,  it  becomes  necessary  to  deter- 
mine their  distances ;  and  this  is  usually  the  first  business  of  the 
observer  after  he  has  mounted  his  instrument  and  brought  it 
approximately  into  the  meridian. 

Let  i  denote  the  angular  interval  of  any  thread  from  the 
middle  thread ;  I  the  time  required  by  a  star  whose  declination 
is  ^  to  pass  over  this  interval.  Then  t,  being  expressed  in 
seconds  of  time,  will  also  denote  the  interval  of  sidereal  time 
required  by  a  star  in  the  equator  to  describe  the  space  between 

*  The  practical  Umits  to  the  number  of  threads  will  be  considered  in  another 
place. 
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the  threads ;  for  this  is  the  case  in  which  the  apparent  path  of 
the  star  is  a  great  circle.  Our  notation,  therefore,  may  be  ex- 
pressed by  putting 

t  =  the  equatorial  interval  of  a  thread  from  the  middle  thread, 
/  =  the  interval  for  the  declination  d. 

If  now  c  denotes  the  coUimation  constant  for  the  middle  thread, 
the  distance  of  the  side  thread  from  the  coUimation  axis  is  i+  c; 
and  if  T  is  the  hour  angle  of  a  star  when  on  the  middle  thread, 
1+  T  is  its  hour  angle  when  on  the  side  thread.  Hence,  by  our 
rigorous  formula  (79),  applied  to  each  thread,  we  have 

sin  (/  +  T  —  m)  =  tan  n  tan  d  +  sin  (i  +  c)  sec  n  sec  d 
sin  (t  —  m)  =  tan  n  tan  ^  +  sin  o  sec  n  sec  d 

the  difference  of  which  is 

2  cos  (H  +  ^  —  m)  sin  J  /=  2  cos  (J  t  +  c)  sin  ii  sec  n  sec  d 

for  which,  since  r  —  m,  e,  and  n  are  here  very  small  quantities, 
we  may  write,  without  sensible  error, 


2coB  iJsin  il=  2cos  H  sin  ii  sec  i 


] 


or  V     (88) 

sin  /  ==  sin  t  sec  d 

From  this,  Jean  be  found  when  i  is  given.  On  the  other  hand, 
if  I  is  observed  in  the  case  of  a  star  of  known  declination,  we 
deduce  i  by  the  formula 

sin  i  =  sin  I  cos  d  (89) 

If  the  star  is  not  within  10®  of  the  pole,  it  is  quite  accurate  to 
take  for  these  the  more  simple  forms 

/  =  t  sec  ^  1  =  7  cos  d  (90) 

These  formulcB  show  that  the  observed  interval  will  be  the 
greater  the  nearer  the  star  is  to  the  pole.  Hence,  for  finding  i 
from  observed  values  of  /,  it  is  expedient  to  take  stars  near  the 
pole,  since  errors  in  the  observed  times  will  be  reduced  in  the 
ratio  1 :  cos  d. 

When  the  star  is  so  near  to  the  pole  that  either  (88)  or  (89)  is 
to  be  used,  it  will  be  found  convenient  to  substitute  for  them 
the  following : 

T       •         •  1  •       7  cos  d  ,^-- 

I=:iBecS,k  t  =  — T —  (91) 
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in  which  k  =  — .         >  and  its  logarithm  may  be  readily  taken 
from  the  following  table : 


/ 

logiseei) 

log* 

1- 

1.778 

0.00000 

2 

2.079 

.00001 

8 

2.255 

.00001 

4 

2.880 

.00002 

5 

2.477 

.00008 

6 

2.556 

.00005 

7 

2.623 

.00007 

8 

2.681 

.00009 

9 

2.732 

.00011 

10 

2.778 

.00014 

11 

2.819 

.00017 

12 

2.857 

.00020 

13 

2.892 

.00023 

14 

2.924 

.00027 

15 

2.964 

.00031 

I 

log  i  Beo  6 

logi 

15- 

2.954 

0.00031 

16 

2.982 

.00035 

17 

8.008 

.00040 

18 

8.083 

.00045 

19 

8.056 

.00050 

20 

8.079 

.00055 

21 

8.100 

.00061 

22 

8.120 

.00067 

23 

8.139 

.00073 

24 

8.158 

.00080 

25 

8.176 

.00086 

26 

8.192 

.00093  '■ 

27 

8.209 

.00101  ' 

28 

3.224 

.00108 

29 

8.239 

.00116 

SO 

3.254 

.00124 

Example  1. — If  for  a  star  whose  declination  is  ^  =  88®  33'  we 
have  observed  the  interval  between  a  side  thread  and  the  middle 
thread  to  be  J=  26"*  17*.6,  required  the  value  of  L 
We  have 

log!    3.18116 

log  cos  d    8.40320 

ar.  CO.  log  k    9.99912 

t  =  38*.325  log  i    1.58348 


ElLAMPLE  2.- 

We  have 


-Given  i  =  88*.326,  find  /for  5  ==  87°  15'. 


log  I  1.58348 

log  sec  d  1.31896 

log  i  sec  d  2.90244 

(Argument  2.902)  log  k  0.00024 

/=799'.25  log  J  2.90268 

182.  The  thread  intervals  may  also  be  found  by  Gauss's 
method,  with  a  theodolite,  precisely  as  in  the  method  of  deter* 
mining  the  value  of  a  micrometer  screw  in  Art.  46- 

If  the  instrument  is  furnished  with  a  micrometer,  the  value 
of  the  screw  may  be  determined  by  the  transits  of  circumpolar 
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stars  over  the  micrometer  thready  and  then  it  may  be  employed 
to  measure  the  thread  intervals* 

REDUCTION   TO   THE  MIDDLE  THREAD. 

138.  Suppose  that  the  reticule  contains  five  transit  threads, 
and  that  they  are  numbered  consecutively  from  the  side  next  to 
the  clamp:  so  that  for  "clamp  west"  stars  at  their  upper  cul- 
minations cross  the  threads  in  the  order  of  their  numbers.  Then, 
if  we  denote  the  observed  clock  times  of  a  transit  over  them  by 
^,  (p  (,,  ^4,  <5,  and  the  equatorial  intervals  of  the  side  threads  from 
Ihe  middle  thread  by  i^,  t^,  i^,  i^  (observing  that  i^  and  t^  will  be 
essentially  negative),  the  time  of  passing  the  middle  thread 
according  to  the  five  observations  is  either  ^  + 1^  sec  5,  /,  +  i,  sec  ^, 
tpt^+  i^seci,  or  t^+  i^seci,  which,  if  the  observations  were  per- 
fect, would  be  equal  to  each  other.  Taking  their  mean,  which 
we  shall  denote  by  T,  we  have 

5  5 

If  we  put 

^l^h  +  h+h  +  h 
5 

and  denote  the  mean  of  the  observed  times  by  T^  we  have 

T  =  2J,  +  £ii  sec  d    for  clamp  west, 
r  q=  r,  —  Ai  sec  d    for  clamp  east 

If  the  threads  are  equidistant,  £ii  vanishes;  otherwise  ^isecd 
is  the  correction  to  be  applied  to  what  is  called  the  mean  of  the 
ikreadsj  to  obtain  the  time  of  passage  over  the  middle  thread. 

If  there  are  seven  threads^ 

^i^iU  +  i.  +  i^)  +  ih+i.  +  h)  (923 

7 

and  80  on  for  any  number  of  threads. 

At  the  lower  culmination,  a  star  crosses  the  threads  in  ttie 
reverse  order,  and,  consequently,  the  sign  of  the  correction 
Aiseci  must  be  changed;  but  this  change  of  sign  is  effected  by 
tftkiftg  for  d  the  supplement  of  the  declination,  according  to  the 
method  pointed  out  in  Art.  128.  We  shall,  therefore,  regard 
the  above  formulae  as  entirely  general. 

A.  broken  transU  (one  in  which  the  transits  over  some  of  the 
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threads  have  not  been  observed)  is  redaced  in  the  same  manner ; 
that  isy  we  take  the  mean  of  the  observed  times  and  apply  to  it 
a  correction  which  is  the  mean  of  the  equatorial  intervals  of  the 
observed  threads  multiplied  by  sec  d.  Thus,  if  only  the  1st,  Sd, 
and  4th  of  five  threads  have  been  observed,  we  have  for  Tthe 
several  values  t^  +  t,  sec  i,  /,,  t^  +  i^  sec  dy  the  corresponding 
thread  intervals  being  ij,  0,  i^ :  so  that  we  have 

In  general,  if  we  put 

M  ==  the  mean  of  the  observed  times  on  any  number  of 

threads, 
/  =  the  mean  of  the  equatorial  intervals  of  these  threads, 

the  time  T  of  transit  over  the  middle  thread  will  be 

r=Jf  +  /8ec^  (93) 

If  the  clock  rate  is  considerable,  the  reduction  of  Jf  to  T 
must  be  corrected  accordingly.     Thus,  if 

A  r  =  the  clock  rate  per  hour, 
the  reduction  /  sec  d  becomes  /  sec  5 1 1  —  r^  |;  or,  putting 

p  =  the  factor  for  rate  =  1 I       .^.^ 

^  3600  >     (94) 

T=M  +  pf^e(id  ) 

For  a  sidereal  clock  which  gains  V  per  day,  we  have  ^T=^ 
—  Jj,  whence  log/o  =  0.000006,  and  for  a  gain  of  x  seconds  daily 
log/)  =  0.000005  X. 

For  a  mean  time  clock  which  has  no  rate  on  mean  time,  and, 
consequently,  loses  Q'.SS  per  hour  on  sidereal  time,  we  find 
log  p  =  9.99881 ;  and,  if  it  gains  x  seconds  per  day,  logp  =» 
9.99881  + 0.000005  X. 

If  the  star  is  very  near  the  pole,  each  thread  should  be  sepa- 
rately reduced,  the  reduction  to  the  middle  thread  being  com- 
puted by  the  formula  /=  i sec  i.  A/o,  log  k  being  taken  from  the 
table  in  Art.  131. 


BEDUCTION  TO   THE   MEAN  THREAD. 
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BEDUCTION  TO   THE   MEAN   OF  THE  THREADS. 

134.  Another  mode  of  reducing  transits  is  commonly  used  in 
the  observatory.  We  may  suppose  an  imaginary  thread  so 
placed  in  the  field  that  the  time  of  transit  over  it  will  be  the 
same  as  the  mean  of  the  times  on  all  the  threads,  and  for  brevity 
this  imaginary  thread  is  called  the  mean  of  the  threads^  or  the 
mean  thread.  Then  all  observations  are  reduced  to  this  imaginary 
thread,  and  the  constant  c  as  well  as  the  intervals  of  the  several 
threads  are  referred  to  it,  precisely  as  if  it  were  a  real  thread. 
It  is  evident  that,  where  many  complete  transits  are  to  be  re- 
duced, this  method  saves  labor,  as  the  correction  ai  sec  d  is  avoided. 

135.  Example  1. — The  upper  transit  of  Polaris  was  observed 
with  the  meridian  instrument  of  the  Kaval  Academy  on  Jan. 
26, 1859,  as  in  the  second  column  of  the  following  table : 


Clamp  East,     if  =  M 

J«»  88'  54".8 

Thiwd. 

Sid.  dock. 

/ 

log/ 

logft 

y^i 

i 

VII 

0»44«66' 

—  28*49- 

n8. 15608 

0.00079 

nl.55290 

—  85'.  720 

VI 

52    56 

— 15    4S 

n2. 97681 

84 

nl.87518 

—  28  .721 

V 

1     0    54 

—    7    50 

n2. 67210 

09 

nl.07067 

—  11 .767 

IV 

S    44 

ni 

16    82 

+    7    48 

2.67025 

09 

1.06882 

+  11  .717 

11 

24    81 

+  16  47 

2.97686 

84 

1.87467 

+  28  .696 

I 

82    80 

+  28    46 

8.15412 

78 

1.55200 

+  85  .645 

The  table  exhibits  the  computation  of  the  equatorial  intervals 
of  the  side  threads  from  the  middle  thread.  The  values  of  log  k 
are  taken  from  the  table  in  Art.  131,  and  each  value  of  log  i  la 
found  by  the  formula  log  i  =  log  /  +  log  cos  d  —  log  k.  The 
signs  of  /  and  i  are  given  for  clamp  west. 

The  values  of  the  intervals  must  be  found  from  a  number  of 
observations  of  this  kind,  and  the  mean  of  all  the  determina- 
tions should  be  finally  adopted. 

According  to  this  single  observation,  the  value  of  ai  for  this 
instrument  will  be 

Ai  =  —  0'.021 

If  the  reductions  are  to  be  made  to  the  mean  of  the  threads, 
we  find  the  values  of  /  by  taking  the  difference  between  the 


152 


TBAN8IT  INSTRUMENT  IN  THB  MERIDIAN. 


mean  of  all  the  observed  times  and  the  time  on  each  thread, 
and  compute  i  as  before.  The  values  of  i  that  would  result  in 
the  above  example  may  be  immediately  inferred,  since  they 
will  be  equal  to  those  above  found  diminished  by  ai.  Thus, 
arranging  th^  sralues  in  their  order  for  clamp  west,  we  have— 


j  Thread. 

1 

InterralB  to 
middle  thread. 

InterTkls  to 
meMi  thread. 

1      I 

+  BQ-Mb 

+  86'.666 

II 

-\-  23 .696 

+  28.717 

ni 

+  11 .717 

+ 11 .788 

IV 

0. 

+   0.021 

V 

-11.767 

—  11.746 

VI 

—  28.721 

—  28 .700 

VII 

—  85.720 

—  85.699 

Example  ^. — With  the  same  instrument  on  the  same  date,  the 
Wiinsit  of  a  Arietis  was  observed  as  follows  {clamp  east): 


d  =  +  22*>  47'  49". 


Thread. 

Clock. 

Vfl 

1»  68-  58' 2 

VI 

lost 

V 

1  59    24.1 

IV 

86.9 

m 

49.8 

II 

2     0     2.8 

I 

15.9 

Mean==l  59   41.28 

The  algebraic  sum  of  the  intervals  to  the  middle  thread  for 
the  threads  here  observed,  taken  from  the  table  in  the  preceding 
example,  is  +  23*.571,  or  for  clamp  east  —  28*.571 ;  and  therefore 
the  time  of  transit  over  the  middle  thread  is 

T  =  1*  59-  41'.28  —  fl^  gee  a  =  1*  59»  87'  02 


To  reduce  this  observation  to  the  mean  of  the  threads,  the 
shortest  method  is  to  take  one-sixth  of  the  interval  corresponding 
to  the  missing  thread, — thus : 


LXVEL  COKBTAKI. 
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i;  =  1»  59-  41*.28  —  t^jjy}L  sec  ^  =  1*  69«  37*.00 


136.  Having  shown  how  the  quantity  T  in  (82)  or  (83)  is 
found,  I  now  proceed  to  show  how  to  determine  the  constants 
m,  n,  and  c.  Since  m  and  n  both  involve  6,  let  us  begin  with  the 
investigation  of  this  quantity. 


THB   LKVEL   CONSTANT. 

137.  The  inclination  of  the  rotation  axis  to  the  horizon  is 
usually  found  by  applying  the  spirit  level  as  explained  in  Art. 
52;  and  this  inclination  expressed  in  seconds  of  time  is  the 
value  of  the  level  constant  6,  positive  when  the  west  end  of  the 
axis  is  too  high. 

But  the  spirit  level  applied  to  the  outer  surface  of  the  cylinders 
which  form  the  pivots  does  not  directly  determine  the  inclina- 
tion of  the  rotation  axis  which  is  the  common  axis  of  these 
cylinders,  unless  the  pivots  are  of  equal  diameters. 

To  find  the  correction  for  inequaJIMy  of  the  pivots^  let  C,  Fig.  38^ 


Fig.  39. 


be  the  centre  of  a  cross  section  of  a  pivot,  A  the  vertex  of  the  ^ 
in  which  the  pivot  rests,  B  the  vertex  of  the  V  of  the  spirit  level 
applied  to  it.    Put 

2 1  =s  the  angle  of  the  T  of  the  level, 
2i  =  "        **         "       V     "       transit  inst., 
r  =  the  radius  of  the  pivot, 
d  =  the  vertical  distance  of  B  above  C, 
it  it  c     "     A, 


we  have 


d,= " 


d  = 


sin  t 


d.= 


Sin  t. 


If  now,  in  Fig.  89,  CC  is  the  rotation  axis,  A  and  B  the 
vertices  of  the  transit  and  level  Vs  at  the  end  next  the  clamp, 
A'  and  B'  the  vertices  of  the  Vs  at  the  other  end  of  the  axis, 
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r'  the  radius  of  the  pivot  at  that  end,  then  we  have  for  the  dis- 
tances B'C  A'C, 

sin  I  sin  tj 

The  level  gives  the  inclination  of  the  line  BB'  to  the  horizon, 
and  we  wish  to  find  that  of  CC.  Let  us  suppose  the  clamp  at 
first  is  west,  and  afterwards  east,  and  that  in  both  positions  of 
the  axis  the  inclination  given  by  the  level  is  observed.    Let 

B,  B'  =  the  inclinations  given  by  the  level  for  clamp  west 

and  clamp  east,  respectively, 
(,  V  =  the  true  inclinations  of  the  rotation  axis  for  clamp 

west  and  clamp  east, 
/?  =  the  constant  inclination  of  the  line  AA\ 

Also  draw  CE  and  CF  parallel  to  BB'  and  AA',  and  put 

p  =  ECG'  p,  =  FCC' 

then,  L  being  the  length  of  the  level,  we  have 

d'  —  d       r'—r 


smp 
8inp,= 


L  X  sin  i 

L  Xsint^ 


for  which  we  may  take 


L  sin  i  sin  15"  ^*      L  sin  i,  sin  15" 

in  which  p  and  p^  are  in  seconds  of  time.    Now,  we  have  evi- 
dently  for  clamp  west  (6  denoting  the  elevation  of  the  west  end) 

b  =  B+p  b  =  fi-p^ 

and  for  clamp  east, 

V=B'-p  V=P+P, 

whence 

V--b  =  B'^B-^2p  =  2p^ 

B^—  B  ,  ,        sin  I  / sin  i  +  sin  \ \ 

2  em  i^         \        sin  t^        / 
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and,  coiiBeqnently, 

p  =  ?L=ll^     ^^\       \  (95) 

By  this  formula,  when  i  and  i^  are  known,  we  can  directly  com- 
pute the  value  of  p  from  the  level  indicationB  B  and  B\  observed 
in  the  two  positions  of  the  axis. 

If  the  angles  of  both  the  transit  and  the  level  Vs  are  equal  to 
each  other,  which  is  usually  the  case^  we  have  sin  i  =  sin  i| ;  and 
then  we  have 

The  value  of  p  thus  found  is  called  the  correction  for  inequality 

of  pivots.     It  is  to  be  careftilly  found  by  taking  the  mean  of  a 

great  number  of  level  determinations  in  the  two  positions  of  the 

axis.    By  determining  it  according  to  the  above  formula,  it  is  a 

correction  algebraically  additive  to  the  level  indication  for  clamp 

west :  so  that  the  true  level  constant  in  any  case  is  found  by  the 

formulse 

6  =  J?  -f  ^    for  clamp  west,  "fc 

V=B'^p    for  clamp  east.  J       (^'^ 

188.  The  inequality  of  the  pivots  may  also  be  found  without 
reversing  the  axis,  by  using  successively  two  spirit  levels,  the 
angles  of  whose  Vs  are  quite  different.  Let  2%  and  2t'  be  their 
angles,  and  B  and  -B'  the  apparent  inclination  of  the  axis  given 
by  the  two  levels  respectively.  If  then  b  is  the  true  inclination, 
and  we  put 

*""i8inl5" 
we  have,  by  the  preceding  article, 

sm  t 

6  =  5'+^ 

sm  V 
whence 

g  =  (P-BO"°'"°'\  (98) 

sm  I  —  sm  r 

and  the  correction  of  inclinations  found  with  the  level  the  angle 
of  whose  Vs  is  2<  will  be 


i:5&. 
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p  =  JL,  =  (iB-B') 

Bin  I  sin  I 


Bin  r 


Bin  I' 


(99) 


If  we  construct  the  levels  so  that  their  angles  are  supplements 
of  each  other,  that  is,  make  2 1'  =  180°  —  2i,  the  formula  becomes 

a— 5' 


P  = 


tani  —  1 


For  example,  if  22  =  157^23'  and  2i'  =  22°  87',  we  have 
j>  =  J(J5  —  B') :  so  that  as  accurate  a  determination  of  p  may 
be  found  in  this  way  as  by  reversing  and  employing  the  formula 
(96). 

139.  Example  1. — The  following  example  of  a  case  in  which 
the  angle  of  the  level  V  diftered  from  that  of  the  transit  V  is 
given  by  Sawitsch.  A  portable  instrument  was  mounted  in  the 
meridian,  and  three  sets  of  observations  were  made  consecutively 
for  the  determination  of  p,  as  in  the  following  table : 


No.  of  deter- 
minstion. 

Clamp. 

Level  readings. 

BnAS 

B—B 

West 

Eut. 

1 

E.    ' 

B.    18.2 
A.     14.0 

A.  18.4 

B.  17.9 

18.1 
12.4 

8.4 
8.2 

^                dlT. 
■B  =  +  0.42 

.8'= +  4.92 

dlT. 
+  4.60 

2 

B.    • 
W. 

B.    18.8 
A.    19.1 

A.  18.6 

B.  18.2 

8.8 

7.2 

12.0 

13.0 

■  5'= +  6.60 
B  =  +  0.45 

+  6.16 

8 

w. 

E.    • 

B.    13.6 
A.    14.0 

A.  18.2 

B.  18.3 

13.0 

12.5 

8.8 

8.0 

S  =  +  0.62 
ff=  +  6.05 

+  4.68 

The  letters  A  and  B  in  the  first  column  of  level  readings  refer 
to  the  position  of  the  level  on  the  axis. 

The  value  of  one  division  of  the  level  was  1".68,  or,  in  time, 
0'.112. 

The  angle  of  the  level  Vs  was  85*^=  2i:  that  of  the  transit 
Vs  wa8  91^=2v 

We  find,  by  taking  the  mean, 

-»'  —  -»  =  +  4.73  div.  =::  +  0*.68 
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and  hence,  by  (96), 

p  X's:  -f  0».14 

If  we  had  assumed  i  =  ii,  we  should  have  found,  by  (96), 
p  =  +  0*.18,  very  nearly  the  same  as  by  the  complete  formula, 
although  there  is  a  considerable  diflference  between  i  and  ij. 

To  find  the  true  inclination  of  the  axis  during  these  observa- 
tions,  we  have,  by  taking  the  mean  of  the  values  of  B  and  J5', 

diy. 

B  =  +  0.46  =  +  0'.05 
J9'=  +  5.19  =  +  0.B8 

whence 

b  =  +  0'.05  +  0M4  =  +  0*.19 
6'=  +  0  .58  —  0.14  =  +  0.46 

SxAMPiiB  2. — ^In  October,  1852,  the  pivots  of  the  Repsold 
meridian  circle  of  the  U.S.  Naval  Academy  were  examined  by 
twenty-four  determinations  of  the  inclination  of  the  axis,  twelve 
in  each  position,  and  the  means  were 

diT. 

Clamp  west,    B  =  +  0.68 

«      east,      jB'=  +  0.74 

One  division  of  the  level  was  equal  to  0*.079 ;  and  hence 

div. 
p  ==  +  0.015  =  +  0'.0012 

which  was  neglected,  b.%  of  no  practical  importance.  Indeed,  it 
is  hardly  to  be  presumed  that  the  level  readings  were  sufficient 
to  determine  so  small  a  quantity  with  certainty;  nevertheless 
they  suffice  to  prove  the  same  excellence  of  workmanship  in 
these  pivots  as  in  those  of  other  instruments  of  Repsold's.  In 
the  meridian  circle  of  Pulkowa,  made  by  the  same  distinguished 
artist,  Struvb  found  an  inequality  of  pivots  of  only  0*.0025. 

140.  The  linear  difference  of  the  radii  of  the  pivots  may  also 
be  found ;  for,  by  the  above  formulee,  we  have 

.                  r    •    •  •    1 R//     (B'^  B)L  Bin  15"  sin  %  sin  t      .-^^. 
r'  —  r  =  pL  sm  %  sm  15" =^^ „  /.    r-, — : — rr -'    (100) 

^  2  (sm  I  +  sm  Zj)  ^      ^ 

The  value  of  L  in  the  Example  1  of  the  preceding  article  was 
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10.85  inches,  and  hence  r'  —  r  =^  0.000075  inch.     Small  as  this 
difference  appears,  it  is  satisfactorily  determined  by  the  level. 

141.  The  level  constant  may  also  be  found  by  the  aid  of  the 
mercury  collimator  (Art.  47)  and  the  micrometer.  For  large 
instruments,  it  is  convenient  to  have  the  mercury  basin  perma- 
nently placed  immediately  under  the  instrument,  a  little  below 
the  level  of  the  floor,  and  covered  only  by  a  small  movable 
trap-door  in  the  floor. 
Let  CC'y  Fig.  40,  be  the  rotation  axis  of  the  instrument ;  EO 
the  collimation  axis,  perpendicular  to  CC ; 
MN  the  surface  of  mercury.  There  will  be 
formed  in  the  field  of  the  telescope  a  reflected 
image  of  each  thread  of  the  reticule ;  but 
we  shall  here  use  only  the  movable  micro- 
meter thread  (which  will  be  assumed  to  be 
__^  parallel  to  the  transit  threads).  Let  this 
micrometer  thread  be  brought  into  coinci- 
dence with  its  own  reflected  image,  which 
occurs  when  it  is  at  that  point  a  of  the 
field  which  lies  in  the  line  hO  drawn 
through  the  optical  centre  of  the  objective, 
perpendicular  to  the  horizontal  surface  of 
the  mercury;  and  hence  it  follows  that,  in 
this  position,  the  angle  aOE\%  equal  to  the 
mclination  of  the  rotation  axis  CC  to  the  surface  MN,  or  that 
aOE\^  equal  to  the  required  level  constant.  Now,  let  the  rota- 
tion axis  be  reversed ;  the  directions  CC  and  EO  remain  un- 
changed  (provided  the  pivots  are  equal),  and  the  micrometer 
thread  is  now  at  a^,  at  the  same  distance  as  before  from  the  col- 
limation axis ;  if  then  the  thread  is  again  brought  into  coinci- 
dence with  its  image,  it  must  be  moved  over  a  distance  a'a 
=  twice  the  required  level  constant.     If  then  we  put 

M  =  the  micrometer  interval  (expressed  in  seconds  of  time), 
positive  or  negative  according  as  the  micrometer  thread 
is  east  or  west  of  its  image  afler  reversal, 


we  shall  have 


b  = 


M 


(101) 


and  b  will  thus  be  positive  when  the  west  end  is  elevated. 
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ff  the  pivots  are  unequal,  6  and  6'  being  the  true  inclinations 
of  the  axis  for  clamp  west  and  clamp  east  respectively,  we  shall 
have,  after  reversal,  E(ki/  =  6,  and  after  making  a  coincidence 
agam,  EOa  =  6';  and  hence 

V+b  =  M 
and,  from  (96)  and  (97), 

whence 

It  appears,  then,  that  the  mercury  collimator  alone  is  not  ade- 
quate  to  the  determination  of  the  level  constant  when  the  pivots 
are  unequal,  since  the  quantity  p  must  be  otherwise  determined. 
The  only  independent  method  of  finding  p  is  by  the  spirit  level ; 
but  we  shall  see  hereafter  how  the  level  may  be  dispensed  with 
(or  its  indications  verified)  by  means  of  the  mercury  collimator 
in  cmtbination  with  collimating  telescopes. 

142.  The  pivots  may  be  not  only  unequal,  but  also  of  irregular 
figures.  To  determine  the  e;xistence  of  irregularities  of  form, 
the  level  should  be  read  oft*  with  the  telescope  placed  successively 
at  every  10°  of  zenith  distance  on  each  side  of  the  zenith.  The 
mean  of  all  the  inclinations  found  being  called  B^^  and  B'  being 
that  found  at  a  given  zenith  distance  z,  B^  —  B'  is  the  correc- 
tion to  be  applied  to  any  level  reading  afterwards  taken  in  the 
same  position  of  the  rotation  axis  and  at  the  same  zenith  dis- 
tance. The  level  readings  are  thus  freed  from  the  irregularities 
of  the  pivots,  but  we  still  have  to  apply  the  correction  for  m- 
equality  of  the  two  pivots;  and  this  inequality  will  be  deter- 
mined by  taking  one-fourth  of  the  difference  of  the  mean  values 
of  B^  (found  as  just  explained)  in  the  two  positions  of  the  rota- 
tion axis. 

For  the  examination  of  the  form  of  the  pivots  of  the  great 
Transit  Circle  of  Greenwich,  "each  is  perforated,  and  within 
.the  hollow  of  the  eastern  pivot  is  fixed  a  plate  of  metal  perforated 
with  a  very  small  hole,  behind  which  a  light  can  be  placed  for 
illumination ;  and  in  the  hollow  of  the  western  pivot  there  is 
fixed  an  object  glass  at  a  distance  from  the  perforated  plate  equal 
to  its  focal  length.  This  combination  forms  a  collimator  re- 
volving with  the  instrument.  It  is  viewed  by  a  telescope  of  7 
feet  focal  length,  which,  when  required,  is  placed  on  Vs,  one  of 
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them  planted  in  the  opening  of  the  western  pier,  and  the  other 
in  a  hole  made  for  that  purpose  in  the  western  wall  of  the  rooim 
By  a  series  of  most  careful  observations  in  1860,  '61,  and  *62,  no 
appreciable  error  could  be  discovered  in  the  form  of  the  pivofe/'* 
These  pivots  are  six  inches  in  diameter. 


THE   COLLIMATION  CONSTANT. 

143.  The  constant  c  may  express  the  distance  from  the  colli- 
mation  axis  either  of  the  middle  thread  or  of  the  fictitious  thread 
denoted  by  the  '^mean  of  the  threads;**  the  former,  when  Tin 
(82)  is  the  time  of  transit  over  the  middle  thread,  and  the  latter 
when  T  is  the  time  of  transit  over  the  mean  of  the  threads 

Let  us  first  determine  c  for  the  middle  thread ;  its  value  for 
the  mean  of  the  threads  can  afterwards  be  found  by  adding  the 
quantity  ai  (Art.  183) ;  thus,  denoting  the  latter  by  c^  we  shall 
have 

c^=c  +  iii  (108) 

144.  First  Method. — ^Place  the  telescope  in  a  horizontal  position, 
and  select  any  terrestrial  object  that  presents  some  well  defined 
point,  and  so  remote  that  the  stellar  focus  of  the  telescope  need 
not  be  changed  to  obtain  a  good  definition  of  the  pointf  Mea- 
sure with  the  micrometer  the  distance  of  the  point  from  the 
middle  thread.  Reverse  the  rotation  axis,  and  again  measure 
this  distance.  If  it  is  the  same  as  before,  the  thread  is  in  the 
coUimation  axis,  and  c  =  0;  otherwise  c  is  one-half  the  difference? 
of  the  micrometer  measures.  To  obtain  a  simple  practical  ruh 
which  vdll  fix  the  sign  of  c  for  clamp  west,  put 

My  M'  =  the  micrometer  distances  of  the  middle  thread  fh)m 
the  point,  positive  when  the  thread  appears  in  the 
field  to  be  nearer  to  the  clamp  than  the  pointy 

then,  for  clamp  west, 

c=  J(Jf+ilf')  (104). 

This  gives  c  with  the  positive  sign  when  the  thread  is  nearer 
to  the  clamp  than  the  coUimation  axis,  in  which  case  stars  at 

*  Oreenirioh  Obs.  for  1852.     Introd.  p.  It. 

f  The  meridian  mark,  if  one  has  been  established,  will,  of  course,  be  used  for 
tliis  point.    See  Art  159. 
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fheir  upper  culminations  arrive  at  the  thread  before  they  reach 
the  axis,  and  the  correction  c  sec  8  must  be  additive. 

By  this  method,  no  correction  for  the  inequality  of  the  pivoti 
is  required,  since  the  telescope  is  horizontal. 

Instead  of  a  distant  terrestrial  point,  we  may  substitute  the 
intersection  of  two  threads  in  the  focus  of  a  horizontal  coUi- 
mating  telescope,  placed  north  or  south  of  the  instrument.  To 
avoid  reversing  the  axis^  two  such  collimators  are  used,  as  in 
the  following  method. 

145.  Second  Method. — ^Let  two  horizontal  coUimating  telescopes 
D  and  J^,  Fig.  41,  be  mounted  on  piers  in  the  transit  room,  one 


:^ 


north  and  the  other  south  of  the  transit  instrument,  in  the  same 
plane  with  its  rotation  axis,  their  objectives  turned  towards  this 
axis,  and,  consequently,  towards  each  other.  Suppose,  for  sim^ 
pVicity,  that  the  collimators  have  each  a  single  vertical  thread 
N  or  S  in  the  principal  focus.  The  transit  instrument  being  at 
first  removed  so  as  not  to  obstruct  the  view  of  one  collimator 
firom  the  other,  an  image  of  the  thread  of  either  collimator  will 
be  formed  at  the  focus  of  the  other,  and  either  thread  may  be 
adjusted  so  as  to  coincide  exactly  with  the  image  of  the  other. 

Then  the  two  sight  lines  of  the  collimators  are  in  the  same 
line,  or  at  least  are  parallel  to  each  other,  and  their  threads 
when  viewed  by  the  transit  telescope  represent  two  infinitely 
distant  objects  whose  difference  of  azimuth  is  precisely  180°. 
Replacing  the  transit  instrument,  direct  it  first  towards  the 
north  collimator.  Let  CC  be  its  rotation  axis,  AA^  perpendi- 
cular to  CC"  its  collimation  axis,  T  the  middle  thread  of  the 
diaphraj<m  at  the  distance  AT=  c  west  of  the  axis.  An  image 
of  JVwill  be  fonned  at  JV'  at  a  distance  AN'  from  the  collima* 
tion  axis,  which  is  the  measure  of  the  differeTkce  of  directions  of 

Vol.  IL— 11 
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the  common  sight  line  of  the  collimators  and  the  axis  A  A'. 
Measure  with  the  transit  micrometer  the  distance  (=  Jf )  of  T 
from  N',  Next  revolve  the  telescope  upon  its  rotation  axis  and 
direct  it  towards  the  south  collimator.  The  axis  CC"  is  un- 
changed, and  the  point  A  of  the  focus  which  represents  the 
coUimation  axis  is  now  found  at  A'.  The  image  of  S  is  formed 
at  S'  at  a  distance  A'S'  from  the  collimation  axis,  which  is  again 
the  measure  of  the  difference  of  directions  of  the  common  sight 
line  of  the  collimators  and  the  axis  AA':  so  that  we  have  AN' 
=  A'S';  but  the  points  S'  and  N'  are  on  opposite  sides  of  the 
axis.  The  middle  transit  thread  is  now  at  T'  on  the  same  side 
of  the  collimation  axis  and  at  the  same  distance  from  it  as 
before :  so  that  we  have  also  A' T'  =  c.  Hence,  remembering 
that 

M,  M'  =  the  micrometer  distances  of  the  middle  thread  west 
of  the  north  and  south  collimator  threads,  respe'ct- 
ively, 

we  evidently  have 

To  give  this  method  the  greatest  degree  of  precision,  it  will 
not  suffice  to  use  single  vertical  threads  in  the  collimators,  on 
account  of  the  difficulty  of  estimating  the  coincidence  of  two 
superposed  threads.  It  is  also  clear  that  the  sight  lines  of  the 
two  collimators  must  not  be  marked  by  two  entirely  similar  and 
equal  systems  of  threads,  since  to  bring  the  sight  lines  into  coinci- 
dence we  should  still  have  to  superpose  one  system  upon  the  other. 
A  simple  method  is  to  substitute  for  the  single  thread  in  the 
north  collimator  two  very  close  parallel  vertical  threads,  and  in 
the  south  collimator  two  threads  intersecting  at  an  acute  angle 
and  making  equal  angles  with  the  vertical.  Then  the  middle 
point  between  the  close  parallel  threads  marks  the  sight  line  of 
the  north  collimator,  and  the  coincidence  of  the  intersection  of 
the  cross  threads  of  the  south  collimator  with  this  point  can  be 
judged  of  by  the  eye  with  great  delicacy.  It  will  assist  the  eye 
somewhat  if  the  collimators  have  also  two  parallel  horizontal 
threads  equidistant  from  the  middle  of  the  field,  but  not  at  the 
same  distance  from  each  other  in  both  telescopes. 

In  the  large  transit-circle  of  the  Greenwich  Observatory  the 
whole  system  of  transit  threads  is  moved  by  the  micrometer 
screw.    In  this  case  let  M  and  M'  be  the  micrometer  readings 
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when  the  middle  thread  is  in  coincidence  with  the  two  colli- 
mators respectively;  then  Jf^  =  J  (3f  +  M')  is  the  reading  when 
the  middle  thread  is  in  the  axis  of  coUimation,  and  c  =  0 ;  and 
if  during  any  subsequent  observations  the  micrometer  is  placed 
at  a  ditferent  reading  m,  we  must  take  for  the  reduction  of  such 
observations  c  =  Mq  —  m. 

Example. — On  Feb.  7,  1853,  the  collimators  of  the  Greenwich 
traasit-circle  having  been  brought  into  coincidence,  the  middle 
transit  thread  was  brought  successively  upon  each  collimator, 
and  the  reading  of  the  micrometer  for  the  north  collimator  was 
31\300,  and  for  the  south  collimator  31^521.  Hence,  the  micro- 
meter being  set  at  the  mean  31^411,  the  niiddle  thread  would 
be  in  the  coUimation  axis,  and  then  c  =  0.  But  if  the  transit  of 
a  star  was  observed  on  that  date  with  the  micrometer  set  at 
3r-5,  we  should  have  c  =  ZVAll  —  8r.5  =  —  0^.089,  or,  since 
r  =  0'.985,  c  =  —  0\088. 

146.  For  merely  determining  the  coUimation  constant,  it  is 
not  necessary,  as  has  been  above  supposed,  that  the  collimators 
be  in  the  same  horizontal  plane  with  the  axis  of  the  transit 
instrument.     They  may  be  in  a  plane  so  far  above  (or  below) 
that  of  the  transit  instrument  that  the  telescope  of  the  latter 
when  horizontal  will  not  intercept  the  view  from  one  to  the 
other.    If  then  each  collimator  is  mounted  as  a  transit  instru- 
ment  and  its   rotation  axis  is  level,  it  can  be  depressed  (or 
elevated)  until  its  threads  can  be  viewed  by  the  transit  tele- 
scope.    K  the  inclination  of  each  collimator  to  the  horizon  is 
the  same,  and  the  measures  of  the  distances  of  the  middle  transit 
threads  from  the  two  coUimating  threads  are  as  before  M  and  Jf ', 
we  still  have  c  =  J(Jf  +  M^).    The  objection  to  this  arrange- 
ment IB  that  the  sight  lines  of  the  collimators  must  be  made  per- 
pendicular to  their  rotation  axes,  and  these  axes  must  be  levelled, 
adjustments  which  are  unnecessary  when  they  are  in  the  same 
or  very  nearly  the  same  horizontal  plane  as  the  axis  of  the  prin- 
cipal instrument. 

To  avoid  the  necessity  of  raising  the  transit  instrument  out 
of  the  Vs  (when  the  three  instruments  are  in  the  same  horizontal 
plane),  two  apertures  may  be  made  in  the  cube  of  the  telescope, 
through  which,  when  the  telescope  is  vertical,  the  horizontal 
wys  from  the  collimators  may  pass. 
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147.  Third  Method. — ^Direct  the  instrument  vertically  towards 
the  mercury  collimator^  and  measure  with  the  micrometer  the 
distance  of  the  middle  thread  from  its  image ;  put 

M  =  the  micrometer  distance  of  the  thread  from  its  image, 
positive  when  the  thread  is  west  of  its  image; 

then  it  is  evident  that,  if  the  rotation  axis  is  horizontal,  we  shall 
have  M  =  2c;  hut,  if  the  west  end  is  elevated  by  the  quantitj^  A. 
the  apparent  distance  of  the  thread  and  its  image  will  be  dimiu 
ished  by  26:  so  that  we  shall  then  have  J!f  =  2c  ^  26,  whence 

c  =  ^M+b  (105; 

which  gives  c  with  its  proper  sign  for  the  actual  position  of  the 
rotation  axis. 

If  we  wish  to  determine  the  level  constant  at  the  same  time, 
we  reverse  the  axis,  and  again  measure  the  distance  of  the  middle 
thread  from  its  image.     Then,  putting 

M,  M'=  the  distances  of  the  thread  west  of  its  image  for 
clamp  west  and  clamp  east,  respectively, 
6,  6'  =  the  level  constants  in  the  two  positions, 

we  have,  for  clamp  west, 

c  =  iM+b 

and  (since  the  sign  of  c  is  changed  by  the  reversal),  for  clamp 

east, 

—  c  =  JJf'+6' 
whence 


or,  since  6'  —  6  =  2p, 

c  =      I  {M  —  W)  —  p    clamp  west, 
and  c  =  — IcJf— if')  +  l?        "      east, 

We  have  also 

6'+6  =  -i(ilf  +  Jf') 
6'— 6=      2p 
whence 

6  =  —  i  (Jf  +  M*)  —  p    clamp  west, 
6'  =  —  i  ( Jf  +  Jf ')  +  p       **      east, 


}  om 


}    (107) 


When  the  micrometer  thread  is  at  right  angles  to  the  mendian, 
and,  consequently,  moves  only  in  declination,  it  can  nevertheless 
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be  used  for  determining  the  small  quantities  c  and  b  according 
to  the  above  method,  as  follows.  Let  AB^  Fig.  42, 
be  the  middle  transit  thread,  A^B'  its  reflected 
image  in  the  collimator,  CD  the  micrometer  thread. 
Move  the  micrometer  thread  CD  until  the  distance 
between  it  and  its  image  C-D',  estimated  by  the 
eye,  is  equal  to  the  distance  between  the  transit 
thread  AB  and  its  image,  that  is,  until  the  two  threads  and 
their  images  form,  to  the  eye,  a  perfect  square.  This  square  is 
always  very  small  in  a  tolerably  well  adjusted  instrument,  and 
can  be  very  accurately  formed  by  estimation.  We  have  then 
only  to  measure  the  distance  of  CD  and  CD'  to  obtain  the 
required  distance.  Now,  if  we  move  CD  we  also  cause  the 
image  C'D^  to  move ;  but  it  is  evident  that  (the  telescope  not 
being  disturbed)  if  CD  is  moved  to  CD',  the  image  will  be  seen 
at  CDj  and,  in  passing  from  one  position  to  the  other,  the  thread 
and  its  image  will  be  in  coincidence  at  the  point  midway  between 
the  two  positions.  If  this  coincidence  could  be  observed  with 
perfect  accuracy,  we  might  read  the  micrometer  head  first  when 
the  square  was  formed,  and  secondly  when  the  coincidence 
occurred  and  the  difference  of  the  readings  would  be  one-half 
the  required  measure  of  the  side  of  the  square.  But,  as  the 
threads  have  sensible  thickness,  it  is  difficult  to  estimate  th6 
comcidence  of  tlie  middle  of  the  thread  with  the  middle  of  its 
image,  and  therefore  it  will  be  better  to  read  the  micrometer, 
first  when  the  square  is  formed  by  the  thread  at  CD  and  its  image 
at  CD',  and  secondly  when  the  square  is  again  formed  by  the 
thread  at  CD'  and  its  image  at  CD.  The  difterence  of  the 
readings  will  then  be  the  required  measure  of  the  side  of  the 
iquare  or  of  the  quantity  above  denoted  by  M. 

ExAMPLS  1. — In  1857,  June  28,  at  the  Naval  Academy,  to  find 
the  coUimation  constant  of  the  meridian  circle,  the  distance  of 
the  image  of  the  middle  thread  from  its  image  in  the  mercury 
collimator  was  measured,  by  forming  a  square,  as  above  explained, 
with  the  declination  micrometer  thread,  alternately  north  and 
south  of  its  own  image.  The  readings  of  the  micrometer  were 
58.5  div.  and  59.5  div.  The  middle  thread  was  west  of  its  image. 
The  value  of  one  division  of  the  micrometer  was  0'.0618.  The 
level  constant  found  by  the  spirit  level  was  6  =  —  0'.247.  Clamp 
West 
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We  find 

div. 

€  =  lM+b  =  +  0M86  —  0'.247  =  —  O-.Oei 

Example  2. — ^In  1855,  May  11,  with  the  same  instrument,  a 
similar  observation  was  made,  both  with  clamp  west  and  clamp 
east,  and  there  were  found 

div. 
Clamp  W.,        -Sf  =  —  5.4    (Thread  east  of  its  image) 
"      E.,         M'=  —  2.7  "         "       "         « 

Hence,  since  for  this  instrument  jp  =  0,  we  find 

c=       J  (Jlf  —  Jlf' )  ==  —  0'.042  for  clamp  W, 
b  =  —  J(ilf  +  Jf')=  +  0.125 

148.  By  combining  the  coUimating  telescopes  with  the  mer- 
cury collimator,  we  can  deduce  both  the  coUimation  and  level 
constants  without  reversing  the  rotation  axis  and  without  in- 
volving the  inequality  of  the  pivots.  For,  by  the  coUimating 
telescopes,  we  deduce  the  value  of  c,  and  by  the  mercury  colli- 
mator in  the  same  position  of  the  axis,  the  value  otb  =  c  —  J3f. 
This  is  the  method  now  employed  at  the  Greenwich  Observatory, 
where  the  transit  circle  is  never  reversed ;  but  it  is  better  also 
to  reverse,  and  thus  obtain  two  independent  determinations  of 
our  constants  for  verification. 

If  we  reverse  the  instrument  and  determine  the  level  constant 
by  this  method  in  both  positions,  we  can  find  the  inequality  of 
the  pivots ;  for  we  shall  have  1>  =  J(6'  —  b). 

149.  Fourth  Method. — The  preceding  methods  are  very  precise 
and  convenient,  but  are  practicable  only  with  instruments  pro- 
vided with  collimators.  The  following  method  is  independent 
of  these  auxiliaries,  and  is  practicable  with  all  instruments  which 
admit  of  reversal ;  and,  being  quite  accurate,  it  may  be  used 
also  with  the  larger  instruments  in  connection  with  the  other 
methods,  as  a  check  upon  them. 

Direct  the  telescope  upon  a  star  near  the  pole,  and  observe 
its  transits  over  one  or  more  of  the  side  threads  (and  also  over 
the  middle  thread,  if  the  instrument  can  be  reversed  in  the 
interval  between  two  threads).  Then  immediately  reverse  the 
rotation  axis  and  observe  the  transits  of  the  star  over  one  or 
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more  of  the  same  side  threads  again.  Let  T  and  T'  be  the 
mean  of  the  clock  times  of  transit  over  the  middle  thread, 
deduced  from  the  several  observations  for  clamp  west  and  clamp 
east  respectively  (Art.  183) ;  6  and  A'  the  level  constants  in  the 
two  positions  (the  pivots  being  supposed  unequal) ;  then,  by  (82), 
(83),  and  (87),  we  have,  for  clamp  west, 

a=r+  AT    I    g^^"^^-^^    I    ^,C0B(^^^)  C  0'.02leO8y 

COB  d  COS  d  cosd  cosd 

and,  for  clamp  east. 


.=  r+Ar+a^'^^^-^)  +  y'^'^^""^-  — -~ 


021  cos  9> 


cos  H  cos  d  OO&d  COB  d 

From  the  difference  of  these  equations  we  deduce 

c  ==  i(r'  —  T) cos  ^  +  J?  COB (v^  —  d)  (108) 

in  which  we  have  substituted  j9  for  J  (6'  —  6).    K  the  pivots  are 
equal,  the  term  p  cos  (y  —  d)  will  disappear. 

If  T  and  T'  are  the  times  of  passing  the  mean  thread  (Art.  134), 
then  c  is  the  coUimation  of  this  fictitious  thread. 

150.  If  the  equatorial  intervals  have  not  been  previously  well 
determined,  the  mean  of  the  transits  over  the  same  thread  in  the 
two  positions  must  be  compared  with  the  transit  over  the  middle 
thread.  Thus,  if  T^  and  T/  are  the  clock  times  on  the  same 
thread  for  clamp  west  and  clamp  east,  we  have,  for  this  thread, 
ii  being  its  equatorial  interval  (omitting  the  diurnal  aberration, 
which  would  be  eliminated), 


COS  d  COS  d  COSd 

rwif         '  s     .         mi  8in(v>  —  ^)     ,     .,COS(v>  —  ^)  C 

o  =  T'—  t.  Bee  d  +  A  r  +  a ^ +  b^ — ^^^^ ^ 

COS  d  COS  d  COB^ 

and,  for  the  middle  thread,  supposed  to  be  observed  with  clamp 
west, 

COB  d  COB  d  COSd 

The  difference  between  the  last  equation  and  the  mean  of  the 
first  two  gives 

€  =1    ^"^     ^  —  tUos  ^  +  j?  cob  (^  —  d)  (109) 
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but,  since  the  error  of  observation  in  T  will  appear  in  all  the 
values  of  c  thus  found  from  the  several  threads,  their  mean  wiU 
also  involve  this  error,  so  that  but  a  slight  increase  of  accuracy 
will  be  gained  by  observing  more  than  one  side  thread.  Hence, 
for  the  greatest  precision,  it  is  indispensable  that  the  thread 
intervals  should  be  previously  well  determined,  and  that  several 
tl;ireads  should  be  used  as  prescribed  in  the  preceding  article. 

These  formulae  apply  without  modification  to  the  case  of  a 
lower  transit,  if  for  d  we  use  the  supplement  of  the  star's  decli- 
nation (Art.  128). 

Example. — On  Sept.  30,  1858,  the  lower  transit  of  Polaris  was 
observed  with  the  meridian  circle  of  the  Naval  Academy  on  the 
three  side  threads  and  the  middle  thread  with  clamp  east,  and 
on  the  same  side  threads  with  clamp  west,  as  below : 

Polaris  (lower  culm.)  6  =  91°  26'  84". 


Thread. 

Clock. 

Reduction  to 
middle  thread. 

Clock  time  on 
middle  thread. 

CLE. 

I 

II 

III 

IV 

12»  44-  45'. 

12  52    41 

13  0    39 
18     8    24.5 

+  23-  89'.2 
+  15    44.8 
+    7   47.5 

13*  8-  24'.2 
25.8 
26.5 
24.5 

Mean  T'  = 

18   8    25.25 

C1.W. 

III 
II 

I 

13  16   21. 
24    20. 
82    18. 

—  7   47.5 

—  16    44.8 

—  23    39.2 

13  8    88.5 
85.2 
83.8 

Mean  T  = 

18  8    83.17 

The  adopted  intervals  for  these  threads  were  i^  =  +  S&.BT, 
i^  =  +  23*. 77,  ii  =  +  11'. 77,  with  which  the  reductions  to  the 
middle  thread  were  computed  as  in  the  table.  As  a  test  of  the 
accuracy  of  the  observation,  each  thread  is  here  reduced  sepa- 
rately. We  have  then,  taking  only  the  seconds  of  T  and  T\ 
and  putting  p  =  0^  by  (108), 


c  =- 


25-.25  —  33'.17 


cos  91**  26'  34"  =  +  OMOO  (CI.  W.) 


On  the  same  day  the  distance  of  the  middle  thread  west  of  its 
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image  in  the  mercury  collimator  wae  found  with  clamp  east  to 
be  — 19,9  div.  =  — 1*.230,  and  by  the  spirit  level  there  was  found 
6  =  +  0-.521,  whence  c  =  —  C.eiS  +  0'.521  =  —  0*.094  (CI.  E.), 
agreeing  almost  exactly  with  the  value  found  by  Polaris. 


THE  AZIMUTH   CONSTANT. 

161.  To  find  the  azimuth  constant,  we  must  have  recourse  to 
the  observations  of  stars,  since  it  is  only  by  a  reference  to  the 
heavens  that  the  direction  of  the  meridian  can  be  determined. 
"We  can  either  find  a  directly,  or  first  find  n  and  m,  from  which 
a  can  be  deduced. 

To  find  a  directly, — Observe  the  transits  of  two  stars  of  different 
declinations  d  and  8\  Let  T  and  T'  be  the  clock  times  of  transit 
reduced  to  the  middle  thread  (or  the  mean  thread),  6  the  level 
constant,  c  the  collimation  constant  for  the  middle  thread  (or 
the  mean  thread),  and  put  c'^c  —  0'.021  cos  f  (Art.  126).  Let 
nT^he  the  clock  correction  at  any  assumed  time  Ji,  dT  the 
hourly  rate ;  then  the  clock  corrections  at  the  times  of  observar 
tion  are 

Then,  if  a  and  a'  are  the  apparent  right  ascensions  of  the  stars 
at  the  time  of  the  observation,  as  found  from  the  Ephemeris, 
we  have,  by  (82)  and  (87), 

o  =  T  +  A r  +  a  sin  (^  —  ^ )  sec  d  +  6  cos (f>  —  ^)  sec  ^  +  (/  sec  ^ 
a'=:  T+  aT'+  a  sin  (^  —  d')  sec  i'+  b  cos  l^  —  ^)  sec  ^'+  (f  sec  d' 

If  in  these  we  substitute  the  above  values  of  a  7^  and  aT',  and 
suppose  the  rate  of  the  clock  to  be  given,  every  thing  in  the 
equations  will  be  known  except  aTJ  and  a.    To  abbreviate,  put 

t  =:  T+dTi^T—  T^)  +  b  cos{ip  '—  d)BeQ  9  +  </ seed  ) 

f=  T'+  dT{T—  To)  +  b  cos  Qp  —  ^)  sec  ^'+  (/  sec  a' )     ^^^^^ 

that  18,  let  t  and  V  denote  the  observed  clock  times  reduced  to 
llie  assumed  epoch  T^  and  corrected  for  level  and  collimation ; 
then  we  have 

tt  =  t  -f  A  Tq  +  a  sin  (f>  —  ^  )  sec  d 
tt'=<'+  A2;+asin  (^  — ^')8ec^' 
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which  give 

L       cos  d*  COS  ^       J 

^/      ^   .       COS  «>siii(^~^') 
cos  d  COS  d' 

whence 

cos  d  cos  d' 


a  =  [(a'-a)-(r-0] 


COS  f>  sin  (^  —  ^') 
or  \    (111) 

COS  ^  (tan  ^  —  tan  ^') 

From  these  formulse  we  learu  the  conditions  necessary  for 
the  accurate  determination  of  a.  In  the  first  place,  if  the 
rate  of  the  clock  is  not  well  determined,  the  interval  hetween 
the  observations  must  be  as  brief  as  possible,  so  that  t  and  V 
will  be  but  little  aftected  by  the  error  in  dT.  The  right  ascen- 
sions of  the  two  stars  must  therefore  differ  as  little  as  possible; 
or,  if  one  of  them  is  observed  at  its  lower  culmination,  they 
must  differ  by  nearly  12*.  In  the  next  place,  it  is  evident  that 
the  larger  the  factor  tan  d  —  tan  <J'  in  the  denominator  of  (111), 
the  less  effect  will  errors  in  V  and  i  have  upon  the  deduced 
value  of  a.  Therefore,  if  both  stars  are  observed  at  the  upper 
culminations,  one  must  be  as  near  to  the  pole  and  the  other  as 
far  from  it  as  possible.  Finally,  the  right  ascensions  a  and  a' 
must  be  accurately  known,  and,  therefore,  only  fundamental 
stars  should  be  used,  or  those  whose  places  are  annually  given 
in  the  Epheraeris. 

If  one  of  the  stars  is  observed  at  its  lower  culmination,  we 
have  only  to  use  180^  —  d'  and  12*  -f  a'  for  its  declination  and 
right  ascension,  and  still  use  the  equations  (110)  and  (111)  with- 
out change  of  notation  (Art.  128).  In  this  case  the  factor 
tan  d  —  tan  5'  will  become  tan  d  +  tan  8'  (taking  d'  here  to 
signify  the  proper  declination) ;  and  this  will  be  the  greater,  the 
nearer  both  stars  are  to  the  pole.  All  the  most  favorable  condi- 
tions can  therefore  be  best  fulfilled  by  two  circumpolar  stars, 
both  as  near  to  the  pole  as  possible  and  differing  in  right  ascen- 
sion by  nearly  12\ 

K  we  can  rely  upon  the  stability  of  the  instrument  and  the 
clock  rate  for  12*,  we  may  observe  the  same  star  at  both  its 
upper  and  lower  culminations,  and  then,  putting  180°  —  d'  =  ^, 
the  formula  becomes 
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a  =  — ^^ ^  (112) 

2cos^tand 

where  a'  is  the  apparent  right  ascension  of  the  star  at  the  lower 
culmination  increased  by  12*,  and  t^  is  the  corrected  time  for  the 
lower  culmination. 

If  the  object  of  the  observer  is  to  re-determine  the  right 
ascensions  of  the  fundamental  stars  themselves,  it  is  plain  that 
he  mnst  have  an  instrument  of  the  greatest  stability,  and  for 
the  determination  of  the  azimuth  must  rely  upon  upper  and 
lower  culminations  of  the  same  star ;  for  the  difference  a'  —  a 
in  (112)  may  be  accurately  computed  by  the  formulse  for  pre- 
cession and  nutation,  although  the  absolute  values  of  a  and  a' 
may  be  but  approximately  known. 

To  find  n  directly. — Having  observed  two  stars  under  the  con- 
ditions above  given,  let  t  and  f  be  the  clock  times  reduced  for 
rate  to  the  assumed  epoch  Tq  as  before,  but  further  corrected 
only  for  coUimation ;  that  is,  put 


(113) 


t  =  T  +  dT  (T  ^  rj  +  c/sec^ 
t'=  T+  dT{T-^  TJ  +  (/sec  d' 

then,  by  Bessel's  formula.  Art  126, 

a  =  f  +  ^T^-^-  m-^  n  tan  d 
a'=t'+  A2;+m+  ntan^' 
whence 

^^(S'-t^-W-^)  (114) 

tan  d  —  tan  d' 

For  a  single  circumpolar  star  observed  at  its  upper  and  lower 
culminations, 

2  tan  ^  ^      ^ 

Ve  then  find  m  by  (85) ;  namely, 

m  =  6  sec  ^  —  n  tan  f  (116) 

If  we  reduce  our  observations  by  Bessel's  or  Hansen's 
formula,  it  will  be  unnecessary  to  find  a.  IS  it  is  required,  how- 
ever, it  may  now  be  found  by  the  equation 

a  =  6  tan  ^  —  n  sec  f  (117) 
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Example. — On  May  25, 1864,  with  the  meridian  circle  of  the 
XT.  S.  Naval  Academy,  the  upper  and  lower  transits  of  Polaris  and 
the  transit  otaArieiis  were  observed,  and  the  clock  times  reduced 
to  the  middle  thread  were  as  follows : 


Polaris  U.  C. 
a  Arietis 
Polaris  L.  C. 


T 
1»  14-  48'.24 
2     8     9 .13 
13   14   40.12 


(Clamp  East.) 


With  the  spirit  level  and  mercury  collimator,  there  were  found 
6  =  +  0'.004,  c  =  —  0'.203.  The  hourly  rate  of  the  clock  on 
sidereal  time  was  ST=^  —  0'.224.  The  longitude  of  the  instru- 
ment was  5*  5"*  66*  W.  of  Greenwich,  and  the  latitude  f  =  88°  58' 
52".5.    Find  the  constants  a,  m,  and  n. 

From  the  Nautical  Almanac  for  this  date  the  right  ascensions 
and  declinations  of  the  stars,  reduced  to  the  time  of  the  obser- 
vations, are 

a                                  S  Nat.  Un  6 

PdarisV.C.      1»    5- 29-.41  88'*  81' 39^'  38.902 

a  Arietis              1  58    56.05  22    46    7  0.420 

Polaris  Ij,C.     13     5    29.75  91    28  21  —38.902 

We  find  for  the  constant  of  diurnal  aberration  for  the  given 
latitude,  0'.021cosy)  =  ©-.OIB,  and  hence  c'=  —  0'.203  —  O-.OIG 
=  —  0'.219.  Computing  c'  sec  5,  b  cos  (y)  —  d)  sec  d  for  each  star, 
and  reducing  the  times  for  rate  to  0*,  the  values  of  t,  according 
to  (110),  are  found  as  follows : 


T 

Red.  for 
pate  to  0*. 

CoTT.  for 
oollim. 

Corr.  for 
level. 

t 

Polaris  TJ.  C. 
a  ArietiSf 
Polaris  L.  C. 

1*  14"  48-.24 

2     8      9.13 

13  14   40.12 

—  0*.28 

—  0.48 
-2.97 

—  8'.52 

—  0.24 

+  8.52 

-fO'.lO 

0.00 

-0.09 

1»14»89'.54 

2     8     8.41 

13  14   45.58 

To  exemplify  the  use  of  the  formula  (111),  we  will  first  take 
Polaris  17.  C,  and  a  Arietis  (accenting  the  quantities  for  the 
second  star).     We  find 

a'  —  a  =  58-  26*.64  V—i=^  58- 28*.87 

tan  a-- tan  d'=  38.482 
and  hence,  by  (111), 

—  2-.23 


88.482  cos  f 


=  —  0..075 
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To  exemplify  the  use  of  (111)  in  the  case  of  two  stars,  one 
above  and  the  other  below  tiie  pole,  we  will  take  a  Arietis  and 
Polaris  L.  C,  for  which  we  find 


whence 


a  =  11»  6-  88'.70 


a  = 


f'— f  =  ll»6-37M7 
tan  d^tan  ^'=39.822 


3'.47 


89.322  cos  ^ 


=  __  0M14 


To  exemplify  the  use  of  (112),  we  will  take  Polaris  U.  C.  and 
L.  C,  for  which  we  have 


•'  -^  a  =  12»  0-  0'.84 
whence 


t'  —  t  =  12»  0"  6«.04 
2  tan  a  =  77.80 


a==^^l5!:!L==_(,.094 
77.80  cos  ^ 

We  adopt  this  last  determination  of  a,  and  then,  by  (80),  we  find 

m  =  —  0'.056  n  ==  +  0'.076 

But,  where  m  and  n  are  required,  it  is  preferable  to  find  n 
directly  from  the  observations,  and  for  this  purpose  we  do  not 
correct  the  times  for  level.  Thus,  correcting  the  times  according 
to  (118),  we  find  ( as  follows : 


T 

Bed.  for 
rate  to  0». 

CoiT.  for 
ooU. 

( 

Polaris  v.  C. 
a  Arietis, 
Polaris  Ii.C. 

l»14-48'.24 

2    8     9.13 

18  14  40.12 

—  0'.28 

—  0.48 

—  2.97 

—  8'.52 

—  0.24 
+  8.52 

1»  14-  39'.44 

2     8     8.41 

13  14  45.67 

Taking  Polaris  U.  C.  and  a  Arietis^  we  find,  by  (114), 

+  2'.33 


n  = 


=  +  0-.061 


Taking  a  Arietis  and  Polaris  L.  C,  we  find,  by  the  same 
formula^ 

„  =  i^  =  +  0..091 
89.822 
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Finally,  from  PolarisTJ.  C.  and  L.  C,  we  find,  by  (116), 

77.804       ^ 

agreeing  exactly  with  the  value  above  found  from  the  same 
observations.  We  now  find  m  by  (116),  which  gives  as  before 
m  =  —  0'.056.  And  then,  if  a  is  required,  we  find,  by  (117), 
a  =  ~  0*.094. 

THE   CLOCK   CORRECTION. 

l52.  Having  determined  all  the  instrumental  constants,  the 
clock  correction  is  found  from  the  transit  of  any  known  star  by 
the  formula 

Ar=a— (T+r) 

in  which  T  is  the  clock  time  of  the  star's  transit  over  the  middle 
thread,  or  the  mean  thread,  and  r  is  the  reduction  of  this  thread 
to  the  meridian,  computed  by  either  (81),  (86),  or  (87). 

The  finally  adopted  value  of  a  Twill  be  the  mean  of  all  the 
values  thus  found  from  a  number  of  stars ;  and  this  mean  will 
be  the  value  corresponding  to  the  mean  of  all  the  times  of  obser- 
vation. But  the  observations  thus  grouped  together  for  a  deter- 
mination of  A  7^  should  not  extend  over  so  great  a  period  of  time 
that  the  clock  rate  cannot  be  regarded  as  constant  during  that 
period. 

The  clock  rate  is  found  by  comparing  the  corrections  ajT,  aT', 
corresponding  to  two  times  T,  T\  or 

A  T'  —  A  r 


dT  = 


r—  T 


The  value  a  7^  of  the  clock  correction  for  an  assumed  epoch  TJ 
will  be  found  by  taking 

lT^=  A!r+  dT{T^—  T) 

It  is  evident,  from  Hansen's  formula  (86),  that  an  error  in  the 
determination  of  n  (or  of  a,  which  involves  n)  will  have  the  less 
effect  upon  r  and  a  Tthe  less  the  difference  between  the  observer's 
latitude  and  the  star's  declination.  Hence,  assuming  that  b  and 
c  can  be  found  with  greater  precision  than  n,  it  is  expedient  to 
use  for  clock  stars  only  fundamental  stars  which  pass  near  to  the 
zenith.  If  two  circumzenith  stars  are  observed,  such  that  the 
mean  of  the  tangents  of  their  declinations  is  equal  to  the  tangent 
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of  the  latitude,  the  mean  value  of  a  Twill  be  wholly  free  from 
any  error  in  n. 

An  error  in  c  will  be  eliminated,  either  wholly  or  in  part,  by 
taking  the  mean  of  the  two  values  of  a  T  found  in  the  two  posi- 
tions of  the  rotation  axis,  since  the  sign  of  c,  and,  consequently, 
ako  that  of  any  error  in  (?,  is  changed  by  reversing  the  axis.  An 
error  in  the  assumed  value  of  the  correction  p^  for  inequality  of 
pivots,  will  also  be  removed  in  this  manner;  but,  since  the  co- 
efficient of  b  does  not  change  its  sign  for  different  stars,  nor 
when  the  instrument  is  reversed,  there  is  no  method  of  elimi- 
nating an  unknown  error  of  b.  It  is  necessary,  therefore,  that 
the  astronomer  give  particular  attention  to  the  precise  determi- 
nation of  this  constant 

(For  the  determination  of  the  clock  correction  by  a  transit  of 
the  sun,  see  Art.  155). 

DBTERMINATION  OF  THE  RIGHT  ASCENSIONS   OF  STARS. 

158.  The  principal  application  of  the  transit  instrument  in  the 
observatory  is  the  determination  of  the  apparent  right  ascensions 
of  the  celestial  bodies.  The  instrumental  constants  and  the 
clock  correction  and  rate  being  found  from  known  stars  as  above 
explained,  the  right  ascension  of  any  other  star  is  immediately 
deduced  from  the  time  of  its  transit  by  (82),  in  which  we  may 
substitute  (86)  or  (87).  The  form  in  which  the  observations  are 
reduced  will  be  best  learned  by  referring  to  any  of  the  printed 
observations  of  the  principal  observatories. 

In  making  a  catalogue  of  stars,  the  instrument  is  clamped  at 
a  certain  declination,  and  all  the  stars  within  a  zone  of  the 
breadth  of  the  field  of  the  telescope  are  observed  as  they  cross 
the  threads.  In  this  case,  it  will  be  expedient  to  find  the  clock 
correction  from  fundamental  stars  nearly  in  the  parallel  of  decli- 
nation upon  which  the  instrument  is  set.  For  if  we  have  found 
A  r  from  a  star  whose  right  ascension  is  a,  by  the  formula 

A!r=a  — (T+t) 

the  right  ascension  of  another  star  will  be 

=  a    +(r-.T)(l  +  ^r)  +  (t'~r) 
that  is,  it  will  be  equal  to  the  right  ascension  of  the  fundamental 
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star  increased  by  the  clock  interval  corrected  for  rate,  and  for 
the  diflference  r'  — -  r  of  the  instrumental  corrections ;  and  if  the 
declinations  are  the  same,  we  shall  have  r'  —  r  =  0,  and  all  the 
errors  of  the  instrument  will  be  eliminated.  Since,  in  this  appli- 
cation, the  absolute  clock  correction  is  not  required,  we  may 
substitute  in  (82)  m'  for  a  2"+  wi,  and  w!  will  be  found  directly 
from  the  fundamental  stars  by  the  formula 

m'=o— (r+  ntan  ^  +  (^sec^) 

The  right  ascensions  will  then  be  obtained  by  adding  to  the 
observed  times  the  correction  m'  +  n  tan  d  +  c'  sec  5,  and  it  will 
not  be  necessary  to  separate  w'  into  its  constituents  A^and  wi. 
Since  m'  involves  the  rate  of  the  clock,  its  hourly  variation  will 
be  taken  into  account  in  precisely  the  same  manner  as  that  of 
A  7".  This  mode  of  reduction  was  adopted  by  Bsssbl  for  his 
Konigsberg  Zone  observations. 

The  mean  right  ascensions  for  the  beginning  of  the  year  or 
for  any  assumed  epoch,  are  found,  from  the  apparent  right 
ascensions,  by  the  formula  (692)  of  Vol.  I. 

For  the  determination  of  the  absolute  right  ascensions  of  the 
fundamental  stars,  see  Chapter  XTT.  Vol.  I. 

TRANSITS   OF  THE   MOON,   THE   SUN,   AND   THE   PLANETS. 

154.  Transits  of  the  mom. — The  hour  angle  of  the  moon's  limb, 
when  on  a  side  thread,  is  affected  by  parallax;,  and  the  time 
required  by  the  moon  to  pass  from  this  thread  to  the  meridian 
differs  from  that  required  by  a  star  in  consequence  of  the  moon's 
proper  motion  in  right  ascension.  If  d  is  the  true  declination  of 
the  moon,  d'  the  apparent  declination  as  affected  by  parallax,  tf ' 
the  apparent  east  hour  angle  of  the  moon*8  limb  at  the  instant 
of  the  observed  transit  over  a  thread  whose  equatorial  interval 
Fig.  48.  from  the  middle  thread  is  i,  then,  since  d'  is  the  decli- 
^  nation  of  the  observed  point  on  the  thread,  we  have 

*'  =  m  +  n  tan  ^'  4-  (i  +  (f)  sec  d' 

Thus  t>'  is  known,  but  to  reduce  the  observation  we 
must  find  the  true  hour  angle  i?.  Let  PJf,  Fig.  43,  be 
the  meridian,  P  the  pole,  Z  the  geocentric  zenith  of  the 
place  of  observation,  0  the  true  place  of  the  moon,  (y 
its  apparent  place ;  and  denote  the  true  and  apparent 
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zenith  distances  ZO  and  Z(y  by  z  and  z'.  We  have  MPO  =  t?, 
MP<y  =  i^\  and  drawing  OJHf,  O'M'  perpendicular  to  the  meri- 
dian, we  find 

Bin  MZO  = 

or 


whence 


Now,  if 


JJU,JU\y    

sin 

ZO        sin  ^0' 

Bin  ^  cos 

^ 

sin  t>'  cos  ^' 

sin  z 

sin  XT' 

*  =  i>' 

sin 

2:  cos  d' 

sin  y  cos  d 


^  =  the  moon's  increase  of  right  ascension  in  one  second  of 
sidereal  time, 

the  sidereal  time  required  by  the  moon  to  describe  the  hour 

angle  i?  is  = ;  and,  therefore,  T being  the  clock  time  of  transit 

of  the  limb  over  the  thread,  the  right  ascension  of  the  limb  at 
the  instant  of  its  transit  over  the  meridian  will  be 

and  if  we  put 

/g=  the  moon's  geocentric  apparent  semidiameter, 

the  hour  angle  of  the  moon's  centre  when  the  limb  is  on  the 

meridian  will  be  d=  -z r»  and  the  time  required  by  the  moon 

15  cos  ^  ^  "^ 

to  describe  this  hour  angle  will  be  ±  zr^-ji ;- Hence  the 

°  15  (1  —  X)  cos  b 

formula  for  computing  the  right  ascension  of  the  centre  at  the 
inst&nt  of  the  transit  of  the  centre  over  the  meridian  is 


1  —  ;i  ~  15  (1  —  /I)  COB  ^ 

in  which  the  upper  or  the  lower  sign  will  be  used  according  as 
the  first  or  the  second  limb  is  observed.  If  then  we  substitute 
the  values  of  d^  and  i?',  and  put 

„      8in^  1  ^18^ 


Bin  ;i  (1  —  X)  cos  * 
Vol.  IL— 13 
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we  have 

a=:=T+AT+iF+(m+ntSLiid'+(f8eod')Fcosd'± (119) 

15(1— it)  cos  ^ 

To  compute  the  factor  F  conveniently,  put 


sin  jj'  1  —  k 

then 

F=AB%QQ  d 

The  value  of  A  may  be  developed  in  a  simple  form.  If  we  put 
ip'  =  the  reduced  or  geocentric  latitude  of  the  place  of  observa- 
tion, p  =  its  geocentric  distance,  tt  =  the  moon's  equatorial 
horizontal  parallax,  we  have  ^  =  y?'  —  ^,  and 

sin  (y  —  z)=  p  sin  n  sin  ^ 
whence 

A  =  - — --  =  cos  (r  —  z)  -— jt)  sm  It  cos  z 
Binz 

or,  neglecting  the  square  of  the  parallax, 

A  =  l  —  p  sinn  cos  (f'  —  d) 

which  is  the  form  employed  by  Bessel,  who  gives  the  value  of 
log  Ay  in  Table  XTTT.  of  the  Tabulce  BegiomontancB,  with  the 
argument  log  [p  sin  n  cos  (y? '  —  5)].  For  a  particular  observatory, 
where  these  reductions  are  frequent,  it  is  more  convenient  to 
prepare  a  special  table,  adapted  to  the  latitude,  giving  log -4.  with 
the  arguments  8  and  tt.  In  Bessbl's  table,  there  are  also  given 
the  values  of  log  B  with  the  argument  "  change  of  the  moon's 
right  ascension  in  12*  of  mean  time,"  and  the  argument  is  ex- 
pressed in  degrees  and  minutes  of  arc ;  but  as  the  change  in  one 
minute,  expressed  in  seconds  of  time,  which  I  shall  denote  by  Aa, 
is  given  in  the  American  Ephemeris,  I  shall  take 

Aa  -,  60.1643 


60.1643  60.1643  —  Aa 

whera  60.1643  is  the  number  of  sidereal  seconds  in  one  minute 
of  mean  time.  The  following  table  gives  the  values  of  log  B 
computed  by  this  formula : 
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Argnment  Aa  =  change  of  the  moon's  right  ascension  in  one  minute  of 
mean  time. 


Aa 

log  5 

A» 

logs 

Aa 

logB 

1'.65 

0.01208 

2'.05 

0.01506 

2'.45 

0.01806 

1.70 

0.01245 

2.10 

0.01543 

2.50 

0.01843 

1.75 

0.01282 

2.15 

0.01580 

2.55 

0.01881 

1.80 

0.01319 

2.20 

0.01618 

2.60 

0.01919 

1.85 

0.01356 

2.25 

0.01655 

2.65 

0.01956 

1.90 

0.01394 

2.30 

0.01693 

2.70 

0.01994 

1.95 

0.01431 

2.35 

0.01730 

2.75 

0.02032 

2.00 

0.01468 

2.40 

0.01768 

2.80 

0.02070 

This  table  will  be  useful  also  in  computing  the  term 

=  X  SB  sec  d 

16(1  — /I) cos  J       *' 

The  reduction  of  an  observed  transit  of  the  moon  is  then  as 
follows.  The  transit  over  each  thread  is  reduced  to  the  middle 
thread  (or  mean  thread)  by  adding  the  correction  iF  to  the 
observed  times,  and  the  mean  of  the  several  results  is  taken 
as  the  clock  time  of  transit  of  the  limb  over  the  middle  (or 
mean)  thread;  or  this  time  may  be  found  by  multiplying  the 
mean  of  the  equatorial  intervals  of  the  observed  threads  by  F 
and  adding  the  product  to  the  mean  of  the  observed  times. 
This  time  is  then  reduced  to  the  meridian  by  adding  the  correc- 
tion {m  +  nta.nd'+  c*  sec  <J')jPcos  5'  or  (m  cos  d'  +  w  sin  d*  +  c')-F, 
in  which  we  may  take  8^  =  d  —  ;r  sin  (^'  —  d).  Then,  adding  the 
clock  correction,  we  have  the  right  ascension  of  the  limb  at  the 
instant  of  its  transit  over  the  meridian.     Finally,  adding  or  sub- 

we  have  the  right  ascension  of 


S 


tracting  the  term  rr-pz ,^ 

°  15  (1  —  X)  cos  d 

the  moon's  centre  at  the  instant  of  its  transit  over  the  meridian. 
When  the  moon  has  been  observed  on  all  the  threads,  the 
computation  of  F  by  the  above  method  may  be  dispensed  with, 
as  an  approximate  value,  sufficient  for  computing  the  reduction 
to  the  meridian,  may  be  inferred  from  the  observed  times  on  the 
fiwt  and  last  thread.  For,  calling  the  observed  interval  between 
these  threads  JJ  and  the  equatorial  interval  i,  we  have  /  =  iF, 
'yhence 

% 
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If  we  omit  the  factor  1  —  >l  throughout,  the  right  ascension 
obtained  is  that  which  corresponds  to  the  instant  of  the  observa- 
tion instead  of  the  instant  of  meridian  passage. 

Example. — The  transit  of  the  moon's  first  limb  was  observed 
at  the  U.  S.  Naval  Academy  on  May  29,  1855,  as  follows : 

Thread.  Clock. 


I 

15»  3-  57'.5 

II 

4    10.3 

(Clamp  east.) 

III 

4    23.2 

IV 

4    36.2 

V 

4   49.0 

VI 

5     1.8 

VII  5    14.6 

For  the  Naval  Academy  we  have  f'  =  38°  47'  38",  and  log/» 
=  9.99943 ;  and  the  longitude  from  Greenwich  is  5*  5*  57'. 

The  constants  of  the  transit  instrument  were  m  =  +  0*.251, 
n  =  —  0'.162,  (?  =  +  0'.093 ;  and  hence  (Art.  126)  c'  =  +  O-.OOS 
—  0'.016  =  +  0*.077.  The  clock  correction  to  sidereal  time  was 
+  1"*  25M1.  The  equatorial  intervals  of  the  threads  from  the 
middle  thread  were 

h  «1  'S  '5  U  h 

+  35-.65       +  23-.72       +  11-.78      —  11'.77       —  23v77       —  35'.67 

From  the  American  Ephemeris  we  find  for  the  culmination 
at  the  Naval  Academy  on  May  29,  1855, 

ir  =  57'46'M  flf=15'46".5 

^  =  — 17°  58'  53"  Aa  =  2-.2147 

To  illustrate  the  method  of  reducing  the  observations  to  the 
middle  thread,  we  will  first  find  the  factor  Fhj  direct  computa- 
tion. We  have  ip' —  d  =  56°  46'  31",  log  p  sin  n  cos  (f '  —  *)  = 
7.96355 ;  and  hence 

log  A  =  9.99599 

log  B  =  0.01629 

log  sec  d  =  0.02175 

log  F  =  0.03403 

Multiplying  the  equatorial  intervals  by  JP,  we  find  the  reductions 
of  the  several  threads  to  the  middle  thread  to  be 

I  II  III  V  VI  vn 

+  88*.56       -+-25».65       +12«.74       —  W.78       —  26«.71      —  88'.58 
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The  clock  times  of  transit  over  the  middle  thread,  according 
to  the  observations  on  the  several  threads,  were,  therefore. 


I 

15»  4-  86'.06 

n 

86.96 

III 

86.94 

IV 

86.20 

V 

86.27 

VI 

86.09 

VII 

86.02 

Mean  T=  15  4    36.08 

To  compute  the  instrumental  correction,  we  have  n  sin  {<p'  —  S) 
=  48'.8,  whence  d' =  —  18°  47'.2,  m  +  w  tan  d'  +  c'  sec  d'  = 
+  0'.887,  and  therefore 

(m  +  n  tan  d'  ^  d  sec  d')  Fcob  ^'  =  +  0*.40 

Applying  this  term  to  the  above  mean,  we  have 

Clock  time  of  transit  of  the  limb  =  15*  4*  36*.48 
Clock  correction,  aT   =  +   1    25.11 

B.  A.  of  the  limb  at  transit  =  15  6     1 .59 

=        1      8  .88 

15  (1  _  ;i)  cos  ^ 


B.  A.  ofmoon's  centre  at  transit,  a  =  15  7    10.47 

The  factor  F  might  have  been  approximately  deduced  from 
the  first  and  last  observations,  which  give  the  interval  /=  77M, 
and  the  equatorial  interval  between  the  extreme  threads  is 
i=  as-.es  +  36'.67  =  7r.S2,  whence 

log  F  =  log  -^  =  0.0338 
^  ^  71.32 

which  is  sufficiently  accurate  for  reducing  the  instrumental  cor- 
rection. 
The  "  sidereal  time  of  the  semidiameter  passing  the  meridian," 

or  Tm r: ;'  i^ay  he  taken  from  the  table  of  Moon  Culmi- 

15  (1  —  i)  cos  (>       '^ 

nations  given  in  the  Ephemeris. 

The  clock  correction  employed  in  deducing  the  moon's  right 
ascension  should  be  deduced  from  stars  as  nearly  as  possible  in 
the  same  parallel  of  declination.  (See  Art.' 158.)  The ''moon  cul- 
minating stars"  are  stars  lying  nearly  in  the  moon's  path  whose 
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positions  have  been  carefully  determined  for  this  purpose.  (See 
Vol.  1.  Art.  229.) 

155.  Transits  of  the  sun  or  a  planet. — The  formula  (119)  is  applic- 
able in  general  to  any  celestial  body ;  but,  in  the  case  of  the  sun 
and  planets,  the  parallax  is  so  small  that  its  effect  upon  the  time 
of  transit  over  a  side  thread  is  inappreciable:  so  that  we  may 
take  simply 

F  = =BBecd 

(1  —  X)  cos  d 

and,  consequently,  also  put  8  for  8\  The  formula  for  computing 
the  right  ascension  of  the  centre  of  the  sun  or  a  planet  over  any 
given  thread  is,  therefore, 

a  =  T+£iT+  iBBGcd  +  (m  +  ntB,nd  +  (f sec S)B±^SBBec d  (120) 

in  which  {X  denoting  the  change  of  right  ascension  in  one  sidereal 
second)  we  have 

The  logarithm  of  B  may  be  readily  computed.  Putting  Aa  for 
the  change  of  right  ascension  in  one  hour  of  mean  time  (which 
change  is  given  in  the  Ephemeris  for  the  sun),  we  have,  since 
one  miean  hour  is  equal  to  3610  sidereal  seconds, 

3610 


*log^  =  —  log(l— -^\ 
^  ^\         3610/ 


M 
3610 
in  which  JIf  =  0.43429,  the  modulus  of  the  common  system  of 
logarithms.    Performing  the  division  of  M  by  3610,  we  find 

log  B  =  0.00012  X  A»  (121) 

in  which  Aa  must  be  expressed  in  seconds  of  time. 

In  the  British  Nautical  Almanac,  the  change  of  right  ascension 
Aa  in  one  hour  of  longitude  is  given  for  each  planet.  In  this 
case,  we  have 

*  By  the  formala  log  (1  —  ^)  =  —  ^{^  +  i  2'  +  &0O1  ^here  the  sqoar*  and 
higher  powers  of  x  are  so  small  as  to  be  inappreoiable  in  the  present  case. 
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^3600 

the  logarithm  of  which  may  also  be  found  by  (121)  with  snfB- 
cient  accuracy,  that  is,  within  a  unit  of  the  fifth  decimal  place. 

The  term  ^  SB  sec  3,  or  "  the  sidereal  time  of  the  semidiameter 
passing  the  meridian,"  is  given  in  the  Ephemeris  for  the  sun  and 
each  of  the  planets.  When  both  limbs  have  been  observed  on 
all  the  threads,  this  term  is  not  required,  since  the  mean  of  all 
the  observations  is  evidently  the  time  of  the  passage  of  the  centre 
over  the  mean  of  the  threads.  K  this  mean  is  to  be  reduced  to 
the  middle  thread,  there  will  remain  the  small  correction  liiBsecd 
to  be  applied  (Art  133),  for  which  we  may  take  ai  sec  8.  We  may 
also  put  m  +  n  tan  8  +  c'  sec  8  instead  of  {m  +  n  tan  ^  +  c'  sec  8)  By 
unless  rrij  n,  and  c'  are  unusually  great. 

The  reduction  of  transits  of  the  sun  observed  with  a  sidereal 
clock  is  greatly  facilitated  by  the  use  of  Table  XII.  of  Bessel's 
Tabulce  Begiomontance^  which  contains  every  thing  necessary  for 
the  purpose,  for  each  day  of  the  Jictitious  year  (Vol.  I.  Art.  406). 

156.  TVarmts  of  the  sun  observed  with  a  mean  time  chronometer. — 
A  mean  time  chronometer  is  often  used  with  the  portable  transit 
instrument,  and  transits  of  the  sun  are  then  observed  solely  for 
the  purpose  of  determining  the  chronometer  correction.  In  this 
case,  the  mean  motion  of  the  sun  corresponds  with  that  of  the 
chronometer,  and  therefore  the  factor  B  may  be  put  equal  to 
unity,  unless  we  wish  to  obtain  extreme  precision  by  taking  into 
account  the  small  difference  between  the  mean  motion  of  the  sun 
and  its  actual  motion  at  different  seasons  of  the  year,  a  degree 
of  precision  quite  superfluous  in  the  use  of  a  portable  instrument. 
If  we  put 

E  =  the  equation  of  time  for  the  instant  of  transit,  positive 

when  additive  to  apparent  time, 
iS'  =  j^  iS  sec  d  =  the  mean  time  of  the  sun's  semidiameter 

passing  the  meridian,  which  may  be  taken  from  the 

Ephemeris, 
T  =  the  reduction  to  the  meridian,  found  either  by  (82),  (86), 

or  (87), 
T=the  observed  chronometer  time  of  the  transit  of  the 

sun's  limb  over  a  thread  whose  equatorial  interval  is  i, 
^T=:  the  chronometer  correction  to  mean  time, 
t  =  the  chronometer  time  of  the  transit  of  the  sun's  centre, 


184  TRANSIT   INSTRUMENT  IN  THE  MERIDIAN. 

then  we  have 
and 


or 


t=  T+isecd  ±S'+T 
W  +  E  =  t+  £iT 

aT=12*  +  ^— f 


(122) 


(123) 


Example. — On  May  17,  1856,  the  transit  of  the  sun  was  ob- 
served at  the  Naval  Academy  with  a  portable  instrument  as  below 
(Clamp  West): 


Thread. 

Mean  time  chronometer. 

1st  Limb. 

2d  Limb. 

I 

II 

III 

IV 

V 

11*  56-  42'.2 

55  57.4 

56  12.0 
lost 

56   42.3 

11*  57-  56'.6 
lost 

58    26.7 
58    41.7 
lost 

There  had  been  found  a  =  +  C.SS,  6  =  —  0'.27,  c  =  —  0'.12. 
The  thread  intervals  from  middle  thread  were 


h 
+  28'.25 


4 
+  14M5 


—  14«.27 


-  28'.31 


The  longitude  being  5*  5"*  67*  west  of  Greenwich,  we  find  from 
the  Ephemeris  for  the  transit  over  this  meridian, 


^  =  +  19°  29M 


i8'=  67'.24 


^  =  —  3-  49*.71 


The  reductions  of  the  several  threads  to  the  middle  thread,  or 
the  values  of  isecd,  are,  therefore, 


+  29*.97 


II 
+  15'.01 


IV 
—  15M4 


V 
—  80*.03 


Applying  these  to  the  observed  times,  and  also  the  quantity 
±  S%  we  have  the  chronometer  time  of  the  transit  of  the  sun's 
centre  over  the  middle  thread,  as  deduced  from  the  several 
threads,  as  follows : 
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esd. 

Chronometer. 

I 

11» 

57- 

'  19'.41 

II 

19.65 

III 

19.24 

V 

# 

19.51 

I 

19.33 

III 

19.46 

IV 

19.82 

let  Limb; 


2d  Limb, 


Mean  =  11   57    19.42 

The  latitude  being  tp  =  38°  68'.9,  we  find,  by  (87),  r  =  —  0'.27, 
and  hence,  finally, 

t  =  11*  67-  19M5 

12»  +  E  =11   56    10.29 

£iT=—     1      8.86 

157.  Correction  of  the  transit  of  the  moon  or  a  planet  when  the 
defective  limb  has  been  observed. — ^Let  us  consider  the  general  case 
of  a  spheroidal  planet  partially  illuminated.  The  transit  of  the 
obseived  limb  is  reduced  to  that  of  the  centre  by  employing 
instead  of  S  in  (119)  the  perpendicular  distance  from  the  centre 
of  the  planet  to  that  tangent  to  the  limb  which  lies  in  the  direc- 
tion of  the  transit  threads,  or,  in  the  case  of  meridian  transits, 
the  perpendicular  upon  the  declination  circle  which  is  tangent 
to  the  limb.  The  formulse  for  computing  this  perpendicular,  in 
general,  are  discussed  in  Vol.  I.,  Occuliations  of  Planets^  where  we 
have  found  that  in  all  practical  cases  the  formulae  (628)  of  p.  580 
may  be  considered  as  rigorous.  In  those  formulse  the  angle  i? 
is  the  angle  which  the  required  perpendicular  makes  with  the 
aids  of  the  planet,  so  that,  p  being  the  angle  which  this  axis 
makes  with  a  declination  circle,  we  have  here 

.    1^  =  270^  —  ;)        or        i>  =  90°  — p 

according  as  the  first  or  second  limb  is  observed.  The  values 
of  j>  as  well  as  of  F  and  c  required  are  found  as  in  Vol.  I.  Arts. 
361,  352. 

But  this  rigorous  process  will  seldom  be  required ;  and  when 
we  regard  the  planet  as  spherical,  the  formulae  can  be  simplified 
as  follows.  For  a  spherical  planet  we  make  c  =  1,  and  substi- 
tute the  value  %Q^  —  p  for  tf,  which  applies  to  the  2d  limb, 
whence,  by  Vol.  I.  formulse  (628)  and  (623), 

sin/  =  cos  I?  sin  V 
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or 

M 

Bin  /  =  -—  cos  D  sin  (a'  —  A) 

;  (124) 

«"=  8  C08^  =  -^  COS  / 

where  a'  and  A  are  the  right  ascensions  of  the  planet  and  the 
sun  respectively  (and  a'  —  -4  is  therefore  in  the  present  case  the 
sun's  hour  angle  at  the  time  of  the  observation) ;  D  =  the  siin'a 
declination ;  Rj  R'  =  the  heliocentric  distances  of  the  earth  and 
the  planet  respectively ;  s  =  the  apparent  semidiameter  of  the 
plandt  at  the  time  of  the  observation ;  Sq  =  the  mean  semi- 
diameter  (Vol.  I.  p.  578) ;  r  =  the  geocentric  distance  of  the 
planet;  and  s"  =  the  required  perpendicular.  For  the  moon  we 
may  put  R  =  iZ'. 

The  above  value  of  sin  j[  is  deduced  for  the  second  limb,  and, 
therefore,  by  Vol.  I.  Art.  354,  it  will  be  positive  when  the  second 
limb  is  defective.  Since  we  should  have  to  substitute  270°  —  p 
for  1?,  or  —  cosp  for  sini?,  in  the  case  of  the  first  limb,  which 
would  only  change  the  sign,  it  follows  that  the  value  of  5wijf  cotw- 
puted  by  the  above  f(yrmula  will  be  positive  or  negative  according  as  the 
2d  or  the  Ist  limb  is  defective. 

The  value  of  s"  is  to  be  substituted  for  S  in  (119). 

EFFECT   OF   REFRACTION  IN  TRANSIT   OBSERVATIONS. 

158.  Since  the  refraction  changes  the  zenith  distance,  its  effect 
upon  the  time  of  transit  over  a  side  thread  has  the  same  form  as 
that  of  the  parallax.  If  then  z  and  z'  denote  respectively  the 
true  and  apparent  zenith  distances,  the  time  required  by  the  star 
to  describe  the  interval  i  is  iF,  where  F  is  found  by  (118) ;  or, 
denoting  this  time  by  /',  and  putting  jl  =  0, 

J., i      sinz 

cosd  Bin/ 

Now,  the  refraction  is  represented  by  the  formula  r  =  A:  tan  2/, 
k  being  nearly  constant ;  and  for  values  of  z  not  greater  than  85®, 
we  may  here  assume  k  =  58",  and  z  =  z'  +  k  tan  z\  whence 
we  find 

.?!^  =  1  +  ;t  sin  1"  =  1.00028 
sm  z 
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Hence  the  error  in  computing  the  interval  by  the  formnla 
/=  I  sec*  is  JX  .00028,  which  amounts  to  O-.Ol  when  /=  36*; 
and  this  is  as  great  an  intenral  as  is  ever  used  for  an  equatorial 
star.  The  error  of  observation  for  other  stars  increases  with  the 
interval  J^  or  as  the  value  of  sec  d :  so  that  the  error  produced 
by  neglecting  the  refraction  is  always  much  less  than  the  proba- 
ble error  of  observation.  Moreover,  the  error  is  wholly  elimi- 
nated when  the  star  is  observed  on  all  the  threads,  or  on  an  equal 
number  on  each  side  of  the  middle  thread. 

K,  for  any  special  purpose,  it  becomes  necessary  to  correct  an 
observation  on  an  extreme  thread  for  refraction,  we  can  take,  as 
a  very  accurate  formula, 

r=isec^(l  + Afsinl") 

k  being  found  by  Bbssbl's  Refraction  Table  (Table  EL),  and,  for 
a  near  approximation, 

r=  I  sec  a  X  1.00028 

MBRIDIAN   MARE. 

159.  For  a  fixed  instrument,  it  is  desirable  to  have  a  perma^ 
nent  meridian  mark  by  which  the  azimuth  of  the  telescope  may 
be  frequently  verified.  A  triangular  aperture  (for  example)  in  a 
metallic  plate  mounted  upon  a  firm  pier,  with  a  sky  background, 
makes  a  good  day  mark,  the  thread  of  the  telescope  being  brought 
into  coincidence  with  it  by  bisecting  the  vertical  angle  of  the 
triangle.  K  the  mark  is  sufficiently  near,  a  light  may  be  placed 
behind  it  for  night  observations.  A  simple  mark  like  this,  how- 
ever, must  be  so  remote  as  to  be  distinctly  defined  in  the  tele- 
scope  without  a  change  of  the  stellar  focus,  and  even  for  instrux 
ments  of  moderate  power  this  requires  a  distance  of  upwards 
of  a  mile. 

It  is  found,  however,  that  the  apparent  direction  of  these 
distant  marks  is  often  subject  to  changes  from  the  anomalous 
lateral  refractions  which  take  place  in  the  lower  strata  of  the 
atmosphere,  produced  chiefly  by  variations  of  temperature.  If 
a  sheet  of  water  intervenes,  the  mark  is  found  to  be  especially 
unsteady.  It  was  to  remedy  this  difficulty  that  Rittenhouse 
first  proposed  the  plan  of  placing  the  mark  comparatively  near 
to  the  instrument,  but  in  the  focus  of  a  lens  which  receives 
th«  divergent  rays  from  the   mark  and  transmits  them  to  the 
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telescope  in  parallel  lines ;  a  suggestion  which  has  resulted  in 
various  important  improvements  in  the  methods  of  investigat- 
ing instrumental  errors,  such  as  the  coUimating  telescopes,  the 
mercury  collimator,  &c.,  which  have  already  been  fully  treated 
of  in  the  preceding  pages.  The  apparent  direction  of  the  mark 
will  be  that  of  the  line  joining  the  optical  centre  of  the  lens 
and  the  mark.  At  Pulkowa,  the  lens  for  this  purpose  is  placed 
on  a  pier  within  the  transit  room,  and  has  .the  extraordinary 
focal  length  of  about  556  feet,*  which  is,  therefore,  the  distance 
of  the  mark  from  the  pier.  The  mark  consists  of  a  circular 
aperture  ^  of  an  inch  in  diameter,  in  a  metallic  plate,  presenting 
in  the  telescope  a  planetary  disc  of  only  2"  in  diameter,  which 
can  be  bisected  by  the  thread  of  the  telescope  with  the  greatest 
precision.  The  merit  of  such  a  mark  depends  on  the  stability 
of  the  two  points,  the  mark  and  the  lens,  which  determine  the 
direction  of  its  optical  line.  These  points,  mounted  as  they  are 
upon  solid  stone  piers,  are  not  liable  to  greater  relative  changes 
than  the  piers  of  the  telescope  itself,  and  therefore  the  changes 
of  direction  of  their  optical  line  will  be  less  than  those  of  the 
telescope  in  the  proportion  of  the  focal  length  of  the  lens  to  the 
length  of  the  rotation  axis  of  the  telescope,  which  in  this  case 
was  as  656  feet  to  3.61  feet,  or  as  154 : 1.  Now,  according  to 
STRUVB,t  the  diurnal  changes  in  the  direction  of  the  axis  of  a 
well  mounted  transit  instrument  are  seldom  more  than  one  or 
two  seconds  of  arc ;  but  y|,  of  a  second  of  arc  is  a  quantity  abso- 
lutely imperceptible  even  in  the  best  transit  telescopes.  Two 
marks  of  the  same  kind  were  used  by  Struvb,  one  north  and 
the  other  south  of  the  telescope,  and  they  served  not  only  as 
meridian  marks,  but  as  collimators  according  to  the  method  of 
Art.  145. 

In  the  same  manner,  one  of  the  collimators  of  the  Greenwich 
transit  circle  is  used  as  a  meridian  mark,  although  it  is  within 
the  transit  room.  In  this  case,  the  advantage  gained  is  com- 
paratively small. 

It  is  not  necessary  that  the  mark  be  precisely  in  the  meridian 
of  the  instrument.  It  is  sufficient  if  it  is  so  near  to  it  that  its 
deviation  in  azimuth  can  be  measured  with  the  telescope  micro- 
meter. Let  A  be  its  azimuth  west  of  north.  Direct  the  telescope 
to  it,  and  measure  its  distance  m  from  the  middle  thread,  giving 
—  —  1 

*  DeteHpUon  de  V  Obtervatoire  de  PotUkova,  p.  120.  f  Ibid.  p.  128. 
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the  measure  the  positive  sign  when  the  mark,  as  seen  in  the 
field,  is  to  the  apparent  west  of  the  thread ;  then,  a  being  the 
azimuth  constant  of  the  telescope  determined  by  stars,  and  c  the 
collimation  constant,  we  have 

A=a  —  m  —  c  (125) 

So  long  as  the  values  of  A  thus  found  appear  to  vary  only  within 
the  limits  of  the  probable  errors  of  observation,  their  mean  is  to 
be  taken  as  expressing  the  constant  position  of  the  mark,  and 
during  this  period  the  azimuths  of  the  transit  instrument  will  be 
found  at  any  time  by  the  formula 

a  =A  +  m  -\-  c 

K  the  instrument  is  reversed  and  the  micrometer  distance  of 
the  mark  west  of  the  middle  thread  is  now  m',  we  have 

a  =A-\-  w! — c 
which,  combined  with  the  former  equation,  gives 

which  last  equation  gives  c  with  its  proper  sign  for  the  first  posi- 
tion of  the  instrument. 
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160.  It  is  often  found  that  two  observers,  both  of  acknowledged 
skill,  will  differ  in  the  time  of  transit  of  a  star  observed  by  "  eye 
and  ear,'*  by  a  quantity  which  is  nearly  the  same  for  all  stars. 
Such  a  constant  difference  does  not  necessarily  prove  a  want  of 
skill  in  subdividing  the  second  according  to  the  method  of  Art. 
121,  but  may  proceed  from  a  discordance  between  the  eye  and 
the  ear,  which  affects  the  judgment  as  to  the  point  of  the  field  to 
which  the  clock  beats  are  to  be  referred.  Thus,  if  «,  ^ 
a  and  6,  Fig.  44,  are  the  true  positions  of  a  star  at  *' 

two  successive  beats  of  the  clock,  we  may  suppose 
the  observer  to  allow  a  certain  interval  of  time  to  ^  ^ 
elapse  after  each  beat  before  he  associates  it  with  the 
star's  position  (possibly  in  some  cases  he  may  antici- 
pate the  beat) :  so  that  he  refers  the  beats  to  two  different  points 
«'  and  6',  whose  distance  from  each  other  is,  however,  the  same 


of  a 
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as  that  of  a  and  6.  The  ratio  in  which  the  distance  a'V  is  divided 
he  may  still  estimate  correctly. 

The  distance  between  a  and  a'  may  be  called  the  absolute  per- 
sonal equation  of  the  observer,  and,  if  it  could  be  determined, 
might  be  applied  as  a  correction  to  all  his  observations.  But,  so 
long  as  his  observations  are  not  combined  with  those  of  another 
observer,  the  existence  of  such  an  error  cannot  be  discovered; 
nor  is  it  then  of  any  consequence.  For  the  process  of  deter- 
mining the  right  ascension  of  an  unknown  star  consists  essen- 
tially in  applying  to  the  right  ascension  of  a  known  star  the 
difference  of  the  clock  times  of  the  transit  of  the  two  stars  (cor- 
rected for  instrumental  errors  and  rate),  and  this  difference  will 
evidently  be  the  same  as  if  the  observer  had  no  personal  equation. 

In  order  to  combine  the  observations  of-  two  individuals — for 
example,  to  deduce  the  right  ascension  of  an  unknown  star 
whose  transit  is  observed  by  A,  from  the  time  of  transit  of  a 
known  star  observed  by  B — it  is  necessary  to  know  the  difference 
of  their  absolute  equations, — i.e.  their  relative  personal  equation. 
Thus,  if  the  times  observed  by  A  are  later  than  those  observed 
by  B  by  the  quantity  -F,  then  B's  observations  may  be  reduced 
to  A's  (that  is,  to  what  they  would  have  been  if  observed  by  A) 
by  increasing  them  all  by  -E. 

The  relative  personal  equation  may  be  found  by  the  following 
methods : 

First  Method, — ^Let  one  observer  note  a  star's  transit  over  the 
first  three  or  four  threads,  and  the  other  observer  its  transit 
over  the  remaining  threads.  Reduce  the  observations  of  each 
to  the  middle  thread  (or  to  any  assumed  thread)  by  applying  the 
known  equatorial  intervals  multiplied  by  sec  S.  The  difference 
between  the  mean  results  for  the  two  observers  will  be  a  value 
of  their  required  personal  equation.  The  mean  of  the  values 
found  from  twenty  or  thirty  (or  more)  such  observations  will  be 
adopted,  provided  the  probable  error  of  such  a  determination  (as 
found  from  the  discrepancies  of  the  individual  results)  is  not 
greater  than  the  equation  itself;  in  which  case  the  difference 
between  them  should,  of  course,  be  regarded  as  accidental,  and 
the  use  of  a  constant  equation  would  introduce  error  instead  of 
eliminating  it.  This  remark  may  be  necessary  to  guard  inexpe- 
rienced observers  against  an  incautious  adoption  of  an  equation 
derived  from  insufficient  data.  We  may  also  remark  here  that 
constant  personal  equations  are  more  apt  to  exist  between  trained 
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observers  than  between  inexperienced  ones,  the  former  having 
by  practice  acquired  a  fixed  habit  of  observation. 

Second  Method. — The  preceding  method  is  liable  to  the  objection 
that  as  the  second  observer  takes  the  place  of  the  first  in  a  some- 
what hurried  manner,  his  usual  habit  of  observation  may  be 
disturbed.  To  obviate  this,  let  each  observer  independently 
determine  the  clock  correction  by  fundamental  stars ;  then  the 
difference  of  these  corrections,  both  reduced  for  clock  rate  to  the 
same  epoch,  will  be  the  personal  equation.  The  equation  thus 
found  involves  the  errors  of  the  stars'  places  and  of  the  clock 
rate.  The  first  will  be  inconsiderable  if  only  fundamental  stars 
are  used,  but  may  be  entirely  eliminated  by  the  observers'  ex- 
changing stars  on  a  following  day  and  taking  the  mean  of  the 
two  results.  The  effect  of  error  in  the  rate  will  be  insensible  if 
the  stars  are  so  distributed  that  the  means  of  the  right  ascensions 
of  the  stars  of  the  two  groups  employed  by  the  two  observers 
are  nearly  equal. 

Third  Method. — ^An  equatorial  telescope  is  sometimes  used  for 
the  purpose,  as  follows.  Two  transit  threads  of  the  micrometer 
are  adjusted  in  the  direction  of  a  declination  circle,  and  the  tele- 
scope is  directed  towards  a  point  in  advance  of  any  star  not  far 
from  the  meridian,  and  clamped.  The  observer  A  notes  the 
transit  of  the  star  over  the  first  thread,  and  the  observer  B  the 
transit  over  the  second  thread.  The  telescope  is  then  moved 
forward  again  in  advance  of  the  star,  and  clamped.  The  ob- 
server B  now  notes  the  transit  over  the  first  thread,  and  A  the 
transit  over  the  second  thread.  This  gives  one  determination 
of  their  personal  equation ;  for,  putting  E  =  the  reduction  of 
B's  observation  to  A's,  and  /=  the  interval  of  the  threads  for 
the  observed  star,  M  and  M^  the  observed  intervals,  we  have 

M=I  +  E  M'=I^E 

whence 

M^M' 

This  process  being  repeated  a  number  of  times,  J!f  will  be  the 
niean  of  all  the  intervals  when  A  begins,  and  M'  the  mean  of 
those  when  B  begins. 

This  method  is  also  open  to  the  objection  that  the  observers 
succeed  each  other  so  rapidly  that  their  usual  habit  of  deliberate 
observation  is  likely  to  be  disturbed.     Moreover,  if  their  per- 
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Bonal  equation  is  required  to  reduce  their  observations  made 
with  a  transit  instrument,  it  should  be  determined  with  this  in- 
strument ;  for  it  is  possible  that  the  equation  may  not  be  the 
same  with  instruments  of  different  powers. 

The  same  clock,  also,  should  be  used  in  determining  the  per- 
sonal equation  that  is  used  in  the  observations,  for  it  is  very- 
probable  that  the  peculiarity  of  the  clock-beat  affects  the  equa- 
tion.* 

It  is  one  of  the  advantages  of  the  American  (the  electro-chro- 
nographic)  method  of  recording  transits  that  the  personal  equa- 
tion is  very  much  reduced :  still  it  is  not  wholly  destroyed.  The 
same  methods  may  be  employed  to  determine  its  amount  as 
when  the  observations  are  made  by  eye  and  ear. 

It  may  also  be  remarked  that  not  only  should  the  same  tele- 
scope and  the  same  clock  be  employed  in  determining  the  per- 
sonal equation,  as  in  the  observations  to  which  it  is  to  be 
applied,  but  also  the  observer's  general  physical  condition  should 
be  as  nearly  as  possible  the  same.  Even  the  posture  of  the  body- 
has  been  found  to  have  some  effect  upon  the  observer's  estimate 
of  the  time  of  transit ;  and  it  can  hardly  be  doubted  that  the 
personal  equation  will  fluctuate  more  or  less  with  the  observer's 
health,  or  the  condition  of  his  nervous  system. 

That  the  personal  equation  depends  upon  no  organic  defect 
of  either  the  eye  or  the  ear,  but  upon  an  acquired  habit  of  ob- 
servation, seems  to  follow  from  the  fact  that  it  is  usually  greatest 
in  the  case  of  the  most  practised  observers.  In  1814  there  was 
no  personal  equation  between  those  eminently  skilful  astrono- 
mers Bbssbl  and  Struve;  but  in  1821  they  differed  by  O^.S, 
and  in  1823  by  a  whole  second ;  a  progressive  increase  indicat- 
ing the  gradual  formation  of  certain  fixed  habits  of  observation. 
So  far  from  invalidating  the  results  of  either  observer,  this  fact 
would  indicate  that  their  absolute  personal  equations  were  in  all 
probability  very  constant  for  moderate  intervals  of  time,  and 
therefore  had  no  appreciable  effect  upon  their  results  so  long  as 
these  results  did  not  depend  upon  a  combination  of  their  obser- 
vations with  those  of  other  observers. 

*  Bessbl  found  that  with  a  chronometer  beating  half  seconds  he  obserred  tranaita 
0'.49  later  than  with  a  clock  beating  whole  seconds. 
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PERSONAI#  SCALE. 

161.  Prof.  Pbikob  has  called  attention  to  the  fact  that  expe- 
rienced observers  often  acquire  a  fixed  erroneous  habit  of  esti- 
mating particular  fractions  of  the  second.     Thus,  when  a  star  is 
really  at  0*.3  from  a  thread,  one  observer  may  have  a  habit  of 
calling  it  0'.4,  while  another  may  incline  rather  to  0'.2 ;  or,  again, 
when  the  fraction  is  less  than  0.1,  one  invariably  takes  0.1,  while  the 
other  as  invariably  neglects  it  and  puts  0.0.     Thus  each  observer 
is  conceived  to  have  his  own  personal  scale  for  the  division  of  the 
second. 

In  a  very  large  number  of  individual  transits  over  threads  by 
the  same  observer,  there  is,  according  to  the  doctrine  of  proba^ 
bilities,  the  same  chance  for  the  occurrence  of  each  of  the  deci* 
mals  .0,  .1,  .2,  &c.,  if  the  observations  are  j^erfectly  raadey  or  if  the 
errors  of  the  observers  are  purely  accidental;  otherwise,  one  or  more 
of  these  decimals  will  occur  more  frequently  than  the  rest. 
Hence,  by  simply  counting  the  number  of  times  each  decimal 
occurs  in  a  very  large  number  of  observations  by  the  same 
observer,  the  personal  scale  of  this  observer  may  be  determined. 
It  is  easily  shown  that  the  effect  of  an  erroneous  personal 
scale  is  to  increase  or  diminish  the  mean  result  of  a  large- 
number  of  observations  by  a  constant  quantity.  For  example, 
suppose  that  in  1000  observations  of  a  certain  observer  the  frac- 
tion 0.3  appears  but  20  times,  while  0.4  appears  180  times,  and 
that  each  of  the  other  fractions  appears  100  times.  Then,  since 
each  fraction  should  appear  100  times,  the  mean  of  any  large 
number  of  observations  by  this  observer  will  probably  be  too 
great  by  the  quantity  # 

(0.4  X  180  +  0.3  X  20)  -  (0.4  X  100  +  0.3  X  100)  ^  ^  ^^g 
1000 

The  effect,  therefore,  being  constant,  will  be  combined  with 
the  personal  equation  determined  from  a  large  number  of  obser^ 
vations,  and  may  be  regarded  as  always  forming  a  part  of  it. 
Hence  it  follows  that  the  application  of  the  personal  equation, 
which  involves  the  errors  of  the  personal  scale,  does  not  neces- 
sarily eliminate  the  observer's  constant  error  from  each  observa- 
tion, but  that  it  probably  does  eliminate  it  from  the  mean  of  a 
large  number  of  observations. 

Vol.  II.— 18 
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PROBABLE  ERROR  OF  A  TRANSIT  OBSERVATION. 

162.  That  part  of  the  error  in  the  observed  time  of  transit  of 
a  star  which  is  independent  of  the  personal  equation  and  other 
constant  errors,  and  is  irregular  or  accidental,  may  be  distin- 
guished as  the  probable  error;  and  it  will  be  the  only  error  of 
observation  which  will  affect  the  final  result,  if  the  obser^^ations 
of  two  observers  are  not  combined.  It  may  be  determined  for 
each  observer  by  comparing  the  several  values  of  the  thread 
intervals  given  by  his  observations.    Let 

J  =  the  observed  interval  of  two  threads  whose  equatorial 
interval  is  i; 

then,  since  we  should  have  t  =  7  cos  i,  each  observation  furnishes 
a  value  of  i;  and  from  a  great  number  of  values  the  probable 
error  r  of  each  single  determination  is  deduced  by  the  formula* 


r  =  0.6745 


vs 


In  which  the  values  of  v  are  the  residuals  found  by  subtracting 
the  known  value  of  i  from  each  value  found  from  observation, 
and  m  is  the  number  of  observations. 
Now  put 

t  =  the  probable  error  of  the  observed  time  of  transit  of  an 
equatorial  star  over  a  thread ; 

then,  since  the  time  of  transit  over  each  thread  is  affected  by 
this  error,  we  have 

2««=r« 
whence 


>  =  0.6745  J     ^»') 

^2(m  —1) 

Example. — ^Prom  the  transit  observations  made  by  Mr.  Ellis 
at  the  Greenwich  Observatory  in  1843,  the  observed  intervals 
between  the  successive  threads  (Le.  from  Ist  to  2d,  from  2d  to  3d, 
&c.)  were  found  as  in  the  following  table :  the  true  equatorial 
intervals  being  those  given  in  the  fourth  column.   The  difference 

*  Appendix,  Art.  17 
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between  the  compnted  and  the  true  equatorial  interval  (v)  is 
given  in  the  fifth  column,  and  the  last  column  gives  v*. 


1848. 

Obserred 

/ 

Compnted 

t=/MC  6 

True 
• 

• 

r» 

March  8. 

1S'.8 

12'.79 

12'.89 

-O-.IO 

0.0100 

•  Tauri 

18.8 

.79 

.76 

+    .08 

9 

»  =  +  22»  27 

14.0 

.98 

.87 

+    .06 

86 

14.0 

.93 

.91 

+    .02 

4 

18.7 

.66 

.88 

—    .22 

484 

18.6 

.57 

.86 

—    .29 

841 

18.8 

.85 

.89 

—    .04 

16 

t  Tauri 

18.8 

.85 

.76 

+    .09 

81 

*  =  +  21*  21' 

18.9 

.94 

.87 

+    .07 

49 

18.9 

.94 

.91 

+    .08 

9 

18:8 

.85 

.88 

—    .03 

9 

18.7 

.76 

.86 

—    .10 

100 

18.7 

.65 

.89 

—    .24 

676 

n  Qeminor. 

14.0 

.98 

.76 

+    .17 

289 

*  =  +  22»  86' 

14.0 

.98 

.87 

+    .06 

86 

14.0 

.93 

.91 

+     .02 

4 

18.9 

.84 

.88 

—    .04 

16 

18.8 

.74 

.86 

—    .12 

144 

m  =  18, 

r(««)  = 

=  0.2808 

Hence  we  find,  by  the  above  formula, 

•  =  0*.06 

Taking  a  much  greater  number  of  the  observations  made  by 
Mr.  Ellis  of  stars  from  the  8d  to  the  5th  magnitude,  I  found 
e  =  0*.056,  which  is  probably  smaller  than  will  be  found  for 
most  observers.  In  the  case  of  another  well  trained  observer,  I 
found  B  =  COS. 

In  the  same  manner,  from  a  large  number  of  Mr.  Ellis's  ob- 
servations of  the  moon  I  found  his  probable  error  in  observing 
the  transit  of  the  first  limb  over  a  single  thread  to  be  0*.074,  and 
for  the  second  limb  0*.071.  In  the  case  of  another  observer,  I 
found  for  the  first  limb  COTS,  and  for  the  second  limb  0'.094. 
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If  we  asBume,  then,  that  for  moderately  akilful  observers 
e  =  0*.08  for  a  star,  the  probable  error  of  the  mean  of  the  ob- 
servations over  seven  threads  will  be  0*.08  -i-  |/7,  or  only  0*.030, 
the  star  being  in  the  equator.  For  the  declination  d  the  pro- 
bable error  will  be  0*.03  sec  8. 

The  probable  error  thus  found  is  the  accidental  error,  com- 
posed of  the  error  of  the  observer  in  estimating  the  fractions  of 
a  second  (including  the  errors  of  his  personal  scale),  and  of  the 
error  arising  from  unsteadiness  of  the  star ;  but  it  must  not  be 
taken  as  the  measure  of  the  degree  of  precision  in  the  deduced 
right  ascension  or  time.* 

163.  The  error  of  the  right  ascension  derived  from  a  single 
complete  transit  is  composed  of  the  following  errors : 

Ist.  The  undetermined  instrumental  errors,  depending  upon  the 
errors  in  the  determination  of  the  constants  a,  6,  and  c; 

2d.   The  errors  of  the  assumed  clock  correction  and  rate; 

3d.   The  error  arising  from  irregularity  of  the  clock ; 

4th.  The  error  in  the  observer's  personal  equation,  arising  from 
an  imperfect  determination  of  the  equation,  or  from  fluctna- 
tions  in  its  value,  depending  on  the  observer's  physical  and 
mental  condition ; 

6th.  The  accidental  error  of  observation,  composed  of  the  ob- 
server's error  in  estimating  the  fractions  of  a  second,  and  of 
errors  arising  from  unsteadiness  of  the  star; 

6th.  The  error  arising  from  an  atmospheric  displacement  of  the 
star,  which  may  possibly  be  constant  during  the  transit  over 
the  field  of  the  telescope,  and  may  be  called  the  culmination 
error. 

We  may  form  an  estimate  of  the  total  effect  of  all  these 
sources  of  error  by  examining  the  several  values  of  the  right 
ascension  of  a  fundamental  star  deduced  from  different  culmi- 
nations, and  reduced  for  precession  and  nutation  to  a  common 
epoch.  Thus,  there  were  found  from  the  different  observations 
of  the  transit  of  a  Arietis,  in  the  year  1852  at  the  Greenwich  Ob- 
servatory; the  following  values  of  its  mean  right  ascension  on 
Jan.  1, 1852.  Putting  a  =  1*  58"*  50*  +  x,  the  values  of  z  were — 

*  In  Ukia  Qoxmeciion  see  the  remarks  of  Bbsbil  in  the  BerUn  Jahrbaoh  for  182& 
p.  166. 
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9 

X 

X 

s 

0'.40 

0'.84 

cso 

0'.37 

.44 

.31 

.42 

.84 

.89 

.42 

.42 

.84 

.8d 

.45 

.46 

.69 

.42 

.53 

.83 

24 

.40 

.85 

.82 

81 

The  mean  is  x  =  0*.40 ;  and  from  the  differences  between  this 
mean  and  the  several  values  of  x  we  deduce  r  =  0*.057  as  the 
probable  error  of  a  single  determination  of  the  right  ascension 
of  this  star.  In  the  same  manner,  I  find  from  the  observations 
of  7*  Ckti  during  the  same  year  r  =  0'.063,  and  for  a  Ursce  Majoris 
r  =  O'-lSl.  If  these  be  multiplied  by  the  respective  values  of 
cos  a,  we  have  O'.OSS,  0*,063,  0*.063,  the  mean  of  which,  or  COe, 
expresses  nearly  the  probable  error  of  a  single  determination  of 
an  equatorial  star  with  the  transit  circle  of  the  Greenwich  Ob- 
servatory in  1852.  A  larger  number  of  stars  should  be  ex*- 
amined  to  determine  this  error  with  certainty ;  but  the  above 
will  suffice  to  illustrate  the  mode  of  proceeding.  It  must  not 
be  forgotten,  however,  that  this  instrument  is  never  reversed, 
and  all  its  results  may  be  affected  by  small  constant  errors 
peculiar  to  the  several  stars. 

If  we  denote  the  probable  error  of  observation,  or  the  5th  of 
the  above  enumerated  errors,  by  e,  and  the  combined  effect  of 
all  the  rest  by  e^,  we  have 

whence,  taking  r  =  0*.06,  and  e  =  O'.OS,  as  above  found,  we 
deduce  e^  =  0*.052 :  so  that  if  e  were  reduced  to  zero— that  is, 
if  the  observations  were  made  perfectly — ^the  right  ascension 
determined  by  a  single  transit  would  be  improved  by  only  O'.Ol. 
Hence  it  follows  that  an  increase  of  the  number  of  threads  for  the 
purpose  of  reducing  the  error  of  observation  wovJd  be  attended  by  no 
imporUmi  advaniage. 
Sessel  thought  five  threads  sufficient. 

164.  *We  see  from  these  principles  that  the  weight  of  an  ob- 
served  transit  is  not  to  be  assumed  to  vary  as  the  number  of 
threads,  as  it  would  do  were  there  no  culmination  error  or  un- 
known instrumental  errors.  For  practical  purposes  it  will  be 
sufficient  to  regard  the  probable  error  of  a  transit  as  composed 
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ouly  of  the  error  of  observation  and  the  culmination  error.  The 
latter  will  then  be  the  quantity  denoted  above  by  e^ ;  and,  if  we 
now  put 

e  =  the  probable  error  of  a  transit  over  a  single  thready 

n  =  the  namber  of  threads  observed, 

r  =  the  probable  error  of  the  observed  right  ascension^ 


we  shall  have 


If  then  we  also  put 


*     '     n. 


E  =  the  probable  error  of  an  observation  whose  weight  to 

unity, 
p  =  the  weight  of  the  given  observation, 

we  shall  have,  according  to  the  theory  of  least  squares, 

E^ 
P= ^  (127> 

The  unit  of  weight  is  arbitrary,  and  hence  E  also  is  arbitraiy. 
If  iVis  the  total  number  of  threads  in  the  reticule,  and  a  complete 
observation  on  them  all  is  to  have  the  weight  unity,  we  shall 
have 

and  the  formula  will  become 

P  = 5  (128) 

If  we  substitute  the  values  e^  =  0.052,  e  =  0.09,  which  are  suJE- 
ciently  accurate  for  an  approximate  estimation  of  the  weights  of 
observations,  we  shall  find,  very  nearly,* 

P= f  (129> 

'     n 
*  See  also  Vol.  I.  Art.  286,  where  a  slightly  different  formula  is  obtained. 
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This  -will  be  a  very  convenient  formula  in  practice  in  cases 
where  there  is  no  reason  to  depart  from  the  above  assumed  values 
of  e^  and  e.  The  observer  who  has  determined  these  quantities 
for  himself  will,  of  course,  employ  (128)  directly. 

It  may  be  useful  to  illustrate,  by  the  aid  of  this  formula,  the 
proposition  announced  at  the  end  of  the  preceding  article.  If 
iV=  7  and  -B=  0*.062,  the  weights  and  probable  errors  of  obser- 
vations on  one  or  more  threads  will  be  as  below : 


n 

p 

S 
s/P 

1 

0.36 

0'.104 

2 

0.57 

0.082 

8 

0.71 

0.073 

4 

0.82 

0.069 

5 

0.90 

0.065 

6 

0.95 

0.068 

7 

1.00 

0.062 

25 

1.25 

0.055 

00 

1.43 

0.052 

We  see  that  the  advantage  of  seven  threads  over  five  is  almost 
insignificant,  and  Bbssel's  opinion  is  confirmed. 

165.  The  probable  error  of  a  single  transit  of  a  star  recorded 
by  the  electro-chronograph  does  not  appear  to  be  much  less 
than  that  of  one  observed  by  eye  and  ear  by  experienced  ob- 
servers ;*  but  it  must  be  remembered  that  it  takes  but  a  short 
lime  to  acquire  the  requisite  skill  in  the  use  of  the  chronograph^, 
while  the  small  probable  errors  by  eye  and  ear  above  adduced 
are  evidences  of  long  training.  The  personal  equation,  however, 
is  much  less  in  the  use  of  the  chronograph,  and  probably 
more  constant.  It  is  not  unlikely  that  a  considerable  portion  of 
the  total  error  of  a  determination  of  right  ascension,  as  above 
found,  is  the  result  of  variations  in  the  observer's  personal  equa- 
tion ;  and,  if  so,  the  substitution  of  tlie  chronograph  for  eye  and, 
ear  will  carry  these  determinations  to  a  still  more  remarkable 
degree  of  accuracy. 

*  See  Dr.  B.  A.  Gould's  Report  in  the  U.  S.  Coast  Surrey  Report  for  1857,  p.  807. 
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APPLIOiTION  OF  THE  METHOD  OF  LEAST  SQUARES  TO  THE  DETER- 
MINATION OF  THE  TIME  WITH  A  PORTABLE  TRANSIT  INSTRUMENT 
IN  THE   MERIDIAN. 

166.  In  the  use  of  the  portable  transit  instrument  in  the  field, 
it  is  not  always  possible  to  mount  it  so  firmly  that  its  azimuth 
and  level  can  be  absolutely  relied  upon  as  constant  for  a  whole 
day.  Frequently  it  is  necessary  to  take  all  the  observations  at 
a  given  place  within  a  few  hours.  We  must  then  observe  such 
stars  as  are  available  at  the  time,  and  so  conduct  the  observations 
and  their  reduction  as  to  obtain  the  most  probable  result. 

First,  as  to  the  observations. — The  instrument  having  been 
brought  very  near  to  the  meridian  (see  Art.  125),  a  number  of 
stars  must  be  observed  in  both  positions  of  the  rotation  axis, 
and,  in  general,  about  the  same  number  of  stars  in  each  position. 
Among  these  must  be  included  at  least  one  circumpolar  star, 
and,  if  possible,  two  or  three,  one  or  more  being  below  the  pole. 
The  level  should  be  observed  at  the  beginning  and  end  of  the 
series,  and  before  and  after  each  reversal  of  the  axis. 

Secondly,  as  to  the  computation. — We  assume  that  the  thread 
intervals  have  been  well  determined,  as  also  the  value  of  a 
division  of  the  level.  If  they  have  not  been  found  before  the 
observations,  they  must,  of  course,  be  determined  subsequently, 
only  observing  that  no  change  of  the  instrument  has  occurred 
which  might  change  the  value  of  the  thread  intervals.  The 
mean  of  all  the  level  determinations  should  be  adopted  as 
the  constant  value  of  b  for  all  the  observations,  unless  the  dif- 
ferences of  the  several  values  are  greater  than  the  probable 
errors  of  observations  made  vnth  the  particular  spirit-level  used, 
in  which  case  it  will  be  better  to  interpolate  a  value  of  b  for 
each  star  from  the  actually  observed  values.  The  chronometer 
time  T  of  transit  over  the  middle  thread  or  the  mean  thread 
being  found  for  each  star  by  employing  the  thread  intervals  when 
necessary,  we  shall  suppose  that  observation  has  furnished  only 
7^  and  6  for  each  star.  The  rate  ST  of  the  chronometer  is  also 
supposed  to  be  approximately  known.  The  constants  a  and  c, 
and  the  clock  correction  a  T,  are  then  to  be  found  by  a  proper 
combination  of  the  observations.   Let  us  put  in  formula  (87),  for 

each  star, 

A  =  the  azimuth  factor  =  sin  (^  —  d)  sec  d, 
B  =  the  level  factor  =  cos(5p  —  i)  see  d, 
C  =  the  collimation  faotor  ==  sec  d-, 
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alBO,  let  each  observation  be  reduced  to  some  assamed  time  T^^ 
aadput 


whence 
Let 

so  that 


A  TJj=  the  chronometer  correction  at  the  time  T^ 


^  =  an  assumed  approximate  value  of  A  T^ 
Ad  =  the  required  correction  of  ^ 


then  the  formula  (82)  becomes 

a=  r+*4-  A*  +  ^r(T— 7;)  •\.  Aa  +  Bb  +  Cc 

in  which  every  thing  is  known  except  the  small  quantities  ai>,  a, 
and  c.     If  we  now  put* 

f  =  T+  arcr  — T^)+ J86 

M7=  tf  —  (a  — ^) 

then,  since  a  —  i  and  t>  are  each  nearly  equal  to  the  clock  cor- 
rection, i£7  is  a  small  residual,  and  the  equation  is 

Aa  +  Cc  +  A*  +  M?  =  0  (130) 

Each  star  gives  an  equation  of  condition  of  this  form,  and  from 
all  these  equations  the  most  probable  values  of  a,  c,  and  ^&  will 
be  found  by  the  method  of  least  squares.  The  sign  of  the  term 
Ce  will  be  changed  when  the  axis  of  the  instrument  is  reversed. 

If  the  observations  are  extended  over  a  number  of  hours,  il 
will  not  always  be  safe  to  assume  that  the  azimuth  a  has  been 
constant  during  the  whole  time.  We  may  then  divide  the  obser- 
vations into  two  groups,  in  one  of  which  the  azimuth  will  be 
denoted  by  a  and  in  the  other  by  a'.  The  normal  equations, 
fbrmed  by  combining  all  the  equations  in  the  usual  manner,  will 
then  involve  the  four  unknown  quantities  a,  a',  (?,  and  a«>. 

To  determine  the  mean  error  of  the  resulting  value  of  a<?,  it' 
must  be  remenibered  that  when  a  and  c  have  been  eliminated  by 

^Por  Renter  precision  (not  always  required  in  the  use  of  a  portable  instrument), 
ve  may  allow  for  the  diurnal  aberration.  Since  a  requires  the  correction  -f  C.OSl 
eop  ^  sec  (f,  we  haye  merely  to  take 

t  =  r  +  dT^T-^  f^)  +  Bh  —  0».021  cos^  seed 
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auccessive  substitution,  taking  care  to  introduce  no  new  factor- 
into  the  equations,  the  coefficient  of  a(^  in  the  resulting  final 
equation  will  be  the  weight;?  of  the  value  of  a<>  thus  determined.* 
Then,  substituting  the  values  of  a,  c,  and  a*  in  the  equations  of 
condition,  and  denoting  the  residual  in  each  by  t?,  we  have  the 
mean  error  of  a  single  observation  by  the  formula 


\m  — 


1 

m  —  /I 


in  which  [yv]  =  the  sum  of  the  squares  of  the  residuals,  m  =  the 
number  of   observations,  and  fi  =  the   number  of  unknown 
quantities. 
The  mean  error  of  ^&  and  a  T^  will  be 

e 

and  if  we  wish  the  probable  errors,  we  multiply  the  mean  errors 
by  0.6745. 

If  any  residuals  are  so  large  as  to  throw  a  doubt  upon  the 
observations,  such  doubtful  observations  may  be  examined  by 
Peirce's  Criterion.f 

If  an  observation  consists  of  transits  over  only  a  portion  of  the 
threads,  it  may  be  well  to  give  it  a  diminished  weight,  multiply- 
ing its  equation  of  condition  by  the  square  root  of  the  weight 
found  by  (129). 

K  the  collimation  constant  c  has  been  previously  determined, 
we  have  only  to  include  the  term  Gc  in  the  quantity  t;  thus, 
putting 

t=T+  dTi^T--  2;)+  Bb+  Cc 
w=  ^  _(tt  —  Q 

the  equation  for  each  star  will  be 

Aa  +  Ad  +  w  =  0  (181) 

and  the  determination  of  a  and  a<9  from  these  equations  is  then 
exceedingly  simple. 

Example.— The  following  observations  were  taken  on  the 
United  States  North- Western  Boundary  Survey  with  a  portable 

*  See  Appendix.  f  ^^^  Appendix,  Arts.  67-60. 
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transit  instrument  in  the  meridian.  The  stars  were  mostly 
selected  from  the  British  Association  Catalogue,  and  are  con- 
veniently designated  hy  their  numbers  in  this  catalogue.  But 
their  apparent  places  have  been  derived  from  the  more  reliable 
authority  the  Greenwich  Twelve  Year  Catalogue.  The  apparent 
place  of  a  Ursce  Majoris  is  derived  from  the  American  Ephemeris. 
Other  stars  from  the  British. Association  Catalogue,  observed 
on  the  same  evening,  have  been  excluded  because  they  are  not 
given  in  the  later  catalogues. 


Camp  flimiahmoo.— ] 

L857, 

July 

27. 

LaUtud6  49«0'N. 

Threads. 

Na 

Star. 

Mean. 

LeTeL 

L 

I 

n 

m 

IV 

v 

VI 

VII 

B.A.C.6890 

w. 

15».8 

48».6 

12'.8 

40».8 

9'.2 

87».9 

6'.2 

22»   4"»40».76 

+  0'.75 

"     6484 

27.2 

15.2 

88.8 

2.3 

26.8 

60.1 

22  10    88.68 

(( 

"     6441 

28.8 

47.8 

11.8 

35.8 

58.6 

22.6 

46.8 

22  11    85.10 

« 

"     6489 

21.8 

46.8 

12.6 

37.8 

2.8 

22  18    87.58 

« 

"     6886  \ 

80.8 

88.8 

88.2 

42.0 

28  18    41.68 

(( 

£• 

52.8 

48.2 

48.9 

28  18    40.49 

—  0.70 

"     8282  S.  P. 

82.1 

86.9 

48.2 

49.4 

54.5 

69.9 

5.9 

0  46    48.84 

—  0.51 

"     8846  8.  P. 

89.7 

22.7 

7.0 

50.1 

38.6 

16.9 

0.8 

1     5    50.04 

—  0.48 

"     7686 

58.1 

40.0 

26.7 

18.9 

0.7 

48.6 

85.8 

1  22    14.04 

-0.44 

*•     7778 

48.8 

8.9 

29.2 

49.4 

10.8 

30.8 

51.2 

1  84    49.78 

—  0.42 

"     8647  8.  P. 

26.8 

20.7 

17.6 

11.8 

7.3 

1.9 

57.0 

1  57    11.86 

—  0.88 

.«_ 

ft  Ure.  Miy.   8.  P. 

32.7 

19.8 

7.9 

56.0 

42.6 

80.0 

17.4 

2  19    55.06 

-0.88 

The  threads  are  numbered  from  the  end  of  the  axis  at  which  the 
illuminating  lamp  is  placed,  and  the  seconds  of  the  chronometer 
^e  recorded,  not  in  the  order  of  observation,  but  in  the  columns 
appropriated  to  the  several  threads.  The  column  "  Mean"  gives 
the  time  of  passage  over  the  mean  of  the  threads,  employing  in 
the  case  of  the  defective  transits  the  following  equatorial  inter- 
^Is  from  the  mean : 


h 

+  66«.82 


+  44*.05 


+  21\84 


_0-.08     —  22-.00 


«6 

-43-.79 


^here  the  signs  are  given  for  Lamp  West.  The  column  marked 
-Ogives  the  position  of  the  lamp  end  of  the  axis.  The  value  of 
^^^  division  of  the  level  was  O'.IOS.  Only  one  observation  of 
the  level  was  made  during  the  observations  "  lamp  west."  Two 
observations  of  the  level  were  made  during  the  observations 
"lamp  east,"  one  near  the  beginning,  the  other  near  the  end,  of 
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the  scries,  from  which  those  given  in  the  table  are  obtained  by 
interpolation. 

Stars  observed  at  their  lower  culminations  are  marked  S-  P. 
(sub  polo). 

The  chronometer  was  sidereal,  and  its  rate  was  losing  0'.40 
daily. 

A  first  computation  of  the  obseiw^ations  having  shown  that  the 
observations  lamp  west  and  lamp  east  give  very  different  results, 
the  presumption  is  that  in  reversing  the  axis  the  observer  dis- 
turbed the  instrument,  a  supposition  rendered  still  more  probable 
by  the  change  of  level.  It  will,  therefore,  be  proper  to  compute 
the  observations  upon  the  supposition  of  a  different  azimuth  for 
the  two  positions  of  the  axis. 

The  apparent  places  of  the  stars  on  the  given  date  were  as 
follows : 


Stw. 

a 

6 

B.  A.  C.  6390 

18*  89-  38'.71 

+  89»  81' 

6434 

18  45  85.70 

—  22  55 

"   6441 

18  46  81.91 

—  22  51 

«   6489 

18  58  84.86 

-80  6 

«   6886 

19  48  41.61 

+  69  58 

«   3232 

9  21  46.76 

+  70  29 

"       8346 

9  40  48.22 

+  59  44 

"   7686 

21  57  14.44 

+  72  28 

«   7778 

22  9  49.07 

+  56  18 

«   3647 

10  82  9.78 

+  66  80 

a  Un.  Maj. 

10  54  53.21 

+  62  81 

The  observed  times  of  transit  are  to  be  reduced  for  the  chro- 
nometer*s  rate  to  some  common  epoch,  which  we  shall  here 
assume  to  be  2^^  =  0*  by  the  chronometer.  The  assumed  correc- 
tion of  the  chronometer  at  this  time  will  be 

*  =  —  8*  26-  O*. 


The  formation  of  the  equations  of  condition  for  the  first  and 
last  stars  is  as  follows : 
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^  —  d 
log  Bee  d 

log  COB  (f  —  d) 

log  sin  (^  —  ^) 
log  COS  (s?  —  ^)  Bee  d  =  log  -B 
log  sin  (^  —  ^)8eo  ^  :;=  log  il 

A 

Bee  d  =  (7 

2» 

Observed  mean 

Bate  to  0* 

Bb 

Diurnal  ab.  =^  —  ©•.021  cos  ^  sec  ^ 

t 


AsBumed  d 

V) 

Denoting  the  azimuth  of  the  instrument  for  L.  W.  by  a,  and 
that  for  L.  E.  by  «',  and  changing  the  sign  of  c  for  L.  E.j  the 
equations  of  condition  for  these  two  stars  are,  therefore, 

+  0.214  a  +  1.296  c  +  a.9  +  2M0  =  0 
+  2.016  a'+  2.166  c  +  Ar^  +  1 .94  =  0 

The  equations  for  the  other  stars  being  found  in  the  same 
manner,  we  have  then : 

1.  +  0.214  a  +  1.296  c+  At?  +  2'.10  =  0 

2.  +  1.032  a  +  1.086  c  +  ai>  +  2  .96  =  0 
8.  +  1.031  a  +  1.085  c+  a*  +  3  .17  =  0 
4.  +  1.135a  +  1.156 c+  a.>  4- 3.19  =  0 
6.  —  0.732  a  +  2.056  c  +  0.707  a.>  +  0 .15  =  0 
6.  —  0.782  a'  —  2.056  c  +  0.707  a*  —  0 .97  =  0 


L.W. 

L.E. 

B.A.C.6890. 

aXTntsM^j.  S.P. 

+  39°  81' 

117°  29' 

+    9    29 

—  68    29 

0.1127 

ftO.8858 

9.9940 

9.6644 

9.2169 

n9.9686 

0.1067 

n9.9002 

9.8296 

0.8044 

+     0.214 

+  2.016 

+     1.296 

—  2.166 

+      O-.OS 

+  O-.OS 

22*   4-40'.76 

2»  19-  5^M 

—   0.08 

+  0.04 

+    0.10 

+  0.02 

—   0.02 

+  0.03 

22     4   40.81 

2  19    55.15 

18  39    88.71 

22  54    58.21 

—  8  25     2.10 

—  8  25     1.94 

—  8  26     0. 

—8  25     0. 

+  2.10 

+  1.94 
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7.  +  2.606  a!  +  2.993  c  +  Ad  +  2 .22  =  0 

8.  +  1.879  a!  +  1.984  c  +  ai^  +  1 .91  =  0 

9.  —1.822  a'— 3.319  c  + Ad  — 0.58  =  0 

10.  —  0.229  a'  —  1.802  (?  +  Ad  +  0 .58  =  0 

11.  +  2.264  a'  +  2.508  c  +  Ad  +  2 .18  =  0 

12.  +  2.016  a!  +  2.166  c  +  Ad  +  1 .94  =  0 

where  the  5th  and  6th  equations  have  been  multiplied  by  |/J, 
thus  giving  each  but  one-half  the  weight  of  an  ordinary  obser- 
vation, because  the  star  was  observed  on  but  half  the  threads.* 
The  normal  equations  are 

3.998  a  +  0     +    2.325  c  +    2.894  Ad  +  10.283  =  0 

0     +  21.848  a!  +  27.881  c  +    6.697  Ad  +  19.569  =  0 

2.325  a  +  27.881  a'  +  51.969  c  +    9.153  Ad  +  36.352  =  0 

2.894  a  +    6.697  a'  +    9.153  c  +  11.000  Ad  +  19.090  =  0 

from  which  we  find 

fl  =  — 1-.681 
a'=  — 0.083 
c  =  —  0 .423 
Ad  =  —  0 .891  with  the  weighty  =  6.775 

This  example  is  instructive  in  several  respects.  The  instru- 
ment was  reversed  upon  the  star  B.  A.  C.  6836  for  the  purpose 
of  deducing  the  value  of  c.  But,  upon  the  supposition  that  the 
azimuth  remained  unchanged  during  the  reversal,  we  find 
c  =  —  0*.267.  The  danger  of  disturbing  the  instrument  in  re- 
versing the  axis  is,  of  course,  greater  with  small  instruments, 
and  always  requires  great  caution.  Again,  the  observer  neglected 
to  observe  the  level  immediately  before  and  after  the  reversal, 
the  values  of  h  given  in  the  table  being  inferred  from  observa- 
tions taken  at  the  time  of  the  transits  of  Nos.  1,  7,  and  11.  If 
the  level  had  been  observed  more  frequently,  as  it  should  be, 
the  disturbance  of  the  azimuth  might  have  been  suggested  to  the 
observer  himself,  who,  however,  appears  not  to  have  suspected  it 

But  we  shall  obtain  still  further  instruction  from  this  example 
by  substituting  the  values  of  a,  a',  c,  a(>  in  the  original  equa- 
tions of  condition.  The  residuals  v  will  exhibit  to  us  the  ano- 
malous observations.     We  find : 

*  To  proceed  more  accurately,  we  should  have  computed,  by  (129),  the  weights  of 
the  four  defectiye  obsenrations,  the  2d,  4th,  5th,  and  6th.  We  should  haye  found 
the  weights  0.96,  0  89,  0.82,  0.71  respectively. 
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No. 

« 

1. 

+  0'.302 

2. 

—  0.125 

8. 

+  0 .086 

4. 

—  0.098 

5. 

—  0.120 

6. 

—  0.669 

7. 

—  0.153 

8. 

+  0.024 

9. 

+  0.048 

10. 

+  0.470 

11. 

+  0 .040 

12. 

—  0.084 

[vr]  =  0.8352 
Bence,  the  number  of  observations  being  denoted  by  m  =  12, 
and  the   number  of  unknown  quantities  in  our  equations  by 
^  =  4j  we  have  the  mean  error  of  an  observation  of  the  weight 
unity,  


=  JJ!!!3_=0..323 
\  m  —  a 


The  large  residuals  of  Nos.  6  and  10  point  them  out  as  probably 
anomalous ;  but,  before  rejecting  them,  we  will  apply  Peirce's 
Criterion.  Since  Table  X.  is  adapted  only  to  the  cases  of  one 
and  two  unknown  quantities,  we  shall  have  to  employ  Table  X.  A. 
Commencing  with  the  hypothesis  of  but  one  doubtful  observa- 
tion, we  assume  for  a  first  trial  x  =  1.5. 

Iflt  Approx. 
m  =  12,  fi  =  4,n  =  l  x    1.5 

Table  X.A.  log  T    8.5051 
«        «      logJB    9.3973 

log-?'    9.1078 
1  — A» 


2d  Approx. 
1.78 
8.5051 
9.3464 

9.1587 


2n 
m  —  n 


=  jl         log^»=log|- 


9.8378 
0.3117 


9.8470 
0.2970 


m  —  fi 


n 


=  7,  x»  —  1  =  7  (1  —  -I')  2.1819 
x*  3.1819 
X     1.78 


2.0790 
3.0790 
1.76 
xc  =  0'.568 
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The  residual  0.669  surpasses  the  limit  0'.568,  and  hence  the 
6th  observation  is  to  be  rejected.  We  must  then  pass  to  the 
hypothesis  of  two  doubtful  observations,  for  which  we  com- 
mence by  assuming  x  =  1.5,  and  then  with  n  =  2  we  find 
X  =  1.49,  xe  =  0'.481.  Hence  the  10th  observation  is  not  to  be 
rejected.  Thus  the  only  observation  to  be  rejected  as  anomalous 
is  the  6th ;  and  our  hypothesis  of  a  disturbed  state  of  the  instru- 
ment produced  by  reversal  is  confirmed. 

If  we  now  form  normal  equations  from  the  remaining  eleven 
equations  of  condition,  we  shall  find  the  values  of  the  unknown 
quantities  to  be 

tf  =  —  1*.686 
rt'=  — 0.092^ 
c  ==  —  0 .367 
A*  =  —  0 .999  with  weight  p  =  5.963 

and  these  values  substituted  in  the  equations  of  condition  givn 
the  residuals  and  mean  errors  as  follows : 


No. 

0 

[w] 

1. 

+  0'.276 

0.0762 

2. 

—  0 .126 

.0159 

8. 

+  0.086 

.0074 

4. 

—  0.089 

.0079 

5. 

-0.114 

.0130 

7. 

—  0.120 

.0144 

8. 

+  0.010 

.0001 

9. 

—  0 .239 

.0571 

10. 

+  0.264 

.0697 

11. 

+  0.051 

.0026 

12. 

-0.040 

.0016 

m  —  it  —  7  [»»]  =  0.2669 

.=j:s=o..i95 

Mm — fi 

The  10th  observation  is  now  well  representee^  and  the  Crite- 
rion does  not  reject  any  of  them. 
The  mean  error  of  ac?  is 

and  the  probable  error  0*  05. 
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Hence  we  have,  finally,  the  chronometer  correction  ^t  0*,   . 
a2;=  *  +  A*  =  —  3*  25«  I'.OO  it  0*.05 

THE  TBAN8IT  INSTRUMENT   IN  ANT  VERTICAL  PLANE. 

167.  The  formnlsB  (78)  and  (79)  apply  to  any  position  of  the 
instrument.  When  the  instrumental  constants  m  and  n  are  known, 
or  when  a  and  b  are  given,  from  which  m  and  n  can  be  found  by 
(78),  the  formula  (79)  determines  the  apparent  east  hour  angle 
r  of  the  observed  object  at  the  time  of  its  transit  over  any 
given  thread  whose  distance  from  the  collimation  a3d8  is  c.  The 
constants  are  found  by  combining  observations  of  stars  near  to 
and  remote  from  the  pole,  as  will  be  illustrated  hereafter. 
When  the  transits  over  several  threads  have  been  observed, 
each  may  be  separately  reduced  by  the  general  formulae ;  but  it 
is  necessary  also  to  have  the  means  of  reducing  them  all  to  a 
common  instant.  I  shall,  therefore,  here  consider  the  moert; 
general  case  of  an  observation  of  the  moon's  limb  on  any  given 
thread,  and  investigate  the  formula  for  reducing  it  to  the  middle 
thread,  or  to  the  collimation  axis  of  the  instrument.  This 
general  formula  will  be  applicable  to  any  other  object  which 
has  a  proper  motion  and  a  sensible  diameter.    Let 

8  =  the  sidereal  time   of  the  observed  transit  of  tlie 

moon's  limb  over  the  given  thread, 
1  =  the  equatorial  interval  of  the  thread  from  the  middle 
thread, 
a,  ^  =  the  true  B.  A.  and  decl.  of  the  moon's  centre  at  the 

time  0, 
a,d'=  the  apparent  B.  A.  and  declination, 
8  =  the  moon's  geocentric  semidiameter, 
y  =  the  moon's  apparent  semidiameter. 

At  the  instant  the  moon's  limb  touches  the  thread  whose  dis- 
tance from  the  middle  thread  is  2,  the  centre  of  the  moon  is  at 
the  distance  i  zb  s^  from  the  middle  thread,  and,  consequently,  at 
the  distance  c  +  i±3'  from  the  collimation  axis  of  the  telescope. 
The  apparent  east  hour  angle  of  the  moon's  centre  at  this 
instant  is 

Putting  then  c  +  i  ±  s^  for  c  and  a'  —  0  for  r  in  (79),  we  have 

Vol.  n.— 14 
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sin  (c  +  i  d:  <0  =  —  Bin  n  sin  d'  —  cos  n  cos  d'  sin  (0  — •  a'  +  m) 
=  —  sinnsind' —  cos  n  cosm  cos ^' sin (6  —  a') 
—  cos  n  sin  m  cos S'  cos(6  —  •  ) 

where  the  apparent  declination  and  right  ascension  are  employed, 
since  it  is  the  moon's  apparent  place  which  is  observed.  To  in- 
troduce the  geocentric  quantities,  let 

ic  =  the  moon's  equatorial  horizontal  parallax, 
/9,  ^  =  the  earth's  radius  and  reduced  latitude  of  the  place 

of  observation, 
J,  ^  =  the  moon's  distance  from  the  centre  of  the  earth 

and  the  observer  respectively; 

then,  putting 

/=^ 

we  find  from  Vol.  L,  equations  (182), 

/  cos  y  sin  (0  —  a')  =  cos  d  sin  (0  —  a) 

/  cos  d'  cos  (0  —  a')  =  COS  d  COS  (0  —  o)  —  p  Sin  it  COS  f  ' 

/  sin  S'  =  sin  ^  —  p  sin  ir  sin  / 

Substituting  these  values,  we  obtain 

f(c  +  idt^  sin  1"  =  —  sin  n  sin  ^  —  cos  n  cos  ^  sin  (0  —  a  -f  m) 
-f-  />  sin  rr  sin  /  Binn-\-  p  sin  n  cos  /  cos  n  sin  m 

(182) 

The  right  ascension  and  declination  are,  however,  variable,  and 
we  should  introduce  into  the  formula  their  values  for  some 
assumed  epoch.  Let  this  epoch  be  the  sidereal  time,  6^,  which 
is  the  common  instant  to  which  the  observations  on  the  several 
threads  are  to  be  reduced.    Let 

m^  d^=.  the  true  right  ascension  and  declination  at  the  time 

Aa  =  the  increase  of  the  right  ascension  in  one  minute 

of  mean  time, 
A^  =  the  increase  of  the  declination  (towards  the  north) 

in  one  minute  of  mean  time, 

and  put 
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J=  ©a  —  0  =  the  required  redaetioD, 

^  =  ^^  *  .  =  the  increase  of  a  in  1*  of  sidereal  time 
60.164 


60.164 
then,  if  JT  is  expressed  in  seconds  of  arc,  we  have 

e  — •=©0- a. --(0,-6)  +  (..-•)  =  e,- a, -(1-^)1 

sin  (O  —  a  +  m)  =  sin  (0,  —  o^  +  m) 

—  (1  —  A)  co8[0,  —  ao  +  m  —  J(l  — ;i)  J]  2  sin  J  J 

[In  which  (1  —  >l)  sin  J  /is  put  for  sin  J  (1  —  X)  i] 

sin  d  =  Bm  S^  —  --  cos  ^. .  2  sin  }  i 
15 

X' 
cos  ^  =  cos  ^p  +  Tt-  8in  *p .  2  sin  J  J 
15 

Snbstitating  these  values,  our  formula  becomes  (omitting  a  term 
multiplied  by  the  exceedingly  small  quantity  ^i'  sin*  J/) 

/(c+i±0  sinl"^ —  sin  n  sin  d^  —  cos  n  cos  S^  sin  (0p — a©  +  ^) 
4-  />  sin  IT  sin  f 'sin  n  +  psinn  cos  f 'cos  n  siu  m 
4- (1— ^)cos  n  cos  d^cos  [0p— ao+m— J(l— ;i)7]  2  sin  H 
+  A'^'  [si^^  ^  <5<>s  ^^— cos  n  sin  ^pSin(0p— Op+m)]  2  sinji 

(188) 

In  this  formula,  we  may  consider  /as  the  only  quantity  which 
varies  with  the  time ;  for,  although/, «',  and  ir  vary  slightly,  their 
variations  will  not  usually  be  sensible,  or,  if  sensible  for  a  single 
thread,  their  effect  will  disappear  when  the  epoch  is  nearly  the 
mean  of  all  the  observed  times. 

If  now  ©0  is  the  time  of  transit  of  the  moon's  centre  over  the 
great  circle  of  the  instrument,  this  formula  gives 


0  =  —  sin  n  sin  d^  —  cos  n  cos  S^  sin  (0p  —  a^  +  m) 
-f  /» sin  ir  sin  f '  sin  n  -f  />  sin  n  cos  f '  cos  n  sin  m 

Subtracting  this  from  (188),  and,  for  brevity,  putting 

^  =  ©p  —  «o  +  wi 

J{  =  sin  n  cos  S^  —  cos  n  sin  d^  sin  t 


}   (184) 
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we  find 

2mnj7= /(c  +  tdzQBinr 

(1  _  X)  COB  n  cos  d^  cos  p  —  }  (1  —  ;)/]  +  ^i^X'B 

This  is  equivalent  to  the  formula  given  by  Sawitsch  (PracU 
Asiron.j  Vol.  I.  p.  803);  but  he  has  not  observed  that  the  expres- 
sion for  JR  may  be  put  under  a  much  more  simple  form.  In  so . 
small  a  term  as  A  ^'-^5  ^®  ^^^^  ^^*  consider  the  effect  of  the 
parallax  upon  the  factor  R;  but  when  we  neglect  the  parallax 
we  have,  by  (134), 

0  =  —  sin  n  sin  S^ —  cos  n  coe  d^Bin  t 

Multiplying  this  by  sind^,  and  subtracting  the  product  from 
JR  cos  5^,  we  find 

R  cos  ^0  =  sin  n,  or  J2  =:  sin  n  sec  d^ 

It  is  also  to  be  observed  that  by  the  formula  (246)  of  Vol.  I. 

we  have 

fs^z=  8  =  the  true  semidiameter. 

Hence  our  formula  becomes 

28inJJ= f(c+i)ninl"±ssi.l" 

(1— A)co8»coB^^coep— J(l— A)jrH-y^A'8innsec^o 


or,  when  J  is  small,  as  it  usually  is, 


1= nc  +  c)±8 

(1  —  A)  cos  n  COB  d^  cos  [f—  i(}^^)^  +  ^  '^'si^  ^  s^c  d^ 

7his  formula,  then,  gives  the  reduction  of  the  observed  time 
of  transit  of  the  moon's  limb  over  any  given  thread  to  the  time 
of  transit  of  the  moon's  centre  over  the  great  circle  of  the  instru- 
ment. 

If  we  omit  s  in  the  numerator  of  the  second  member,  1 
becomes  the  reduction  to  the  time  of  transit  of  the  limb  over  the 
great  circle  of  the  instrument 

If  we  omit  fc  ±.  «,  /becomes  the  reduction  to  the  time  of 
transit  of  the  limb  over  the  middle  thread. 

The  factor /is  determined  rigorously  by  (137),  Vol.  L ;  but  it 
generally  suffices  to  take 

^      Bine* 
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which  is  very  nearly  exact,  according  to  (101)  of  Vol.  L  The 
finder  of  the  instrument  will  give  the  apparent  zenith  distance 
{[',  and  the  difference  between  this  and  the  true  zenith  distance 
f  will  be  found  with  sufficient  accuracy  by  the  formula 

sin  (C'  —  C)  =  />  sin  TT  sin  (C'  —  r) 

in  which,  a  being  the  azimuth  constant  of  the  instrument^ 

r  =^9  —  /)  cos  a 
or,  very  nearly, 

^  =  (^  —  ^)  cos  n  cos  m 

For  the  sun  or  a  planet  we  can  always  put  >l'  =  0  and  (^  =  {^', 
and  the  formula  becomes 

j  = 2+i^l (136) 

(1  —  X)  cos  n  cos  ^pcos  (f  —  }  J) 

For  a  fixed  star,  we  further  put  i  =  0,  «  =  0,  ^  =  0^^—  a  +  m, 
and  the  formula  becomes  for  stars  near  the  pole, 

2  8mJ/= (^  +  '>'°^"      ,  (187) 

cos  n  cos  ^  cos  (^  —  }  J) 

and  for  other  stars, 

I  = l±i .— -  (187*) 

cos  n  cos  ^  cos  (^  —  }  7) 

In  all  cases,  we  must  carefully  observe  the  sign  of  /  in  the 
denominator  of  the  second  member,  /will  be  negative  when 
the  observed  time  is  later  than  the  time  to  which  the  reduction 
is  made,  and  then  —  J /will  be  essentially  positive.  An  approxi- 
mate value  of /must  first  b§  found  by  neglecting  /in  the  second 
member,  and  then  a  more  precise  value  by  the  complete  formula. 
If  the  azimuth  a  and  the  level  b  are  given,  m  and  n  must  first 
be  found  by  (78),  in  which,  however,  we  may  usually  neglect  b 
when  our  object  is  merely  to  reduce  the  several  threads  to  a 
common  instant 

168.  For  a  fixed  star,  another  formula  has  been  given  by 
Hansen.     We  have 

Bin(c  -j-  %)  =  —  sinnsin  S  —  cosncos^sin  (t  —  I) 

=  —  sin  n  sin  ^  —  cos n  cos d sin  ^cos  /+  cos n cos  d cos  t  sin  / 
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K  the  reduction  is  made  to  the  coUimation  axis,  we  have 

0  =  —  sinn  sin  ^  —  cos  n  cos  S  sin  t 
which,  subtracted  firom  the  above,  gives 

sin  (c  4- 1)  =  2  cos  n  cos  d  sin  t  sin' }  /  -f-  cos  n  cos  d  cos  t  sin  7 

whence 

Bin  /=  _J?!E(MiO 2tan  t  sin«  JI  (138) 

cos  n  cos  d  cos  t 

which  is  a  rigorous  formula.    We  see  also  that  t  may  be  found 

by  the  formula 

sin  ^  =  —  tan  n  tan  d  (189) 

169.  To  deduce  the  moon's  right  ascension  from  an  observed  transit 
in  any  given  position  of  the  instmment, — ^We  first  find  the  clock  time 
of  transit  of  the  moon's  centre  over  the  great  circle  of  the 
instrument,  from  each  thread,  by  applying  to  the  observed  time 
the  reduction  given  by  the  formula  (185).  Let  T^  be  the  mean 
of  the  resulting  times,  and  a  7^  the  corresponding  correction  of 
the  clock ;  then  we  have  ©^  =  7^  +  a  7^,  and  from  (184)  we  deduce 

.    ,^  ,     N         X        X     •   .      •      /8in/tann+cosf>'8inm\  ,-.^. 

sm  (O,— ap+  fn)=  —tan  n  tan  d^+p  sin  it  I  — ■ ^ |  (140) 

\  cos  d^  I 

in  which  a^  and  d^  are  the  true  right  ascension  and  declination 
at  the  sidereal  time  6^. 

If  it  is  preferred,  we  may  first  find  the  apparent  right  ascen* 
sion  by  the  formula 

sin  (S^  —  o/  +  ^)  =  —  tan  n  tan  d^' 

and  deduce  the  true  right  ascension  by  applying  the  parallax 
computed  by  Art.  102,  Vol.  I ;  but  it  will  then  be  necessary  to 
compute  the  apparent  declination  ^/. 

It  will  be  easy  to  deduce  from  (140)  the  formula  for  the  case 
where  the  instrument  is  in  the  meridian,  which  has  already  been 
given  in  Art.  154. 

The  constants  m  and  n,  above  supposed  to  be  known,  may  be 
found  from  the  transits  of  two  stars  as  in  the  next  article. 
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FINDING   THS  TIME  WITH  A  PORTABLE  TRANSIT  INSTRUMENT  OUT 
OF  THB  MERIDIAN. 

170.  The  number  of  ^N'autical  Almanac  stars  near  the  pole  is 
so  small,  that  the  observer  in  the  field,  when  pressed  for  time, 
cannot  always  wait  for  their  transits  over  the  meridian,  and 
must  then  either  employ  catalogue  stars  whose  places  are  not  so 
well  determined,  or  have  recourse  to  extra-meridian  observations. 
K  the  transit  instrument  is  mounted  so  as  to  be  readily  revolved 
in  azimuth  and  clamped  in  any  assumed  position  (as  is  the  case 
with  the  "  universal  instruments"),  it  may  be  directed  at  once  to 
a  fundamental  star  near  the  pole,  and  then,  its  rotation  axis  being 
levelled,  its  collimation  axis  will  describe  a  vertical  circle  not  far 
from  the  meridian.  The  transit  of  any  star  over  this  circle  being 
observed,  the  general  equations  of  Art.  123  will  enable  us  to  find 
the  hour  angle  of  this  star,  and  hence  the  time,  when  we  have 
determined  the  constants  m  and  n  for  the  assumed  position  of 
the  instrument. 

The  stars  best  adapted  for  the  purpose  in  the  northern  hemi- 
sphere are  Polaris  (a  Ursce  Mmoris)  and  5  Ursce  Minoris,  one  of  these 
being  always  near  the  meridian  when  the  other  is  most  remote 
from  it;  and  it  will  be  advisable  always  to  employ  that  which  is 
nearest  to  the  meridian.  In  the  southern  hemisphere,  the  best 
star  is  ^  OciantiSj  which  is  less  than  1°  from  the  pole ;  but,  as  it 
is  of  the  6th  magnitude,  it  may  be  necessary,  with  small  instru- 
ments, to  use  either  ^  Hydri  or  ^  Chamceleontis. 

To  take  the  observation,  make  the  axis  approximately  level, 
and  turn  the  telescope  upon  the  circum-polar  star.  The  star 
moving  very  slowly,  set  the  instrument,  so  that  a  few  minutes 
must  elapse  before  the  star  will  cross  the  middle  thread.  During 
this  interval,  apply  the  spirit  level  and  determine  the  constant  6. 
Observe  the  transit  of  the  star  over  the  middle  thread  by  the 
chronometer.  The  instrument  now  remaining  clamped  in  azi- 
muth, revolve  the  telescope  upon  its  axis,  and  observe  the  transit 
of  an  equatorial  star  over  all  the  threads.  Then  determine  the 
constant  b  again,  and  employ  the  mean  of  its  two  values. 

In  order  to  eliminate  an  error  of  collimation,  the  rotation  axis 
IS  to  be  reversed,  and  another  similar  observation  is  to  be  taken, 
the  instrument  being  set  at  a  new  azimuth  slightly  in  advance 
of  the  polar  star  as  before.  Each  observation  of  a  pair  of  stars 
must,  of  course,  be  separately  reduced.    We  may,  however, 
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combine  each  transit  of  the  polar  star  with  the  transits  of  several 
equatorial  stars. 

The  coUimation  constant  should  have  been  made  as  small 
as  possible  before  the  observations ;  but,  in  any  case,  we  shall 
assume  that  its  value  is  known. 

To  reduce  the  observations,  we  must  first  find  the  constants 
which  determine  the  position  of  the  instrument.  For  this  pur- 
pose, we  use  only  the  observations  on  the  middle  thread.  Let 
then  T'  and  The  the  observed  chronometer  times  of  transit  of 
the  polar  and  equatorial  star  respectively  over  the  middle  thread, 
reduced  for  rate  to  an  assumed  time  T^ ;  and  let  aT^  be  the  chro- 
nometer correction  at  this  time ;  a',  a,  the  right  ascensions,  d'^  d, 
the  declinations ;  r'j  r,  the  east  hour  angles,  or  reductions  to  the 
meridian ;  90^  —  m,  and  n,  the  hour  angle  and  declination  of 
the  point  in  which  the  rotation  axis  produced  towards  the  west 
meets  the  celestial  sphere ;  c  the  coUimation  couBtant :  then  we 
have,  by  (79), 


}    (141) 


sin  (r  —  m)  =  tan  n  tan  d  -|-  sin  c  sec  n  sec  d 
sin  (/—  m)  =  tan  n  tan  d'-j-  si^  <^  ^ec  n  sec  d' 

in  which  we  have 

r  =  a-(r+Ai;) 

If  we  could  put  c  =  0,  these  equations  would  give  us  m  and  n 
by  a  very  simple  transformation ;  but,  retaining  e,  we  can  still 
reduce  them  to  the  form  they  would  have  if  c  were  zero.*  For 
this  purpose,  let  m'  and  vf  be  approximate  values  of  m  and  riy 
determined  by  the  conditions 

sin  (t  —  m')  =  tan  n'  tan  d 
sin  (y  —  m')  =  tan  n'  tan  d' 

from  which  we  shall  find  n'  and  then  the  correction  to  reduce  it 
to  n.    Put 

y=l^y-r)  A  =  J(r'+T)-m' 

then  X  is  tnown  from  the  observation,  since  we  have 

r=J[»'-T'~(«-T)]  (142) 

*  This  traiiflformation  is  giTen  bj  Hansin,  Attr,  Nach,^  Vol.  XLVIII.  x>.  115. 
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We  have  then 

and  hence 

sin(;i  —  ;^)  =  tan  n'tan  d  Bin(;i  -f  r)=  tan  n'tan  d' 

the  sum  and  difference  of  which  give 

2Bin  X  cos  Y  cos  S  cos  d'  =  tan  n' sin  (9'  +  d) 
2coB il  sin  T'  cos  ^  006  d'  =  tan  n'  sin (d'  —  d) 

Ifj  therefore,  we  make 

r   '    ,      sin  Cd'  +  d) 

QOBy 

(148) 

sin )" 
these  equations  will  give  us  X  and  Z/,  and  then  we  shall  have 

.        ,      2cosacos^'  ,^^^^ 

tan  n'  = j (144) 

It  is  to  be  observed  that  a'  is  always  to  be  regarded  as  greater 
than  T\  and  in  finding  y  by  (142)  the  difference  a'  —  J"  is  to  be 
found  by  increasing  a'  by  24*  when  necessary,  but  a  —  Twill  be 
positive  or  negative.  This  makes  ;*  less  than  180®,  and,  since 
A  +  7'(=  r'  —  m')  must  be  less  than  860®,  it  follows  that  X  must 
also  be  less  than  180®.  Hence,  L  will  have  the  same  sign  as 
cos;',  and  n'  will  be  negative  when  7^  >  90®. 

Now,  we  have  r  — -  m  =  r  —  w'  +  (m'  —  m),  and,  since  m'  —  m 
is  very  small, 

sin  (t  —  m)  =  sin  (t  —  m')  +  sin  (m'  —  m)  cos  (t  —  m') 

which,  substituted  in  the  first  equation  of  (141),  gives 

sin  c  ==  sin  (t  —  m')  cos  n  cos  ^  —  sin  n  sin  d 
+  sin  (w/—  m)  cos  (t  —  m')  cos  n  cos  d 


To  simplify  this,  let  us  put 


sm  d 
cosn' 


from  which  and  the  equation 

sin  (t  —  m')  =  tan  n'  tan  ^ 
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there  follows  also 

cos  to  =  cos  (t  —  mO  cos  d 

for,  if  we  add  together  the  squares  of  the  first  and  third  of  these 
equations,  the  sum  is  reduced  by  means  of  the  second  to  the 
identical  equation  1  =  1.  By  substituting  the  values  of  sin  (r  —  m'), 
cos  (r  —  m')j  and  sin  d,  which  these  equations  give,  in  the  expres- 
sion for  Cj  it  becomes 

Bin  c  =  sin  (n'  —  n)  sin  tu  +  sin  (m'  —  m)  cos  n  cos  w 
In  the  same  manner,  if  for  the  polar  star  we  take 

Bin  u/  = cos  u/  =  cos  (/—  m')  cos  d^ 

cos  n' 

we  shall  have 

sin  0  =  sin  (n'  —  n)  sin  t£/  +  sin  (m'  —  m)  cos  n  cos  u/ 
Combining  these  two  values  of  sin  c,  we  have 

sin  c  (cos  w  —  cos  u/)  =  sin  (n'  —  n)  sin  (u/  —  w) 

whence 

...        .         .        sin  i(vf+  w) 

sm  (n'  —  n)  =  sm  <? ^^-— ' — ^ 

cos  J  (m?'  —  M?) 

or,  putting  n'  —  n  =  y, 

sin  }  (u/+  w) 


(146) 


cos  }  (w/  —  w) 

n  =  n'  —  V 

The  angles  w'  and  i^  here  required  are  found  by  the  equations 

.  tan  ^  ^  tan  ^  ,,  .„ 

tan  u/  = r  tan  w  = (146) 

cos  (A  +  7')  cosn  cos  (X  — ;')  cos  n' 

observing  that  for  a  negative  value  of  tan  w\  w'  is  to  be  taken 
in  the  2d  quadrant,  but  that  for  a  negative  value  of  tan  tr,  w  is 
to  be  taken  numerically  less  than  90^,  and  with  the  negative  sign* 
To  find  m,  we  have,  by  eliminating  a  from  (78), 

Bin  m  cos  n  cos  ^  -|~  ^i^  '^  ^^  ^  =  sin  6 
whence 

sin  h 

Bin  m  =  —  tan  n  tan  ^  A . 

'  cos  n  cos  f 
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If  then  we  take 


Bin  fi  =  —  tan  n  tan  f 

b 
cos  n  COS  fi  008  f 


b  . 

cos  n  cos  a  cos  «»  (    0-^*/ 

we  have 


The  constants  being  thus  foond,  we  proceed  to  find  the  cor- 
rection of  the  chronometer  by  the  equatorial  star.  We  must 
first  reduce  the  transits  over  the  several  threads  to  the  collima- 
tion  axis,  which  may  here  be  done  by  the  formula  (188),  omitting 
the  last  term,  which  is  insensible  when  the  instrument  is  so  near 
the  meridian  as  we  here  suppose  it  to  be.  If,  therefore,  we  first 
find  t  by  the  formula 

sin  f  =  —  tan  n  tan  d  (1^8) 

and  then  put 

jP=z:  cosn  cosd  cos  ^ 

we  must  apply  to  the  observed  time  on  each  thread  the  correction 

I=|,  (149) 

(where  i  is  the  equatorial  interval  of  a  thread  from  the  middle 
thread),  and  to  the  mean  of  the  results  we  must  apply  also  the 

correction  ^  to  reduce  to  the  collimation  axis.    Let  the  resulting 

time,  reduced  for  rate  to  the  assumed  epoch  T^  be  denoted  by  ( T). 
Then,  if  O^  is  the  true  sidereal  time  at  the  same  instant,  we  have 

e.=(r)  +  A2; 

and,  by  Art.  167, 

whence  we  derive* 

aT;  =  a  — (^)  +t  —  m  (150) 

Kwe  wish  to  take  into  account  the  diurnal  aberration,  we  must 
add  to  the  right  ascension  of  each  star  the  correction  0'.021  cos  ^ 
sec  d  cos  r. 

171.  In  the  above,  we  have  supposed  c  to  be  given.  To  inves- 
tigate the  efi:ect  of  an  error  in  the  assumed  value  of  c,  let  c  -h  ^e 

*  It  is  eaeily  seen  that  the  general  formula  (150)  reduces  to  Hanbin's  formula  (86j 
when  the  instrument  is  in  the  meridian. 
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be  its  true  value ;  then  the  correction  of  n  corresponding  to  ac 
IS,  by  (145), 

sin  }  (u/-f  vo) 


An  =  —  AC 


cos  J  (w/  —  w) 


and,  by  differentiating  the  expressions  (147),  (148),  and  (149),  we 
find  the  corresponding  corrections  of  m,  ^,  and  I  to  be 

tan  f                           sin  }  (tt/  +  tr)  tan  f 
^m  ^_  —  ^ij . ^^    ^c . ^ 

cos'ncosm  cos  }(u/  —  u7)cos'n  oosm 

tan  d  sin  J  (u/  +  u?)  tan  6 

Ae==  — An =    AC. --^^7^ — ^ — <- 

cos'ncos  t  co8i(u/  — 1^)  cos' n cost 

AC 


Ai  = 


COS  d  COS  n  cos  t 


The  correction  of  the  quantity  {T)  —  i  +  m  will  be  composed  of 
the  corrections  of  /  (by  which  (7^  is  obtained),  of  m,  and  of  U 
Denoting  the  whole  correction  by  Ar,  we  have 

At  =  A  J —  Af  -j-  ^^ 

Substituting  the  values  of  the  corrections,  we  find 

AC  ["    1  sip  \{yc^'\-w)idJiV)  sin  >  (u/  +  <^)  tan y      I 

cosn  Lcos  w  cos  \{yf  —  w)  cos  J  («?'  —  w)  cos  n  cos  m\ 

By  observing  that  J(w?'—  w)  =  \{w' -^  w)  —  «?,  the  first  two 
terms  within  the  parentheses  become 

cos  i  (u/ -—  tg)  — -  sin  >  (it/  +  «?) sinti?  _  cosKu/+tg) 
cos  J  (u/  —  u?)  cos  u?  cos  }  (u/ — w) 

whence 

Ar  = ^^— rcosKw/+  w)  +  Bin  J(tt^  +  w)     ^^^    1 

cos  n  cos  }  (k/  —  ic)  L  oosncosmj 

Finally,  if  we  put 


taDy^=      ^"^  (151) 

cos  n  cos  m 


the  expression  becomes* 


^.  =  AC .    ^obCKu^ +«>)-»>]  (152) 

cos  n  cos  f>'  COB  }  (u/  —  w) 

I  ■       —  » 

*  As  given  by  Hansin,  ^«fr.  iVa<;A.,  VoL  XL VIII.  p.  120. 
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If  we  denote  the  coefficient  of  ac  in  this  equation  by  Q  and  the 
true  chronometer  correction  by  aT,  the  first  computed  correction 
being  (aZ*),  we  have 

Ar=(Ar)— Cac  (153) 

For  another  observation  in  the  reversed  position  of  the  axis 
the  coefficient  of  ac  computed  by  (152)  being  denoted  by  C,  and 
the  computed  chronometer  correction  by  (aT'),  we  have,  since 
the  sign  of  ac  is  changed, 

A!r=(Ar')-}-C'Ac  (154) 

and,  combining  the  two  results,  we  can  determine  both  a  7  and 
AC.  If  we  have  taken  a  number  of  stars  in  each  position,  we 
can  treat  all  the  equations  of  this  kind  by  the  method  of  least 
squares. 

172.  The  designation  "  equatorial  star,"  in  the  preceding  ex- 
planations, has  been  used  to  designate  the  star  from  which  the 
chronometer  correction  has  been  deduced;  but  it  is  by  no  means 
necessary  that  this  star  should  be  very  near  the  equator.  A  star 
which  passes  near  the  zenith  will  be  preferable,  since  an  error  in 
the  determination  of  n  will  then  have  little  or  no  effect  upon  the 
computed  time. 

ExAMPLB.* — ^In  1843,  August  17,  at  Cronstadt,  latitude  y>  =» 
59^  Sy.S,  the  following  observations  were  taken.  The  value 
of  one  division  of  the  level  was  0*.113.  The  correction  for  in- 
equality of  pivots  was  p  =  +  0*.14  for  circle  west  The  equatorial 
intervals  of  the  threads,  numbered  from  the  circle  end  of  the 
axis,  were 

«i  H  U  h 

+  84*.50  +  18'.74  —  16M4  33*.33 

The  assumed  coUimation  constant  was  e  =  —  0*.83  for  circle  west. 
The  chronometer  correction  was  approximately  a  T=  +  40* ; 
its  losmg  rate,  r.72,  or  dT=  +  V.12  daily. 

*  Sawit80H»  Pract,  Attrcn,,  Vol.  I.  p.  848. 
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Itt  position  of  Uie  instrnmeni:  OireU  West. 


Level     Direot 

Beversed 


B. 

W. 

-12.0 
—  17.8 

+  27.0 
+  21.2 

B  =  +  0'.52 
p  =  +  0.1i 


Mean  .8=    +  4'.6  6  =  +  0. 

Tiuisits  obserred  with  ohronometer  <'H»at  No.  19." 


Threftd. 

I 

II 

III 

IV 

V 

a  Urs.  Min, 
p  Draconis 

88-.0 

8'.9 

17*  28-  lO-.O 
17  28    85.0 

1-.4 

29*.8 

Level    Direct 

Beversed 


E. 

W. 

—  18.0 

—  12.4 

+  21.0 
+  26.8 

Mean  B=    +  4'.85 


Level    Direct 

Beversed 


2d  position 
E. 

:  OircUXatt 
W. 

—  18.4 
-17.4 

f  21.0 
+  23.1 

MeanB=    +  2'.08 


Level    Direct 

Beversed 


E. 

W. 

—  16.2 
-18.3 

+  28.6 
+  21.5 

B  =  +  0'.49 
;>  =  +  0 .14 

i  =  +  0.63 


B=  +  0'.24 
;>  =  — 0.14 

i  =  +  0 .10 


Thread. 

V 

IV 

ra 

II 

I 

a  Urs.  Min. 
r  Draconis 

8M 

85'.8 

17*  52-  45'.5 
17  55      1.4 

81*.6 

57M 

B  =  +  O'.SO 
p  =  — 0.14 


])feanB=    +  2<.65  i  =  +  0.16 

For  the  given  date  we  find,  from  the  Nautical  Abnanac, 
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aVrs.Min.  1»  8«45*.70 
fiDraconis,  17  26  55.78 
rBraconis,    17  53     0.85 


88«  28'  24".2 
52  25  25  .5 
51    80  51  .0 


Compntation  of  the  observations,  circU  west — ^We  shall  reduce 
fhe  observed  times  for.  the  chronometer  rate  to  the  common 
epoch  T^=  18*.  To  allow  for  the  diurnal  aberration,  we  take 
for  the  approximate  times  of  the  observation  of  a  Urs(B  Minoris  and 
pDracoTuSy  17*  24*  and  17*  29*,  which,  subtracted  from  the  re- 
spective right  ascensions,  give  for  their  eastern  hour  angles,  oi 
the  values  of  t,  7*  40*  and  —  0*  2*,  and  hence  the  values  of 
0'.021  cos f  seed  COST  for  the  two  stars  are  —  0*.17  and  +  0*.02, 
which  are  to  be  added  to  the  right  ascensions.  The  corrected 
quantities  are  then : 

8«45*.58    r'=17*28*  d'M  d'=  88^28'24".2 
26    55  .75    r  =  17  28  84 .96  ^  =  52   25  25  .5 


QDraconiSj  a  =  17 

a!^T'=    7  40    85.57 
a  — r=—     1    89.21 


d'+d  =  140   58  49  .7 
d'— d=  86     2  58  .7 


2r=    7  42 


14.78  =  115<*88'41".7 
r=  57^46'50".9 

Hence,  by  the  formute  (143)  and  (144), 
logsin  (p'+  d)  9.799883       log  sin  (d'—  d)  9.769786 


log  cos  r  9.726857 

log  X  sin  i  0.072976 
log  tan  A  0.280618 

1=      59«82'39".2 


log  sin  r  9.927878 

log  Z  cos  A  9.842858 
log  cos  X  9.704899 

log  L  0.137459 
log 2  cos  d'cosd  8.511783 


log  cos  d' 8.425554 

logcosd  9.785199 

log  2        0.801030 

8.511788 


n'=+  1''21  22". S 

log  tan  n' 8.374324 

By  the  formulsB  (145)  and  ( 

:i46), 

x  +  r—    1170  20' 

i-r  = 

1°46' 

logBeo(.l  +  r)  n0.3880 

logBec(i  — r) 

0.0002 

log  seen'     0.0001 

log  Bee  n' 

0.0001 

log  tan  d'     1.5748 

log  tan  i 

0.1188 

log  tan  u/  nl.9124 

log  tan  w 

0.1141 

»'=       90»42' 

to  = 

52<>  27' 

i(ttf+w)=      71    86 

i(u/-w) 

19     8 

log  sin  i(u/+  w) 

9.9772 

log8ec}(u)'— w) 

0.0247 

«=  — 0*.88  =  — 4".95 

logc 

nO.6946 

V  =  —  4  .97 

logy 

nO.6965 

«'— v  =  n=  +  l<'21'27".8 
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By  the  formulsB  (147) : 


log  (—  tan  n)      n8.374769 

log  tan  ^  0.238415 

log  8in  II  n8.613184 

;i  =  — 2^21'   7".0 
/9=  +19.4 

m  =  —  2    20  47  .6 


6  =  +  0*.645  =  +  9".68 
log  h  0.9859 

log  seen  0.0001 
log  see  M  0  0004 
log  see  ip      0.3009 


logi? 


1.2873 


The  constants  of  the  instrument  being  thus  found,  we  proceed 
to  find  the  chronometer  correction  by  ^  Draconis.  We  first  fiud 
(  and  the  thread  intervals  by  (148)  and  (149) : 


log 
log 

<  =  —  1»  46'  64".6        log 

tann    8.874769 
tan*    0.118823 

sin  t  n8.488592 

log  cos  n  9.99988 
log  cos  4   9.78620 
logoosf   9.99979 
log  J"        9.7848T 

I               II 
log  I  1.63782       1.27277 

IV 
nl.20790 

V 
nl.62284 

c  =— O'.SS 
log  c       n9.518 

log  J  1.75295       1.48790 

nl.42808 

nl.73797 

log-      n9.738 

I  +  66.62     +  80'.75 

—  26'.49 

-  64'.70 

|.=-0..54 

Applying  these  redactions,  we  have,  for  the  time  of  passage  over 
the  middle  thread,  and  the  chronometer  correction  by  (150), 

P  Draeonii. 
17»  28-  84*.62 
84.65 
86.00 
84 .91 
84.60 


c  

F~ 
Bed.  for  rate  to  18*  =r 


17  28  34.76 

—  0 .64 

-  0.04 

(5r)  =  17  28  84.18 

a  =  17  26  66.76 


^-(20  =  -     1 
f  —  m  =  +  0°  84'  68".0  =  +     2 


19.58 


Chron.  correction  at  18*  =  a  T,  =  +         41 .10 
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Cbmpntation  of  the  observations,  circle  east. — This  being  in  all 
respects  similar  to  the  above,  we  shall  only  put  down  the  prin- 
cipal results.  The  approximate  hour  angles  (r)  of  a  Ursoe  Minoris 
and  X  -Draconis  are  7*  10^  and  —  0*  8*,  whence  the  correction  of 
the  right  ascensions  for  diurnal  aberration  are  —  0*.12  and  +  0*.02. 
Keducing  the  times  for  rate  to  18*,  we  find 

aUr8.Min,a'=  P  8«45'.58  r'=  17*  52- 45'.49  d'=  88«  28' 24'- .2 
rBraconU  a=17  68     0.37     T  =  17  56      1.89    ^  =  51    80  61.0 

whence 

r=        54«    r88".8  k=      55«56'64."2 

n'  =  +      1    26    2  .6  c  =  +  0'.38  =  +  4".95 

i  +  r=     110^  4'  ^  — r=       1^*48' 

u/  =         90    81  M7  =       61    82 

y~  +      6".0 

n  =  +  V  26'  67".6  h  =  +  0'.18  =  +  r'.96 

Ai  =  —  2    2864.7  /9=-|-  3".9 

m  =  —  2    28  60  .8 

t=z—  1    48     9.6  \ogF=       9.79866 

For  the  reductions  of  the  threads  for  YDraconiSy  we  find 

V  IV  II  I 

I      +63'.60        +26'.96        —  80'.14        —  66*.48        -  =  +  0*.68 

and  hence 

y  Draeonis, 
Transit  over  middle  thread  =  17*  55*    1*.59 

1=        +      0.58 
Bed.  for  rate  to  18*  =        —     0 .01 


(r)  = 

a  = 

-(!')  = 
-m     = 

17 
17 

55 
53 

2.11 
0.87 

»  - 

t- 

+ 

2 
2 

1.74 
42.75 

+ 

41.01 

The  mean  value  derived  from  the  observations  in  both  positions 
of  the  instrument  is,  therefore, 

Ar,= +  41-.06  at  18*. 
In  general,  however,  unless  the  declinations  of  the  two  stars  are 
nearly  equal,  the  true  value  of  a  Tq  will  not  be  the  mean  of  the 
values  found  in  the  two  positions;  but  we  shall  have  to  proceed 
as  follows. 

Vol.  IL— 16 
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To  estimate  the  effect  of  an  error  in  the  assumed  value  of  c  in 
this  computation,  we  might  here  put  j)'  =  y?  in  (162),  since  n  and 
m  are  here  small ;  but,  for  the  sake  of  illustration,  we  shall  use 
the  complete  formulsB.    We  find 


CircU  WuL 

OnUBtut. 

/= 

eo"  r.2 

eo"  1'.4 

}(„/+«,)  _^= 

11   84 

11    0 

COS  [K«^ +»)-?'] 

9.9911 

9.9919 

log  sec  1  («/  —  w) 

0.0247 

0.0257 

seen 

0.0001 

0.0001 

awsf' 

0.8018 

0.8018 

logC 

0.8172 

logC 

0.8190 

C  = 

+  2.075 

C'  = 

+  2.084 

Hence 

(Circle  west)    a  7;  =  +  41M0  —  2.075  ac 
(Circle  east)     a  7;  =  +  41 .01  +  2.084  a<? 
whence 

(Circle  west)    aT,  =  +  41-.10  —  0*.04  =  +  41*.06 
(Circle  east)     a  T,  =  +  41 .01  +  0  .05  =  +  41 .06 

This  result  agrees  with  the  mean  value  found  before,  because 
here  the  declinations  of  the  stars  were  nearly  equal,  and  the  posi- 
tion of  the  instrument  with  respect  to  the  meridian  was  nearly 
the  same  in  both  observations. 

As  the  value  of  c  is  often  but  imperfectly  known,  it  will  be 
best  always  to  take  a  pair  of  stars  in  each  position  of  the  axis, 
and  then  to  compute  the  two  clock  corrections  upon  the  supposi- 
tion of  c  =  0.  .  The  true  correction  will  then  be  found  by  com- 
puting Cac  as  above,  and  the  value  of  ac  will  be  the  true  value 
of  c.  Thus,  in  the  preceding  example,  if  we  had  first  taken 
c  =  0,  we  should  have  found  from  fiDraconis  (a7^  =  +  40'.42, 
and  fipom  YDraconis  (aT')  =  +  4r.70,  and,  computing  the  coeffi- 
cients C  and  C"  as  above,  we  should  have  had 

(Circle  west)    a  7;  =  +  40-.42  —  2.075  c 
(Circle  east)      a  2;  =  +  41  .70  4-  2.084  c 
whence 

c  =  :zl-i8  =  _(,.308 
4.159 
(CSrcle  west)    a  T,  =  +  40'.42  +  0'.64  =  +  41'.06 
(Circle  east)     aT,  =  +  41 .70  —  0.64  =  +  41  j06 
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APPLICATION  OF  THE  METHOD  OF  LEAST  SQUARES  TO  THE  DETER- 
MINATIOK  OP  THE  TIME  WITH  A  PORTABLE  TRANSIT  INSTRUMENT 
IN   THE   VERTICAL   CIRCLE   OP  A   CIRCUMPOLAR   STAR. 

173.  We  here  suppose  the  observations  to  be  made  essentially 
as  directed  in  Art  170,  with  this  difference,  however,  that  we 
shall  not  restrict  the  observation  of  the  star  near  the  pole  to  its 
transit  over  the  middle  thread.  The  instrument  being  brought 
near  the  vertical  of  a  circumpolar  star :  Ist,  the  transit  of  this  star 
over  any  owe  of  the  threads  is  observed ;  2d,  the  transits  of  a  number 
of  equatorial  stars  are  observed ;  3d,  the  axis  of  the  instrument  is 
reversed,  and  the  transit  of  the  polar  star  again  observed  over 
one  thread ;  and  4th,  the  transits  of  a  number  of  equatorial  stars 
are  observed.  The  level  is  read  for  each  star.  If,  however,  the 
circumpolar  star  has  passed  all  the  threads  by  the  time  the  axis  has 
been  reversed,  the  azimuth  of  the  instrument  must  be  changed, 
80  ad  to  bring  the  star  near  a  thread ;  then,  clamping  the  instru- 
ment in  azimuth,  the  transit  over  this  thread  will  be  observed, 
and  also  the  transits  of  a  set  of  equatorial  stars  as  before.  In 
this  case  the  observations,  being  made  in  two  different  vertical 
circles,  must  be  separately  computed  according  to  the  following 
method.  It  is  hardly  necessary  to  observe  that  the  observations 
of  the  equatorial  stars  may  either  precede  or  follow  that  of  the 
circumpolar  star,  as  may  happen  to  be  most  convenient.  In  this 
method,  we  form  an  equation  of  condition  from  the  observation 
of  each  star,  and  all  those  for  which  the  azimuth  of  the  instru- 
ment is  the  same  are  combined  by  the  method  of  least  squares. 

Let  c  denote  the  coUimation  constant  for  the  mean  of  the 
threads,  and  i  the  equatorial  distance  of  a  thread  from  the 
mean ;  then,  r  denoting  the  hour  angle  of  the  star  when  observed 
on  the  thread,  i  +  c  must  be  substituted  for  c  in  our  fundamental 
equation  (79) ;  and,  since  this  quantity  is  always  sufficiently  small, 
we  shall  put  it  in  the  place  of  its  sine.  Thus,  we  have  for  each 
thread 

c  -|-  I  =  —  sin  n  sin  ^  4-  cos  n  cos  d  sin  (t  —  m) 

WTien  several  threads  are  observed,  the  mean  of  the  observed 
times  corresponds  to  that  point  of  the  field  which  we  call  the 
mean  of  the  threads  only  when  the  instrument  is  in  the  meridian. 
When  the  instrument  is  not  in  the  meridian,  two  methods  of 
procedure  offer  themselves.  The  first  is  that  which  has  been  used 
in  the  preceding  articles,  and  consists  in  reducing  each  thread 
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either  to  the  middle  or  the  mean  thread  by  means  of  the  com- 
puted intervals.  But  to  compute  these  intervals  we  must,  as 
has  been  seen,  know  the  position  of  the  instrument.  The  second 
method,  which  we  owe  to  Bbssbl,  is  not  only  more  simple  in 
practice,  but  is  wholly  independent  of  the  position  of  the  instru- 
ment ;  and,  as  it  will  be  useful  both  in  the  present  problem  and 
in  that  of  finding  the  latitude  by  transits  over  the  prime  vertical, 
I  shall  treat  of  it  here. 

K  we  denote  the  number  of  observed  threads  by  j,  we  have  q 
equations  of  the  above  form,  t  and  r  being  different  in  each. 
The  mean  of  these  equations  is 

c  +  -  Tt  =  —  sin  n  sin  ^  +  cos  n<^o%^  -  2  sin  (t  —  m) 

where  I  is  the  usual  summation  sign.    Now  let 

T  =  the  mean  of  the  observed  times  on  the  several 
threads, 
T  —  /=  the  observed  time  on  any  thread; 

then  J  is  the  interval  found  by  subtracting  each  observed  time 
from  the  mean  of  all,  and,  consequently,  the  algebraic  sum  of 
all  these  intervals  is  zero.    Also  let 

*  =  the  clock  correction, 
then  for  each  thread  we  have 

sin  (r  —  m)  =  sin  (^  —  m  -f  7)  =  sin  (f  —  m)  cos /-f  cos (t  —  m) sin  / 
—  rsin(T  —  m)  =  sin(f  —  m)  — rcos/+  co8(f  —  m)  — Tsin/ 

Let  k  and  x  be  determined  by  the  conditions 

—  cos  x  =      —  r  cos  Z 
k  a 


^sinx  = S  sin  I 

k  a 


then  we  have 


—  r  sin  (r  —  m)  =  -7-  sin  ft  —  X  —  m) 
q  k 
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Hence,  putting 


} 


our  equation  becomes 

...  COB  n  cos  ^  sin  (t,  —  m) 
c  +  2^  =  —  sin  n  sin  ^  -j ^  ^ 

K 

Thus,  X  and  A:  being  found,  we  find  t^  by  using  the  corrected 
time  T+  %  instead  of  T^  as  in  (155),  and  then  this  single  equation 
represents  the  mean  of  the  q  equations.  We  may  bring  this 
equation  still  nearer  in  form  to  that  for  each  thread,  by  substi- 
tuting 

y  cos  ^,  =  —  cos  d 
k 

Y  sin  dj  =  sin  ^ 

which  give 

~  *  =  —  sin  n  sin  ^^  +  cos  n  cos  d,  sin  (r,  —  m)        (156) 

where  7-  is  so  nearly  equal  to  unity  (as  will  presently  appear)  that, 
as  the  divisor  of  the  small  term  c  +  i^  it  may  usually  be  omitted. 
Thus,  the  mean  equation  is  precisely  of  the  form  for  one  thread, 
when  we  use  both  a  corrected  mean  time  and  a  corrected  decli- 
nation. The  quantities  x  and  d^,  or  else  x  and  log  A,  are  readily 
found  by  the  aid  of  tables  such  as  Tables  VTH.  and  VIII.A  at 
the  end  of  this  volume,  the  construction  of  which  is  as  follows. 
The  equations  which  determine  k  and  x  may  be  written  thus : 

lcosx  =  l  — i2:2sin»JJ 
*  ? 

i8in)c==ll(7— sinJ) 
k  q 

for,  since  21=  0,  this  last  equation  is  the  same  as  the  one  before 
given.  But  the  quantity  /—  sin  J  is  of  the  order  P,  and  there- 
fore extremely  small,  so  that  we  may  put  cos  x  =  1,  and  hence 

-i  =  l  — i2:2sin«JJ 
k  q 

3c  =1^(7— sin/) 
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and  since 

tan  d^=ik  tan  d 
we  have* 

or,  substituting  the  value  of  A, 

d  =  d  -4 ^^ • -4-  &o. 

l-irsin'JI  ®*^^ 

Bessel  givesf  a  table  from  which  with  the  argument  J  we  find 

sin'  \  I 
/—sin  J  in  seconds,  and     .    ^,  -     The  means  of  the  tabular 
'  sm  1" 

quantities  taken  for  the  several  values  of  J  are  respectively  x  and 
the  numerator  of  the  coefficient  of  2i.  A  small  subsidiary  table 
corrects  for  the  neglect  of  the  denominator.  In  the  tables  at  the 
end  of  this  volume  I  have  adopted  a  diflferent  arrangement  By 
the  logarithmic  formula 

log(l  —  rr)  =  ~M(x  +  Jx*  +  &c.) 
in  which  if  =  0.4842945,  we  find 

log  A:  ==-- logi- rrrJffli:  2  sin«  J  J+Wlr  2  8in«Jiy+4o.l 

where  the  second  term  of  the  series  will  mostly  be  inappreciable. 
The  approximate  value  of  log  A:,  neglecting  this  term,  will  be 

and,  employing  this  value  in  the  second  term,  the  complete 
value  will  be 

Table  Vlil.  gives,  in  the  column  log  K  the  value  of  2ilf  sin'^i 
corresponding  to  each  interval  L  The  mean  value  of  log  k^ 
which  is  required  in  reducing  several  threads,  will  be  found  by 
taking  the  mean  of  the  several  values  from  the  table.    When 

♦  PL  Trig.,  Art.  264.  f  Attrwa,  Naeh,,  VoL  VI.  p.  246. 
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extreme  precision  is  desired,  this  mean  is  to  be  increased  by  the 
small  correction  given  in  Table  Viii.A,  which  contains  the  value 

of  the  term  ^  otw'  ^^^^  ^^  argument  "mean  log  A."  The 
column  marked  x  gives  the  value  of  /—  sin  /in  seconds  for  each 
value  of  I;  and  the  mean  of  the  several  values  is  likewise  to  be 
taken  as  the  correction  of  the  mean  of  the  observed  times  T. 
The  sign  of  /is  different  for  threads  on  opposite  sides  of  the 
mean,  and  the  sign  of  x  must  be  the  same  as  that  of  /.  Hence 
the  mean  x  will  be  evanescent  when  the  observed  threads  are 
symmetrically  disposed  about  the  mean. 

These  tables,  then,  effect  the  reduction  of  the  threads  to  a  single 
instant  in  a  remarkably  simple  manner,  without  requiring  a  pre- 
vious knowledge  of  the  position  of  the  instrument.  We  have 
only  to  add  x  to  the  mean  of  the  observed  times,  and  to  find  the 
corrected  declination  by  the  formula 

tan  d^  =  k  tan  d  (167) 

Then,  taking  the  mean  of  the  equatorial  intervals  i  of  the  ob^ 
served  threads,  we  proceed  to  use  equation  (156),  as  representing 
the  mean  of  all  the  threads.  The  divisor  y  is  found,  from  the 
equations  which  determine  y  and  3^,  to  be 

J-(l-l)coBM 

^  COS  (^j  —  d) 

where  we  may  put  cos  {d^  —  5)  =  1.  Since  i^  is  zero  when  all 
the  threads  are  observed,  we  may  put  j'  =  1  in  such  cases  with- 
out hesitation,  since  it  is  then  the  divisor  only  of  the  very  small 
quantity  c.  But  in  the  method  of  observation  here  adopted  we 
may  in  all  cases  put  y  =  1;  for  we  suppose  the  slow-moving  star 
to  be  observed  on  but  one  thread,  in  which  case  we  have  rigor- 
ously 7-  =  1 ;  and  for  the  equatorial  star  (even  if  we  extend  this 
denomination  to  stars  of  the  declination  60®  or  60°)  the  intervals 
/will  always  be  less  than  2*,  and  then  the  mean  log  k  will  always 
be  less  than  0.00001,  and  log  r  will  be  less  than  0.00002.  We 
take  then,  as  complete,  the  equation 

c  +  i^=z  —  sin  n  sin  d^  +  cos  n  cos  d^  sin  (t^  —  m) 

Bubstitnting  sin  r^  cos  m  —  cos  r^  sin  m  for  sin  (tj  —  m)  and  then 
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substituting  the  values  of  sin  n,  cos  n  cos  m,  cos  n  sin  m,  from  (78\ 
the  equation  becomes 

c  +  I'o  =  —  b  (sin  9?  sin  ^,  -f  cos  ^  cos  ^,  cos  t,)  -f  cos  a  cos  d^  sin  Tj 
+  sin  a  (cos  f  sin  ^^  —  sin  ^  cos  ^^  cos  t^) 

This  equation  will  be  satisfied  when  a  is  the  true  value  of  the 
azimuth  of  the  instrument  and  Ti  has  been  found  by  employing 
the  true  clock  correction  i>.  But,  if  a  and  i>  denote  assumed 
approximate  values  of  these  quantities,  ^a  and  a&  their  required 
corrections,  and  if  r^  is  found  by  the  formula 

r,  =  a-(r,  +  ^)  (158) 

then  we  must  substitute  in  the  above  equation  a  +  £Ui  for  a,  and 
Ti  —  ^9  for  Ty  We  thus  find  (neglecting  the  products  of  the 
small  quantities  6,  ^a,  and  ^d) 

c  +  i^  =  —  b  (sin  9?  sin  8^  +  cos  f  cos  d^  cos  t^) 

-j-  cos  a  cos  d^  sin  r,  -4-  sin  a  (cos  f  sin  d^  —  sin  ^  cos  d^  cos  r^) 

—  Afl  sin  a  cos  d^  sin  r^-f  Aa  cos  a  (cos  9?  sin  d^ —  sin  f>  cos  d^  cos  t^) 

—  A*  cos  d,(co8  a  cos  Tj  +  sin  a  sin  f  sin  t^) 

To  adapt  this  for  computation,  let  z  and  A  be  the  zenith  distance 
and  azimuth  of  the  point  of  the  sphere  whose  declination  is  d^ 
and  hour  angle  Tj  :  then  we  have  (Vol.  L  Art  14) 

cos  z  =      sin  f  sin  d,  +  cos  ^  cos  ^,  cos  r^    ^ 
sin  z  cos  A  =  —  cos  f  sin  dj  +  si^  9  ^^^  \  <508  ^1     f    0-^^) 
sin  j8f  sin  -4  =  cos  d^  sin  r^    J 

and  our  equation  becomes 


c  +  I'o  =  —  b  cos  r  —  sin  (a  —  A)  sin  jj  —  Aa  cos  (a  —  A)Bm  z 
—  A*  cos  d^  (cos  a  cos  Tj  +  sin  a  sin  f  sin  t^) 

Here  a-— A  must  be  of  the  same  order  as  e  +  4,  and  there- 
fore may  also  be  put  for  its  sine,  and  its  cosine  may  be  put  =  1. 
In  the  coefficient  of  a<>  we  may  put  cos  3  for  cos  d^.  Transposing 
the  equation,  and  collecting  the  known  terms,  by  putting 

h  =  i^+  b  COB  z  +  (a  —  A) sin  z  (160) 

we  obtain  the  equation  of  condition 

4*  +  Aa  sin  r -f  A*  cos  ^  (cos  a  cosr^  +  sin  asin  f  sinr^)-!- A  =  0  (161) 
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in  which  the  sign  of  c  must  be  changed  when  the  axis  of  the 
instrument  is  reversed.  It  must  also  be  observed  that,  (as  in 
meridian  observations  where  ^  =  y  —  i),  sin  z  must  be  negative 
when  the  star  is  north  of  the  zenith :  this  sign,  however,  will  be 
given  by  the  equations  (169)  if  attention  is  paid  to  the  signs  of 
the  other  quantities.  To  compute  z  and  A  by  logarithms^  let  g 
and  G  be  determined  by  the  conditions 

g  BinO  =  sin  d, 
g  cosG  =  cos  d^  cos  r^ 
then 

cos  z  =g  cos  (^  —  ff) 
sin  z  COB  A  =  g  sin  (f  —  G) 
sin  z  sin  A  =  cos  d^  sin  r^ 

or  (observing  that  tan 8^=  k  tan d) 

k  tan  ^ 


tan(?== 


cos  Tj 


tan^cosff  . 

*^^-sin(^-ff)  /   (^^^^ 

tanz=:^^'^^^-^> 
cos  ii 

in  which.  G  and  -4  are  to  be  taken  less  than  90%  positive  or 

negative  according  to  the  sign  of  their  tangents,  and  the  sign  of 

tan  z  will  be  determined  by  that  of  tan  {f  —  G). 

If  we  put 

tan  -P=  tan  r^sin  ^  (168) 

the  coefficient  of  a^  may  be  computed  under  the  form 

j^C0S^C08T,C08(a  — J') 

cos-P  ^      ^ 

The  whole  process  of  forming  the  equation  of  condition  for 
each  star  is,  therefore,  as  follows : 

1st.  Find  X  and  log  k  from  Table  VJJLL.,  and  add  x  to  the  mean 
of  the  observed  times  on  the  several  threads.  Call  the  resulting 
time  T|,  and  find 

in  which  ^  is  the  assumed  clock  correction  reduced  to  the  time  T^ 
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2d,  Compute  A,  z,  P\>j  the  equations  (162),  (168),  and  (164), 
and  h  by  the  equation 

h  =  i^+  b  COB  z  +  (a  —  A) sin  z 

in  which  ^  is  the  mean  of  the  equatorial  intervals  of  the  observed 
threads  from  the  mean  thread,  b  is  the  inclination  of  the  rotation 
axis,  and  a  is  the  assumed  azimuth  of  the  instrument 
Then  the  equation  of  condition  is 

±:  c  4-  Aa  sin  z  +  P.  Ai>  -f  A  =  0 

in  which  the  sign  of  e  is  to  be  determined  by  the  position  of  the 
rotati(>n  axis  of  the  instrument 

From  all  the  equations  thus  formed,  the  most  probable  values 
of  e,  ^a,  and  a^  will  be  found  by  the  method  of  least  squares. 

If  the  azimuth  of  the  instrument  has  been  changed  during 
the  observations,  these  must  be  divided  into  two  sets,  and  two 
different  assumed  azimuths  a,  a',  with  the  corrections  ^a  and  Aa', 
will  be  used  in  the  formation  of  the  equations. 

It  is  hardly  necessary  to  remark  that  all  the  quantities  ^,  6, 
a  —  -4,  c,  Aa,  ^9  are  expressed  in  the  same  unit,  either  of  time  or 
arc :  the  latter  will  perhaps  be  most  convenient 

Example. — The  following  observations  were  taken  by  Bessel 
with  a  very  small  portable  instrument,  to  determine  the  time. 


Munich, 

1827,  June  27 

Circle  East. 

I 

II 

ni 

IV 

V 

LeT«l. 

X  Scorpii 
s  Ophiuchi 
aUrsteMinoris 

8-12'.2 
14  22.4 

7-52'.5 
14     2.6 

11». ..-...♦. 

11  13  43.2 
11 

18-22'.7 
20     8.2 

18-  1'.6 

—  1*080 
—0.608 
— 0  .079 

Circle  West. 
aUnoBMinoria 
*a{Anon.) 
24  SciUi  Sob. 

21-35'.5 
26  11.4 

21-56'.2 
26  81.6 

18»19-52'.8 
13  22   16.2 
13  26  52 .3 

+  K588 
+  1.670 
+  1  .837 

22-37'.0 
27  12.8 

22-58'.8 
27  34.4 

The  azimuth  of  the  instrument  was  changed  between  the  two 
sets  of  observations,  circle  east  and  circle  west. 

The  place  of  observation  was  in  the  garden  of  Dr.  Stbinheil's 
house,  where  the  latitude  was  y  =  48°  8'  40". 

The  chronometer  was  a  pocket  mean  time  chronometer  of 
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EissBL.  Its  correction  to  eidereal  time  at  12*  (chronometer  time) 
was  assumed  to  be  ^  =  5*  1*  S'.OO,  and  its  rate  on  sidereal  time 
was  +  9*.  19  per  hour  (losing). 

The  equatorial  intervals  of  the  threads  from  the  mean  thread 
were  as  follows  for  circle  west: 


+  598".08 


u 
+  803".09 


III 
+  6'M9 


IV 
—  294".91 


V 
—  612".46 


The  value  of  one  division  of  the  level  was  4".49.  The  pivots 
were  of  unequal  thickness,  the  correction  for  which  had  pre- 
viously been  found  to  be  —  1".89  for  circle  west 

The  apparent  places  of  the  stars  on  the  given  date  were  as 
follows : 


a 

6 

X  Seorpii 

16»   2-86'.71 

—    9<»86'84".2 

t  Ophiuchi 

16    9    18.90 

—   4    16    8  .9 

a  Ursce  Minoria 

0  69     6.28 

+  88    28    2  .6 

*  a  {Anon.) 

18  18     8.49 

+  14    52  36  .7 

24  SeuU  Sob. 

18  19    24.11 

—  14    89  56  .0 

The  reduction  of  the  observations  of  x  Seorpii  and  c  Ophiuchi  on 
the  several  threads  to  a  mean  will  serve  to  illustrate  the  mode 
of  using  our  Table  Vm.,  although  in  this  case  the  quantity  x  is 
quite  insensible  and  log  k  nearly  so.    We  have,  then, 


CindeEMt. 

T 

/ 

X 

logi 

« 

/  Seorpii  I. 
II. 

11»  8-12'.2 
7    62.6 

—  9'.85 
+   9.85 

0.00 
0.00 

0.0000001 

1 

—  698".08 

—  808  .09 

Heans 

11     8     2.36 

0.00 

0.00 

0.0000001 

—  460  .69 

Ophiuchi 


Heans 


11  14   22.4 

—  sg'.go 

0.00 

0.0000018 

-698."08 

14     2.6 

—  20.10 

6 

—  808  .09 

13    48.2 

-  0.70 

0 

—     6  .19 

13    22.7 

+  19.80 

6 

+  294  .91 

18     1.6 

+  40.90 

0.00 

19 

+  612  .46 

11  18    42.60 

0.00 

0.00 

0.0000009 

0.00 
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To  form  the  equations  of  condition  for  the  three  stars  observed, 
circle  east,  we  now  find  by  the  formula  (158,  &c.)* 


Assumed  ^ 
Bate  to  12* 


(in  arc) 
log  sec  Tj 
log  tan  6 
logk 

log  tan  G 
O 

log  tan  Tj 

log  cos  O 

log  ooseo  (0  —  O) 

log  tan  ^ 

log  cos  A 
log  tan  (0  —  (?) 

log  tan  2 
log  sin  z 
log  cos  2 

A 
Assumed  a 

a  — A 

h 

(a  —  ^)  sin  3 
h  cos  2 

h 

I  tan  *i  sin  0  =  1.  tan /* 

F 

a  —  F 

log  cos  <5 

log  cos  Tj 

log  COS  (a  —  F) 

log  sec  F 

logP 


xSBOfpU. 

tOphiwihi, 

•  Urm  mn. 

11*    8"«  2'.86 

11*18«42'.60 

11*20-   8'.20 

+   6     1      8.00 

+    61      8.00 

+      6     1      8.00 

—     7.96 

—     7.09 

—      6.12 

16     8   67.89 

16  14    88.41 

16  21      0.08 

16     2   86.71 

16     9    18.90 

0  69      6.28 

^     6   20.68 

—     6    24.61 

+      8  88      6.20 

—  P  86'  10".2 

—  lo    21'    7''.66 

129<»  81'  18".0 

0.000166 

0.000121 

n0.196290 

n9.228677 

n8.878022 

1.649678 

0.000000 

0.000001 

0.000000 

n9.228848 

n8.878144 

nl.746868 

—   9*>86'47".2 

—   4oi6'18".2 

—   88«>68'17".8 

67    46  27  .2 

62    24  68  .2 

187      6  67  .8 

n8.442887 

n8.872976 

110.088661 

9.998868 

9.998798 

8.264067 

0.072784 

0.101080 

0.167161 

118.608929 

n8.472798 

n8. 604789 

9.999774 

9.999808 

9.999778 

0.200180 

0.118688 

fi9.967894 

0.20086 

0.11887 

119.96812 

9.92788 

9.89904 

n9.88296 

9.72697 

9.78617 

9.86484 

—   1<»60'66".86 

—  l*  42'  4".86 

—      1*>  49'  62".74 

—    1    42    0. 

-h          8'  65".86 

+              4".86 

+            7'  62".  74 

—                2.96 

—              0.84 

+                   1.64 

+            463".29 

+              8".84 

~              821".80 

—               1  .68 

—              0  .61 

+                  1  .18 

—            450  .69 

0.00 

+               294 .91 

+                1M2 

+              8".88 

—                26''.76 

118.814894 

118.246082 

n9.966618 

—   1«10'64" 

—   lo    0'26" 

—  420    4' 89" 

—        81     6 

—        41  84 

40   22  89 

9.99886 

9.99879 

8.46026 

9.99988 

9.99988 

»i9.80871 

9.99998 

9.99997 

9.88184 

0.00009 

0.00007 

0.12946 

9.99876 

9.99878 

fi8.26626 

*  Wa  have  neglected  the  diurnal  aberration,  as  an  insensible  quantity  in  obserra* 
tions  vitli  so  small  an  instrument 
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Hence  the  equations  of  condition,  circle  east,  are: 

/  Scorpii  —  c  +  0.8459  Aa  +  0.9857  Ad  +  l'M2  =  0 
e  Ophiuchi  —  c  +  0.7926  Aa  -f  0.9971  a*  +  8  .88  =  0 
a  Urs.  Min.  —  c  —  0.6807  Aa  —  0.0184  a.»  —  25  .76  =  0 

In  the  same  manner,  we  find  for  the  stars  observed,  circle  west. 


a  Dr$m  Ktn. 

♦a 

2i8attiSob. 

T.  +  * 

18*21-   8'.08 

18»  23-  82'.34 

18»28"    8'.81 

n 

99°29'18".75 

—    1°20'57".75 

—   2°11'10".5 

log* 

0.000000 

0.000001 

0.000001 

log  tan  ji 

n8.617908 

n8.618105 

n8.618199 

log  sin  z 

n9.82674 

9.78948 

9.94926 

log  COB  z 

9.87007 

9.92217 

9.65941 

A 

—  2°  22'  82".22 

—  2»  22*  86".20 

—  2»22'88".05 

ABsmnedo' 

—  2    22  40  . 

al—A 

-              7  .78 

—              8  .80 

—              1  .95 

h 

+              5  .22 

+              5  .61 

+              6  .86 

(of— A)  sinz 

+              6  .22 

—              2  .09 

—              1  .74 

6  008  2 

+              8  .87 

+              4  .69 

+              2  .90 

». 

+              6  .19 

0  .00 

0  .00 

A 

+            15  .28 

+              2  .60 

+              1  .16 

logP 

n7.74071 

9.98501 

9.98544 

and  hence  the  equations  for  these  stars  are 


a  Urs,  Min. 


+  c  —  0.6710  Aa'  —  0.0055  ai>  +  15".28  =  0 
a  +  c  +  0.5488  Aa'  +  0.9661  a»9  +    2  .60  =  0 

24  Scuti  Sob,  +c  +  0.8897  Aa'  +  0.9670  a*  +    1  .16  =  0 

The  six  equations  involve  four  unknown  quantities,  which 
might  be  determined  from  the  four  normal  equations  formed  in 
the  usual  manner.  But,  where  the  number  of  equations  is  so 
little  greater  than  that  of  the  unknown  quantities,  it  is  not 
worth  while  to  employ  this  method.  We  can  here  obtain  the 
same  result  by  eliminating  Aa  from  the  first  set  and  Aa'  from 
the  second,  and  then  combining  the  resulting  equations  for  the 
determination  of  c  and  a?^.    Thus,  substituting  the  values  of  Aa 
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and  m!  found  from  the  equations  for  a  JJr^tR  Min.  in  the  eqaa- 
tions  of  the  other  two  stars  in  the  two  groups  respectively,  we 
have  the  four  equations 

/  Scorpii  —  2.2427  c  +  0.9629  a*  —  80".89  =  0 

t  Ophiuchi  —  2.1642  c  +  0.9757  a*  —  26  .66  =  0 

*a  +  1.8179  c  +  0.9616  a*  +  15  .10  =  0 

24  Scuti  Sob.  +  2.8259  c  +  0.9597  a*  +  21  .42  =  0 

from  which  we  derive  the  normal  equations 

18.4281c  —  0.2908  a^  +  204".25  =  0 
—    0.2908  c  +  8.7249  a*  —    20  .68  =  0 
which  give 

Ai>=:+    4".69  =  +  0*.31 
c  =  —  ir.Ol  =  —  0'.78 

Hence  we  have,  finally, 

*  =  +  5*  1-  8'.81 

By  the  four  time  stars,  severally,  we  have  8'.48,  8-.18, 8*.84,  8'.29. 
The  methods  which  have  here  been  given,  for  finding  the 
time  with  a  transit  instrument  out  of  the  meridian,  are  intended 
for  the  use  of  observers  in  the  field  who  have  but  little  time  to 
adjust  their  instruments  and  wish  to  collect  all  the  data  possible, 
reserving  their  reduction  for  a  future  time.  The  greater  labor 
of  these  reductions,  compared  with  those  of  meridian  observar 
tions,  is  often  more  than  compensated  by  the  saving  of  time  in 
the  field. 


DBTBRMIKATION   OF  THB   OEOORAPHIOAL   LATITUDE   BY  A   TRANSIT 
INSTRUMENT   IN   THB   PRIME   VERTICAL. 

174.  The  transit  instrument  is  said  to  be  in  the  prime  vertical 
when  the  great  circle  described  by  its  coUimation  axis  is  in  the 
prime  vertical.  The  rotation  axis  is  then  perpendicular  to  the 
plane  of  the  prime  vertical,  and  lies  in  the  intersection  of  the 
planes  of  the  meridian  and  horizon.  We  owe  to  Besbel  the  ap- 
plication of  the  instrument  in  this  position  to  the  determination 
of  the  latitude  of  the  place  of  observation. 

The  fundamental  principle  of  the  method  may  be  briefly 
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Stated  as  follows.*  Let  FZ,  Fig.  45,  be  the  meridian ;  SZS' 
the  prime  vertical  of  the  observer ;  SMS' 
the  diurnal  circle  of  a  star  which  crosses 
the  meridian  between  the  zenith  and  the 
equator.  Such  a  star  crosses  the  prime 
vertical  above  the  horizon  at  two  points 
S  and  S'  on  opposite  sides  of  the  zenith 
and  at  equal  distances  from  the  meridian. 
K  then  we  observe  the  transits   at  these  * 

two  points  with  an  instrument  perfectly  adjusted  in  the  prime 
vertical,  and  note  the  times  by  a  clock  whose  rate  is  well  known, 
we  determine  the  hour  angle  ZFS'  =  /,  which  is  equal  to  one- 
half  the  elapsed  sidereal  time  between  the  two  observations; 
and,  therefore,  in  the  right  triangle  PZS'  we  know  this  angle 
and  the  hypothenuse  PS'  =  90°  —  5,  from  which  we  find  the 
aide  FZ  =  90°  —  y ;  whence  the  formula 

tan  ^  =  tan  d  sec  t 

in  which  f  is  the  latitude.  It  is  evident  that  only  those  stars 
can  be  observed  on  the  prime  vertical  whose  declinations  are 
between  0  and  f.  The  nearer  the  observations  to  the  zenith,  that 
is,  the  less  the  diflp(6rence  between  the  declination  and  the  latitude, 
the  less  the  effect  of  errors  in  the  observed  times  upon  the  value 
of  sec  t,  and,  consequently,  upon  the  computed  latitude. 

The  advantage  of  this  method  of  finding  the  latitude  lies 
chiefly  in  the  facility  with  which  all  the  instrumental  errors  may 
be  eliminated  by  using  the  instrument  alternately  in  opposite 
positions  of  the  rotation  axis,  reversing  it  either  between  the 
observations  on  two  different  stars  or  between  observations  of 
the  same  star,  or  using  it  in  one  position  on  one  night  and  in 
the  reverse  position  on  the  same  stars  on  another  night.  Dif- 
ferent methods  of  reduction  apply  to  these  several  methods  of 
observation,  which  will  be  hereafter  investigated.  We  must  first 
show  how  to  place  the  instrument  in  or  near  the  prime  vertical. 

175.  Approximate  adjtistment  in  the  prime  vertical — The  middle 
thread  must  be  carefully  adjusted  in  the  coUimation  axis,  or  as 
nearly  so  as  possible.  Then  compute  the  sidereal  time  of  pass- 
ing the  prime  vertical  for  some  star  whose  declination  is  small, 

*  See  also  Vol.  I.  ArU.  192  and  198. 
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that  is,  a  star  which  passes  the  prime  vertical  at  a  low  altitude. 
If  <  =  the  hour  angle  in  the  prime  vertical,  8  =  the  declination, 
and  f  =  the  assumed  latitude,'  we  have 

cost  =  tan  ^  cot  ^ 

and,  if  a  =  the  star's  right  ascension,  0  =  the  sidereal  time  of 
passing  the  prime  vertical, 

-.  4  f  —  foi*  ®*8t  transit ) 
®  =  *-^^  [+   «  west     «      I 

At  this  time,  therefore,  by  the  clock  (allowing  for  the  correction 
of  the  clock),  bring  the  middle  thread  upon  the  star,  observing 
to  keep  the  rotation  axis  as  nearly  horizontal  as  possible.  The 
zenith  distance  at  which  the  star  will  be  observed  may  also  be 
previously  computed,  to  facilitate  the  finding.    For  this  purpose 

we  have 

Bind 

cos  z  =  -; — 

smf 

which  gives  the  true  zenith  distance,  from  which  we  should  sub- 
tract the  refraction  in  the  case  of  very  low  stars. 

After  the  instrument  has  thus  been  brought  near  the  prime 
vertical  by  one  star,  the  rotation  axis  should  be  carefully  levelled, 
and  the  adjustment  verified  by  another  star.  In  the  first  adjust- 
ment the  frame  of  the  instrument  would  be  moved ;  but  in  the 
second  only  the  V  which  is  provided  with  a  small  motion  in 
azimuth.  When  the  instrument  is  provided  with  a  graduated 
horizontal  circle,  the  most  satisfactory  method  is  to  adjust  it 
first  in  the  meridian  and  then  revolve  it  in  azimuth  90*^. 

In  preparing  for  an  observation  on  the  extreme  threads,  we 
must  know  the  interval  required  by  the  star  to  pass  from  one  of 
these  to  the  middle  thread.  It  will  be  shown  hereafter  that  if 
i  =  the  equatorial  interval  of  the  sidereal  thread  from  the  middle, 
the  corresponding  star  interval  /,  near  the  prime  vertical,  will  be 
nearly 

1=-. — '- — =-r-^— 

SID  f  cos  d  Sin  t       sm  f  sm  z 

and  it  is  easily  shown  that  when  the  hour  angle  t  becomes  i±I, 
the  zenith  distance  becomes  z  ±  16/coSf>,  where  the  factor  15 
is  used  to  reduce  /ft*om  time  to  arc.  The  first  observation  on  a 
side  thread  at  the  east  transit  will,  therefore,  be  expected  about  i 
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seconds  before  the  time  of  transit  already  computed,  and  at  a 
greater  zenith  distance  by  about  15  /  cos  ip ;  while  the  first  ob- 
servation at  the  west  transit  will  also  be  expected  /  seconds 
before  the  time  of  transit  computed,  but  nearer  the  zenith  by 
about  16  J  cos  y>.  These  simple  calculations  are  accurate  enough 
for  the  purpose  of  preparing  for  the  observation.  When  the 
intervals  of  the  threads  are  not  known  at  first,  they  will  be 
obtained  accurately  enough  from  the  early  observations  for  sub* 
sequent  use  in  finding  stars. 

For  stars  whose  declination  is  very  nearly  equal  to  the  lati- 
tude, the  zenith  distance  and  hour  angle  on  the  prime  vertical 
may  be  more  accurately  computed  by  the  formulss 

"l/sin  (fl»  —  5)  sin  (9>  +  ^)  .    ,       sin  z 

sm  z  =  1- ^^ <- ^^^— ^ — ^  sm  t  = 

sinf  cosd 

176.  Correction  for  mcUnation  of  the  axis. — ^When  the  rotation 
axis  is  in  the  meridian,  but  is  inclined  to  the  horizon,  the  great 
circle  described  by  the  coUimation  axis  is  still  perpendicular  to 
the  meridian,  but  intersects  it  in  a  point  whose  angular  distance 
from  the  zenith  of  the  observer  is  precisely  equal  to  the  inclina- 
tion of  the  rotation  axis.  This  point  may  be  called  the  zemth  of 
the  instrument;  and  the  great  circle  described  by  the  collimation 
axis,  the  prime  vertical  of  the  instrument.    If  we  put 

^'  =  latitude  of  the  zenith  of  the  instrament, 
^p  =       "  "      observer, 

b  =  inclination  of  the  rotation  axis,  positive  when  north 
end  is  elevated, 
we  have 

and  the  only  consideration  of  the  level  correction  required  in 
this  case  is  to  apply  it  directly  to  the  latitude  found  from  the 
instrument  by  the  same  methods  that  are  used  when  the  axis  is 
truly  horizontal. 

But  if  the  rotation  axis  is  not  in  the  meridian,  nor  the  middle 
thread  in  the  collimation  axis,  the  simple  solution  given  in  Art 
174  requires  some  modification.  I  proceed  now  to  consider' 
the  instrument  in  the  most  general  manner,  with  deviations  in 
azimuth,  level,  and  collimation,  and  to  show  how  to  eliminate 
the  effects  of  these  deviations. 

Vol.  II.— 1« 
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the  great  circle  APZ". 


177.  To  find  the  latitude  from  the  observed  times  of  transit  of  a 
gioen  star  over  a  given  thread  east  and  west  of  the  meridian^  the  rotOr 

Uon  axis  being  in  the  same  position  at  both 
observations. — ^Let  the  rotation  axis  lie 
in  the  vertical  circle  ZAj  Fig.  46,  and 
suppose  the  north  end  elevated,  so 
that  the  great  circle  of  the  instrament 
ibU^Z^W,  and  a  thread  at  the  dis- 
tance c  south  of  the  coUimation  axis 
describes  the  small  circle  SS^.  Let  A 
be  the  point  in  which  the  rotation  axis 
produced  meets  the  celestial  sphere, 
and  through  A  and  the  pole  P  draw 
This  great  circle  is  perpendicular  to 
E'Z'^  W\  and  the  observations  of  the  star  on  the  thread  at  S  and 
8'  are  equally  distant  from  it.  We  may  call  PZ"  the  meridian, 
^'Z"  W  the  prime  vertical,  and  Z"  the  zenith  of  the  instrament. 
Now,  the  equations  (78)  and  (79)  of  Art.  128,  being  entirely 
general,  apply  to  the  instrument  in  this  position,  but  it  is  con- 
venient to  make  some  modifications  of  the  notation.  The  point  A 
being  now  near  the  north  point  of  the  horizon,  its  azimuth  is 
nearly  zero  and  its  hour  angle  nearly  180®.    If  we  put 

the  azimuth  of  ^  ?=  90*  -f  (a)  =  —  a,  or  (a)  =  —  (90*  +  a) 
the  hour  angle  of  il  =  90*  —  m  =  180*  +  A,  or  m  ==  —  (90^  +  k) 

where  we  distinguish  the  a  of  the  equations  (78)  by  enclosing  it 
in  brackets ;  then  a  is  the  small  azimuth  of  the  rotation  axis 
reckoned  from  the  north  towards  the  east,  and  X  is  the  hour  angle 
of  the  meridian  of  the  instrument  (or,  as  we  might  call  it,  the 
west  longitude  of  the  instrument) ;  and  the  substitution  of  these 
quantities  in  equations  (78)  gives 


cos  n  cos  il  =  —  sin  &  oos  f  -f  cos  6  cos  a  sin  f 
cos  n  sin  A  =      cos  b  sin  a 

sin  n  =      sin  &  sin  ^  -f  cos  b  cos  a  cos  ^ 


1 


(166) 


and  as  r  in  (79)  is  the  hour  angle  east  of  the  meridian,  while  it 
is  here  more  convenient  to  reckon  it,  in  the  usual  manner, 
towards  the  west,  we  shall  change  its  sign,  so  that  the  factor 
sin  (t  —  m)  will  become 


sin(-.  r  +  90*  +  ;)=  cos(t  —  X) 
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and  the  equation  (79)  will  become 

Bin  c  =  —  sin  n  sin  ^  -f  cos  n  cos  ^  cos  (r  —  X)  (166) 

Por  the  convenience  of  future  reference,  I  shall  here  recapitulate 
Uie  notation  used  in  these  our  fundamental  equations :  namely, 

f  =3  the  latitude  of  the  place  of  observation,  positive  when 

north; 
d  =  the  declination  of  the  star,  positive  when  north; 
T  ==.  the  hour  angle  of  the  star; 
a  =  the  azimuth  of  the  rotation  axis,  positive  when  ecLSt  of 

north; 
b  ==  the  inclination  of  the  rotation  axis,  positive  when  the  north 

end  is  elevated; 
c  =  the  collimation  constant  of  a  thread,  positive  when  the 

thread  is  north*  of  the  collimation  axis; 
X  ==  the  longitude  of  the  meridian  of  the  instrument,  positive 

when  toest; 
n  =  the  declination  of  the  north  end  of  the  axis. 

If,  further,  when  the  star  is  observed  at  both  the  east  and  west 
transits,  we  put 

r,  t'  =  the  hour  angles  of  the  east  and  west  observationS| 
respectively; 
r,  T'  =  the  clock  times  of  observation; 
lkT,AT'=  the  corresponding  clock  corrections; 
a  =  the  right  ascension  of  the  star; 
2t^=the  elapsed  sidereal  time  between  the  east  and 
west  observations  on  the  same  thread; 

behave 

*  =  i(!r'  +  Ar'— T— aT) 

whence     ^  =  r'  —  >l  =  >l  —  r 

We  see  that  ^  will  be  well  determined  when  the  clock  rate,  or 
^T'  —  aTjIB  known ;  but  to  find  X  we  must  also  know  the  clock 
correction  and  the  star's  right  ascension. 

*  When  the  thread  is  north  of  the  prime  Tertical,  the  smaU  circle  of  the  sphere 
whkh  corresponds  to  it  1$  mmih  of  the  irime  TerUcal»  and  vice  verta. 
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IfoWy  let  h  and  fi  be  assumed  so  as  to  satisfy  the  conditions 

A  Bin  ^  =  sin  b 

h  cos  fi  =  co&b  cos  a 


then  the  equations  (165)  become 


cos  n  cosX  =  h  sin  (f  —  fi) 
cos  n  sin  /I  =  cos  6  sin  a  y   (167) 

sin  n  =  A  cos  (f  —  fi) 


! 


Substituting  in  (166)  the  values  of  cos  w,  sin  /i,  given  by  these 
equations,  and  also  cos  (r  —  ^)  =  cos  {X  —  r')  =  cos  i?,  we  have 

sin  c  =  —  h  cos  (0  —  B)&ind  +  h  sin  (0  —  3)  cos  d r 

^       ^  '  ^^       ^  cos  X 

to  reduce  which  we  assume  h'  and  f>'  to  satisfy  the  conditions 

h'  sin  f '  =  sin  J 


w         f  .COS*  >    (168) 

y  COS  0'  =  COS  ^  r  I      V        / 

COS  A 


} 


which  transform  the  preceding  equation  into 
sin  c  =  hh'  sin  (?>  —  f '  —  /5) 


whence 


But,  as  c  is  never  more  than  15',  and  A'  =  -: — :  will  never  be  less 
^  '  sm/ 

than  J,  while  A  differs  from  unity  only  by  a  quantity  depending 
upon  sin*  a,  the  angle  y  —  f '  —  ^  will  never  exceed  30' :  so  that 
we  may  write,  without  sensible  error, 

sin  S 

To  find  fiy  we  have 

tan  fi  =  tan  b  sec  a 

or,  since  6  is  only  a  few  seconds  and  a  but  a  few  minutes, 

fi  =  b 

and  y'  is  determined  by  (168),  which  give 

tan  /  =  tan  d  sec  ^  cos  i  (169) 
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and  then  we  have 

9  =  9'+b  +  —:-^  (170) 

sin  d  ^ 

It  is  evident  that  the  factor  cos  X  in  (169)  corrects  for  azimuth 
deviation,  the  term  h  in  (170)  for  inclination  of  the  rotation  axis, 

and  the  term  — 7—7-  for  the  distance  of  the  thread  from  the  col- 
,.      . .  .      Bin  J 

limation  axis. 

In  these  equations,  t>  and  X  are  obtained  from  the  observed 
times  on  the  same  thread,  the  rotation  axis  being  in  the  same 
position  at  the  two  observations.  The  constant  c  has  then  the 
same  sign  at  both  observations,  +  for  north  threads,—  for  south 
threads;  and  its  value  must  be  known  for  each  thread.  We 
deduce  then,  by  (169)  and  (170),  from  each  thread  separately,  a 
value  of  the  latitude,  and  take  the  mean  of  all  the  results  as  the 
latitude  given  by  the  instrument  in  this  position  of  the  axis.  But 
if  the  pivots  are  unequal  the  striding  level  does  not  give  the 
true  value  of  b  directly.  (See  Art.  187.)  Moreover,  the  constant 
c  is  composed  of  the  equatorial  interval  of  the  given  thread  from 
the  middle  thread  combined  with  the  coUimation  constant  of  the 
middle  thread,  and  will,  therefore,  involve  both  the  error  in  the 
determination  of  the  interval  and  in  the  adjustment  for  coUi- 
mation. 

Now,  to  eliminate  all  these  instrumental  errors,  repeat  the 
observations  on  the  same  star  on  a  subsequent  night  in  the 
reverse  position  of  the  axis.  Let  p  be  the  (unknown)  correction 
for  inequality  of  pivots,  q  the  (unknown)  correction  of  c  for  error 
in  the  interval  of  thread  and  coUimation  adjustment ;  let  f>',  y'' 
be  the  latitudes  given  by  (169)  for  the  same  star  on  different 
nights  and  in  reverse  positions  of  the  axis ;  6,  b'  the  inclinations 
of  the  rotation  axis  given  by  the  spirit  level.  The  true  inclina- 
tions are  b  +  p  and  6'  —  p,  and  the  true  value  of  the  coUimation 
constant  for  the  given  thread  is  <j  +  y :  so  that  in  the  first  posi- 
tion of  the  axis  we  have 

sm  o 
and  in  the  second  position, 

sin  o 
and  the  mean  of  these  is 
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,  =  K/  +  »  +  ^  +  n  +  ^'[5!^^^ 

80  that  the  inequality  of  pivots  is  wholly  eliminated,  and  the 
error  of  thread  and  coUimation  is  reduced  to  the  term 

q  [sin  y  —  sin  y^H  ^  g  sin  (y^  —  y^Q  cos  ^  f nearly) 
2  L         sin  ^        J  2  sin  d  ^         ^^ 

which  for  q  =  V\  f '  —  ^p"  =  1°,  is  0".008  cosy  cosecd,  and  that 
part  of  this  small  quantity  which  depends  on  the  coUimation  of 
the  middle  thread  will  have  different  signs  for  north  and  south 
threads,  and  will  also  wholly  disappear  from  the  mean.  There 
will  remain,  therefore,  in  the  result  only  that  part  of  this  term 
which  depends  on  the  errors  of  the  thread  intervals.  As  the 
thread  intervals  can  easily  be  determined  in  the  meridian  within 
1",  this  remaining  error  in  the  latitude  will  be  insensible  in 
practice,  and  we  may  assume  the  mean  of  two  nights'  observa- 
tions to  be  wholly  free  from  the  instrumental  errors. 

There  remain  yet  the  errors  of  observation  and  of  the  clock. 
These  affect  both  the  angles  d^  and  X.  As  X  is  always  small,  their 
effect  will  not  generally  be  appreciable  in  cos  A,  and  their  effect 
in  sec  t>  will  be  less  the  nearer  the  star  is  to  the  zenith ;  for  the 
clock  errors  that  appear  in  i?  are  only  the  variations  of  ratCy  and 
the  less  the  interval  the  less  the  effect  of  these  upon  i9,  and,  at 
the  same  time,  the  less  the  angle  ^  the  less  effect  will  any  change 
in  1?  produce  in  sec  e?. 

The  expression  for  the  error  in  ^  resulting  from  an  error  in  tf 
is  found  by  differentiating  (169) ;  whence 

d^  sec' ^  ==:d^  tan  d  sec  ^  tan  ^oos  X  =  d^  tan/  tan  ^  , 

or  nearly 

J  ft 

ef f  =  —  sin  2^  tan  ^ 

and  sin  2^  is  greatest  for  ^  =  45°,   in  which  case  we  have 

dcp  =  ^  tan??.     For  tf  =  1\  df  =  d»X  0.13 ;  or  an  error  in  *  of 

V  =  15"  produces  an  error  in  f  of  less  than  2".  If  we  assume, 
then,  that  t>  can  always  be  obtained  within  1*,  we  ought  to  expect 
the  mean  of  the  latitudes  obtained  in  two  nights  from  the  same 
thread  and  with  the  same  star  to  agree  with  that  found  in  the 
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same  way  from  any  other  thread,  within  2",  when  the  observa' 

tions  are  taken  within  one  hour  of  the  meridian.     This,  in  feet, 

is  the  experience  of  observers  in  the  use  of  this  method. 

Finally,  the  latitude  is  affected  by  an  error  in  the  tabulated 

declination  of  the  star.   When  tp  <  45°,  the  error  in  the  latitude 

is  always  greater  than  the  error  of  the  declination ;  but  when 

f  >  45°,  the  error  in  the  latitude  will  be  less  than  the  error  in 

the  declination,  if  we  use  stars  whose  declinations  fall  between 

the  limits  90°  and  90°  —  f ,  ab  will  be  seen  at  once  by  examining 

the  equation 

sin  2f 


df  =^dd' 


sin  2d 


which  is  found  by  differentiating  (169)  with  reference  to  (p  and  d. 
It  is  evident,  therefore,  that  this  method  is  better  suited  to  high 
latitudes  than  to  low  ones,  although  satisfactory  results  may  be 
obtained  by  it  even  in  latitudes  not  greater  than  30°. 

178.  Instead  of  deducing  a  value  of  the  latitude  from  each 
thread,  it  is  usually  more  convenient  to  reduce  the  observations 
on  the  several  threads  to  the  middle  thread,  and  then  to  find  the 
value  of  the  latitude  from  the  mean.  This  value  will,  of  course, 
be  the  same  as  the  mean  of  the  several  values  found  from  the 
threads  individually.  I  proceed,  therefore,  to  investigate  the 
formula  for  reducing  the  observations  on  the  side  threads  to  the 
middle  thread. 

Let 

X  =  the  equatorial  interval  of  any  given  thread  north  of  the 

middle  thread, 
1=  the  corresponding  star  interval, 

then,  r  being  the  hour  angle  of  the  star  when  on  the  middle 
thread,  r  —  /  is  its  hour  angle  when  on  the  given  thread :  so  that 
e  now  denoting  the  coUimation  constant  of  the  middle  thread, 
and,  consequently,  c  +  i  being  now  put  for  c  in  (166),  we  have 

sin  (i  +  (?)  =  —  sin  n  sin  ^  -f  cos  n  cos  ^  cos  (r  —  k  —  J) 

while  for  the  middle  thread  we  have 

sin  c  =  —  sin  n  sin  ^  +  cos  n  cos  d  cos  (t  —  X) 

The  difference  of  these  equations  gives 

2  cos  (J  i  +  (?)  sin  }f  =  2  cos  n  cos  ^  sin  (r  —  A  —  }  J)  sin  }  J 
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In  tho  first  member,  since  i  and  c  are  both  small,  we  may  put 
2  cos  I  i  sin  ^  i,  or  sin  i,  and  hence 

o  •    1  r  sin  I 

28m}7=. 


cos  n  cos  ^  sin  (t  —  X  —  }  7) 

If  the  azimuth  a  of  the  instrument  is  even  as  great  as  20'  (and 
it  will  always  be  much  less),  it  is  easily  shown  that  log  h  in  (167) 
will  not  be  less  than  9.999993,  that  is,  it  will  not  change  the 
fifth  decimal  place  by  a  unit  in  the  computation  of  log  cosn; 
and,  as  this  degree  of  accuracy  is  evidently  even  more  than  suf- 
ficient in  computing  /,  we  shall  here  take  cos  n  =  sin  (y  —  6),  and 
hence 

2  Bin  J  J  = ^— (171) 

sin  (^  —  b)  cos  ^  sin  (t  —  X  —  }Z) 

This  very  exact  formula  will  be  required,  however,  only  where 
the  star  is  very  near  the  zenith.  In  most  cases  we  can  employ 
sin  <p  for  sin  {<p  —  b)  and  put  J  /  instead  of  its  sine. 

When  the  star  has  been  observed  on  the  middle  thread,  both 
east  and  west  of  the  meridian,  we  may  find  t  —  X  =  d^  with 
sufficient  accuracy  for  computing  the  reductions  of  the  threads, 
by  taking  the  half  difference  of  the  observed  times  on  this 
thread ;  and  hence  the  formula  will  be 

2  sin  J  J  = ^^ (172) 

sin  (f  —  b)  cos  ^  sin  (t>  —  J/) 


or,  in  most  cases. 


^  = -r-z ^  '  (172*) 

sin  f  cos  J sm (*  —  }/) 


In  applying  these  formulsB,  the  signs  of  i,  /,  and  i?  must  be 
carefully  observed.  Thus,  i  will  be  positive  for  north  and 
negative  for  south  threads ;  i?  positive  for  a  star  west,  and 
negative  for  a  star  east  of  the  meridian.  The  value  of  /  re- 
quired in  the  second  member  may  be  found  with  sufficient 
accuracy  from  the  observations  themselves;  and,  in  order  to 
obtain  it  with  the  proper  sign,  it  is  to  be  observed  that  the  ob- 
served time  on  the  given  thread  is  always  to  be  subtracted  firom 
that  on  the  middle  thread. 

Having  reduced  the  several  observations  to  the  middle  thread 
by  adding  the  values  of  /  thus  found,  the  means  of  the  results 
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for  the  east  and  west  transits,  respectively,  will  now  be  denoted 
by  T  and  T\  after  whicb  i?  and  X  will  be  accurately  found,  and 
the  latitude  computed  precisely  as  in  the  preceding  article.  The 
quantity  c  in  equation  (170)  will  now  denote  the  coUimation  con- 
stant of  the  middle  thread. 

The  level  constant  should  be  determined  both  before  and  after 
each  transit  east  and  west,  and  the  mean  of  the  four  values 
employed  for  6,  particular  care  being  required  in  the  determina- 
tion of  this  quantity,  since  any  error  in  it  affects  the  resulting 
latitude  by  its  whole  amount. 

Example. — The  following  observations  were  taken  by  Hansen 
in  Heligoland  with  a  transit  instrument  in  the  prime  vertical.* 
The  hours  are  given  only  for  the  middle  thread,  and  the  observa- 
tions on  threads  VH.,  VI.,  and  V.  are  placed  immediately  below 
those  on  I.,  11.,  and  HI.,  respectively. 

1824,  July  %\.—CirtU  North. 


y  Draconis. 


I.  »ndVn. 

II.»ndVI. 

III.  and  V. 

■ 

14-  28'.8 

9   26. 

27  85. 

32  87.5 

13-  se-.s 

10    13. 
28   26.8 
31   50. 

12-  46'. 
11     8.8 
29    17.5 
31     0. 

IV. 


Leyel. 


East  transit  I     ^   ^^       ^^   ^3       j^     3  g 

West      "       f    27   35.     28   26.8    29    17.5  19  30     9.8 

Clock  correction  (sidereal)  at  14*  22«  =  -f-l»»  47*. 40.    Daily  rate.  +4».12 


|— 0'.40 
1—1.37 


1824,  August  S.— Circle  South. 


Y  Draeonu. 

I.  andVn. 

n.  and  VI. 

III.  andV. 

IV. 

LcTeL 

Bast  transit  | 

West     «      j 
Clock  oorrectio 

8-  57*. 

13    59. 

82   15. 

27   14. 

n  at  14»  8«  : 

9-47'. 
13     9.5 
31    26. 
28     3. 

=  + 1-  sy. 

10-  36'. 
12    17.5 
30   36.5 
28   55. 

98.    Daily  r 

16*  11-  27'.5 
19  29   44. 

ate,  +  4'.27 

1  — 1«.50 
1—0.08 

The  threads  are  numbered  from  the  circle  end  of  the  axis,  so 
that  for  "  circle  north"  stars  at  the  east  transit  are  observed  first 
on  thread  VII.  Their  equatorial  intervals,  as  found  by  observa- 
tions in  the  meridian,  were — 

I  n  m  v  VI  vn 

^Circle  north)!,  +82'.882    +2K657    +  10-.968    — 10'.662    —21'.  426    —  8K672 


♦  Aetron.  Naeh.,  Vol.  VI.  p.  117. 
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The  value  of  one  division  of  the  level  was  2".6  (of  arc). 

The  coUimation  constant  was  c  =  +  2'M8  (in  arc),  circle  north. 

The  assumed  latitude  was  ^  =  54^  10^8. 

For  the  given  dates,  the  apparent  places  of  the  star  were — 

y  Draeonii  a  6 

1824,  July  31,  17*  52-  84-.42  +  bV  W  57".64 

«      Aug.  3,  '^     «    84 .37  «      «  68  .04 

We  shall  first  reduce  the  observations  of  July  81.  To  compute 
the  thread  intervals,  we  find  an  approximate  value  of  ^  from  the 
observed  times  on  the  middle  thread,  the  difference  of  which  is 
8*  18**  15'.8,  and,  since  in  this  time  the  clock  rate  is  +  0*.6,  we 
take  2i?  =  3*  18-  16'.4,  and  hence 

(Approx.)  d  =  1»  39-  8-.2 
Taking  the  differences  between  the  observed  times  on  each  side 
thread  and  that  on  the  middle  thread  for  both  the  east  and  west 
transits,  the  mean  of  the  two  values  for  each  thread  may  be  used 
as  a  sufficiently  exact  value  of  J  to  be  used  in  the  second  member 
of  (172),  namely : 

I  n  m  V  VI  vn 

(Approx.)  /,  H-  2-  84».8  +  1-  42».9  -f  0-  52«.2  —  (>-•  60'.2  —  1-  40.6  —  2«  27».8 
^^}/,  1*37  50.8     1*8816.7     1*8842.1    1*8988.8    1*8958.5    1*4022.1 

whence  the  reductions  to  the  middle  thread  are,  for  the  west 
transit, 

/,     +  2«  84'.97  +  1-  42'. 74  +  0-  52».04  —  0-  60».16  —  1-  40'.49  —  2*  28».01 

and  the  same  values,  with  their  signs  changed,  are  used  for  the 
east  transit  These  being  applied  to  the  observed  times,  we  have-^ 


East. 

I 

16»  11-  68'.88 

II 

64.06 

III 

53.96 

IV 

54.00 

V 

58.96 

VI 

58.49 

VII 

64.01 

r=16  11 

6.T=+      1 

53.90 
47.71 

2'  +  a2'=16  13 
19  81 

41.61 
67.96 

i  sam  =  17   52 
a  =  17   62 

49.78 
84.42 

W«8t. 

19»  80-  9'.97 

9.54 

9.54 

9.80 

9.84 

9.51 

T'  = 

9.49 

:19 

80   9.67 

■■  + 

1  48 .28 

T' 

:19 

81  67  .95 

16 

18  41 .61 

fjdiff.  =    1  89    8.17 
\    =*  =  24»47'2".55 


1=  16 .86 

=   0°    8'  50" 


m  THI  PBIMB  YEBTIOAL.  251 

Hence,  by  (169)  and  (170), 

log  land   0.0996440 

log  sec  *  0.0419648  ^  -.   .   o/.  ift 

log  008.1    9.9999997  l7gt   O.'sL 

log  tan  /  0.1416085  jog  gj^  ^'    9.9089 

/=54oi0'47".41  logcoseca   0.1064 

2EBI^^         +    2.26 0.3538 

8ind 

b= —    2  .21 

f  =  54    10  47  .46 

For  the  observationfl  of  August  8,  we  find,  from  the  observed 
times  on  the  middle  thread, 

(Approx.)  *  =  1»  89*  8*.5 

and  from  the  observed  times  on  the  side  threads  compared  with 
the  middle  thread, 

I  n  in  V  VI  vn 

(Appmx.)/,  —  2«80».8  —  1-4K2   —  0«62».0  +a-49».6  +1"»4K6  +  2*  80».8 
^— J/,  1*40  28.9  1*89  69.1    1*89  84.6    1*88  48.7    1*8817.7   1*87  68.1 

with  which  we  find  the  true  values  of  /to  be  as  follows : 

/,  —  2-  81».28—l-41M0  —  0-6K 61  +  0-60-.66  +  l'»42M0  +  2«8K52 

Applying  these  to  the  observed  times,  and  taking  the  means,  we 

have- 
East.  West. 

T  =  16*  11-  27'.61  T'  =  19*  29-  44-.dl 

£iT=+     2     0.85  £ir=+     2     0.94 

r  +  Ar=16  13    27.96  T+iiT'=19  81    45.75 

>l==   0^  0'  87".  ^=24^47'  18".5 

With  these  we  find,  taking  now  c  =  —  2'M8, 

9»'  =  54oi0'50".25 

i?!^=        -    2.26 
sin  d 

b=        —    1.91 


^=54    10  46.08 


The  mean  of  the  results  in  the  two  positions  of  the  instrument 
is,  therefore,  <p  =  54°  10'  46".77.  From  numerous  observations 
of  the  same  kind,  Hansen  found  y  =  54°  10'  46".53. 
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179.  To  find  the  latitude  when  the  instrwnent  is  reversed  between  the 
east  and  west  transits  of  the  same  star  on  the  same  night. — ^Reduce  the 
observations  to  the  middle  thread,  and  let  Tand  T'  be  the  mean 
of  the  resulting  clock  times  at  the  east  and  west  transits,  respect- 
ively. If  the  middle  thread  was  north  of  the  collimation  axis  at 
the  east  transit,  it  will  be  south  of  that  axis  at  the  west  transit, 
and  the  interval  T'  —T  will  be  sensibly  the  same  as  the  interval 
between  the  two  transits  over  the  collimation  axis  itself.  We 
may^  therefore,  compute  the  latitude  precisely  as  in  the  preceding 
method,  and  regard  c  as  zero.     Thus,  our  formulee  will  be 

tan  ^'  =  tan  d  sec  t>  cos  X  ^^'^^ 

In  which  b  is  the  mean  of  the  level  determinations  in  the  two 
positions  of  the  axis,  and  is,  therefore,  free  from  the  error  of 
inequality  of  pivots.  This  method,  then,  enables  us  to  obtain 
from  the  observations  of  a  single  night  a  value  of  the  latitude 
free  from  all  the  instrumental  errors.*  We  may  remark  here  that 
the  result  by  this  method,  as  well  as  the  mean  of  the  results  of 
two  observations  in  reverse  positions  of  the  axis  by  the  preceding 
method,  is  free  from  errors  arising  from  flexure  of  the  rotation 
axis. 

Example, — The  following  observations  were  taken  at  Cron- 
stadt  with  a  transit  instrument  in  the  prime  vertical,  the  axis  of 
which  was  reversed  between  the  east  and  west  transits. 

1843,  August  9 :  Cronstadt.     Assumed  ^  =  69<>  69'.6. 


Cirele  Soath. 

I 

n 

in 

IV 

V 

LeraL 

£. 

6  Coiiiopem 

18-  28*. 
20    82. 

17-  46'. 
28     6. 

0*24-  6*. 
0  26  21. 

81- 82*. 
29    19. 

+  6^.86 
+  6.66 

82-44*. 

W. 

CIrcto  North. 
yCoitiopem 

6  Caniopem 

57-86». 

1-  2-. 
0    46. 

l*9-66«. 
2    4    11. 

16-  26». 
7      0. 

20- 2K 
9    60. 

f  — 2".10 
1  —  2,08 
f  — 1  .50 
t  — 1  .10 

*  There  is  a  theorAical  inaoouraoy  in  finding  X,  since  this  quantity  will  be  affected 
by  the  collimation  error;  but  the  error  will  have  no  sensible  effect  upon  the  cosine  of 
so  small  a  quantity,  unless  e  is  unusually  large.  It  will,  indeed,  be  always  inappre- 
ciable when  the  observer  has  bestowed  ordinary  care  upon  the  a<Uustment  of  the 
middle  thread. 
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The  level  was  observed  before  the  east  transit  of  y  Oassiop.  and 
after  that  of  8  Oassiop. :  so  that  the  mean  b  =  +  6".46  will  be 
used  for  both  stars  at  the  east  transit  But  at  the  west  transit 
the  level  was  observed  before  and  after  each  star :  so  that  for 
Y  Oassiop.  at  this  transit  we  shall  use  b  =  —  2".09,  and  for 
8  Oassiop.,  6  =  —  1".80. 

The  threads  are  numbered  from  the  circle  end  of  the  axis, 
and  thread  I.  was  first  observed  at  both  the  east  and  west 
transits.   The  equatorial  intervals  from  the  middle  thread  were — 

I  II  IV  V 

(Circle  North)    i,  +  84'.40  +  18'.74  —  16'.14  —  33'.33 

The  collimation  constant,  as  found  from  observations  in  the 
meridian,  was  c  =  +  4".50  (in  arc)  for  "circle  south." 

The  chronometer  correction  (sidereal)  was  +  80*.20  at  0*  24* ; 
itB  daily  rate,  +  0'.90. 

Q^e  apparent  places  of  the  stars  for  this  date  were— 

a  6 

Y  Cassiopece,  0*  47-  21-.49  +  59**  52'  2".8 
d  Cassiopeas,  1  15   40 .38  +  59**  25  6  .2 

To  reduce  the  observations  of  7- Gw^iopetB,  we  first  find  the 
approximate  value  of  t?  from  the  difference  of  the  observed  times 
on  the  middle  thread  to  be 

*  =  0»  22"  54*.5 

from  which  we  find,  by  (172),  the  reductions  of  the  side  threads 
to  the  middle  thread  to  be  as  follows : 

I  II  IV  V 

r  Oassiop.  B.     +  10-  43*.2    +  6-  19'.7    —  7*  23-.9  

«       W.  +8    55.6    —5   82.2    — 10«26'.4 

Applying  these,  and  proceeding  by  (178),  we  find,— 
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EmC 

W«rt. 

I      0»  24»  6'.2 

_*_)•_* 

n                 6.7 

1    9  67.6 

m           6.0 

66.0 

IV                 8.1 

63.8 

V         

64.6 

r=0  24   6.6 

T'=l    9  65.3 

^7=      +30.2 

Ar'=     +30.2 

T+^T=0  24  86.7 

r'+Ar'=110  25.5 

1  10  26.6 

0  24  36.7 

}  SQin  =  0  47  81 .1 

fjdiff.  =  02264.4 
\    =*  =  6<»48'86^. 

a  =  0  47  21 .6 

il=            9.6 

=  0»  2'  24". 

log 

tana 

0.2362409 

log 

seci9 

0.0021729 

log 

cosi 

9.9999999 

log  tan  ff 

0.2384137 

/  = 

=  69°  69'  29".78 

J  =  J(6".46  — ! 

2".09)  = 

+    1  .69 

^  =  59    59  31  .47 
The  observations  of  y  Cassiopecej  reduced  in  the  same  manner, 
give  y  =  69°  59'  80".98,  and  the  mean  is  y  =  59°  59'  31".28. 

The  preceding  methods  of  reduction  leave  nothing  to  be 
desired  when  the  intervals  of  the  threads  are  known.  When, 
however,  these  are  unknown,  we  may  resort  to  one  or  the  other 
of  the  following  methods,  according  to  the  nature  of  the  obser- 
vation. 

180.  To  find  the  latitude  from  the  observed  transits  of  a  star  over  the 
prime  vertical^  east  arid  west  of  the  meridian^  when  the  instrument  is 
reversed  only  between  the  observations  of  different  nights,  the  intervals 
of  the  threads  being  unknoum. 
Put 

c  =  the  distance  of  any  thread  firom  the  coUimation  axis, 
^^  =  ^  the  elapsed  sidereal  time  between  the  east  and 
west  transits  over  the  same  thread  when  the  circle 
or  finder  is  north, 
^^  =  ditto  for  the  same  star  when  the  axis  is  reversed, 
b^  b^  =  the  level  constants  in  the  two  positions; 

then,  by  (169)  and  (170),  we  shall  have 
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tan  f^  =  taD  ^  sec  ^^  cos  A 
tan  ip^  =  tan  d  sec  ^^  cos  i 

csin» 

S'  =  ^»  +  ^  +      .    .^ 
sin  o 

sm  o 

The  last  two  equations  involve  but  two  unknown  quantities, 
f  and  Cy  both  of  which  may,  therefore,  be  determined.    Put 

r  =  i  (s^.  +  ^  —  s^.  —  *J 
then  our  equations  become 

9  —  9o=     r-\ — r— r 

sm  o 

c  sin  a>. 

f^  —  9^0  =  —  r r-7* 

smd 

Multiplying  the  first  by  sin  f>„  the  second  by  sin  ip^  and  adding 
them  together,  we  find 

y  — n  =  — rr-°^''T^-^^'  =-"^^^*(^>  — ^«)^^^*(y«  +  y^J 

Lsm  f^  +  sm  tp^ 

Since  7*  is  very  nearly  equal  to  J  {ip^ —  y?,),  the  second  member  of 
this  equation  involves  the  square  of  7-,  and  is,  consequently,  an 
exceedingly  small  quantity,  in  computing  which  we  may,  evi- 
dently, put  r  =  i(?^.  ~~  ^.)  *^d  substitute  f  for  J  {fp^  +  f>,),  whereby 
we  obtain 

f»  =  9?^  —  ^  7^  sin  1"  cot  f 

This  method  may,  therefore,  be  expressed  by  the  following 

equations : 

tan  «p^  =  tan  d  sec  *^  cos  X 
tan  ^^  ==  tan  d  sec  #^  cos  X 

9o  =  hi9^  +  K'\'9.+  K)  )    (174) 

Af  =  J  (f ^  —  ^,)'  sin  1''  cot  f 

in  which  the  assumed  value  of  f  may  be  used  in  computing  a^. 

181.  In  this  form  of  the  method,  only  pairs  of  observations 
of  the  same  star  made  on  different  nights  in  reverse  positions  of 
the  axis  can  be  reduced.  But  it  often  happens  that  the  observa^ 
tion  on  a  thread  is  lost,  and  the  corresponding  observation  on 
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the  same  thread  in  the  reverse  position  of  the  axis  becomes  useless. 
In  order  to  avail  ourselves  of  every  observation,  we  may,  after  a 
sufficient  number  of  observations  have  been  made  on  the  same 
star,  determine  for  this  star  the  mean  difference  between  ip  and 
?•  +  *n  ^"^d  between  y  and  f>,  +  6,,  and  these  differences  may  be 
used  to  reduce  the  observations  on  the  several  nights  independ- 
ently of  each  other.    Thus,  if  we  put 

^n9  =  9^  —(*»•+*•)=  —  i(s^.  —  9^.  +  \—  O  —  ^9 
K9  =  9  —(9,  +  ^)=  +  Kf,  —  f.+  ^~  ^)—  ASP 

each  complete  pair  of  observations  on  two  nights  furnishes  a 
value  of  \^  and  a^^,  and,  the  mean  of  all  being  taken,  any  indi- 
vidual observation  may  be  reduced  by  the  formul© 

tan  f ^=  tan  d  sec  t^^cos  X  ^^  =  9»,  +  *»  +  ^n9 

or,        tan  ^^  =  tan  d  sec  d, cos  ;i  9  =  9,+  ^t+  \9 

This  method  of  reduction  is  given  by  Professor  Pbircb.* 

182.  The  quantity  >l,  which  is  the  difference  between  the  right 
ascension  of  the  star  and  the  mean  of  the  sidereal  times  of  obser- 
vation on  the  same  thread  east  and  west  of  the  meridian,  should 
have  the  same  or  nearly  the  same  value  throughout  the  series  of 
observations,  since  any  change  of  sufficient  magnitude  to  affect 
the  value  of  cos>l  sensibly  will  give  different  values  of  f>^  or  ^,, 
and,  consequently  also  of  A^y  or  A,f?,  which  are  here  supposed  to 
be  constant.  To  secure  this  condition,  the  stability  of  the  instru- 
ment in  azimuth  must  be  secured,  or  it  must  be  verified  and 
corrected  from  time-  to  time  by  means  of  a  terrestrial  mark  to 
which  the  middle  thread  is  referred. 

183.  The  factor  cos  X  may  be  omitted  (not  only  in  this,  but  in 
all  other  methods)  throughout  the  reduction  of  a  series  of  obser- 
vations where  it  can  be  regarded  as  constant,  and  a  small  cor- 
rection for  the  azimuth  of  the  instrument  can  be  applied  to  the 
final  mean  latitude.  If  we  denote  this  mean  by  (f>),  found  by 
neglecting  the  factor  cos  >l,  the  true  latitude  will  be  found  by  the 
formula 

tan  ^  =  tan  (f )  cos  X 

*  In  a  memoir  on  the  latitude  of  Cambridge,  Mass.,  Memovrt  of  Am,  AeatUmy  (J 
Seieneet,  Vol.  II.  p.  188 
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or 

^  =  (^)  -^  }  A«  Bin  1"  Bin  2  f  (175) 

If  the  azimuth  deviation  a  is  required,  it  may  be  found  by  the 
second  equation  of  (167),  which  gives,  very  nearly, 

sin  a  =  sin  il  sin  ^  (176) 

If  the  azimuth  of  the  instrument  is  known  independently  of 
the  observations  for  latitude,  we  have,  by  substituting  aforX  sin  y, 

^  =  (^)  —  ^  a»  sin  1"  cot  ip  (176*) 

184.  The  thread  intervals  may  also  be  found ;  for  the  difference 
of  the  equations  for  y,  Art.  180,  gives 

2sin  ^(^^+  ^J  COB  K^»— f.) 

for  which  we  may  take 

^  ^  (AjPJ-^jp)^in_^ 

Bin  f>  cos  A^^ 
or,  in  most  cases,  V   (177) 

^  ^  (^>y  +  ^y)  8^^  ^ 

sin  ^ 

This  will  give  the  distance  of  each  thread  (the  middle  thread 
included)  from  the  collimation  axis,  whence  we  can  deduce  the 
distance  of  each  from  the  middle  thread. 

Example. — ^Let  us  apply  this  method  to  the  reduction  of  the 
observations  taken  at  Heligoland  by  Hansen,  given  on  p.  249. 

Beginning  with  the  observations  of  July  81,  "  circle  north,"  we 
find  ^.  for  each  thread  by  taking  half  the  difference  of  the 
observed  times  on  this  thread,  east  and  west,  and  correcting  for 
the  clock  rate  in  the  interval,  which  is  here  +  0*.28.  The  value 
of  X  may  be  found  accurately  enough  from  the  middle  thread 
alone.     Thus  we  have 

Mean  of  times  on  middle  thread  =  17^  51*    1'.9 

Clock  corr.  =    +    I   ^8  .0 

Sid.  time  =  17   52    49  .9 

Star's  a  =  17   52    84.4 

X=  15  .5  =  0°  8'  62". 

Hence  we  have  log  tan  *  cos  i  =  0.0996437,  which  will  be  used 
for  all  tbe  threads,  the  value  of  log  cos  ^^  for  each  thread  being 
subtracted  ttom  it  to  find  log  tan  ^^,  as  follows : 

Vol.  n.— 17 
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TlirMd. 

*. 

log  cos  «, 

log  Un  ^ 

♦- 

I 

1»  86-  83'.88 

9.9602592 

0.1893845 

64<»  2f  25".76 

II 

1  87    26.28 

9.9595210 

0.1401227 

5  12  .36 

ni 

1  88    16.03 

9.9587918 

0.1408519 

7  66.84 

IV 

1  89     8.18 

9.9580351 

0.1416086 

10  47  .43 

Y 

1  89    58.88 

9.9572996 

0.1428441 

13  33  .16 

VI 

1  40   48.78 

9.9565540 

0.1430897 

16  21  .07 

Vll 

1  41   86.03 

9.9558485 

0.1437952 

18  59  .87 

From  the  observationB  of  August 

Mean  of  times  on  middle  thread 

Clock  corr. 

Sid.  time 

a 

log  tan  d  cos  >l  =  0.0996457  X 


8,  "  circle  south,"  we  find 

=  17*  50-  35'.7 
=  +  2  0 .6 
=  17  52  86.3 
=  17  52  34.4 
=  1 .9  =  0'  29^' 


Thread. 

*. 

log  008  ^, 

I 

1»  41-  89'.29 

9.9557996 

II 

40   49.79 

9.9565389 

III 

40     0.54 

9.9572678 

IV 

39     8.64 

9.9580299 

V 

88    19.04 

9.9587483 

VI 

87    27.04 

9.9594958 

VII 

36    87.79 

9.9601968 

log  tan  ^. 

^. 

0.1438461 

54°  19'  11" 

.82 

0.1481068 

16  24 

.98 

0.1428779 

13  40 

.80 

0.1416158 

10  49 

.07 

0.1408974 

8    7 

.11 

0.1401499 

5  18 

.50 

0.1894489 

2  40 

.30 

With  the  assumed  latitude  f  =  54°  lO'.S,  we  find  log  J  sin  1" 
cot  <p  =  8.9419,  and  the  computation  of  a^  for  each  thread  is  as 
follows: 


Thread. 

fn-*. 

log(*.-^)' 

log  A^ 

A* 

I 

—  16'  45".56 

6.0046 

9.9465 

0".88 

II 

—  11  12  .67 

5.6556 

9.5975 

0  .40 

m 

—   5  43  .96 

5.0730 

9.0149 

0  .10 

IV 

—  0    1  .64 

0.4296 

4.3715 

0  .00 

V 

+   6  26  .05 

5.0264 

8.9688 

0  .09 

VI 

+  11    2  .67 

5.6426 

9.6846 

0  .88 

vn 

+ 16  19  .67 

6.9820 

9.9239 

0  .84 

IN  THB  PRIMB  VERTICAL. 
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We  have  6^=  —  2".21,  6.=  —  l'^91,  J  (6.+  b,)  =  —  2".06; 
and  hence  the  several  values  of  the  latitude  given  by  the  different 
threads  are  found  as  follows : 


thread. 

*(♦.  +  *.) 

f> 

* 

I 

64°  W  48".54 

46".48 

45.60 

II 

48  .65 

46  .59 

46.19   , 

III 

48  .82 

46  .76 

46.66 

IV 

48  .25 

46  .19 

46.19 

V 

50  .14 

48  .08 

47.99 

VI 

49  .79 

47  .73 

47.85 

VII 

50.  09 

48.03 

47.19 

Mean  =  46.74 

Hence  f>  =  64°  10'  46'M4;  which  agrees  within  0".03  with  the 
result  found  on  p.  251.  The  slight  difference  is  perhaps  due  to 
small  errors  in  the  thread  intervals  employed  in  the  former 
method. 

The  values  of  \f  and  A,y  for  each  thread  may  be  found  as 
follows : 


Thread. 

i{*>-*.) 

}(^-^+ft.-«.) 

M 

A^ 

I 

—  8'  22".78 

—  8'  22".93 

+  8'  22".05 

—  8'  23".81 

II 

—  5  36  .29 

—  5  36  .44 

+  6  36  .04 

—  5  36  .84 

III 

—  2  51  .98 

—  2  52  .13 

+  2  52  .08 

—  2  52  .28 

IV 

—  0    0  .82 

—  0    0.97 

+  0    0  .97 

—  0    0  .97 

V 

+  2  43  .03 

+  2  42  .88 

—  2  42  .97 

+  2  42  .79 

VI 

+  5  81  .29 

+  5  31  .14 

—  5  31  .52 

+  5  30  .76 

VII 

+  8    9.79 

+  8    9.64 

—  8  10  .48 

+  8    8.80 

When  \f  and  \f  have  been  thus  determined  from  a  consider- 
able number  of  observations,  their  mean  values  may  be  used  to 
reduce  the  observations  of  each  night  separately. 

We  may  now  also  find  the  thread  intervals  themselves  by  the 
formula  (177),  which  gives 

I  II  III  IV  V  VI  VII 

tf, +32'.37    +21-.65   +llv08    +0'.06   — 10*.48   —  21-.31   —  31*.51. 

which  are  the  distances  from  the  coUimation  axis.    The  equa- 
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torial  intervals  of  l3ie  side  threads  from  the  middle  thread  are, 

therefore, 

I  n  III  V  VI  vn 

t,    +  82'.81      +  21*.59      +  11'.02      — 10*.54     —  21*.37      —  81-.57 

which  agree  T^th  those  given  on  p.  249  aa  well  as  can  he  expected 
when  but  four  observations  on  each  thread  have  been  taken. 

185.  To  find  the-  latiJbjdefrom  the  observed  transits  of  a  star  over  the 
prime  vertical  when  the  instrument  is  reversed  between  the  east  and  west 
transits,  the  intervals  of  the  threads  being  unknown,— Jj%t 

r^  T^  =  the  hour  angles  of  the  star  on  the  same  thread  at  the 
east  and  west  transits; 

then,  c  denoting  the  distance  of  the  thread  from  the  collimation 
axis,  we  have 

—  sin  ^  =r  sin  n  sin  d  —  cos  n  cos  d  cos  (t  —  A) 
Bin  c  =  sin  n  sin  ^  —  cos  n  cos  d  cos  (r' —  A) 

the  sum  of  which  gives 

cot  n  =  tan  d  sec  ^(^  —r)  sec  [\  (r'  +  r)  —  X\ 

But  by  (167)  we  have 

cot  n  cos  il  =  tan  (^p  —  P) 
and  therefore 

tan  {ip  -^p)  =  tan  9  sec  ^  (t'  — -  t)  sec  Q  (r'  +  t)  —X]  cos  I 

in  which  ^  =  inclination  of  the  rotation  axis ;  and  in  this  case, 
if  b  and  b'  are  the  inclinations  in  the  two  positions,  we  take 

^  =  \(b  +  vy 

If  now,  to  avoid  all  further  consideration  of  the  clock  rate,  we 
suppose  all  the  observed  times  to  be  reduced  to  some  assumed 
epoch  {T)  at  which  the  clock  correction  is  ajT,  and  put 

T,  T'  =  the  clock  times  on  the  given  thread  at  the  east  and 
west  transits,  respectively,  reduced  for  rate  to  the 
assumed  epoch  (  T), 

T^  ZV=  the  same  for  the  middle  thread, 

we  have 
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an^y  since  the  middle  thread  is  very  near  the  coUimation  axis, 
i(^  —  '•)=K^— ^)  =  i  elapsed  aid.  time, 

Hence,  if  we  adopt  the  following  more  simple  notation, 

2^  s=  the  elapsed  sidereal  time  between  ihe  east  and  west 
observations  on  the  samQ  thread  =2"  —  T, 
t  =  the  mean    of  the  observed   times   on   that   thread 

t^  =  the  mean  of  the  observed  times  on  the  middle  thread 
and  put 


we  shall  have 


tan  ^  ^  tan  d  see  ^  sec  /^  cos  >l 


}    (178) 


This  method  of  observation  and  redaction  has  the  same 
advantage  as  that  of  Professor  Peirge,  in  not  requiring  a  know- 
ledge of  the  thread  intervals ;  and  it  further  enables  the  observer 
to  reduce  each  observation  independently  of  all  others,  and  thus 
to  obtain  a  definite  result  from  one  night's  work. 

Example.-— Let  us  apply  this  method  to  the  observations  taken 
at  CroQStadt,  given  on  p.  252. 

For  the  star  ;'  Cassiopece  we  have  but  three  threads  to  reduce, 
since  thread  I.  was  omitted  at  the  west  and  thread  V.  at  the  east 
transit     For  the  others,  we  proceed  as  follows : 

*^=  0*  47-    0'.6  log  tan  d  0.2862409 

A!r==      +    80.2  log  cos  X  9.9999999 

Sid.  time  =  0  47    80.7  log  tan  ^  cos  >l  0.2362408 

o  =  0  47    21 .5 
X  =  0     0      9 .2  =  2'  18" 

Neglecting  the  chronometer  rate,  which  is  insensible  in  these 
intervals,  we  have 
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II 

m 

IV 

0»  39-  24'. 

0»47-   0'.5 

0»58-29'. 

0     7   86.6 

0     0     0. 

0     6   28^ 

0  21    88. 

0  22    54.5 

0  21    67. 

0.0002893 

0.0000000 

0.0001788 

0.0019877 

0.0021782 

0.0019949 

0.2384178 

0.2884140 

0.2884090 

59°  59'  80".6 

59<'59'29".8 

59°59'28".8 

log  80C  y 

log  Bee  ^ 
logtanf?' 

Mean/=59*>59'29".73 

*'      h=        +1  .69 
f>  =  59    59  81  .42 

For  3  Oassiopece  we  find,  in  like  manner,  i  =  V  27",  log  tan  8  cos  i 
=  0.2284381 ;  and  from  the  several  threads, 


I 
>    0*    6- 12*. 
i»  0   48    82. 
f  690  69'  28^8 

n                       m                     17 
0*    8«20'.5         0*    0*    O*.            0*    2«68».6 
0   48    49.6         0    48    66.            0    48    60.6 
69<»  69'  80".l         690  69'  28".8        69o  69'  29M 

Mean  f»'  =  59<'  69'  28".90 
«      J  =         +     2  .08 

V 
0*    6-    1-. 
0   48    88. 
690  69'  28^.2 

^  =  59    59  30.  98 

The  mean  result  by  the  two  stars  is,  then,  f  =  69°  69'  81''.20, 
which  diflfers  only  0".08  from  the  result  found  on  p.  264,  where 
the  thread  intervals  were  used. 

186.  To  find  the  latitude  from  the  observed  transits  of  a  star  over  the 
prime  vertical^  east  and  west  of  the  meridioLny  when  the  instrument  is 
reversedy  at  each  transity  between  the  observations  of  the  star  on  opposite 
sides  of  the  prime  verticcd.    (Struve's  method.) 

When  the  star  passes  near  the  zenith,  the  intervals  between 
its  transits  over  the  threads  become  sufficiently  great  to  allow 
the  observer  to  reverse  the  instrument  between  the  observations 
on  two  threads.  He  may  then,/r5<,  observe  the  star  at  the  east 
transit  on  all  the  threads  on  one  side  of  the  middle  thread  or 
prime  vertical,  and,  reversing  the  axis,  secondly^  observe  the  star 
on  the  same  threads  on  the  opposite  side  of  the  prime  vertical ; 
then,  allowing  the  axis  to  remain  in  the  last  position,  thirdfyy 
observe  the  star  at  the  west  transit  on  the  same  threads,  and  then, 
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reversing  the  axis,  fourthly ^  observe  the  star  on  the  same  threads 
on  the  same  side  of  the  prime  vertical  as  at  first.  By  this  mode 
of  observation  the  same  thread  is  alternately  a  north  and  a  south 
thread  at  precisely  the  same  distance  from  the  coUimation  axis 
at  each  of  the  four  observations  made  upon  it.  Now,  in  the 
equation  (166)  we  have  r  —  >l  =  J  elapsed  sidereal  time  between 
the  east  and  west  transits  over  the  same  thread  in  the  same 
position  of  the  axis :  so  that,  if  we  put 

t  =  }  elapsed  time  between  the  two  observations  on  a  thread 

in  one  position  of  the  axis^ 
t'  =  ditto  for  the  same  thread  in  the  reverse  position  of  the 

axis, 

we  have,  c  being  the  distance  of  this  thread  from  the  axis, 

—  sin  c  =  sin  n  sin  ^  —  cos  n  cos  d  cost 
sin  c  =  sin  n  sin  d  —  cos  n  cos  d  cost' 

the  sum  of  which  gives 

cot  n  =  tan  d  boc  }  (t  +  t*)  sec  \{f  —  t') 

But  by  (167)  we  have 

cot  n  cos  A  =  tan  (f»  —  ff) 

in  which  for  j9  we  must  here  employ  the  mean  of  the  level 
determinations  in  the  two  positions,  or  j9  =  J  (6  +  b').  Hence, 
denoting  j?  —  j9  by  f>',  we  find 

tan  /  =  tan  d  sec  }  (t  +  V)  sec  }  (t  —  t')  cos  A     1     /'17Q^ 

where  X  will  be  the  same  for  all  the  threads,  and  may  be  found 
with  sufficient  accuracy  from  any  single  thread  by  taking  the 
difierence  between  the  right  ascension  of  the  star  and  the  mean 
of  the  two  sidereal  times  of  observation  on  that  thread.* 

Each  thread  thus  gives  a  value  of  the  latitude  free  from  all  the 
instrumental  errors.  The  clock  errors,  however,  have  nearly  the 
same  effect  as  in  all  the  other  methods :  error  in  the  clock  rats 
affiects  t  and  t' ;  error  in  the  clock  correction  affects  X. 

When  there  is  time,  the  middle  thread  may  also  be  observed, 

*  Or  we  may  neglect  the  factor  cob  X,  and  apply  a  correction  to  the  final  mean 
latitude,  as  in  Art.  188. 
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ODce  ae  a  north  thread  and  once  as  a  south  thread,  and  the  lati- 
tude will  be  found  from  it,  according  to  the  method  of  the  pre- 
ceding article,  bj  the  formula 

tan  ^  =  tan  d  sec  t  cos  X 

where  /  will  be  one-half  the  elapsed  sidereal  time  between  the 
observations  on  the  middle  thread.  In  taking  the  mean,  the 
value  of  the  latitude  found  from  the  middle  thread  should  have 
but  one-half  the  weight  of  the  value  on  any  other  thread,  since 
it  depends  on  two  observations  instead  of  four. 

This  method  is  not  much  used  in  the  field,  as  portable  instru- 
ments, usually  not  very  firmly  mounted,  and  never  provided  with 
reversing  apparatus,  cannot  be  quickly  reversed  without  risk  of 
disturbing  the  azimuth. 

ExAMPLB.* — ^In  the  following  observation,  the  axis  was  re- 
versed immediately  after  the  star  had  crossed  the  middle  thread 
at  the  east  transit,  and  was  then  left  in  the  same  position  until 
after  the  star  had  crossed  the  middle  thread  at  the  west  transit, 
when  it  was  iigain  reversed,  and,  consequently,  restored  to  its 
first  position. 

Cronstadt,  August  16,  1848. 


A  /T«*a«/vn 

EMt  transit 

West  transit. 

6  =  +  1".7 

6  =  +  1".2 

Circla  S.  j 
Circle  N.j 

Thread. 

Chronometer. 

Chronometer. 

1 

II 

III 

III 

II 

I 

0»  20-  I8'.5 
0  22    56. 
0   26     9. 

2»    9-50'.5 
2     7    16. 

2     4     0. 
2     0   82. 
1  57   24. 

0  29   88. 
0  32   45. 

ft  =  —  2".7 

ft  =  — 1".6 

The  chronometer  correction  at  1*  IS**  was  +  40*.l ;  its  daily  rate, 
+  r.74  on  sidereal  time.    The  star's  place  was 


o  =  1»  15-  40*.71 


d  =  59*^  25'  7".76 


♦  Sawitsch,  Praet  Attron.,  Vol.  I.  p.  877. 
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We  find  from  the  middle  thread  X  =  8*.9,  cos  ^  =  1.    The  com- 
putation for  the  several  threads  may  be  arranged  as  follows: 


Diff.  obs'd.  times  S. 

Chron.  Bate 

Diff.  obsU  times  J^. 

Chron.  Bate 

2t 

2t' 

i(t  +  n 

logsecJ(<  +  0 

log  see  J  (*  —  *') 

log  tan  ^  cos  il 

log  tan  ^' 

/ 

9 

Giving  the  value  found  from  the  middle  thread  but  one-half  the 
weight  of  either  of  the  other  two,  the  mean  is  f>  =  69°  69'  30".56. 

187.  To  find  the  latitude  from  stars  observed  at  only  one  of  their 
transits  over  the  prime  vertical. — ^Notwithstanding  the  simplicity  of 
the  preceding  methods,  it  is  not  always  possible  to  apply  them 
in  the  field.  If  the  observer  has  but  a  short  time  to  remain  at 
a  station,  he  may  fail  to  find  a  sufficient  number  of  bright  stars 
which  pass  near  his  zenith,  and,  if  he  uses  those  which  pass  at 
greater  zenith  distances,  much  time  is  lost  in  waiting.  But  if 
he  can  use  stars  observed  at  only  one  of  their  transits,  he  may  in 
two  or  three  hours  obtain  sufficient  data  for  a  very  accurate 
determination  of  his  latitude.  The  following  method  is  based 
upon  that  originally  given  by  Bessbl,*  with  some  modifications, 
which  appear  to  me  to  facilitate  its  application. 

If  in  the  general  equation  (166),  where  c  denotes  the  distance 
of  a  thread  from  the  coUimation  axis,  we  substitute  i  -{-  c  for  this 
distance,  denoting  now  by  i  the  distance  of  the  thread  from  the 


I 

n 

m 

1*  49-  82'.0 

1»  44«  20'.0 

1*  87-  51'.0 

+  0.1 

+   0.1 

+  0.1 

1  24  89.0 

1  30  54.0 

+  0.1 

+  0.1 

1  49  82.1 

1  44  20.1 

1  87  51.1 

1  24  39.1 

1  80  64.1 

0  48  82.8 

0  48  48.55 

0  48  55.65 

0  6  18.8 

0  8  21.5 

0.0098171 

9243 

9722 

0.0001600 

0466 

0.2284455 

4455 

4455 

0.2384226 

4164 

4177 

59°  59*  31".61 

80".83 

80".60 

—  0  .85 

—  0  .35 

—  0  .85 

59  69  81  .26 

29  .98 

30  .25 

♦  A^tron,  JVffcA.,  Vol.  VI.  Noa.  181  and  182. 
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mean  thread,  and  by  c  the  distance  of  the  mean  thread  from  the 
axis,  we  have 

i  +  c  =  —  sin  n  sin  ^  +  cos  n  cos  ^  cos  (r  —  X) 

in  which  r  is  the  hour  angle  of  the  star,  and  n  and  X  are  deter- 
mined by  the  conditions  (167). 

Each  thread  gives  an  equation  of  this  form.  The  mean  of 
these  equations  may  be  found  by  the  aid  of  our  Tables  VHX  and 
VJJI.A.,  according  to  the  method  already  explained  in  Art.  173. 
Thus,  T  being  the  mean  of  the  observed  times  on  the  several 
threads,  /the  interval  obtained  by  subtracting  each  observed  time 
from  this  mean^  x  ana  log  k  the  mean  of  the  several  values  of 
these  quantities  taken  from  Table  Viil.  with  the  argument  j^ 
we  have 

and,  since  here  r  is  the  west  hour  angle. 

Then,  i^  denoting  the  mean  of  the  equatorial  distances  of  the 
threads  from  the  mean  thread,  we  have 

...   cos  n  cos  ^  cos  (t,  —  X) 

c  +  1,,=  —  sm  n  sm  ^  -j — ^-* ^ 

H 
or,  putting 

Y  cos  ^1  =  -  cos  d 

K 

f  sin  dj  =  sin  ^ 
the  mean  equation  is 

c  -|-  t„ 

— ■ — '  =  —  sm  n  sm  ^^  -|-  cos  n  cos  djCOS  (t^  —  A) 

Developing  cos  (ti  —  >l),  and  substituting  the  values  of  sin  n, 
COS  n  cos  >l,  cos  n  sin  >l,  from  (167), 

•       ^= — Acos(sp — i9)8in^j+Asin(^— /9)cos^jCOBTj+sinacos6cos^jSinT, 

in  which  K  and  ^  are  determined  by  the  conditions 

A  sin  )9  =  sin  h 

h  cos  fi  =  cos  b  cos  a 

But,  since  we  can  always  put  cos  6  =  1,  these  conditions  give 
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6  =  ^  COS  a,  and  A  =  cos  a;  and  even  if  a  were  as  great  as  1^  and 
b  =  20'',  we  should  have  6  =  ^  —  0".003 :  so  that  we  may  always 
put  b  =  fi. 

We  shall  here  assume  that  the  instrument  can  be  readily 
brought  within  20'  of  the  prime  vertical,  and  then  we  may  safely 
take  h  =  cos  a  =  1,  and  substitute  a  for  its  sine.   Hence  we  have 

c4-  i 

■   '    *  =  —  cos  (f>  — b)  sin  d^  -\-  sin  (f>  —  b)  cos  d^  cos  r^  +  a  cos  d^  sin  r, 

Let  fi  and  ^  be  determined  by  the  conditions 
cos 2  sin  fj=  sin  d^ 

cos  2  cos  f  J  =  cos  dj^  cos  Tj 

sin  2  =  cos  d^  sin  r^ 
then 

'    *=  sin (^  —  fi  —  d)co8  z  +  a  sin  J5 

where  ^  —  f^—b  must  be  of  the  same  order  as  a  and  c  +  i^  and 
therefore  may  be  substituted  for  its  sine.  Again,  since  in  this 
method  of  finding  the  latitude  no  observation  will  be  regarded 
as  having  any  value  unless  some  threads  on  each  side  of  the 
mean  thread  have  been  observed,  i^  will  always  be  so  small  that 
no  error  will  arise  in  practice  by  putting  x  =  !•*  Our  equation 
is,  therefore, 

c  +^i  =  (sP  —  S^i — 6)cos  J3r  -f  ^  Bin  2: 
Now  let 

^Q  =  the  assumed  latitude, 

a^  =  the  assumed  azimuth  of  the  instrument, 
A^,  Aa  =  the  required  corrections  of  these  quantities; 

then,  substituting  ip^  +  ^f  and  a^  +  Aa  for  ip  and  a,  dividing  the 
equation  by  cos  Zy  and  denoting  the  known  terms  by/,  i.e.  putting 

/  =  ^j  -f  6  —  ^^—  a^  tan  jgr  +  t^,  sec  z  (180) 

we  have 

c  sec  2:  —  Aa  tan  z  —  A^  +  /  =  0  (181) 

which  is  the  equation  of  condition  famished  by  each  star.  Prom 
all  the  equations  thus  formed,  the  most  probable  values  of  c,  Aa, 
and  A^  will  be  found  by  the  method  of  least  squares. 

*  Should  «n  extreme  case  ooour  where  the  true  Talue  of  y  was  required,  it  could 
readilj  be  found  bj  the  equations  /  cos  c'l  =  -  ^^^  ^1  7  sin  d|  =  sin  d. 
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The  valaes  of  f  |  and  z  will  be  most  readily  found  by  the 
formulsd 

tan  f>j  =  tan  d^  sec  t,  =  A  tan  d  sec  t^ 
tan  z  =  tan  r,  cos  ^, 


}    (182) 


and  it  must  be  observed  that  tan^  will  be  negative  when  tanr^ 
is  negative,  that  is,  when  the  star  is  east  of  the  meridian.  The 
sign  of  the  term  c  sec  z  must  also  be  changed  wheiv  the  suds  of 
the  instrument  is  reversed. 

Example. — The  following  observations  (among  others)  were 
taken  by  Bessel  with  a  very  small  portable  transit  instrument, 
for  the  express  purpose  of  demonstrating  the  advantages  of  this 
method.* 

Munich,  1827,  June  27. 


Cirole  North. 

I 

n 

III 

IV 

V 

LOTCI. 

» Lyrce      B. 
uHerculisW. 
rCygni     E. 

48"  6'.4 

9  86.4 

29   88.0 

46-54'.4 
11   88.4 
28   47.2 

ll»45-43'.2 
12  18  86.8 
12  27  55.2 

44-81'.2 
15   84.8 
27     2.6 

48-16'.8 
17   85.6 
26     8.0 

+4'.875 
+  0.403 
+  0  .117 

Cirote  South. 
fSereulis  W. 
66  Cygni    E. 

44  47.2 
48  40.8 

48   19.2 
50     5.6 

12  41  49.2 
12  61  81 .2 

40   17.2 
52    59.6 

88  87.6 
54  32.8 

—1.966 
-1  .876 

These  observations  were  taken  in  the  garden  of  Dr.  Stbinhbil's 
house,  where  the  assumed  latitude  was  48°  8'  40". 

The  chronometer  was  a  pocket  mean  time  chronometer  of 
Kbssel.  Its  correction  to  sidereal  time  at  12*  (by  chron.)  was 
aT=  +  6*  !"•  8'.81,t  and  its  rate  on  sidereal  time  was  +  O'.IO 
per  hour. 

The  equatorial  intervals  of  the  threads  from  the  mean  of  all, 
expressed  in  seconds  of  arc,  were  as  follows,  for  circle  north; 

I  II  III  IV  V 

-f.  598".08        +  803".09        +  6'M9        —  294".91        ~  612".46 

The  value  of  one  division  of  the  level  was  4".49.  The  pivots 
were  of  unequal  thickness,  the  correction  for  which  had  been 
previously  found  to  be  —  1".89  for  circle  north. 


*  Aitron,  Nach.j  Vol.  IX.  p.  416. 


t  See  the  example  on  p.  284. 
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The  apparent  places  of  the  stars  on  the  given  date  were  as 
follows : 


o  Serculis 
r  Oygni 
fHerculis 
66  Oygni 

We  shall  illustrate  the  use  of  our  formulsB  by  giving  the 
reduction  of  the  observations  of  tt  Lyrce  in  full.  We  have,  em- 
ploying the  mean  time  columns  of  Table  VIH., 


a 

d 

18*80-   7'.74 

48«  43'  27".72 

15  57    27.55 

46   81  28  .21 

20  16     4.59 

39   42  82  .96 

16     3    21.85 

45   23  40  .03 

19  85    88.81 

45     7  14  .89 

irLyrm 

T 

/ 

X 

log  A 

I 

11' 

'48- 

6'.4 

—  2- 

24'.0 

—  0'.04 

0.0000289 

n 

46 

54.4 

-1 

12.0 

0.00 

60 

ni 

45 

43.2 

— 

0.8 

0.00 

0 

IV 

44 

31.2 

+  1 

11.2 

0.00 

59 

V 

43 

16.8 

+  2 

25.6 

+  0.04 

244 

Means 

11 

45 

42.40 

0.00 

0.0000120 

Hence  we  have 


11»  45-  42'.40 
5     1      1.12 


16  46 
18   50 


43.52 
7.74 


r,  =  —  2     3    24 .22  =  -  30<*  51'  3".8 


log  sec 
log  tan  d 
log/: 


r,    0.0662574 


9.9806553 
0.0000120 


log  tan  f ,   0.0469247 


log  tan  Tj  n9.77621 

log  cos  f  J  9.82476 

log  tan  z  n9.60097 

log  sec  z  0.03208 


We  shall  assume  ip^=  48°  8'  40'',  ao=  7'  62",  as  in  the  compti- 
tation  given  by  Besskl  ;*  and  hence  we  have 

*  These  quantities  are,  of  course,  arbitrary;  but  it  simplifies  the  equations  of 
condition  to  make  them  as  nearly  oorreot  as  possible.  An  approximate  value  of  the 
asimath  may  be  found  from  any  star  by  the  formula  ag=  (^^ —  ^)  cots. 
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f»,  =  48<*  5'  21".64 

6  =        +  20  .00 

—  ao  tan  2r  =    +3     8  .33 

48    8  49  .97 

/=^        +    9".97 

The  equation  of  condition  from  ic  Lj/rce  is,  therefore, 
1.0767  c  +  0.3990  aa  —  a?)  +  9".97  =  0 

In  the  same  manner,  the  equations  for  the  other  stars  are  found 
to  be 

1.0269  c  —  0.2336  ^a  —  a^  +  10".83  =  0 
1.1645  c  +  0.5967  Aa  —  a^  +  15  .93  =  0 

—  1.0468  c  —  0.3094  ^a  —  a^  —  17  .01  =  0 

—  1.0504  c  +  0.3214  Aa  —  a^  —  12  .62  =  0 

From  these  five  equations  we  find  the  normal  equations, 

5.7688  c  +  0.8708  Aa  —  1.1709  Af  +  7r'.46  =  0 

0.8708  c  +  0.7688  Aa  —  0.7741  a^p  +  12  .16  =  0 

—  1.1709  c  —  0.7741  Aa  +  5.0000  a^p  —    7  .10  =  0 


whence 


c  =  —  12".19  Aa  =  —  4".09 

A9>  =  —    2".06  with  the  weight  4.203 


Substituting  these  values  in  the  equations  of  condition,  we 
find  the  residuals  as  follows : 


V 

w> 

—  2".72 

7.40 

+  1  .88 

1.77 

+  1  .86 

1.85 

—  0  .92 

0.86 

+  0  .93 

0.86 

[rv]  =  12.73 

The  number  of  observations  being  m  =  5,  and  the  number  of 
unknown  quantities  ;<  =  S,  the  mean  error  e  of  a  single  observa- 
tion is 


=>is)=^-'^ 
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and  the  mean  error  of  a^  is 

2".52 
•       ^4.208 

Hence  we  have,  finally, 

^  =  48^  8'  37".94  with  mean  error  ±  1".28 

The  true  latitude,  found  hy  referring  the  position  of  the  in- 
strument to  the  Observatory  of  Munich,  was  48°  8'  89".60.  Thus, 
five  ebservations,  taken  within  about  one  hour  with  a  very  small 
mstrument,  sufficed  to  determine  the  latitude  T^dthin  V\5,  Prom 
the  observations  of  two  other  evenings  combined  with  the  above, 
the  latitude  found  by  Bessbl  was  48°  8'  40".08,  which  was  only 
0".58  in  error. 

DETERMINATION   OP  THB   DECLINATIONS   OP   STARS   BY  THEIR 
TRANSITS   OVER  THE   PRIME  VERTICAL* 

188.  The  transit  of  a  star  over  the  prime  vertical  has  been 
used  in  the  preceding  articles  to  determine  the  latitude  of  the 
place  of  observation  when  the  star's  declination  is  known. 
Conversely,  if  the  latitude  is  otherwise  known,  the  observation 
may  be  used  to  determine  the  star's  declination.  The  modifica- 
tions of  the  formute  given  in  Arts.  177,  &c.,  necessary  for  this 
purpose,  are  obvious. 

When  the  star  passes  very  near  to  the  zenith,  the  errors  in  the 
time  of  transit  have  comparatively  small  effect  upon  the  com- 
puted declination  j  for,  by  differentiating  the  equation 

tan  d  =  tan  ^  cos  t 
we  find 

dd  =  —  I  Qm2dtB,nt ,  dt 

so  that  the  effect  of  a  given  error  dt  in  the  hour  angle  upon  the 
computed  declination  diminishes  with  the  hour  angle  itself. 

But  an  error  in  the  assumed  latitude  f  is  not  eliminated, 
though  in  certain  cases  it  will  have  less  effect  than  in  others ; 
for  we  have 

dd  =  d^' ■ 

sin  2^ 

The  several  values  of  the  declination  of  the  same  star  deter- 
mined on  different  dates  will,  therefore,  be  affected  by  the  con- 
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Btant  error  depending  upon  the  error  in  the  latitude,  but  Ihe 
differences,  in  these  values  will  nevertheless  be  accurately  found. 
Hence,  the  most  important  use  of  such  observations  is  not  so 
much  to  determine  the  absolute  declination  of  a  star  as  the 
changes  of  its  declination  resulting  from  aberration,  nutation^ 
and  parallax. 

189.  In  order  to  eliminate  the  instrumental  errors  in  Uie  most 
complete  manner,  Struvb  proposed  the  system  of  observation 
given  in  Art.  186 ;  and,  in  order  to  facilitate  the  application  of 
this  system,  he  gave  a  new  form  to  the  instrument  constructed 
under  his  direction  for  the  Pulkowa  Observatory, — ^a  form  which 
has  since  been  adopted  in  other  observatories. 

Plate  VI.  exhibits  the  principal  features  of  the  Pulkowa  prime 
vertical  transit  instrument,*  made  by  Rbpsold.  The  telescope 
TT  is  at  the  end  of  the  horizontal  axis  jD-B,  which  rests  in  Vs  at 
VV*  The  pier  PP  is  of  a  single  piece  of  stone.  The  apparatus 
for  reversing  the  instrument  is  permanently  secured  within  the 
pier,  as  shown  in  the  plate,  the  vertical  rod  R  and  its  arms  da 
being  raised  by  the  crank /by  means  of  the  bevelled  wheels  e, 
and  thus  lifting  the  telescope  out  of  the  Vs.  When  the  telescope 
is  lifted  sufficiently  to  clear  the  Vs,  it  is  revolved  180°  (the  exact 
semi-revolution  being  determined  by  a  stop  rf),  and  is  then  again 
lowered  into  the  Vs.  The  time  required  in  this  operation  is  but 
16  seconds ;  and  if  the  astronomer  has  commenced  an  observa- 
tion with  the  tube  north,  he  can  continue  the  observation  with 
the  instrument  reversed,  tube  south,  after  1  minute  and  20 
seconds,  this  time  being  sufficient  for  the  observer  to  rise, 
unclamp  the  instrument,  reverse  it,  and  resume  his  position  for 
the  observation.  Thus,  even  with  an  instrument  of  large  dime:  2- 
sions,  the  system  of  observation  given  in  Art.  186  is  easily  carried 
out. 

The  pressure  on  the  Vs  is  in  part  removed  by  the  counter- 
poises WW  acting  at  NN. 

The  pressure  on  the  two  Vs  is  equalized  by  placing  at  D  a 
weight  equal  to  that  of  the  telescope. 

The  level  LL  may  remain  upon  the  axis  during  reversal. 

The  finder  F  is  similar  to  that  described  in  Art  120. 

The  reticule  at  the  focus  m  contains  15  vertical  threads  and 

*  Deaer^tion  de  Pobiervaioire  oitronomique  central  de  Poulkova  (St.  Petersbu^ 
1S45),  p.  167. 
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two  horizontal  threads,  as  shown  in  Fig.  2.  All  the  transits  over 
the  vertical  threads  should  be  made  to  occur  exactly  midway 
between  these  two  horizontal  threads,  the  telescope  being  made 
to  follow  the  star's  change  of  altitude  by  a  fine  motion  screw 
(not  shown  in  the  plate),  the  handle  of  which  is  within  reach  of 
the  observer's  hand.  The  equatorial  interval  between  the  ex- 
treme vertical  threads  is  15'  15''  or  61*  of  time. 

There  is  also  a  movable  micrometer  thread  parallel  to  the 
transit  threads. 

The  field  is  illuminated  by  light  thrown  through  the  horizontal 
axis  and  reflected  by  a  mirror  at  E  towards  the  reticule. 

190.  Example. — The  following  observation  was  taken  by 
Struvb  with  the  instrument  above  described.* 


1842.  Jraoary  16. 

oDracom* 

EMt  Vertical.— 6°.6B. 

West  Vertical — 5«.4R. 

Tubes. 

Tubes. 

Level.  +  4(H.85    -  85'.8 

^  40.5      —  85.85 

40.4 

85.8 

40.55         85.85 

40.4 

85.8 

40.5           85.4    . 

40.4 

85.8 

40.45         85.4 

ThreadM. 

I     17* 

54-80'.7 

19»  42"  51'.4 

II 

55     8 .65 

42    18.65 

m 

55    44.4 

41    88.0 

IV 

56   22.25 

40    59.86 

V 

57     0.6 

40    21.7 

VI 

57    40.9 

39    41.4 

VII    17 

58    19.5 

19  89     2.7 

TtAeN. 

TtAe  S: 

VU    18» 

1-   4'.0 

19*  86-  17'.85 

VI 

1    45.5 

35    37.0 

V 

2    29.8 

34    52.35 

IV 

8    12.7 

84     9 .3 

m 

3    57.6 

83    24.7 

II 

4    39.8 

32    42.1 

I    18 

5    26.85 

19  31    55.6 

Level  +  87'.2 

-sg-.o 

+  87' 

.25    —  38''.7      ■ 

87.2 

89.0 

87 

.25         38  .7 

37.2 

39.0 

37 

.3           38 .7 

87  .15         39  .1 

37 

.25         88  .7 

*  Attronomitehe  Nciehriehten,  Vol.  XX.  p.  209. 
Vol-  n.— 18 
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The  value  of  one  division  of  the  level  waa  1".002.  The  lati- 
tude, <p  =  59^  46'  18".00.  The  correction  of  the  interval  between 
the  east  and  west  transits  for  the  rate  of  the  clock  was  +  0*.09. 
The  temperature  of  the  air  is  recorded  at  the  time  of  the  obser- 
vation (in  degrees  of  Reaumur),  as  the  value  of  a  division  of  the 
level  depends  in  some  degree  upon  it. 

According  to  formula  (179),  the  declination  will  be  found 
from  these  observations  by  the  formula 

tan  ^  =  tan  / cos  i(t  +  O^os  J(*  —  O 

where,  j9  being  the  mean  inclination  of  the  axis,  we  have  f^=^—p^ 
t==  i  elapsed  time  between  the  observations  on  the  same  thread 
for  "tube  south,"  f  =  the  same  for  "  tube  north."  We  omit  the 
factor  cos  >l,  because  a  fixed  instrument  can  always  be  adjusted 
BO  accurately  that  we  can  put  cos  >l  =  1. 

But,  instead  of  computing  8  directly  by  this  formula,  we  may 
find  an  approximate  value  by  using  the  constant  value  of  y  in 
the  second  member,  and  then  apply  a  correction  for  the  incli- 
nation ^.    Thus,  we  find* 

tan  d'  =  tan  ^  cos  i(t  +  f) cos  J(t  —  t')  \ 

^sin2^'  / 

A«  =  /?-^-r-  >    (183) 

8m2^  \ 

in  which  we  make  a*  additive  by  supposing  ^  to  be  positive 
when  the  south  end  of  the  axis  is  too  high. 

The  distance  c  of  any  thread  from  the  coUimation  axis  may  be 
found  from  the  two  equations 

—  sin  0  =  cos  9>  sin  ^  —  sin  ^  cos  d  cost 
sin  c  =  cos  ^  sin  d  —  sin  f  cos  d  cost' 

the  difference  of  which  gives 

Bin  c  =  —  sin  f  cos  d  sin  i(t  +  V)  sin  J  (t  —  t')  (184) 

*  We  have =  — ?^,  whence  we  readUy  deduce 

tan  (T      tan  ^ 

lAkh  gma  tii«  formnl*  for  Ad  used  in  th«  text,  when  its  sign  is  ohMigad  ftr  t)M 
nMon  giyen. 
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The  computation  of  the  preceding  observation  may  be  arranged 
in  the  following  form : 


I 

11 

ni 

IV 

V 

VI 

vn 

w-{r. 

1»48»S0«.79 

47*  6»J09 

45«58i.eo 

44»87*j09 

48"21«.19 

42"  0«.59 

40"43«.2» 

1   20   29^ 

28     2J» 

29  27.19 

80  50.09 

82  22.04 

38  51.59 

35   28.94 

*(<  +  0 

0   48   42^ 

48  MJffl 

48  50.22 

48   58.00 

48  65.96 

48  58.06 

48  50.81 

k(t-f) 

0     6   27^ 

4  45.87 

4     6.62 

8  26.25 

2  44.04 

2     2.25 

1  22.34 

logco.*(<'  +  0 

9.990Ue7 

0871 

0042 

0411 

0240 

0106 

0020 

logco»i(f  — 0 

9.9098765 

9063 

0901 

9510 

9089 

0828 

9922 

loftao^ 

0.2845728 

5728 

5728 

5728 

5728 

5728 

6728 

logtena' 

0.2245M0 

5882 

5671 

5055 

5066 

5002 

5670 

»' 

50°  ir  80^jOO 

WB^M 

80^.28 

86^.90 

ao'MS 

89"j04 

89*.21 

fi=  +  (r.806 


Mean  d'  =  59°  11'  39".077 

Ad=         -f     0  .815 

iJ  =  59    11  39  .892 


By  comparing  the  mean  value  of  5'  with  the  several  values 
found  from  the  different  threads,  we  find  the  probable  error  of  a 
single  determination  by  one  thread  in  the  four  positions  is  in 
this  case  only  C.OS.  This  observation,  however,  was  taken 
when  the  atmosphere  was  unusually  steady.  From  a  discussion 
of  the  observations  of  29  days  on  this  star,  Struve  finds  the 
probable  error  of  a  single  determination  by  one  thread  to  be 
0".125,  and  that  of  the  mean  of  seven  threads,  consequently,  only 
0".047.  To  this  is  to  be  added  the  probable  error  of  the  level 
determination,  which,  from  the  above  example,  is  evidently  ex- 
ceedingly small.  Struve  concludes  that,  under  the  most  favorable 
conditions  of  the  atmosphere,  the  declination  is  determined  by 
this  method  with  a  probable  error  of  not  more  than  0".06,  and  in 
average  circumstances  with  a  probable  error  under  O'M. 

191.  If  we  wish  to  compute  the  time  of  the  transit  of  the  star 
over  the  meridian  of  the  instrument  from  these  observations 
with  the  utmost  rigor,  we  must  take  into  account  the  difference 
of  level  at  the  east  and  west  transits  over  the  prime  vertical. 
The  effect  of  a  difference  of  level  is  the  same  as  that  of  a  differ- 
ence of  latitude:  hence,  differentiating  the  equation 

cos  T  =  tan  d  cot  ^ 

in  which  r  is  the  hour  angle  at  the  west  transit,  we  have 


15at  = 


A^  tan  d 


^<p  sin  d 


sin'  f  sin  t       sin  f  y^[8in  (y>  -f  d)  sin  (^  —  ^)] 
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The  mean  of  the  times  of  transit  over  the  east  and  west  vertical, 
or  T^  will  be  increased  by  \lt.  Putting  then  jS'  —  ^  for  Af>,  the 
correction  of  the  time  7{>  will  be  expressed  by  the  formula 

•      30  sin  ip  |/[8in  {f  +  d)  sin  (^  —  ^)]  ^      ^ 

Thus,  in  the  preceding  observations,  we  have  at  the  east  transit 
/J  =  4-  0''.689,  and  at  the  west  transit  /9'=  +  0".924,  and 

(2;)  =  18»48-41'.09 

/5  —  /9'=  —  0".235  ^^0=—  0.08 

Corrected  7;=  18  48    41.01 

We  can  now  find  the  exact  azimuth  of  the  instrument.  The 
clock  correction  at  18*  48"*  was  +  8'.31,  and  the  apparent  right 
ascension  of  oDraccnis  was  18*  48"*  50*.17 :  hence 

Sid.  time  =  18*  48-  49'.32 
a==18  48  50.17 
;i  =  —  0 .85  =  —  12".75  m  arc, 

where  X  is  the  angle  which  the  meridian  of  the  instrument  makes 
with  the  true  meridian.  Hence,  a  being  the  azimuth  of  the 
rotation  axis,  we  have,  by  the  formula  a  =  i  sin  y^, 

a  =  — 11".0 

Finally,  if  we  wish  to  determine  the  eftect  of  the  azimuth  upon 
the  observed  declination,  we  have  the  formula 

*      tan  d. 

tan  d  = 1 

cos  X 

in  which  d^  is  the  declination  deduced  by  assuming  cos  >l  =  1, 
and  d  is  the  true  declination.     From  this  we  readily  deduce 

S^d^  =  {iXy  sin  1"  sin  2  d  (186) 

and  hence,  in  the  above  example, 

^  —  d,  =  0".00017 

which  is  altogether  insignificant. 

192.  The  extreme  precision  of  the  method  is  evident  from  the 
above  example.    Nevertheless,  there  remains  yet  a  doubt  as  to 
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the  perfect  accuracy  of  the  declination  deduced,  arising  from  the 
possibility  of  a  change  of  azimuth  between  the  east  and  west 
transits.     It  is  evident  from  the  formula 

sin  c  =  —  sin  n  sin  ^  -j-  cos  n  cos  d  cos  (t  —  K) 

that  an  increase  of  >l  by  the  quantity  ^  has  the  same  efiect  as  an 
equal  decrease  of  the  hour  angle  r,  and  a  change  of  —  a^  in  r 
produces  a  change  of  —  \^  in  the  hour  angles  used  in  com- 
puting d.  To  find  the  effect  of  this  upon  the  computed  <J,  we 
have,  by  difierentiating  the  equation 

cos  r  =  tan  d  cot  ^ 

with  reference  to  r  and  5, 

A^  =  —  At  cos'  d  tan  tp  sin  t 

or,  putting  J  a^  for  —  at,  and  eliminating  r, 

£l9=1:lX.^^^ i/[»^p  (y  +  ^)  Bin  (y  —  3)] 
cos  f> 


cos  d  p/[8in  {<p  +  d)  sin  (y 


«)] 


sin  2<p 


(187) 


The  following  table,  computed  by  this  formula,  is  given  by 
Struve  to  exhibit  the  effect  of  a  change  of  azimuth  Aa  =  1'',  for 
different  values  oif  —  d. 


^-6 

A.i 

0"  c 

0".000 

0    20 

0  .042 

0    40 

0  .060 

1      0 

0  .074 

2     0 

0  .108 

8     0 

0  .186 

4     0 

0  .162 

The  values  of  a*  here  increase  very  nearly  as  V^y  —  d.  For 
^  DraconiSj  the  correction  would  be  a<J  =  0''.055.  Struve  inves- 
tigated the  probability  of  a  change  of  azimuth  occurring  in  his 
instrument.    He  found  that  the  fluctuations  of  the  azimuth  during 
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a  whole  year  had  not  probably  exceeded  one  second  of  arc  on 
either  side  of  its  mean  value,  and  that  even  the  extreme  changes 
of  temperature  from  winter  to  summer  had  not  produced  any 
sensible  effect  upon  it.  Hence  he  concludes  that  since  the  tem- 
peratures at  the  east  and  west  transits  of  a  star  on  the  same  day 
never  differed  by  more  than  2°  R.  or  4J°  Fahr.,  and  generally  but 
a  fraction  of  a  degree,  the  variations  of  the  azimuth  could  not 
have  produced  any  error  which  amounted  to  even  0".Ol.  It  is 
important  to  observe  that,  during  the  period  referred  to,  the 
screws  for  adjusting  the  azimuth  were  not  touched, 

193.  Micrometer  observations  in  the  prime  vertical. — ^When  a  star 
passes  within  a  few  minutes  of  the  zenith,  its  lateral  motion 
(across  the  threads)  becomes  so  slow  that  the  observation  of  the 
transit  over  the  side  threads  would  occupy  too  much  time.  The 
star  may  indeed  be  within  the  limits  of  the  extreme  threads 
during  tiie  whole  time  from  its  east  to  its  west  transit.  In  such 
cases,  the  movable  micrometer  thread  takes  the  place  of  the 
fixed  threads.  This  may  be  used  in  two  ways :  either  by  setting 
the  micrometer  successively  upon  round  numbers,  identical 
before  and  after  reversing,  in  which  case  the  observations  are 
reduced  precisely  as  those  made  on  fixed  threads ;  or  by  setting 
at  pleasure  and  as  often  as  the  time  permits,  in  which  case  the 
observations  are  reduced  as  follows. 

The  micrometer  reading  for  the  case  when  the  movable  thread 
is  in  the  collimation  axis  is  known  approximately:  let  its  assumed 
value  be  denoted  by  -3f,  and  its  true  value  hyM+c.  Let  us  sup- 
pose that  for  "  tube  south"  the  micrometer  readings  increase  as 
the  thread  is  moved  towards  the  north;  then,  if  m  is  the  reading 
at  an  observed  transit,  the  thread  is  at  the  distance  m  ~  {M+  c) 
north  of  the  collimation  axis,  and  this  distance  is  to  be  substituted 
for  c  in  our  fundamental  equation  (166).  In  this  equation,  we 
shall  also  put  ;i  =  0,  w  =  90®  —  y,  on  the  supposition  that  the 
azimuth  and  inclination  of  the  axis  are  each  zero,  since  the 
resulting  declination  may  be  corrected  by  the  methods  above 
explained.    We  have  then 

em(m  —  Jf —  c)  =  —  coe  fBrnd-}-  sin  ^  cos  d  cos  r 
=  sin  (^  —  S)  —  2  sin  ^  cos  d  sin'  i  r 

or,  since  in  the  case  here  considered  y  —  diB  but  a  few  minutes, 
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am  1" 
For  convenience  in  computation^  let  ns  put 

e   =  M —  m 

z  =  ^ —  d 

E  =  — : — — —  Bin  f  cos  ^ 
sm  1" 

in  which  sin  f  cos  d  will  be  constant,  and  log  — : — ttt-  may  be 
taken  directly  from  our  Table  VL ;  then  the  equation  becomes 

£r  +  c  =  -B  —  c  (188) 

in  which  e  is  given  by  the  observation  for  each  thread,  and  It  is 
to  be  computed  for  the  several  values  of  r  found  from  the  ob- 
served sidereal  times  and  the  star's  right  ascension. 

This  equation  applies  to  the  case  of  "  tube  south."  When  we 
have  "tube  north,"  the  equation  becomes 

,    ,,  ,  ,       2  sin  9>  cos  d  sin"  J  r 

80  that,  putting  in  this  case 

e'=m  —  M 
we  have 

r  — c=-B  — c'  (189) 

The  instrument  is  reversed  but  once.  The  first  series  of  ob- 
servations is  taken  before  the  meridian  passage,  and  the  second 
after  it.  We  thus  find  from  the  means  of  the  observations  the 
values  of  z  +  c  and  2r  —  c,  whence  both  z  and  c.   The  uncorrected 

declination  is  then 

d  =  ^  —  z 

to  which  we  apply  the  correction  for  the  level,  as  in  Art.  190, 
and,  if  necessary,  also  the  correction  for  the  azimuth  according 
to  (186). 

It  is  evident  that  this  method  may  be  applied  even  to  stars 
whose  declinations  are  somewhat  greater  than  the  latitude. 

Example. — The  following  observations  are  given  by  Struvb 

from  among  those  taken  with  the  Pulkowa  instrument  :* 

*■  — ' . — — ^ 

♦  Astr.  AiwA.,  Vol.  XX.  p.  217. 
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1842,  Januarj  16.    v  Urtte  Mqforis. 
East  VerticaL  (—  6<».6  R.)        West  Vertical 


lUeS. 

lUeir. 

Level.  +  4(H.25 

-87'.8 

+  88'.0 

—  89«.7 

40.3 

87.85 

88.0 

89.7 

40.3 

87.85 

88.0 

39.7 

40.3 

87.85 

88.0 

89.7 

Transits. 

Mioroni. 

Truwits. 

Uiorom. 

9»  80-  29*. 

9'.315 

9»  48-  42'.5 

14'.771 

80    66.5 

9.650 

48    14 

14  .527 

31    24.5 

9.775 

47    46 

14  .276 

82     0 

10 .088 

47    17 

14  .068 

82    28 

10  .298 

46   44 

18  .825 

82    54 

10 .470 

46     9 

18  .597 

83    29 

10 .691 

45    36 

18.861 

34     4 

10.879 

45    11 

18  .282 

84    87 

11 .062 

44   40 

18  .077 

9  85    11 

11 .226 

9  44    12 

12  .942 

Level.  +  40^.8 

—  37*.25 

+  88'.0 

—  89'.7 

40.85 

87.8 

88.0 

89.7 

40.85 

87.25 

88.0 

89.7 

40.26 

87.8 

88.0 

89.7 

fi=  +  0'.823  =  +  0".324 

In  these  observations,  in  order  to  avoid  any  possible  error  of 
lost  motion  in  the  micrometer  screw,  the  thread  is  always  set  in 
advance  of  the  star  by  a  final  positive  motion  of  the  screw,  that  is, 
by  that  motion  which  increases  the  readings. 

The  value  of  a  revolution  of  the  micrometer  screw  was  found 
by  the  formula 

r  =  28".682  +  0".000292  (9.6  —  T) 

in  which  T  is  the  temperature  indicated  by  the  Reaumur  ther- 
mometer; and,  since  in  this  example  T=  —  6°.5,  we  employ 

r  =  28".6867  log  r  =  1.45768 

The  apparent  position  of  the  star  on  January  15,  1842,  was, 
according  to  Argblander's  Catalogue, 

a  =  9»  39-  46M  d  =  59*»  46'  24". 

The  clock  was  slow  8'.3,  and  hence  the  clock  time  of  the  star's 
culmination  was  9*  39"*  37'.8,  for  which  we  may,  for  simplicity, 
take  9^  39""  38\  since  a  small  error  in  this  quantity  will  not  affect 
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tte  final  value  of  z  when  the  hour  angles  on  the  opposite  sides 
of  the  meridian  are  so  nearly  equal  as  in  the  present  case. 
•    With  the  value  y^  =  69°  46'  18'',  we  find  log  sin  ^p  cos  5 =9.68846. 
The  assumed  value  oi  M=  12^.000;  and  hence  the  observations 
may  he  reduced  as  follows : 

TuheS, 


I 


—9-  9* 
^     8    41.6 
8    18.5 
7    88 
7    10 
6    44 
6      9 

5  84 

6  1 
4    27 


B 

m—M 

log(«-JO 

2.21681 

71".49 

2^.685 

0.42894 

2.17118 

64.51 

2.460 

0.88917 

2.12825 

57  .77 

2.226 

0.84788 

2.05842 

49  .76 

1.917 

0.28262 

2.00868 

48  .86 

1.702 

0.28096 

1.94946 

88  .72 

1.580 

0.18469 

1.87076 

82  .80 

1.809 

0.11694 

1.78420 

26  .46 

1.121 

0.04961 

1.69886 

21  .49 

0.988 

9.97220 

1.68974 

16  .91 

0.774 

9.88874 

e 

R—e^M  +  e 

Dlff.  from  mean. 

77".02 

—  6".68 

—  0".09 

70.28 

6  .77 

—  0  .88 

68  .88 

6  .06 

—  0  .62 

64  .99 

5  .28 

+  0  .21 

48  .82 

4  .96 

-f  0  .48 

48  .89 

6  .17 

+  0  .27 

87  .66 

6  .26 

+  0  .19 

82  .16 

6  .70 

—  0  .26 

26  .91 

6  .42 

-f-0  .02 

22  .20 

5  .29 

+  0  .16 

Mean  —  6  .488 


Tubey. 


M—m 

»  — c 

-^4-84'. 

1.61222 

17".81 

<K.942 

9.97406 

27".02 

—  9".21 

—  0".08 

5      2 

1.69678 

21  .64 

1.077 

0.08222 

80  .90 

9  .26 

—  0  .08 

6    88 

1.78160 

26  .81 

1.282 

0.09061 

85  .84 

9  .08 

+  0  .16 

5    67 

1.84204 

80  .28 

1.861 

0.18886 

89  .04 

8  .81 

+  0  .87 

6    81 

1.92106 

86  .27 

1.697 

0.20880 

45  .81 

9  .54 

—  0  .86 

7      6 

1.99661 

48  .06 

1.826 

0.26126 

52  .85 

9  .80 

—  0  .12 

7    89 

2.06081 

49  .98 

2.068 

0.81556 

59  .82 

9  .84 

^0  .16 

8      8 

2.11852 

66  .49 

2.276 

0.85717 

65  .29 

8  .80 

+  0  .88 

8    86 

2.16198 

63  .16 

2.527 

0.40261 

72  .49 

9  .88 

—  0  .16 

9      4.6 

2.20867 

70  .38 

2.771 

0.44264 

79  .49 

9  .16 

+  0  .02 

Mean  —  9  .178 


Hence  we  have 


Tube  5.    z  +  c  =  — 5".488 

«     K    g  —  c  =  —  9  .178 

z  =  —  7  .308 

f  =  59^  46'  18".000 

^  =  ^  —  z  ==  69    46  25  .308 

CJorr.  for  incl.  of  the  axis  ==  +0  .324 

^  =  59    46  25  .632 


c  =  +  1".870 


From  the  differences  in  the  last  column  of  this  computation, 
we  find  the  probable  error  of  a  single  observation  to  be  0'M94, 
produced  by  the  error  of  observation  and  the  error  of  the  micro- 
meter. This  agrees  well  with  the  probable  error  found  for 
oDracaniSj  which  was  0".08  for  four  observations  on  one  thread. 
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The  probable  error  of  four  observations  of  u  UrscB  Majofis  is 
0'M94  -f-  2  =  0'^097,  which  is  somewhat  greater  than  0".08, 
apparently  because  it  involves  the  additional  error  of  the  micro- 
meter. 

The  probable  error  of  the  mean  value  of  z  or  of  the  value  of_^ 
found  by  the  preceding  micrometer  observations  is  0'M94  -^  ^^20 
=  0''.043.  The  results  obtained  by  the  micrometer  have,  there- 
fore, very  nearly  the  same  degree  of  precision  as  those  obtained 
by  the  fixed  threads,  when  each  method  is  skilfully  applied. 

The  extreme  precision  of  the  observations  with  this  instrument 
in  the  hands  of  Struve  is  strikingly  exhibited  in  the  accordance 
of  the  values  of  the  aberration  constant  determined  from  the 
changes  of  declination  of  seven  stars,  which  have  already  been 
cited  in  Vol.  I.  Art.  440. 


CHAPTER  VI. 

THE   MERIDIAN  CIRCLE. 


194.  The  Meridian  Grcle^  or  Transit  QrcUy  is  a  combination  of  a 
transit  instrument  and  a  graduated  vertical  circle.  This  circle 
is  firmly  attached  at  right  angles  to  the  horizontal  axis,  and  is 
read  by  verniers  or  microscopes  (see  Arts.  18  and  21),  which  are 
in  some  cases  attached  to  the  piers,  and  in  others  to  a  frame 
which  rests  upon  the  axis  itself. 

By  means  of  this  combination,  the  instrument  serves  to  deter- 
mine both  co-ordinates  of  a  star's  position, — the  right  ascension 
from  the  time  of  its  transit,  and  the  declination  from  the  zenith 
distance  measured  with  the  circle ;  or,  if  the  star's  place  is  given, 
it  serves  to  determine  either  the  local  time  or  the  latitude  of  the 
place  of  observation. 

For  the  measurement  of  declinations,  it  takes  the  place  of  the 
Mured  Circle^  which  consists  of  a  circle  mounted  upon  one  side 
of  a  pier,  the  circle  being  secured  to  the  end  of  a  horizontal  axis 
which  enters  the  pier.  As  the  latter  instrument  cannot  be  re- 
versed, and  its  axis  is  not  symmetrically  supported,  it  is  not  suited 
to  the  accurate  determination  of  right  ascensions,  and  is  to  bo 


MERIDIAN   CIROLS.  283 

regarded  as  designed  solely  for  the  measurement  of  declinations. 
Even  for  this  purpose  the  meridian  circle  is  preferable,  as  it 
admits  of  reversal ;  and  there  is  always  an  advantage  in  com* 
bining  determinations  made  in  reverse  positions  of  an  instrument, 
whereby  unknown  errors  may  be  either  wholly  or  in  part  elimi- 
nated. I  shall,  therefore,  not  treat  specially  of  the  mural  circle. 
It  is  not  probable  that  any  more  instruments  of  that  form  will 
hereafter  be  constructed;  and  the  method  of  using  those  that 
exist  will  readily  be  understood  by  any  one  who  has  mastered 
the  meridian  circle. 

196.  Plates  Vii.,  Viil.,  and  IX.  represent  a  meridian  circle  of 
Rbpsold,  belonging  to  the  U.  8.  Naval  Academy,  and  mounted 
at  Annapolis  in  1852.  It  is  almost  identical  in  form  with  the 
meridian  circles  constructed  by  the  same  artist  for  Struve  and 
Bessel  at  the  Pulkowa  and  Konigsberg  Observatories. 

It  has  two  circles,  (7(7  and  CC,  of  the  same  size,  but  only  one 
of  these,  CQ  is  graduated  finely ;  this  is  read  by  four  microscopes, 
two  of  which  are  seen  at  RR.  The  microscopes  are  carried  upon 
a  square  frame  which  is  centred  upon  the  rotation  axis  itself: 
the  form  of  this  frame  is  shown  in  Plate  IX.,  where  the  instru- 
ment is  represented  upon  the  reversing  car.  The  horizontal 
sides  of  the  frame  carry  two  spirit  levels  f,  f,  by  which  any  change 
of  inclination  of  the  frame  with  respect  to  the  horizon  may  be 
detected. 

The  second  circle  CC,  constructed  of  the  same  size  as  the  first 
for  the  sake  of  symmetry,  is  graduated  more  coarsely,  is  read  at 
either  of  two  points,  and  is  used  only  as  a  finder. 

The  counterpoises  WW  act  at  XX^  points  nearly  equidistant 
between  the  telescopes  and  the  Vs,  and  very  near  to  the  circles ; 
an  arrangement  which  prevents  the  possibility  of  any  appreciable 
flexure  in  the  horizontal  axis,  at  the  same  time  that  the  pressure 
on  the  Vs  is  reduced  to  a  very  small  quantity. 

The  inclination  of  the  rotation  axis  is  measured  with  a  hanging 
level  LL. 

An  arm  FGy  turning  upon  a  joint  at  F^  receives,  when  hori- 
zontal, an  arm  which  ia  connected  with  a  collar  upon  the  rotation 
axis.  By  turning  a  screw,  the  head  of  which  is  at  G^  the  tele- 
scope is  clamped  in  the  collar,  and  then  a  screw  (not  seen  in  the 
drawing)  acting  horizontally  near  G  gives  fine  motion  to  the 
telescope  by  acting  upon  the  vertical  arm. 
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Another  arm^,  nearly  similar  in  its  form  and  arrangement  to 
FG^  receives  a  vertical  arm  attached  to  the  microscope  frame. 
Screws  acting  horizontally  at  g  upon  the  vertical  arm  serve  to 
adjust  the  frame. 

These  arms  are  shown  in  Plate  VJJLL.  as  they  appear  when 
thrown  down  and  out  of  use  while  the  instrument  is  being 
reversed.  In  this  plate  is  also  seen  the  arrangement  of  the 
vertical  arms  and  the  friction  rollers  by  which  the  counter- 
poises act  upon  the  horizontal  axis,  together  with  the  form  of 
the  Vs. 

The  field  is  illuminated  by  light  thrown  into  the  interior  of  the 
telescope  through  tubes  at  AA  and  reflected  towards  the  reticule 
by  a  mirror  in  the  central  cube.  The  quantity  of  light  is  regu- 
lated by  revolving  discs  with  eccentric  apertures  at  the  extremi- 
ties of  the  tubes  nearest  to  the  Vs.  These  discs  are  revolved  by 
means  of  a  cord  to  which  hangs  a  small  weight  8, 

The  reticule  at  m  contains  seven  transit  threads  and  three 
micrometer  threads  at  right  angles  to  the  transit  threads.  These 
three  threads  have  a  common  motion,  their  distance  from  each 
other  being  constant.  This  distance  being  known,  an  observa- 
tion on  either  of  the  extreme  threads  can  be  reduced  to  the 
middle  thread.  The  micrometer  thus  arranged  is  intended  for 
the  measurement  of  small  differences  of  declination,  and  also  for 
the  measurement  of  absolute  declinations  when  used  in  con- 
junction with  the  graduated  circle,  as  will  be  fully  explained 
hereafter. 

The  graduated  circle  of  this  instrument  is  nearly  80  inches  in 
diameter,  and  reads  directly  to  2''  by  the  graduations  on  the 
micrometer  heads  of  the  reading  microscopes ;  and  by  estimating 
the  fraction  of  a  graduation  of  the  micrometer  head,  the  reading 
is  carried  down  to  0''.2.  This  is  a  sufficiently  great  degree  of 
accuracy  of  reading  to  correspond  to  the  dimensions  and  optical 
power  of  this  instrument ;  but  in  larger  instruments  the  reading 
is  sometimes  carried  down  to  0".05,  or  even  less. 

The  discussion  of  the  errors  of  the  circle  of  this  instrument  is 
given  in  Arts.  28,  32,  and  33.* 

*  The  errors  of  the  circle  may  not  be  constant,  since  they  may  fluctuate  with  the 
temperature  of  its  various  parts.  We  may,  however,  assume  that  the  errors  at 
different  temperatures  wiU  be  the  same,  provided  the  expansion  of  the  circle  for  an 
increase  of  temperature  is  uniform  throughout  all  its  parts.  For  the  greatest  pre- 
cision, therefore,  we  should  endeavor  to  secure  this  condition  of  uniform  temperafure. 
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A  mercury  collimator  should  be  placed  permanently  beneath 
the  floor  directly  under  the  centre  of  the  instrument,  covered  by 
a  movable  trap-door. 

I  proceed  to  consider  the  methods  of  observing  with  the  meri- 
dian circle.  Its  application  as  a  transit  instrument  will  be  suffi- 
ciently clear  from  the  preceding  chapter.  It  is  necessary  to  treat 
here  only  of  the  use  of  the  circle  and  micrometer  in  the  mea- 
surement of  nadir  distance,  zenith  distance,  polar  distance,  or 
altitude  of  a  star,  from  which  either  the  declination  of  the  star 
or  the  latitude  is  found. 

196.  Nadir  point — The  first  of  the  methods  of  using  the  instru- 
ment which  I  shall  treat  of  is  that  in  which  all  observations  with 
the  circle  are  referred  to  the  nadir.  Let  us  first  suppose  the 
instrument  to  be  perfectly  adjusted  in  the  meridian,  and  the 
observation  of  a  star  to  be  made  at  the  instant  of  its  transit.  The 
nadir  point  is  obtained  by  directing  the  telescope  vertically 
towards  the  mercury  collimator.  To  take  the  simplest  case,  let 
us  suppose  the  sight  line  to  be  determined  by  a  fixed  horizontal 
thread  (at  right  angles  to  the  transit  threads).  Let  this  thread 
be  brought  into  coincidence  with  its  reflected  image.  The  sight 
line  is  then  vertical,  and  the  reading  of  the  circle  (by  which  we 
always  understand  the  mean  of  all  the  microscopes  added  to  the 
degrees  and  minutes  under  the  first  microscope,  or  microscope 
A)  represents  the  nadir  point  of  the  circle.  Let  this  reading  be 
denoted  by  Q.  The  telescope  being  then  directed  towards  a 
star,  and  the  fixed  horizontal  thread  being  made  to  bisect  the 
star  at  the  instant  ot  the  transit  over  the  middle  vertical  thread, 
let  the  circle  reading  be  C.  Then  the  apparent  nadir  distance 
of  the  star,  which  I  shall  denote  by  iV',  will  be 

and,  for  this  purpose,  it  is  advisable  to  make  the  piers  sufficiently  high  and  broad  to 
protect  the  whole  circle ;  for,  since  the  temperature  of  the  piers  will  often  differ 
from  that  of  the  circle,  the  radiation  from  them  will  tend  to  produce  unequal  tem- 
peratnres  in  the  different  parts  of  the  circle,  unless  the  latter  is  equally  exposed  to 
this  radiation  throughout.  But  even  this  arrangement  will  fail  of  its  object  if  the 
temperature  of  the  piers  is  not  uniform ;  and  therefore  they  must  be  protected  against 
fluotuAtions  of  temperature  as  much  as  possible ;  for  example,  by  first  coating  them 
with  oil  or  some  other  preparation  to  exclude  moisture,  then  wrapping  them  in  cloth, 
and  finally  encasing  them  in  wood,  as  proposed  by  Dr.  Gould  for  the  meridian  circle 
of  the  Dudley  Obserratory. 
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and  this  distance  is  usually  reckoned  from  0°  to  360®  from  the 
nadir,  through  either  the  south  point  or  the  north  point,  accord- 
ing to  the  direction  in  which  the  graduations  increase.  This 
direction  is  different  in  the  two  positions  of  the  rotation  axis. 
Supposing  the  position  of  the  axis  to  be  indicated  bj  that  of 
the  circle  itself,  let  us  assume  that  the  nadir  distance  is  reckoned 
through  the  south  point  for  circle  east^  and  through  the  north 
point  for  circle  west:  K  we  denote  the  apparent  zenith  distance 
of  the  star  sotUh  of  the  zenith  by  z',  we  shall  then  have 

/  =  di  (180O  -  JV^O     /  +  ^^'  ^•'"^^^  ^*'*  I 
\  —  for  circle  west  / 

In  obtaining  the  circle  readings  Q  and  C,  the  correction  for 
error  of  runs,  when  such  error  exists,  must  be  applied  as  explained 
in  Art.  22.  But,  with  the  aid  of  the  telescope  micrometer,  we 
can  avoid  the  <».rror  of  runs,  as  follows.  In  observing  the  nadir 
point,  set  the  circle  so  that  an  exact  division  is  under  or  nearly 
under  the  zero  of  one  of  the  reading  microscopes,  that  is,  so 
that  all  the  microscopes  will  read  nearly  C :  their  mean  will  not 
require  any  sensible  correction  for  runs.  But  the  fixed  thread 
will  then  not  be  in  coincidence  with  its  image.  Measure  the 
distance  of  the  fixed  thread  fix)m  its  image  by  the  micrometer. 
One-half  this  distance,  being  applied  to  the  circle  reading,  will 
give  *he  reading  for  absolute  coincidence.  In  like  manner,  in 
observing  the  star,  set  the  circle  again  upon  an  exact  division, 
and  bisect  the  star  with  the  micrometer  thread ;  the  distance  of 
the  micrometer  thread  from  the  fixed  thread,  being  applied  to 
the  circle  reading,  will  give  the  required  reading  C". 

But,  when  the  micrometer  is  employed,  it  is  altogether  prefer- 
able to  dispense  with  the  fixed  thread  and  to  depend  solely  upon 
the  movable  one.  Thus,  to  determine  the  nadir  point,  having 
brought  the  circle  division  which  is  nearest  to  the  nadir  point 
reading  under  microscope  JL,  let  the  mean  reading  obtained 
from  all  the  microscopes  be  called  Q.  Bring  the  micrometer 
thread  into  coincidence  with  its  image,  and  let  the  micrometer 
reading  be  M^,  which  we  shall  suppose  to  be  converted  into  arc 
by  multiplying  by  the  value  of  a  revolution  found  according  to 
Art.  46  or  47.  It  is  now  evident  that  when  the  telescope  is 
directed  upon  a  star,  if  the  micrometer  reading  remains  M^  while 
the  thread  bisects  the  star  and  the  circle  reading  is  C\  the  nadir 
distance  is  C  —  Cq,  precisely  as  if  the  micrometer  thread  were 
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fixed.  But  the  reading  C"  will,  in  general,  involve  an  error  of 
runs,  to  avoid  which,  set  the  circle  as  before  upon  a  neighboring 
exact  division,  and  let  the  reading  be  still  called  C ;  then  bisect 
the  star  with  the  micrometer  thread,  and  let  the  reading  be  M' ; 
the  nadir  distance  of  the  star  will  be 


j\r'=((7'-c;)  +  (jf'~jf,) 


(190) 


In  practice,  this  method  will  be  found  much  simpler  than  it  at 
first  appears.  The  finder  should  always  be  adjusted  so  that 
whole  minutes  in  its  reading  correspond  to  whole  minutes  of  the 
principal  circle.  Then,  in  all  observations  of  the  nadir  point, 
we  set  the  finder  to  the  same  exact  division ;  and,  in  observing 
the  star,  we  compute  its  approximate  nadir  distance  to  the  nearest 
minute,  and  set  the  finder  upon  this  minute. 

In  the  above  formula,  we  suppose  the  micrometer  readings  to 
increase  with  the  circle  readings. 


Example. — On  May  4,  1856,  the  telescope  of  the  Meridian 
Circle  of  the  Naval  Academy  was  directed  to  the  nadir  by  setting 
the  finder  upon  0°  0',  and  the  mean  of  the  four  microscopes  gave 
the  circle  reading 

Co  =  859^  5y  54".70  (or  —  0°  0'  5".80) 

The  micrometer  thread  was  then  brought  alternately  north  and 
south  of  its  own  image  in  the  collimator,  so  as  to  form  each  time 
a  square  with  the  middle  transit  thread  and  its  image  (as  in  Art. 
147),  and  the  micrometer  readings  were  as  follows : 


Image  itr. 

S. 

Means. 

5'  ZZ'A 

40'.8 

6'  87*.10 

32.9 

40.4 

86.65 

83.0 

40.3 

86.65 

83.5 

40.5 

87.00 

M^  =  b^  36'.85 

so  that  -MJ,  was  the  reading  when  the  micrometer  thread  was  in 
coincidence  with  its  image. 

The  telescope  was  then  directed  to  Polaris  at  its  upper  culmi- 
nation by  setting  the  finder  at  229°  82'  (the  latitude  being  88°  59^ 


288  MERIDIAN  CIRCLB. 

the  decimation  88°  82',  and  the  refraction  1',  approximately), 
and  at  the  time  of  the  star's  transit,  the  micrometer  thread 
bisecting  the  star,  there  were  found 

Circle  reading  C"=  229**  32'  7'^47 
Microm.   "      Jf' =  b^  b0*.6 

The  value  of  one  division  of  the  micrometer  was  0".927.  Hence 

C— C„  =  229^32' 12".77 

M'^M^=  +  13*'.75  =  +12  .75 

(J\r)  =  229    32  25  .52 

This  is  the  apparent  nadir  distance  upon  the  supposition  that  the 
position  of  the  reading  microscopes  (which  rest  on  the  axis  of 
the  telescope*)  remained  absolutely  fixed  while  the  instrument 
revolved  from  the  nadir  to  the  star.  To  determine  this,  the 
spirit  level  was  applied  to  the  microscope  frame.  At  the  nadir 
reading,  the  inclination  of  the  frame  was  f^  =  —  1".23,  and  at  the 
observation  of  the  star  it  was  i'  =  —  1".54 ;  and  hence  we  have 

(J\r).=  229^32'25".52 
{'  _  i;  =  —  0  .31 

N'  =  229    32  25  .21 

In  this  observation,  the  circle  was  east,  and  the  nadir  distance 
was  reckoned  through  the  south  point 

197.  Since  CJ,  and  M^  will  be  applied  in  reducing  all  the  obser- 
vations made  on  the  same  day,  or  so  long  as  these  quantities  are 
regarded  as  constant,  it  will  be  convenient  to  combine  them  once 
for  all.  We  may  either  convert  the  micrometer  reading  into 
seconds  of  arc  and  add  it  to  the  circle  reading,  which  will  give 
the  circle  reading  when  Mq=  0;  or  convert  the  seconds  of  the 
circle  reading  into  divisions  of  the  micrometer  and  add  it  to  the 
micrometer  reading,  which  will  give  the  micrometer  reading 
when  Cq  =  0.  Thus,  if  we  take  the  latter  method  in  the  pre- 
ceding example,  we  have  Co=  —  5''.80  =  —  5''.72  of  the  micro- 
meter.    We    then    take    {M)  =  C^+  M^=  S"  36^.85  —  5''.72  = 

*  Ab  this  oonstruotion  inyoWes  the  neceasity  of  an  additional  obsenration,  and 
thus  introduces  another  source  of  error,  it  appears  to  be  preferable  to  attach  the 
reading  microscopes  permanently  to  the  piers,  provided  the  piers  are  well  guarded 
against  changes  of  temperature  which  might  alter  the  relative  positions  of  the 
microscopes. 
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5r  ai^'.lS,  which  we  may  call  the  micrometer  zero;  and  in  any 
observation  of  a  star  when  the  circle  reading  is  C"  and  micro- 
meter reading  M\  the  nadir  distance  will  be  simply  (iV')  =  C 
+  jjf  —  (Jlf).     In  this  example,  therefore,  we  should  have 

(7'=229^32'    7".47 

M'  —  {M)  =  +  19*A7  =  +18  .05 

{N')  =  229    32  25  .52 

198.  Instead  of  a  single  micrometer  thread,  Bessel  used  a 
double  one,  consisting  of  two  very  close  parallel  threads.  The 
sight  line  is  then  a  line  which  bisects  the  angle  between  the 
threads,  and  a  star  is  always  observed  when  it  is  estimated  to  be 
midway  between  them.  It  was  the  opinion  of  Bessel  that  even 
greater  accuracy  was  attainable  in  this  way  than  in  bisecting  a 
star  by  a  single  thread.  Although  there  may  be  some  doubt  of 
this  being  true  for  all  observers,  still  the  method  has  advantages 
in  determining  the  nadir  point.  The  sight  line  determined  by 
the  middle  point  between  the  threads  will  be  vertical  when  each 
thread  is  in  coincidence  with  the  image  of  the  other  thread.  But, 
as  we  cannot  depend  upon  such  directly  observed  coincidences, 
the  micrometer  reading  for  coincidence  is  found  by  taking  the 
mean  of  two  observations,  at  one  of  which  the 

image  of  one  of  the  threads  is  placed  midway  a 

between  the  threads,  and  at  the  other  the  image  

of  the  other  thread  is  so  placed.     Thus,  at  one  ^' 

observation  we  make  the  observation  a.  Fig.  47, 

and  at  the  other  the  observation  6,  and  take  the  mean  of  the 
corresponding  readings. 

199.  Heduction  to  the  meridian. — In  the  above  method  of  obser* 
vation,  the  determination  of  the  nadir  point  is  made  very  precise 
by  repeating  the  readings  of  the  circle  and  micrometer,  but  the 
reading  for  the  star  depends  upon  a  single  observation.  In  order 
to  give  both  measures  at  least  equal  precision,  we  must  make 
several  bisections  of  the  star  by  the  micrometer  thread  during 
the  passage  of  the  star  across  the  field.  But,  since  the  star  in 
general  describes  a  small  circle  in  the  field,  all  the  measures  on 
either  side  of  the  meridian  will  require  a  correction.  In  inves^ 
tigating  this  correction,  I  shall  suppose  that  the  instrument  is  not 
precisely  in  the  meridian,  in  order  to  see  what  eflfect  its  errors 
have  upon  the  observed  declination. 
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In  Fig.  48,  constructed  as  in  Art.  128,  let  0  be  the  position  of 

the  star.  The  great  circle  described 
by  the  telescope  is  N'Z'S'y  and  Z'  is 
the  zenith  of  the  instrument  The 
arc  AO  drawn  from  the  pole  of  the 
great  circle  N'Z'S'  to  the  star  inter- 
sects this  circle  in  0',  and  00'  re- 
presents the  micrometer  thread  which 
bisects  the  star,  since  this  thread  is 
also  perpendicular  to  the  plane  of  the 
instrument,  and  0'0  =  c  is  the  dis- 
tance of  the  star  from  the  collimation 
axis.  K  the  telescope  were  directed  to  the  pole,  the  thread 
would  coincide  with  PP\  P'  being  the  point  in  which  the  great 
circle  AP  intersects  N'Z'S'.  Hence,  P'  is  the  apparent  pole  of 
the  instrument,  and  the  apparent  polar  distance  of  the  star,  as 
given  by  the  instrument,  is  P'O'  =^  90° —  d'  (denoting  the  in- 
strumental declination  by  5').  But,  since  the  triangle  P'AO'  is 
right  angled  at  P'  and  0',  the  angle  P^AO'  is  measured  by 
P'O'.  We  have,  therefore,  in  the  triangle  P^O  (with  the  nota- 
tion of  Art.  123),  the  sides  P^  =  90°  —  n,  ^0  =  90°  +  c,  PO 
=  90°  —  8,  with  the  angle  ^PO  =  90°  +  r  —  m,  and  the  angle 
PAO  =  90°  —  8'.    Hence,  by  Sph.  Trig,, 


sin  d  = 
cos  ^  sin  (t  —  m)  = 
cos  d  cos  (t  —  m)  = 


—  sin  n  sin  c  -f  cos  n  cos  c  sin  d' 
cos  n  sin  0  +  si^  ^  cos  c  sin 
cos  c  cos 


in  d'  ^ 
ind'  I 
os<J'   j 


(191) 


In  which  d  is  the  corrected  declination,*  r  is  the  east  hour  angle 
of  the  star,  and  m  and  n  are  the  instrumental  constants  as  deter- 
mined by  transit  observations  (Art.  151).  But,  since  n  is  exceed- 
ingly small  (seldom  more  than  O'.S  =  T'.S)  and  c  not  more  than 
15'  even  when  the  star  is  observed  near  one  of  the  extreme 
transit  threads,  the  product  sin  c  sin  n  will  be  insensible,  and  we 
may  always  put  cos  n  =  1.  The  first  and  third  of  these  equa- 
tions, therefore,  become 

sin  d  =  cos  c  sin  d' 
cos  d  cos  (t  —  m)  =  cos  c  cos  d' 


whence 


tan  d  =  cos  (t  —  m)  tan  d' 


(192) 


*  That  is,  6  is  the  apparent  declination  (affected  by  refhiotion  and  paraUax)  as  it 
would  be  given  b  j  an  obserration  in  the  meridian  with  a  perfectly  acUusted  instnimQiit 
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from  which  it  appears  that  the  only  correction  for  the  error  of 
the  instrument  with  respect  to  the  meridian  is  the  subtraction 
of  the  constant  m  from  the  hour  angle.  The  value  of  S  will  be 
found  more  conveniently  by  developing  it  in  series  by  PL  Trig. 
Art  264 ;  we  find 


In  which 


(7  sin  2^'       <7*sin4d' 
^     sinl"    ^    2sinr    ^ 


sin*  i  (t  —  wi)  X     1 1  / 

flr  = ^^ ^- —  =  —  tan*  i(T  —  mri 

^  1  —  sin»  J  (t  —  wi)  ^ 


As  it  is  more  convenient  to  employ  sin*J(r-— m)  instead  of 
tan*  J(r  —  m),  because  tables  of  the  former  quantity  are  in  com- 
mon use  (see  Tables  V.  and  VI.),  we  develop  q  in  the  form 

^  ==  —  sin'  ^  (r  —  wi)  [1  —  sin'  ^  (t  —  m)]  ~* 
=  —  sin'  ^  (t  —  m)  —  sin*  ^  (t  —  m)  —  &c. 

and,  substituting  this  value,  we  find 

.       .,      sin»4(T  — m)    .    ^  ^,       2  8in*i(T  — m)    .     «*/   •  ../      ^ioon 

^  =  a' ^ ^  sm  2d' ^-^ ^  sm  2d'8mM'     (193) 

sm  1"  sin  1" 

where  the  last  term  is  usually  insensible,  and  the  term t^-—t; — - 

•^  '  sm  1" 

sin  28'  is  called  the  reduction  to  the  meridian.**  In  computing 
this  term,  we  may  use  d  for  5'.  The  correction  is  always  sub- 
tractive  from  the  instrumental  declination.  If,  however,  we  wish 
to  apply  it  to  the  observed  nadir  distance  iV',  we  must  observe 
the  sign  of  N'  in  (190).  For  circle  east,  the  reduction  will  be 
additive  to  iV',  and  for  circle  west,  subtractive  from  N'. 

Example. — Jn  the  observation  of  Polaris  on  May  4,  1856,  p. 
287,  the  star  was  not  only  observed  at  the  time  of  its  transit,  but 
it  was  bisected  by  the  micrometer  thread  a  number  of  times 
during  its  passage  over  the  field,  the  clock  being  noted  at  each 
bisection,  as  in  the  following  table,  which  contains  also  the  re- 
duction of  the  observations : 

*  The  last  term  of  the  series  becomes  a  maximum  for  a  given  value  of  r  —  m 

when  6  =  60®,  in  which  ease  the  value  of  the  term  is   ^^       — '-  •  f  v^i  which 

sin  1" 
amounts  to  0".01  only  when  t  —  in  =  6«»  23».     For  6  =  SB®  80',  the  term  amounts 
to  O''  01  only  when  r  —  i»  —  12'». 
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» 

M' 

M'^M^ 

^M" 

T— » 

R 

JP  +  Jl 
4-  12".24 

1*  1"»  6K 

6'  60*6 

+ 18-66  = 

+  12".66 

+  2- 62-. 

—  0".41 

2    17 

60.9 

14.05 

18  .02 

2    26 

0  .80 

12  .72 

2    49 

60.8 

18.96 

12  .98 

1    64 

0  .18 

12  .76 

8    16 

50.6 

18.66 

12  .66 

1    27 

0  .11 

12  .64 

8    85 

60.2 

18.86 

12  .88 

1      8 

0  .06 

12  .82 

4      0 

60.4 

18.65 

12  .66 

0   48 

0  .08 

12  .63 

4    80 

60.8 

18.95 

12  .98 

+  0    18 

0  .00 

12  .98 

4    67 

60.4 

18.65 

12  .66 

-0    14 

0  .00 

12  .56 

6    11 

49.4 

12.65 

11  .68 

1    28 

0  .11 

11  .52 

6    87 

60.4 

13.66 

12  .56 

1    64 

0  .18 

12  .88 

7      0 

49.8 

12.95 

12  .00 

2    17 

0  .26 

11  .74 

7    24 

61.2 

14.85 

18  .80 

2    41 

0  .86 

12  .94 

7    66 

60.9 

14.05 

18  .02 

—3    12 

—  0  .61 

4-  12  .61 

IMS',  froin 


—  0".20 
4-0  .28 
4-0  .31 
4-0  .10 

—  0  .12 
4-0  .09 
4-0  .49 
4-0  .12 

0  .92 
0  .06 

—  0  .70 
4-0  .60 
^-0  .07 

Mean  4-12  .44 

The  coluinn  T  contains  the  observed  clock  times ;  M'  the  micro- 
meter reading  at  each  bisection  of  the  star ;  M'  —  JK^  is  found 
from  the  observation  of  the  nadir,  which  gave  M^^  5r  86^.85, 
and  M^'  is  the  value  of  M'  —  M^  in  arc,  the  value  of  a  division 
being  0".927.  To  find  r  —  m,  we  observe  that  the  hour  angle  r 
is  found  by  the  formula 

a  being  the  right  ascension  of  the  star  and  a  T  the  clock  correc- 
tion,  and  hence , 

or,  putting 


we  have 


T  —  m  =  a'  —  r 


In  the  present  example,  the  value  of  m  was  +  0'.42,  and  A^was 
+  l*  2*.  85.  The  apparent  place  of  the  star,  from  the  American 
Ephemeris,  was 


a  =  1»  5-  46-.29 


d  =  88°  32'  26".00 


Hence,  a'  =  1*  4"*  43'.0,  the  diflference  between  which  and  each 
ris  given  in  the  column  r  —  m. 

The  reduction  to  the  meridian,  here  denoted  by  -R,  is  conve- 
niently computed  by  the  aid  of  Table  VI.,  under  the  form 


i  = ^\-- ^  cos  d  sm  d 

sm  1" 


(194) 


This  reduction  is  here  to  be  applied  to  the  observed  nadir  dis- 
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tance  with  the  same  sign  as  to  the  declination,  for  the  finder  was 
west,  and  the  nadir  distance,  being  reckoned  through  the  south 
point  over  the  zenith,  increases  with  the  declination.  The  two 
quantities  M*'  and  jB  being  applied  to  the  difterence  of  the  circle 
readings  for  the  nadir  point  and  the  star,  we  have  the  apparent 
nadir  distance  of  the  star  in  the  meridian.  The  sum  M'^  +  JS 
should  then  be  the  same  for  each  observation,  and  we  have  here 
found  its  value  for  each  in  order  to  determine  the  probable  error 
of  observation.  Prom  the  "differences  from  the  mean"  in  the 
last  column,  we  find  that  the  probable  error  of  a  single  observa- 
tion was  0".28,  which  includes  the  error  in  bisecting  the  star  by 
the  thread,  the  error  arising  from  unsteadiness  of  the  star,  and 
errors  of  the  micrometer. 

The  meridian  nadir  distance  of  the  star  from  the  mean  of  all 
the  observations  is  then  found  as  follows : 

(From  page  288)  C  —  C„  =  229^  32'  12".77 

M"-^B=  +12.44 

Corr.  for  incl.  of  microscopes  =  f  —  z^  =  —   0  .31 

J\r'=229    32  24  .90 

The  observation  was  taken  to  determine  the  latitude,  and,  in 
order  to  find  the  refraction,  the  barometer  and  thermometer 
were  observed  both  before  and  after  the  observation,  as  follows : 


Barometer 
Attached  Therm. 
External      " 


Atl*0"». 


30M76 
54  .9 


At  1*  12"». 


30*».210 
66^5 
54  .6 


Means. 


30M98 
56^.8 
54  .75 


Hence,  using  Bessbl's  Eefraction  Table,  we  find 

—  /  =  49^32' 24".90 
Befraction  =  18  .05 

—  ^  =  49  33  32  .95 
J  =  88  32  26  .00 
f>  =  38    58  53  .05 

200.  H(yrizonial  point. — Observation  of  a  star  by  reflection. — The 
Becond  method  of  using  the  instrument  is  that  in  which  the 
apparent  altitude  of  a  star  is  determined  by  taking  half  the 
angular  distance  between  the  star  and  its  image  reflected  in  a 
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basin  of  mercury.  The  direct  observation  of  the  star  is  usually 
made  before  the  meridian  transit,  and  that  of  the  reflected  image 
after  the  transit,  or  vice  versa^  and  each  is  reduced  to  the  meridian. 
The  difference  of  the  two  reduced  circle  readings  {plus  the  dif- 
ference of  the  micrometer  readings  if  the  observations  are  made 
on  the  movable  thread)  is  twice  the  meridian  altitude.  The  half 
sum  of  these  readings  is  the  reading  when  the  sight  line  is  hori- 
zontal,  and  represents  the  horizonixd  point  of  the  circle.* 

In  observing  equatorial  stars  by  this  method,  the  circle  is  set 
approximately  for  the  direct  observation,  and  the  microscopes 
read  off  before  the  star  comes  into  the  field.  Then  one  or  more 
bisections  of  the  star  are  made,  with  the  micrometer  thread, 
before  the  star  arrives  at  the  middle  transit  thread.  The  teles- 
cope is  then  quickly  tu|iied  towards  the  mercury  and  clamped  at 
the  approximate  position  of  the  reflected  image,  several  bisec- 
tions are  made  with  the  micrometer,  and  finally  the  circle  is 
again  read  off.  That  no  time  may  be  lost  in  setting  the  circle 
upon  the  reflected  image,  a  spirit-level  finder  attached  to  the 
tube  of  the  telescope  is  previously  set  to  the  approximate  depres- 
sion of  the  image ;  the  telescope  is  then  revolved  until  the  bubble 
plays. 

In  the  qase  of  stars  near  the  pole,  the  circle  may  be  read  off  a 
number  of  times  during  the  transit,  as  in  the  following  example 
from  Bbssel. 

Example. — The  following  observations  of  a  Ursce  Minoris  were 
taken  by  Bessbl  with  the  Repsold  meridian  circle  of  the  Konigs- 
berg  Observatory  in  1842,  April  22.  The  star,  or  its  reflected 
image,  was  brought  in  the  middle  between  the  two  close  threads 
of  the  micrometer  by  moving  the  telescope  by  the  tangent  screw, 
the  micrometer  thread  being  used  as  fixed,  and  the  circle  was 
read  off  after  each  observation.  Five  direct  observations  are 
preceded  and  followed  by  three  reflection  observations. 

*  The  determination  of  the  horixontal  point  by  reflection  obseryations  should  be 
used,  in  conjunction  with  the  other  methods  given  in  the  text,  for  the  sake  of  verifi- 
cation. Indeed,  it  is  desirable  that  all  the  instrumental  constants  should  be  found 
by  at  least  two  independent  methods.  The  construction  of  the  instrument  so  that 
this  shall  always  be  possible  presents  difficulties,  which,  however,  have  been  success- 
fully overcome  by  Dr.  6.  A.  Gould  in  the  large  meridian  circle  constructed  under 
his  direction  for  the  Dudley  Observatory. 
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Clock. 

f  —  m 

0»  45-54' 

17-  20* 

49      1 

14   13 

51      6 

12     8 

64      9 

9     5 

68    53 

4   21 

1     2    54 

0   20 

7    28 

4   14 

12     6 

8   52 

18    25 

15   11 

21    27 

18   13 

23   46 

20  32 

Cirole. 

B 

Meridian. 

146»  15'  11".0 

+  15".8 

146<'  15'  26".8 

16  .9 

+  10  .6 

27  .5 

20  .2 

+    T.7 

27  .9 

33    44  44  .0 

-  4.3 

33   44  89  .7 

41  .5 

-   1  .0 

40  .6 

40  .5 

0  .0 

40  .5 

42  .8 

—  0  .9 

41  .9 

45  .6 

—  4  .1 

41  .5 

146    15  15  .4 

+  12  .1 

146    15  27  .5 

10  .4 

+  17  .4 

27  .8 

1                  5  .4 

+  22  .1  1                 27  .5 

Mean.  Direct      33    44  40  .82 
«     Eeflect.  146    15  27  .50 


App.  merid.  zen.  dist.    33    44  36  .66 

Barom.  29*808  Att.  Therm.  47°.l F.  1  „  ^       .  ««      « 

Ext.      «      49  .0^^  I  Refraction  +  38  .76 

Correction  of  the  circle  graduation  +  0".470 
Corr.  for  distance  of  mercury  +  0  .018  +     0  .49 

Star's  polar  distance  1    31  53  .53 

Complement  of  latitude    35    17     9  .44 
^=    54    42  50  .56 

In  compnting  r  —  m  by  the  form  a'  —  Ty  we  have  aasumed 
a'  =  1*  S"*  14'.  The  circle  readings  are  the  means  «)btained  from 
the  readings  of  four  microscopes. 

The  reduction  to  the  meridian  H  is  computed  for  the  reflection 
observations  by  the  same  formulae  as  for  direct  ones,  only 
changing  its  sign. 

The  correction  of  the  circle  graduation  was  derived  by  Bessel 
from  a  special  investigation  of  the  errors  of  those  divisions  which 
come  into  use  in  the  observation  of  Polaris  by  direct  and  reflection 
observations  at  its  upper  culmination.  For  a  given  zenith  dis- 
tance ^,  the  four  divisions  that  come  into  use  in  the  direct  obser- 
vation by  the  use  of  the  four  microscopes  are  2r,  90°  +  Zy 
180°  +  Zy  270°  +  z ;  and  in  the  reflection  observation,  360°  —  e, 
90°  —  Zy  180°  —  z,  and  270°  —  z.  The  correction  0''.470  is  here 
the  mean  of  the  corrections  of  these  eight  divisions  for  z  =  33°  44', 
the  sign  of  the  correction  for  the  reflection  observations  being 
changed.* 


*  See  BK88IL,  in  Attron,  Nach,^  Nob.  481  and  482. 
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The  correction  for  the  distance  of  the  mercury  from  the 
instrument  is  simply  the  difference  of  the  latitude  of  the  mercury 
basin  and  tiie  centre  of  the  telescope.  For  in  this  method  we 
really  measure  the  angle  between  the  direct  and  reflected  rays 
which  is  formed  at  the  surface  of  the  mercury,  and,  consequently, 
the  latitude  determined  is  that  of  the  mercury.  The  basin  was 
here  north  of  the  instrument,  and  the  deduced  latitude  would 
require  a  subtractive  correction,  or  the  zenith  distance  an  additive 
one. 

To  find  the  horizontal  point  of  the  circle  corrected  for  the 
division  errors,  we  have,  according  to  Bessel,  for  z  =  33°  44'  ia 
the  direct  observation,  the  correction  +  0'M56,  and  for  the  sup- 
plement of  this  the  correction  —  0".784,  the  half  difference  of 
which  is  the  correction  +  0".470  used  above,  and  the  half  sum 
—  0".314  is  the  correction  of  the  horizontal  point  found  by 
taking  the  mean  of  the  circle  readings  in  the  direct  and  reflected 
observations.     Thus,  we  have 

Mean  of  circle  readings  =  90°  (K  4'M6 
Corr.  of  graduations  =  —  0  .31 
Horizontal  point  =  90    0  3  .85 

The  zenith  point  of  the  circle  is,  therefore,  0°  0'  3''.86.  So  long 
as  the  state  of  the  instrument  is  unchanged,  this  is  the  constant 
correction  of  all  zenith  distances  observed,  additive  or  subtract- 
ive, according  as  the  object  is  south  or  north  of  the  zenith. 

201.  The  nadir,  horizontal,  and  zenith  points  of  the  circle  are 
all  determined  when  any  one  of  them  is  determined,*  and  there- 
fore we  ought  to  be  able  to  combine  the  results  obtained  by  the 
mercury  collimator  and  by  reflection  observations  of  stars. 
Nevertheless,  observers  have  sometimes  found  discrepancies 
between  the  two  methods  which  appeared  to  be  greater  than 
could  fairly  be  ascribed  to  errors  of  observation.  Among  the 
sources  of  error  which  may  produce  such  discrepancies,  we  may 
here  mention  the  personal  equation  in  bisecting  a  star  by  a  micro- 
meter thread.  Prof.  J.  H.  C.  CoFFiNf  has  demonstrated  the 
existence  of  such  an  equation,  more  or  less  constant,  between 
different  observers,  by  comparing  the  declinations  of  the  same 

*  Provided  the  errors  of  division  and  of  flexure  have  been  daly  eliminated, 
f  AatronoftUeal  Journal^  VoL  III.  p.  121. 
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Btar  obtained  by  the  different  observers  using  the  mural  circle  of 
the  Washington  Observatory  during  the  years  1846  to  1849 
inclusive,  the  declinations  having  all  been  reduced  to  the  same 
epoch.  He  also  found  a  constant  difference  between  the  decli- 
nations of  zenith  stars  observed  by  himself  when  they  were 
observed  as  southern  stars — ie.  with  the  body  fronting  south — 
and  when  they  were  observed  as  northern  stars,  and  this  under 
conditions  which  excluded  the  hypothesis  of  a  parallax  resulting 
from  a  maladjustment  of  focus.  This  difference  amounted  to 
nearly  0".6. 

A  really  constant  error  in  bisecting  a  star  will  affect  the  zenith 
distances  of  all  stars  alike,  but  will  have  opposite  effects  upon 
the  deduced  declinations  of  stars  north  and  south  of  the  zenith. 
It  will  also  have  opposite  effects  upon  the  declination  of  the 
same  star  deduced  from  direct  observations  and  by  reflection ; 
and  hence  the  discordance  between  the  results  of  these  two 
kinds  of  observations  will  be  twice  that  error.  It  will  also  cause 
the  zenith  points  determined  from  north  and  south  stars  to  differ 
by  twice  the  error  of  bisection. 

Professor  Coffin  also  suggests  that  the  discrepancies  referred 
to  may  possibly  be  produced,  in  part  at  least,  by  a  habit  of 
making  the  bisection  constantly  before  or  constantly  after  the 
instant  for  which  it  is  recorded,  in  which  case  the  error  will  vary 
with  the  declination.  Thus,  if  the  observation  is  recorded  as 
made  at  the  time  the  star  passes  the  middle  thread,  and  the 
observer  always  makes  the  bisection  at  a  constant  time  before  or 
after  the  transit,  the  error  will  be  simply  the  reduction  to  the 
meridian  for  this  time,  and,  consequently,  proportional  to  sin  25; 
but  if  he  observes  at  the  constant  distance  c  from  the  middle 
thread,  the  error  in  the  time  being  (?sec<J,  the  corresponding 
error  in  the  declination  will  be  proportional  to  c^  sec*  5  sin  2  5, 
that  is,  proportional  to  tan  d. 

Inclination  of  the  micrometer  thread  is  another  source  of  error, 
which  should  always  be  attended  to  and  removed  by  adjustment 
if  possible,  or  by  computing  the  correction  for  it.  It  is  evident 
that  the  error  in  the  observed  declination  will  be  proportional 
to  the  distance  of  the  point  at  which  the  observation  is  made 
from  the  middle  thread.  The  inclination  will  be  determined  by 
bisecting  a  star  at  two  extreme  points  on  the  right  and  left  of 
the  field.  The  difference  of  the  two  observations,  when  both 
have  been  reduced  to  the  meridian,  will  give  the  required  correC"? 
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tion  for  inclination.  A  star  near  the  pole  will  be  preferable  foT 
this  purpose,  as  a  number  of  bisections  may  be  made  at  each 
extremity  of  the  field. 

202.  Example. — ^As  an  example  involving  all  the  various  cor- 
rections, I  extract  the  following  from  the  Greenwich  Observa- 
tions : 

Zenith  distanoes  obserred  with  the  Transit  Circle. — Greenwich,  April  16,  1852. 


Oltfect 

Pointer. 

MIcroacopee  of  Circle. 

Telescope 
micrometer. 

N. 

A 

B 

0 

D 

X 

F 

qA»<i«  (Reflected) 
q  Bootit  (Direct) 
Nadir  polDt 

1470  2fy 

83     0 
179    40 

2r.l78 
0.042 
0.7M 

2^.190 
0.901 
0.712 

2r.270 
1.038 
0.818 

lc.802 
0.012 
0.420 

2r.066 
0.820 
0.688 

2r.l60 
0.903 
0.743 

19^.110 
90.163 
21  J64 

I 

7 

At  the  observation  of  ij  Booiis  there  were  also  observed 

Barom.  29^86,  Att.  Therm.  83^.2,  Ext.  Therm.  86*^.8. 

The  pointer,  which  is  used  in  setting  the  circle  for  an  observa- 
tion, gives  the  degrees  and  next  preceding  6'  of  the  circle 
reading. 

One  revolution  of  a  circle  microscope  is  called  a  "  nominal 
minute,"  and  the  mean  value  of  4^902  corresponds  to  5',  so  that 
the  nominal  minutes  are  reduced  to  true  minutes  of  arc  by  in- 
creasing them  by  their  ,\j  part.  Since  the  mean  of  the  micro- 
scopes is  to  be  found  by  dividing  their  sum  by  6,  and  the  deci- 
mal part  of  the  quotient  is  then  to  be  converted  into  nominal 
seconds  by  multiplying  by  60,  the  nominal  seconds  in  the  mean 
are  obtained  at  once  by  simply  adding  the  decimals  of  the 
several  microscope  readings  (making  the  integers  the  same  in 
all)  and  removing  the  decimal  point  one  place.  Thus,  in  the 
first  observation,  making  2  the  common  integer,  the  sum  of  the 
decimals  is  .610,  and  hence  the  mean  is  2'  6'MO  (nominal), 
which  increased  by  its  ^  or  ^  part  is  2'  8".62  of  arc.  This 
requires  a  further  correction  for  variation  of  the  value  of  a 
microscope  revolution  from  its  mean  value,  that  is,  for  error  of 
runs  (Art.  22).  The  correction  for  runs  on  the  given  date  was 
+  0".576  for  100  nominal  seconds,  and,  therefore,  the  correction 
of  the  first  observation  is  +  0".676  X  1.261  =  +  0".78. 
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There  is  next  to  be  applied  the  correction  for  error  of  gradua* 
tion  and  of  flexure.  These  are  combined  in  a  table  given  in 
the  introduction  to  the  observations,  from  which  their  values,  as 
used  in  the  following  reduction,  are  taken  with  the  argument 
"Pointer  reading." 

The  value  of  one  revolution  of  the  telescope  micrometer  was 
29".626,  and  the  reading  multiplied  by  this  number  is  always 
additive  to  the  circle  reading. 

The  distance  of  the  star  from  the  meridian  is  expressed  by 
the  number  in  the  last  column  of  the  above  table,  here  denoted 
by  Ny  which  is  the  number  of  the  transit  thread  at  which  the 
bisection  is  made.  The  middle  thread  is  assumed  to  be  in  the 
meridian;*  and,  since  the  average  distance  of  two  adjacent 
threads  was  207".31,  the  number  of  the  middle  thread  being  4, 
the  distance  of  the  star  from  the  meridian  is  represented  by 

c  =  20r.31(i\^  — 4) 

The  formula  for  reduction  to  the  meridian  is  put  under  the  ap« 
proximate  form 

22  =  J  T*  Bin  1"  sin  2^  =  ^  T«  sin  1"  sin  d  cos  d 

and  r  is  also  found  approximately  by  the  formula  t  =  c  sec  d  • 
hence,  according  to  this  (rather  inaccurate)  method,  we  have 

JB  =  J  c*  sin  1"  ton  d 

which  for  the  Greenwich  instrument  gives 

JB  =  0'M042  tan  ^  x  (i^  —  4)« 

as  ^ven  in  the  explanations  of  the  observations. 

The  micrometer  thread  was  inclined  so  that  an  observation  at 
one  of  the  side  threads  required  the  correction  —  0''.775  X 
(iV-4). 

The  complete  reduction  of  the  above  observations  is,  there- 
fore, as  follows.  In  computing  the  reduction  It  we  have  as- 
sumed d  =  19°  8'. 

*  I  am  here  stating  the  method  employed  at  the  Greenwich  Obseryatory,  not  re- 
commending it.  For  stars  near  the  pole  it  is  not  sufficiently  accurate,  as  will  be 
found  by  reducing  some  of  the  obseryations  of  a  and  X  Urta  Minoris  by  our  com- 
plete formula  (193).     A  difference  of  0".2  or  0".8  occurs  in  some  oases. 
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Mean  of  mioroscopeB 

Reduction  to  arc  =  ^ 

Correction  for  runs 

Division  error 

Telescope  micrometer 

Reduction  to  meridian 

Corr.  for  inclination  of  thread 

Pointer 

Corrected  merid.  circle  reading 


,A»trfi»(B) 

fiBootii(D) 

Nadir  Pt 

+    2'   6M0 

+    0'62'M6 

+    0'40".82 

H-         2  .62 

+          1  .04 

+          0  .82 

+          0  .78 

+         0  .80 

+          0  .24 

+          1  .51 

+          1  .24 

+          0  .86 

+     9  26  .15 

+    9  57  .35 

+  10  82  .98 

—          0  .82 

+          0  .82 

+          2  .33 

—         2  .88 

1470  20' 

82«>    0' 

1790  40* 

147    81  89  .02 

82    10  50  .08 

179    51  15  .67 

Hence,  by  ij  BooiiSy  we  have 


App.  zenith  dist.  (E) 
«         «         "    (D) 
Mean  app.  zen.  dist. 
Befraction 


32^  28'  20  .98 
32  10  50  .08 
32  19  35  .53 
+  38  .01 
^  =  32  20  13  .54 
y  :^  51  28  38  .20 
^  =  19     8  24  .66 

The  half  difference  of  the  apparent  zenith  distances  (R)  and 
(D)  is  evidently  the  zenith  point  correction,  and  is  here  +  8'  45".45 
additive  to  all  circle  readings.  According  to  the  nadir  point 
observation,  it  is  +  8'  44".33.  The  practice  at  the  Greenwich 
Observatory,  however,  is  to  employ  for  a  number  of  consecutive 
days  a  mean  value  of  the  zenith  point  correction  obtained  from 
all  the  values  determined  during  the  period.  Thus,  the  mean 
value  employed  from  April  12  to  April  24,  1852,  a  period  in- 
cluding the  above  observations,  was  +  8'  45'M6.  The  practice 
recommended  by  Bbssel  of  employing  the  nadir  point  readings 
determined  at  the  time  of  the  observation  is  preferable. 


208.  The  zero  points  of  the  circle  may  also  be  determined  by 
reversing  the  axis,  if  the  microscopes  rest  on  the  axis  and,  con- 
sequently, are  reversed  with  it.  Let  a  coUimating  telescope  be 
placed  anywhere  in  the  meridian  with  its  axis  directed  towards 
the  rotation  axis  of  the  meridian  circle,  and  let  it  be  provided 
with  a  cross  thread  in  its  focus.  Direct  the  telescope  upon  the 
collimator,  and  bring  the  micrometer  thread  upon  the  intersection 
of  the  cross  thread.    Let  C  be  the  circle  reading  corrected  for 
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the  inclination  of  the  microscope  frame,  micrometer  reading,  &a 
Now  reverse  the  rotation  axis,  and  make  a  similar  observation 
upon  the  coUimator.  Let  C  be  the  corrected  reading.  Then  it 
is  evident  that  J((7—  C")  is  the  true  zenith  distance  of  the  colli- 
mator (supposing  the  readings  to  commence  at  the  zenith),  while 
\{C  +  C")  is  the  true  reading  when  the  telescope  is  vertical,  and 
represents  the  zenith  point.  This  method  may  occasionally  be 
used  for  the  purpose  of  comparison  with  the  methods  already 
given ;  but  it  is  too  troublesome  for  constant  use.  Moreover, 
observations  depending  on  the  spirit  level  are  not  so  reliable  as 
those  made  from  the  surface  of  mercury,  which,  when  at  rest, 
must  be  perfectly  horizontal. 

Another  method,  suggested  by  the  ever-inventive  Bessel 
(before  the  introduction  of  the  mercury  collimator,  however),  is 
also  dependent  on  the  spirit  level,  but  admits  of  greater  accuracy 
than  the  above,  because  a  level  of  larger  dimensions  may  be  used. 
The  level  is  applied  to  the  coUimating  telescope,  which  is  placed 
in  the  horizontal  plane  of  the  axis  of  the  meridian  circle.  When 
the  bubble  is  in  any  given  position,  the  sight  line  of  the  colli- 
mator makes  a  given  angle  with  the  vertical.  If,  then,  the  colli- 
mator with  its  level  is  first  placed  south  and  then  north  of  the 
circle,  and  the  bubble  of  the  level  brought  to  the  same  reading 
in  each  case,  the  zenith  distance  of  the  cross  thread  observed  by 
the  circle  must  be  the  same,  but  on  opposite  sides  of  the  zenith. 
The  mean  of  the  two  circle  readings  will  therefore  be  the  zenith 
point  reading.  Instead  of  bringing  the  level  of  the  collimator 
to  the  same  reading,  it  will  be  preferable  to  observe  the  inclina- 
tion in  each  position  north  and  south,  by  reversing  the  level  in 
the  usual  manner ;  then  the  difference  of  the  inclinations  will 
be  applied  as  a  correction  to  the  mean  of  the  circle  readings  to 
obtain  the  true  zenith  point.  This  method  has  the  advantage 
of  not  requiring  a  reversal  of  the  axis  of  the  meridian  circle. 
Plate  m.  Fig.  2  represents  a  collimator  with  its  spirit  level,  as 
required  in  this  method.  Two  piers,  one  north  and  one  south 
of  the  circle,  are  each  provided  with  Vs,  which  receive  the  col- 
limating  telescope  alternately. 

Finally,  to  complete  the  enumeration  of  methods  depending 
on  the  spirit  level,  the  coUimating  telescope  may  be  placed  ver- 
tically over  or  under  the  telescope  of  the  meridian  circle.  The 
level  is  then  attached  to  the  collimator  at  right  angles  to  its 
optical  axis.     Two  observations  are  made  upon  the  cross  thread 
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of  the  collimator  as  before,  the  collimating  telescope  being 
(between  the  two  observations)  revolved  180°  about  the  vertical 
line.  The  mean  of  the  circle  readings,  corrected  for  difference 
in  the  inclination  of  the  collimator  as  shown  by  the  level,  will 
be  the  zenith  or  nadir  point  reading. 

204.  Flexure. — Notwithstanding  the  conical  form  which  is 
given  to  the  telescope  tubes  of  large  instruments,  their  weight 
produces  a  sensible  flexure,  which  may  change  the  position  of 
the  optical  axis  of  the  telescope  with  respect  to  the  zero  points 
of  the  circle.  It  is  important,  therefore,  to  investigate  the 
amount  of  this  flexure.     The  following  is  Bessel's  method. 

Two  collimators,  such  as  that  represented  in  Plate  m.  Fig.  2, 
are  mounted  in  the  horizontal  plane  of  the  axis  of  the  circle,  one 
north  and  the  other  south.  The  cross  threads  of  the  collimators 
admit  of  adjustment  (by  a  micrometer  screw,  for  example),  so  that 
they  may  be  brought  to  coincide  with  each  other,  the  meridian 
circle  being  raised  upon  the  reversing  apparatus  during  this 
adjustment.  The  two  intersections  of  the  cross  threads  of  the 
collimators  now  represent  two  infinitely  distant  points  whose 
angular  distance  is  exactly  180°.  The  meridian  circle  being 
replaced,  observe  this  angular  distance  in  the  usual  manner.  It 
is  evident  that  the  errors  of  division  of  the  circle  will  not  enter, 
since  the  same  two  divisions  come  under  the  opposite  reading 
microscopes  in  the  two  observations  in  reverse  positions.  The 
difference  of  the  two  circle  readings  will,  therefore,  be  exactly 
180°  if  there  is  no  flexure.  But  if  the  difference  is  less  than 
180°  by  a  quantity  x,  then  Jx  is  the  correction  for  flexure  in  the 
horizontal  position  of  the  telescope.  In  this  way,  Airy  found 
that  when  the  Greenwich  transit  circle  was  directed  upon  the 
south  collimator,  the  circle  reading  was  89°  46'  15".52,  and 
when  upon  the  north  collimator,  269°  46'  16".85 ;  the  difference 
180°  0'  0".83  is  the  apparent  distance  of  the  two  opposite  points 
measured  through  the  nadir,  and  hence  one-half  of  0". 83,  or0".41, 
is  the  effect  of  flexure  in  increasing  apparent  nadir  distances  or 
in  diminishing  apparent  zenith  distances. 

In  different  positions  of  the  telescope,  the  mechanical  effect  of 
each  particle  of  metal,  supposing  it  to  act  simply  as  a  weight 
attached  to  a  lever,  will  vary  as  the  sine  of  the  zenith  distance : 
so  that  if/  is  the  horizontal  flexure,  /sin  z  expresses  the  flexure 
in  general.    It  is  not  quite  certain,  however,  that  the  fleiiure 


MERIDIAN   CIRCLB.  803 

always  follows  this  simple  law ;  and  to  determine  the  law  experi- 
mentally, we  should  have  the  means  of  mounting  a  pair  of  col- 
limators in  a  line  making  any  angle  with  the  vertical. 

The  flexure  determined  by  the  above  method  is  properly 
called  the  astronomical  flexure,  as  it  gives  the  deviation  of  the 
optical  axis,  which  becomes  a  direct  correction  of  our  astro- 
nomical measures.  It  is  evident,  however,  that  it  does  not 
express  the  absolute  flexure  of  the  tube.  If  when  the  tube  is 
horizontal  both  ends  drop  the  same  distance,  the  optical  line 
determined  by  the  centre  of  the  objective  and  the  micrometer 
thread  will  merely  be  moved  parallel  to  itself,  and  no  flexure 
will  appear  from  the  circle  readings ;  for  the  collimators  do  not 
determine  merely  a  single  fixed  line  in  space,  but  rather  a 
system  of  parallel  lines,  or  simply  a  fixed  direction. 

The  effect  of  the  flexure  upon  an  observation  is,  then,  zero 
if  the  absolute  flexures  of  the  two  halves  of  the  telescope  are 
equal ;  and  when  these  are  unequal,  the  effect  is  proportional  to 
their  difference.  This  leads  directly  to  the  method  of  elimi- 
nating flexure,  first  suggested  by  the  elder  Repsold  in  1828  or  *24, 
by  interchanging  the  objective  and  ocular  of  the  telescope.  Let 
us  suppose  that  at  any  given  zenith  distance  the  centre  of  the 
objective  drops  the  linear  distance  a,  and  the  horizontal  thread 
in  the  focus  drops  the  distance  a',  so  that  a  and  a'  represent  the 
absolute  flexures  of  the  two  halves  of  the  tube.  Thea,  if  the 
whole  length  of  the  tube  is  denoted  by  2r,  the  angles  of  depres- 
sion of  the  two  portions  may  be  expressed  by  —  and  —  respect- 
ively. .  If  then  ;'  is  the  angle  which  the  sight  line  now  makes 
with  the  direction  it  would  have  had  if  no  flexure  had  taken 

place,  we  have  y  =  — — ;  that  is,  the  astronomical  flexure  is 

proportional  to  the  absolute  flexure.  Now  let  the  objective  and 
ocular  be  interchanged,  and  the  telescope  revolved  180°,  so  as  to 
be  again  directed  upon  a  point  at  the  same  zenith  distance  as 
before.  The  absolute  jkxures  being  the  same  as  before^  that  of  the 
object  end  is  now  a',  and  that  of  the  eye  end  is  a:  so  that  the 

astronomical  flexure  is  now  — =  —  r.     Hence  the  mean  of 

two  observations  of  the  same  star  made  with  the  objective  and 
ocular  reversed  will  be  free  from  the  effect  of  flexure.  More- 
over, the  half  difference  of  the  measured  zenith  distances  will 
be  the  astronomical  flexure.    It  is  here  assumed  that  the  abso- 
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lute  flexures  of  the  two  halves  remain  the  same  when  the  oh- 
jective  and  ocular  are  interchanged.  For  a  discussion  by  Hansen 
of  the  conditions  necessary  in  the  construction  of  the  telescope  in 
order  to  satisfy  this  condition  (if  possible),  see  Astr.  Nach.y  Vol. 
xvn.  p.  70.* 

As  to  the  eflfect  of  gravity  upon  the  form  of  the  circle,  see 
Bessbl's  paper,  Astr.Nach.,  Vol.  XXV. 

205.  Observations  of  the  declination  of  the  moon  with  the  meridian 
circle. — ^In  these  observations,  the  micrometer  thread  is  usually 
brought  into  contact  with  the  full  limb,  and  a  correction  is 
applied  to  the  deduced  declination  of  the  limb  for  the  moon's 
parallax  and  semidiameter.  When  the  observation  is  not  made 
in  the  meridian,  the  reduction  to  the  meridian  (194)  is  also  to  be  • 
applied,  together  with  a  correction  for  the  moon's  proper  motion. 
The  most  precise  formula  for  making  these  reductions  is  that 
given  by  Bessel,  which  is  deduced  as  follows. 

Id  Fig.  46,  p.  290,  let  0  now  represent  the  apparent  position 
of  the  moon's  centre,  and  suppose  the  observed  point  of  the 
moon's  limb  to  be  designated  by  ilf  (not  given  in  the  figure). 
Conceive  an  arc  to  be  drawn  from  A  tangent  to  the  moon's  limb. 
The  point  of  contact  iHf,  and  the  points  A  and  0,  form  a  triangle, 
right  angled  at  M^  of  which  the  side  MO  is  the  moon's  apparent 
semidiameter  =  s\  the  side  AO  =  90°  +  c,  and  the  angle  at  A 
may  be  denoted  by  rf.     We  have  then 

sin  y  =  sin  d  cos  c 
Let 

d^  =  the  observed  declination  of  the  limb,  corrected  for  re- 
fraction, 
d'  =  the  apparent  declination  of  the  moon's  centre ; 

then  in  the  triangle  AOP  we  have  the  sides  -4.0  =  90°  +  c? 
PJ.  =  90°  —  n,  PO  =  90°  —  3',  and  the  angles  PAO  =  d^qzd, 
APO  =  90°  +  (r  —  w) ;  whence,  as  in  Art  199 

sin  d'  =  —  sin  n  sin  (?  -f  cos  n  cos  c  sin  (d^  qr  d) 
cos  d'  sin  (r  —  m)  =  cos  n  sin  o  -f  sin  n  cos  c  sin  (^j  q=  d) 
cos  d'  cos  (r  —  m)  =  cos  c  cos  (d,  =f  d) 

*  See  also  Dr.  Gould's  remarks  on  the  meridian  circle  of  the  Dudley  Obseryatory, 
Proceedings  of  the  Am.  Association  for  the  Adv.  of  Science,  10th  meeting,  p.  116. 
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But,  as  before,  we  shall  neglect  the  insensible  term  sin  n  sin  (?, 
and  put  cos  n  =  1,  and  then  the  first  and  third  of  these  equa- 
tions will  suffice  to  determine  5'.  Moreover,  since  in  the  case 
of  the  moon  r  will  not  exceed  l",  the  neglect  of  m  will  cause 
no  sensible  error  in  cos  (r  —  m).    Hence  we  take 

sin  9'  =  cos  c  sin  (d^  qi  d) 
cos  d'  cos  T  =  cos  c  cos  (^,  q:  d) 

or,  developing  the  second  members, 

sin  d'  =  cos  c  cos  d  sin  ^,  qp  sin  5'  cos  S^ 
cos  d'  cos  T  ==  cos  c  cos  d  cos  ^j  ±:  sin  5'  sin  ^j 

whence,  by  eliminating  cos  c  cos  rf,  we  find 

qp  sin  5'  =  sin  d'  cos  ^j  —  cos  d'  sin  ^,  cos  r  (195) 

If  now  we  put 

d  =  the  moon's  geocentric  declination, 

« =         "  "  semidiametor, 

AT  =         "  eq.  hor.  parallax, 

^  =z  the  geocentric  or  reduced  latitude  of  the  place  of 
observation, 

p  =  the  earth's  radius  for  the  latitude  f , 
J,  J'  =  the  moon's  distance  from  the  centre  of  the  earth 
and  from  the  place  of  observation,  respectively,  the 
equatorial  radius  of  the  earth  being  unity, 

we  have,  by  the  formulae  of  Art.  98,  Vol.  I., 
J'  sin  ^'  =  J  sin  ^  —  p  sin  ^' 

J'  cos  d'  =  A  cos  d  —  p  cos  ^'  COS  T 

this  last  being  equivalent  to  the  more  rigorous  one  in  (133)  of 
Vol.  L,  when  the  moon  is  near  the  meridian ;  and  by  Art.  128, 
Vol.  I.,  we  also  have 

J'  sin  5'  =  J  sin  s 

Substituting  these  expressions  in  (195),  after  multiplying  it  by 
J',  we  find 

qi  J  sin  «  =  J  sin  (d  —  ^j)  -f  2  J  cos  ^  sin  d^  sin*  }  r 
—  p  sin  (/  —  \)  '-'  P  cos  ^'  sin  3^  sin*  r 
Vou  II.— 20 
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Dividing  by  J  =  -: — >  this  becomes 

q:  sin  «  =  sin  (d  —  d^)  +  2  cos  d  sin  d^  sin* }  r 

—  pBinn  sin  (9>'  —  ^j)  —  /o  sin  n  cos  f '  sin  d^  sin*  r 

where  the  last  term  is  evidently  insensible.    If  then  we  put 

Binp  =  p  sin  7t  sin  (^'  —  d^)  (1^6) 

we  have 

sin  (d  —  ^j)  ^  sin  ^  q=  sin  s  —  2  cos  ^  sin  ^^  sin' }  r 

The  last  term  (which  is  the  reduction  to  the  meridian)  will 
seldom  exceed  1",  and  may  be  put  under  the  form 


sm 


jB=/^\'8in»l".sin2d.T« 


The  quantity  r  is  here  the  true  hour  angle  of  the  moon,  to 
find  which,  let 

fi^  =  the  sidereal  time  of  the  observation, 
jti  =  "  "  moon's  transit, 

X  =  the  increase  of  the    moon's  right  ascension  In  one 
sidereal  second ; 
then 

r  =  (l-A)(;*-.M|) 
and  hence 

E  =  ^  sin  1"  sin  2  ^  (1  —  xy  (fi  —  mJ«  (197) 

The  first  two  terms  of  the  value  of  sin  {d  —  3^)  differ  but  little 
from  sin  {p  qp  s).     To  find  their  exact  value,  we  have 

sin  j)  qp  sin  «  =  sin  (^  T  5)  +  ^^^  P  0-  —  cos  5)  qp  sm  «  (1  —  cos  p) 
=  sin  ( j)  zp  5)  +  2  Binp  sin» }  5  T  2  sin  5  sin*  ip 

The  last  two  terms  of  this  will  seldom  amount  to  a  tenth  of  a 
second,  and  therefore  the  formula  may  be  regarded  as  perfectly 
accurate  under  the  form 

sin  ^  q:  sin  s  =  sin  (p  q:  5)  =p  }  (;?  q:  5)  sin  1"  sin  p  sin  8 

Now,  since  d  —  d^  and  p  ^^  s  differ  by  so  small  a  quantity,  the 
ratio  of  the  sine  to  the  arc  will  be  the  same  for  both  of  them : 
hence  we  shall  have,  with  the  utmost  precision, 

^  =  ^,  + 1)  =F  «  =F  J  (i>  T  5)  sin  p  sin  5  —  S  (198) 
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as  given  by  Bbssbl.*  The  upper  or  lower  sign  is  to  be  used 
according  as  the  north  or  the  south  limb  is  observed. 

The  declination  thus  found  is  reduced  to  the  time  fi^  of  the 
observation.  But  if  we  wish  its  value  at  the  time  of  the  meri- 
dian passage,  we  must  add  to  it  the  correction  ijx  —  fx^  A',  in 
which  X'  is  the  increase  of  the  declination  in  one  sidereal 
second,  or 

60.1643 

where  Ckd  =  the  increase  of  declination  in  one  minute  of  mean 
time,  as  now  given  in  the  American  Ephemeris.  The  value  of 
1  —  A  is  found  as  in  Art  154:  namely,  taking  Aa  =  the  increase 
of  the  moon's  right  ascension  in  one  minute  of  mean  time,  we 
have 

Aa 


k  = 


BO  that,  putting 


we  shall  have 


60.1643 


'-''  =  5 


log  (1  —  X)=z  ar.  CO.  log  B 


and  log  B  may  be  taken  from  the  table  on  page  179.  * 

In  practice,  it  will  generally  be  most  convenient  to  apply  the 
several  reductions  directiy  to  the  observed  zenith  distance,  as  in 
the  following  example. 

Example. — The  declination  of  the  moon  was  observed  with  the 
meridian  circle  of  the  Washington  Observatory,  1850,  September 
17.     The  nadir  point  was  first  observed  as  follows : 


Nadir  point 
at20».5 

Circle  Mioroseopes. 

Micrometer  thread  in  co- 
incidence with  its  image : 
mean  of  10  readings  = 
38'.984. 

A 

B 

c 

D 

Means. 

1".60 
1  .42 

0".9 
0  .7 

1".9 
1  .4 

2".2 
2  .0 

1".4 
1  .6 

Means 

0  .80 

1  .65 

2  .10 

1  .50 

1  .51 

The  value  of  one  revolution  of  the  micrometer  =  84".356,  or 

*  Tabula  Eegiomontanm,  Introd.  p.  LV. 
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1"  =  0^0291 ;  and  hence,  by  the  method  of  Art.  197,  the  micro- 
meter zero  (or  reading  of  the  micrometer  when  the  circle  reading 
was  0°  0'  0")  was 

(J^f)  =  38^934  +  0'.0291  X  151  =  38'.978 

The  observation  of  the  moon  was  as  follows,  S.L.  denoting 
south  limb : 


Moon,  S.  L. 

Circle  Microscopes. 

Clock  =/Uj 

Micro- 
meter 
=  M. 

A 

B 

C 

D 

Mean. 

55^  62'  45".7 
Bapom.80MU 

42".8 
Att.Thc 

45".2 
«-m.64« 

46'M    44".95 
.  Ext.Thepm.62®.8 

21M7- 21*  39^.956 
32  39  .904 
43  39  .875 

The  circle  was  west^  in  which  position  the  readings  are  zenith 
distances  towards  the  south.  The  correction  for  runs  was 
—  0".75  for  3',  and  since  the  excess  of  the  reading  over  a  multiple 
of  3'  is  V  44".95,  the  proportional  correction  for  runs  is  —  0".43. 

The  clock  time  of  transit  of  the  moon's  centre  over  the  meridian 
was  IX  =  21*  17"*  16'.80. 

The  latitude  of  the  observatory  i&  ip  =  38°  53'  39".25,  and 
therefore  f  —  f '  =  H'  14".54,  log  p  =  9.9994302.  The  longitude 
is  5*  8"*  12'  west  of  Greenwich. 

For  the  date  of  the  observation,  we  take  from  the  Nautical 
Almanac 

^  =  —  16<*  r.7 
A^  =  -f  6".377     in  1-  mean  time,        n  =  54'    9".64 
Aa  =       2'.0150    «    "      an  s  =  14'  45".49 

whence  log  (1  —  ;)  =  9.98521  and  A'  =  +  0".1060 

The  correction  for  the  micrometer,  or  M  —  {M)^  converted  into 
seconds,  is  additive  to  the  circle  reading.  The  reduction  to  the 
meridian,  or  iZ,  found  by  (197),  is  also  algebraically  additive  to 
the  circle  reading,  attention  being  paid  to  the  sign  of  d ;  and  the 
correction  for  change  of  declination  to  be  added  to  the  circle  read- 
ing will  be  —  (//  —  fx^  A'.  Since  the  sum  of  these  three  corrections 
should  be  the  same  for  each  micrometer  observation,  the  precision 
of  the  observations  will  be  shown  by  computing  this  sum  for 
each.     Thus,  Ave  find 
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"  —  /'l 

jr-(jr) 

R 

-(/•-ft)*' 

Sams. 

—  4'.2 

—  15.2 

—  26.2 

33".60 
81  .82 
80.82 

—  0".00 

—  .08 

—  .09 

+  0".44 
+  1  .61 
+  2  .78 

84".04 
88  .40 
88  ,61 

Mean  =  33  .65 


Hence  we  have 


Circle  reading  = 

Corr.  for  runs  = 

Mean  corr.  for  microm.,  &c.  = 

Apparent  zenith  distance  =: 

By  Table  II.  Eefraction  = 

f'— ^i=f  —  ^1  — (f  — /)]  9  —  ^1  = 

=  55°  43'  29"       [  —  (^  +  5)  = 

By(196),i)=44'4r'.75         J— JCP+5)Bin;)8ins  = 


55°52'44".95 
—  0  .43 
+  33  .65 
55  53  18  .17 
+  1  25  .60 
55   54  43  .77 

—  59  27  .24 

—  0  .10 
54   55  16  .43 

f>=      38   53  39  .25 
^  =  —  16     137.18 


206.  Observations  of  the  declination  of  a  planet^  or  the  sun. — The 
larger  planets  are  observed  in  the  same  manner  as  the  moon, 
that  is,  by  making  the  micrometer  thread  tangent  to  the  limb, 
and  when  the  planet  is  treated  as  a  spherical  body  the  observa- 
tion is  also  reduced  in  the  same  manner. 

In  the  case  of  the  sun,  both  limbs  may  be  observed.  The 
reduction  to  the  meridian  may  be  facilitated  by  a  table  giving 
the  logarithm  of  the  factor 

225 
ft  =  =^8inl"(l— ;)«sin2d 
4 

for  each  day  of  the  fictitious  year  (Vol.  I.  Art  406),  such  as 
Bessel's  Table  XTT.  of  the  Tabuke  Begiomontance.  This  table 
also  gives  for  each  day  of  the  year  the  value  of 

a  =z  increase  of  the  sun's  declination  in  100  sidereal  seconds, 

so  that  the  reduction  of  the  observed  declination  to  the  meridian, 
including  the  correction  for  the  change  of  declination  in  the 
interval  r,  is 

100  +  *" 
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The  correction  for  parallax  may  be  put  under  the  form 

8".57116     .   ,  ,     ^, 

in  which  r  =  sun's  distance  from  the  earth,  the  mean  distance 
being  unity,  and  in  each  observatory  this  quantity  may  be  com- 
puted for  the  latitude,  and  for  each  day  of  the  year,  and  also 
inserted  in  the  table.  In  order  to  embrace  every  thing  necessary 
for  the  complete  reduction  of  the  observed  declination,  the  table 
contains  also  the  sun's  semidiameter  for  each  day  of  the  fictitious 
year. 

207.  Correction  of  the  observed  declination  of  a  planet's  or  the  mocn^s 
limb  for  spheroidal  figure  and  defective  illumination. — Let  us  con- 
sider the  most  general  case  of  a  spheroidal  planet  partially 
illuminated.  The  correction  to  reduce  the  observed  declination 
of  the  limb  to  that  of  the  centre  is  equal  to  the  perpendicular 
distance  from  the  centre  to  the  micrometer  thread,  which  is 
tangent  to  the  limb  and  perpendicular  to  the  meridian.  The 
formulfiB  for  computing  this  perpendicular  in  general  are  (Vol.  L 
p.  580) 

^      tan  ^  .  .     ^f  .    ▼»- 

tan  *'  = sm  y  =  sm  *  sm  V 

c  ^ 

„ s  sin  t>  cos  X 

sin  *' 

in  which  «"  is  the  required  perpendicular,  t>  the  angle  which  it 
makes  with  the  axis  of  the  planet  (reckoning  from  the  north 
point  of  the  disc  towards  the  east),  c  is  a  constant  depending  upon 
the  eccentricity  of  the  planet's  meridian,  V  the  angular  distance 
of  the  earth  and  sun  as  seen  from  the  planet,  and  s  is  the  equa- 
torial radius  of  the  disc,  or  greatest  apparent  semidiameter  at  the 
time  of  the  observation.  The  perpendicular  here  coincides 
with  the  declination  circle,  and  consequently  we  have  at  once 
1?  =  —  ;>,  or  180®  —  p^  according  as  the  north  or  the  south  limb 
is  observed ;  p  denoting,  as  in  the  article  referred  to,  the  position 
angle  of  the  axis  of  the  planet.  From  the  discussion  in  Vol  I. 
Art.  364,  it  follows  that  (putting  —  p  for  d)  the  north  limb  will 
be  full  (and,  consequently,  the  south  limb  gibbous)  when  sin  p 
and  sin  V  have  the  same  sign.  We  shall,  therefore,  here  change 
the  sign  of  sin  jr,  and  take 
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tan  p'  == —  sm  x  =  sm  |>  sin  V       J 

^  .  }    (199) 

8^'=z^.—-JL  cosy  \ 

f  amy       '^  ; 

in  which  ^o=  the  greatest  apparent  semidiameter  at  the  mean 
distance  of  the  sun  from  the  earth,  and  r'  =  the  planet's  geocen* 
trie  distance.  We  then  have  the  rule:  the  north  or  the  south  limb 
is  the  fuU  limb  according  as  stasis  positive  or  negative.  The  formulaa 
for  computing  p,  F,  and  c  are  given  in  Vol.  I.  Arts.  348  et  seq., 
and  Sq  is  given  on  p.  578. 

The  gibbosity  of  Saturn,  however,  is  wholly  insensible,  and 
even  that  of  Jupiter  at  the  north  and  south  points  of  the  limb 
cannot  exceed  0''.05,  which  is  so  much  less  than  the  usual  errors 
of  declination  observations  that  it  may  be  disregarded.  Hence, 
for  Saturn  and  Jupiter  the  correction  will  depend  only  upon  the 
figure  of  the  planet,  and  will  be  computed  by  the  equations 

tanp'  =  ^^  3^'=  ^^    ^'°^  ^c^^o  cosp 


c  f    sin 


r    — 0 r 

y     f  cosy 


in  which   for  Jupiter  we  take  log  c  =  9.9672,  and  for  Saturn 

c  =  i/(l  —  ee  cos*  I)  =  \/{l  —  [9.2706]  cos'  i),  I  and  p  being  taken 

directly  from  the  tables  for  Saturn's  Ring  given  in  the  Ephemeris. 

A  further  simplification  may  be  permitted  in  the  case  of 

cos  D 

Saturn :  for,  on  account  of  the  small  values  of  »,  the  ratio  — -, 

C8  ^^^ 

will  be  very  nearly  unity,  and   if  we  take  s^'  =  --^  we  shall 

have  the  true  value  of  5"  within  less  than  0''.05. 

It  is  hardly  necessary  to  remark  that  when  we  neglect  the 
^bbosity  of  Jupiter  or  Saturn,  the  mean  of  the  observed  decli- 
nations of  the  north  and  south  limbs  gives  at  once  the  declination 
of  the  centre. 

For  Mars,  Venus,  and  Mercury  the  correction  will  be  only  for 
defective  illumination ;  but  in  this  case  we  can  avoid  the  separate 
computation  of  p  and  F,  as  follows.  Substituting  in  the  equa- 
tion for  sin;f  (199)  the  values  of  sin;?  and  sin  V  given  in  Vol.  I. 
p.  577,  and  moreover  observing  that,  since  these  bodies  are 
regarded  as  spherical,  we  have  c  =  1,  and,  consequently,  p'  =  p, 
there  results 

sin  /  =  -—  [cos  d'  sin  D  —  sin  d'  cos  D  cos  (a'  —  Ay]     (200) 
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in  which 

q!,  y  =  the  planet's  right  ascension  and  declination, 

A,D=  the  sun's  "  "  " 

B,  R=  the  earth's  and  the  planet's  distances  from  the  san; 

and  a  positive  value  of  sin  x  will  here  also  indicate  that  the  north 
limb  is  full  and  the  south  limb  gibbous,  and  a  negative  value 
the  reverse.  Adapting  this  formula  for  logarithms,  we  have, 
therefore, 

tan  F  =  tan  D  sec  (o'  —  A) 

R   »mCF^d')BinD  >    (201) 

^         JR!  sin  F 

or,  more  conveniently,  perhaps, 

tan  ^  =  tan  ^'  cos  (a'  —  A) 

R    sin  CD  —  F)  cos  d'  \  (201*) 

^         E  cos  E 

E  being  taken  less  than  90°,  with  the  sign  of  its  tangent 
Then  we  find  the  reduction  to  the  centre  of  the  planet  by  the 
formula 

«"=.^cos/  (202) 

If  the  declination  of  a  cusp  of  Yenus  or  Mercury  has  been 
observed,  we  must  find  p  by  the  formula  (Vol.  I.  p.  577) 

tan  p  ==  cot  (a  —  A)  sin  (F  —  a')  sec  F  (203) 

in  which  l^has  the  same  value  as  above,  and  then  the  reduction 
to  the  centre  of  the  planet  will  be 

«"  =  :?2co8o 
r' 

For  the  moon,  when  the  gibbous  limb  has  been  observed,  thd 
formulse  (201)  may  be  used  for  computing  ;f ;  but  on  account  of 
the  small  difference  of  i?  and  i2',  we  may  put  their  quotient  =  1. 
Since  the  declination  of  the  gibbous  limb  will  not  be  observed 
except  when  the  moon  is  nearly  full,  it  will  be  best  to  reduce 
the  observations  as  if  the  observed  limb  were  full,  according  to 
Art.  205,  and  then  to  apply  a  small  correction  for  gibbosity. 
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This  correction  will  be  a5  =  5  —  5  cos  ^  =  ^  versin  ;f .    Hence  the 
formulflB  for  the  moon  will  be 

tan  J^  =  tan  d'  cos  (»'  —  A) 

sin  (D  —  ii?)  cos  a'  .     .^^.. 

Binr   = ^^ =7 >    (204) 

^  cos  JS  r    V      ^ 

A8  =s  versin  / 

Example  1. — The  apparent  declination  of  the  southern  cusp 
pf  Venus,  at  its  transit  over  the  meridian  of  Greenwich,  July  16, 
1852,  observed  with  the  transit  circle,  was 

a'=15^(K45".60 

From  the  Nautical  Almanac,  we  have 

a' =8*  11-    1'.46  log  r'=  9.4675 

A=7  4S    42.80  J>       =2Piy8" 


and  from  Vol.  I.  p.  578, 


5,  =  8".55 


Hence,  by  (208),  we  find  log  tan  p  =  0.0031,  and,  consequently, 
«"=:^cos;)==20".53 

and  the  apparent  declination  of  the  planet's  centre  was,  tHere- 

fore, 

d  =  15°  r  6'M3 

Example  2. — The  apparent  declinations  of  Jupiter's  north  and 
south  limbs,  observed  at  Greenwich,  March  18,  1852,  were — 

N.L.  ^'=  — 17<>21'57".36 
S.L.   ^'=  —  17    22  37  .61 

To  illustrate  the  complete  formulse,  let  us  take  the  gibbosity 
of  the  planet  into  account.  For  this  purpose,  we  take  from  the 
Nautical  Almanac 

a'  =       230°  56'.4  A  =  224°  25'.0 

^'=—    17    22.2  c  =    23    27.5  log  r'=  0.6783 

and  from  Vol  I.  p.  574, 

n  =  357°  56'.5  t  =  25°  25'.8 
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Hence,  by  the  formulfle  (619),  Voh  L, 

F=  201*^  23'.5  X  =  2W>  62'  3 

F=il— ;i  =  — 10*>27'.7 
¥'=  —  20*^  4r.5  log  tan  p  =  9.4281 

Then,  by  (199),  taking  log  c  =  9.9672,  we  have 

log  sin  /  =  n8.7025 

from  which  it  follows  that  the  south  limb  was  full.  Hence, 
taking  8^=  99".70,  we  find 

For  full  limb       («")  =  ^  •  ?^  =  19".50 
r'  smjp' 

For  gibbous  limb  sf'  =  («")  cos  ;^    =  19  .47 

The  declination  of  the  centre  was,  therefore,  according  to 
these  observations. 

From  N.L.     ^  =  —  17*^  22'  16".83 
"     S.L.  «     «    18  .11 

Considering  the  difference  of  these  results,  which  is  by  no 
means  as  great  as  often  occurs  in  the  Greenwich  observations  of 
Jupiter,  it  appears  that  the  practice  there  followed  of  always 
applying  the  polar  semidiameter  (which  is  the  one  given  in  the 
Nautical  Almanac)  is  quite  accurate  enough /or  ihe^e  observations. 
Our  more  exact  method  will  not  be  without  application,  however, 
in  cases  where  greater  refinement  both  in  observation  and 
reduction  are  attained. 

Example  3. — At  Greenwich,  Feb.  6,  1852,  the  declination  of 
the  moon's  centre  deduced  from  an  observation  of  the  north 
limb,  on  the  assumption  that  this  limb  was  full,  was 

^'=4.18«>17'0".58 

For  the  time  of  the  moon's  transit  on  this  date,  we  have 

a'  =  1580  18'.6  A  =       319*^  56'.1 

8  =    16' 81"  D  =  —    15    86.8 

whence,  by  (204), 

/  =  —  2*^  58' 
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which  shows  that  the  north  limb  was  gibbous.    The  correddon 
was 

AS  =s  versin  x  =  l"-88 

and  the  true  declination  wa(s,  therefore, 


CHAPTER  VIL 

THE  ALTTTUDE  AND  AZIMUTH  INSTRUMENT. 

208.  This  instrument  may  be  regarded  as  a  transit  instrument 
combined  with  both  a  vertical  and  a  horizontal  circle,  by  means 
of  which  both  the  altitude  and  the  azimuth  of  a  star  may 
be  observed  at  the  instant  of  its  transit  through  the  vertical 
plane  described  by  the  telescope.  This  combination  is  not  often 
used  for  the  higher  purposes  of  astronomical  research,  as  every 
additional  movement  introduced  into  an  instrument  diminishes 
its  stability  and  increases  the  risk  of  error.  However,  at  Green- 
wich, a  regular  series  of  extra-meridian  observations  of  the  moon 
is  carried  on  with  such  an  instrument,  for  the  sake  of  comparison 
with  meridian  observations.  The  instrument  has  there  received 
the  name  of  the  altazimuth.  In  other  places,  it  has  been  called 
the  astronomical  theodolite;  and,  in  fact,  the  general  theory  of  the 
instrument,  which  will  be  given  hereafter,  will  be  found  to  be 
directly  applicable  to  the  common  theodolite  employed  in  geo- 
detic measurement. 

Still  another  name  is  the  universal  instrumenty  so  called  on 
account  of  its  numerous  applications ;  but  this  name  is  usually 
given  only  to  the  portable  instruments  of  this  class.  The  small 
universal  instruments  of  Ertbl  are  well  known. 

209.  Sometimes  the  horizontal  circle  is  reduced  to  small 
dimensions,  and  designed  simply  as  a  finder,  or  to  set  the  instru- 
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ment  approximately  at  a  given  azimuth ;  while  the  vertical  circle 
is  made  of  unusually  large  dimensions,  and  is  intended  for  the 
most  refined  astronomical  measurement.  The  instrument  is 
then  known  simply  as  a  vertical  circle.  Such  is  the  Ertel  Vertical 
Circle  of  the  Pulkowa  Observatory,  the  telescope  of  which  has 
a  focal  length  of  77  inches,  and  its  vertical  circle  a  diameter  of 
43  inches.* 

This  instrument  is  permanently  mounted  upon  a  solid  granite 
pier  (t,  Plates  X.  and  XI.,  which  is  insulated  from  the  walls  and 
floor  of  the  building.  It  stands  upon  a  tripod  which  is  adjusted 
by  foot  screws.  The  three  feet  are  so  placed  that  two  of  them  are 
in  the  east  and  west  line :  hence,  but  one  of  these  two  is  seen  in 
Plate  X.,  which  is  a  projection  of  the  instrument  upon  the.  plane 
of  the  meridian,  while  all  three  are  seen  in  Plate  XI.,  which  is 
a  projection  upon  the  plane  of  the  prime  vertical.  The  meridional 
foot  screw  w  carries  a  small  circle  /'graduated  into  360°,  the  index 
of  which  is  attached  to  the  foot.  One  revolution  of  this  circle 
changes  the  inclination  of  the  instrument  in  the  plane  of  the 
meridian  318" :  consequently,  one  division  corresponds  to  0".88. 

The  centre  of  the  instrument  is  held  in  place  by  the  support 
a  attached  to  the  pier. 

The  vertical  stand  consists  of  a  hollow  cone  of  brass,  in  which 
turns  the  steel  axis  b.  The  lower  extremity  of  this  axis  is  convex 
and  smoothly  finished,  and  is  supported  by  a  system  of  three 
counterpoises  c,  suspended  upon  levers  which  relieve  the  pressure 
upon  the  bearing  points  of  the  vertical  axis,  and  thus  diminish 
the  friction.  At  the  top  of  the  conical  stand  is  a  13  inch  azimuth 
eircle,  the  verniers  of  which  are  attached  to  the  axis.  This  is 
provided  with  a  clamp  and  tangent  screw  which  is  moved  by  the 
rod  d  in  giving  the  upper  portion  of  the  instrument  a  small 
motion  in  azimuth. 

The  upper  extremity  of  the  vertical  steel  axis  carries  the  strong 
oblong  bar  6,  which  may  be  called  the  bed  of  the  instrument. 
On  this  bed  rests  the  adjustable  frame  vfffVy  which  supports  the 
horizontal  axis  i  in  the  Vs  at  vv.  This  axis  should  be  perpen- 
dicular to  the  vertical  axis,  and  its  adjustment  in  this  respect  is 
effected  by  means  of  two  opposing  screws  at  A. 

The  axis  i  has  two  equal  cylindrical  pivots  of  steel  at  vv.  It  is 
hollow,  to  admit  light  from  the  lamp  x,  which  is  reflected  upon 

*  See  Ducr^tion  de  Vohter,  cent,,  &o.»  p.  180. 
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the  threads  of  the  reticule  of  the  telescope  by  a  mirror  in  the 
interior  of  the  tube  at  u.  The  telescope  and  principal  vertical 
circle  o  are  firmly  and  invariably  attached  to  one  extremily  of 
this  axis.  At  the  opposite  end  of  the  axis  is  a  smaller  vertical 
circle  w,  which  serves  as  a  finder.  From  the  centre  of  this 
finding  circle  radiate  four  conical  arms  terminating  in  ivory 
balls  n.  The  telescope  is  swept  in  the  vertical  plane  solely  by 
means  of  these  balls,  never  by  touching  the  telescope  or  prin- 
cipal vertical  circle.  When  the  telescope  is  approximately 
pointed  and  clamped,  fine  vertical  motion  is  given  to  the  tangent 
screw  by  the  rod  h  The  instrument  is  swept  in  azimuth  by 
means  of  an  ivory  ball  at  i,  the  fine  azimuthal  motion  being 
given  by  the  rod  d. 

The  circle  is  read  off  by  four  microscopes  attached  to  a  square 
frame  a,  which  is  fixed  to  the  frame  vfgv.  The  level  ^  attached 
to  this  frame  indicates  its  incliijation  with  respect  to  the  horizon. 
The  circle  is  divided  to  2',  and  the  microscopes  read  directly  to 
single  seconds,  and  by  estimation  to  O'M,  or  even  less.  The 
probable  error  of  reading  of  a  single  microscope  is  given  by 
Peters  as  only  0".090  in  observations  by  day,  and  0".098  in 
observations  by  night. 

The  friction  of  the  horizontal  axis  in  the  Vs  is  diminished  by 
the  single  counterpoise  p^  which,  by  means  of  a  lever,  the  fulcrum 
of  which  is  at  g,  supports  the  principal  part  of  the  weight  of  the 
telescope,  vertical  circles,  and  horizontal  axis,  by  exerting  an 
upward  pressure  at  r.  The  point  r  being  at  suitable  distances 
from  the  two  Vs  respectively  (nearer  to  the  principal  circle  than 
to  the  finder),  the  friction  in  both  Vs  is  equally  relieved ;  while 
the  whole  weight  of  the  movable  portion  of  the  instrument  is 
transferred  to  a  point  g,  very  near  to  the  vertical  axis  of  rotation. 

The  striding  level  s  rests  upon  the  pivots  of  the  horizontal 
axis,  and,  by  reversal  in  the  usual  manner,  serves  to  measure  the 
inclination  of  this  axis  to  the  horizon. 

The  reticule  at  i  is  composed  of  three  horizontal  threads,  two 
of  which  are  close  parallel  threads  (the  clear  space  between  them 
6eing  only  6"),  which  serve  for  the  observation  of  objects  which 
present  sensible  discs,  or  of  those  which  are  too  faint  to  be 
observed  by  bisection  (see  Art.  198).  The  third  thread  is  18'' 
from  the  others,  and  is  used  in  observing  stars  by  bisection. 
The  unequal  distances  prevent  mistakes  in  the  choice  of  threads. 
These  horizontal  threads  are  crossed  by  two  vertical  ones,  the 
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distance  of  which  is  1'  of  arc.  The  middle  point  between  these 
determines  the  optical  centre  of  the  instrument,  and  all  obser- 
vations are  made  as  nearly  as  possible  at  this  point. 

The  extreme  accuracy  attainable  in  the  observation  of  zenith 
distances  with  this  instrument  may  be  inferred  from  the  follow- 
ing values  of  the  zenith  point  Z  (see  Art.  219)  of  the  circle,  as 
cited  by  Struvb,  from  observations  by  Peters  upon  Polaris  at  its 
upper  and  lower  culminations : 


1848. 

Upper  transit. 
Z 

Diff.  from 
mMn. 

April  18 

0"  C  88".18 

—  0".32 

14 

88  .26 

—  0  .19 

17 

83  .82 

+  0  .87 

19 

33  .27 

-0  .18 

20 

83  .75 

+  0  .80 

22 

83  .17 

—  0  .28 

24 

33  .45 

0  .00 

25 

33  .68 

+  0  .28 

26 

83  .29 

-0  .16 

27 

88  .68 

+  0  .28 

Mean  0  0  38  .45 


April  14 
16 
20 
21 
22 
24 
25 
26 
27 
28 
Mean 


Lover  transit 

Diff.  from 

Z 

mean. 

O"  C  83".64 

—  0".08 

88  .82 

—  0  .40 

88  .45 

—  0  .27 

S3  .94 

+  0  .22 

38  .48 

—  0  .24 

88  .50 

—  0  .22 

33  .94 

+  0  .22 

38  .98 

+  0  .26 

88  .82 

+  0  .10 

84  .12 

+  0  .40 

0    0  83  .72 


Hence,  assuming  that  the  zenith  point  of  the  circle  was  constant, 
the  probable  error  of  an  observed  value  of  Z  was,  for  either 
series,  =  0".22.  This  error,  however,  is  the  combined  eflTect  of 
error  of  observation  and  variability  of  Z.  But  the  probable 
error  of  observation  was  obtained  from  the  discrepancies  between 
the  several  values  of  the  latitude  deduced  from  these  same  obser- 
vations, and  was  =  0'M7 :  so  that  the  probable  error  of  Z 
arising  from  variation  in  the  instrument  was  =  |/  [(0",22)« 
—  (O'MTf]  =  0'M4.  The  means  for  the  two  transits  differ  by 
0".27,  which  results  from  the  use  of  different  divisions  of  the 
circle  and  different  parts  of  the  micrometers.  To  compare  them 
justly,  it  would  be  necessary  first  to  eliminate  especially  the 
division  errors. 

Li  order  to  eliminate  the  effects  of  flexure,  the  objective  and 
ocular  are  made  interchangeable  (see  Art  204). 

The  dimensions  of  the  various  parts  of  the  instrument  may  be 
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taken  from  the  plates,  which  are  accurately  drawn  upon  a  scale 
of  A.* 

210.  The  portable  universal  instruments  are  usually  so  arranged 
that  the  vertical  circle  may  be  removed  altogether  from  the 
instrument  when  horizontal  angles  only  are  to  be  measured. 
One  of  these  instruments  is  represented  in  Plate  XII.  In  Fig.  1, 
the  instrument  is  arranged  for  measuring  horizontal  angles 
exclusively.  In  Fig.  2,  the  telescope  of  Fig.  1  is  replaced  by 
another  which  is  connected  with  a  vertical  circle  and  (unlike  the 
azimuth  telescope)  h  at  the  end  of  the  horizontal  axis.  The 
weight  of  the  telescope  and  vertical  circle  is  counterpoised  by  a 
weight  at  the  opposite  end  of  the  axis.  The  focal  length  of  the 
telescope  in  instruments  of  this  kind  seldom  exceeds  24  inches. 

The  following  discussion  of  the  theory  of  these  instruments 
will  apply  to  any  of  the  forms  above  mentioned,  as  I  shall  con- 
sider their  two  applications — to  azimuths  and  to  altitudes — 
independently  of  each  other. 

211.  Azimuths. — ^Let  A^H,  Fig.  49,  represent  the  true  horizon, 
J^the  zenith.    Let  us  suppose  the  vertical  p.    ^^ 

axis  of  the  instrument  to  be  inclined  to  the 
true  vertical  line,  so  that  when  produced  it 
meets  the  celestial  sphere  in  Z'.  Let  A^H' 
be  the  great  circle  of  which  Z'  is  the  pole. 
The  plane  of  this  circle  is  that  of  the  gra- 
duated horizontal  circle  of  the  instrument. 
Let  us  suppose,  further,  that  the  horizontal 
rotation   axis,  which    should  be   at  right  ^^ 

angles  to  the  vertical  axis,  and,  consequently,  parallel  to  the 
horizontal  circle,  makes  a  small  angle  with  this  circle.  As  the 
instrument  revolves  about  its  vertical  axis,  this  rotation  axis  will 
describe  a  conical  surface,  and  the  prolongation  of  this  axis  to 
the  celestial  sphere  will  describe  a  small  circle  AA^  parallel  to 
A^'.  Let  A  be  the  point  in  which  this  axis  produced  through 
the  circle  end  meets  the  sphere  at  the  time  of  an  observ'-ation, 
and  0  the  position  of  a  star  observed  on  any  given  vertical  thread 

*  For  aU  the  particulars  of  the  use  of  this  instrument  in  the  determination  of  the 
declination  of  a  circumpolar  star,  consult  the  memoir  of  Dr.  C.  A.  F.  Pitibs, 
Attron,  Naeh;  Vol.  XXII.,  Retvltate  aut  Beohachtungen  det  PolartterM  am  ErteUchen 
VtrtieaUarnte  der  FtUkowatr  Stemtoarte. 
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in  the  field.  As  the  telescope  revolves  upon  the  horizontal  axis, 
its  axis  of  collimation  describes  a  great  circle  of  which  A  is  the 
pole,  and  the  given  thread  describes  a  small  circle  parallel  to 
this  great  circle.    Let 

c  =  the  distance  of  the  thread  from  the  collimation  axis, 

positive  when  the  thread  is  on  the  same  side  of  the 

collimation  axis  as  the  vertical  circle, 
h  =  the  elevation  of  A  above  the  horizon  as  given  by  the 

spirit  level  applied  to  the  horizontal  axis,  positive  when 

the  circle  end  of  this  axis  is  too  high, 
t   =  the  inclination  of  the  vertical  axis  to  the  true  vertical 

line, 
f  =  the  inclination  of  the  horizontal  axis  to  the  azimuth 

circle, 
a  =  AZH, 
a!  =  AZ'H, 
^  =  the  azimuth  of  the  star  0,  reckoned  from  A^  as  the 

origin, 
z  =  the  zenith  distance  of  the  star; 

then,  in  the  triangle  AZZ\  we  have  AZ=  90°—  6,  ZZ'=i, 
AZ'  =  90°  —  i',  AZZ'  =  180°  --  a,  AZ'Z  =  a',  and  hence,  by 
Sph.  Trig., 

sin  h  =  cos  a'  cos  t  sin  i  +  sin  H  cos  i 

cos  ft  cos  a  =  cos  a'  cos  i'  cos  i  —  sin  f  sin  i 

cos  ft  sin  a  =  sin  a'  cos  f 

But,  iy  f ',  and  b  being  always  so  small  that  we  can  neglect  their 
squares,  these  equations  may  be  reduced  to  the  following 

«  =  <»'  I    f205) 

ft  =  i  cos  a'  +  i'  =  I  cos  a  +  f  /    ^ 

In  the  triangle  AZO,  we  have  the  angle  AZO  =  AJZO  +  A^A 
=  ^  +  90°— a,  and  the  sides  ^O  =  90°+c,  j1Z=90°  — ft, 
ZO  =  z;  and  hence 

—  sin  c  =  sin  ft  cos  2  —  cos  ft  sin  z  sin  {A  —  a) 

or,  since  c  and  6  are  small, 

sm  (^  —  a)  = 1-  —, 

tan  z       sm  z 

Hence  sin  {A  —  a)  is  also  a  small  quantity,  and  the  angle  A  —  a 
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ia  either  nearly  0^  or  nearly  180°.  When  the- vertical  circle  at 
the  extremity  of  the  horizontal  axis  is  to  the  left  of  the  observer, 
as  supposed  in  the  above  diagram,  it  is  evident  that  A  and  a  are 
nearly  equal,  and  J.  —  a  is  nearly  0°.  But  if  the  instrument  be 
revolved  about  its  vertical  axis,  the  azimuth  circle  remaining 
fixed,  and  the  telescope  be  again  directed  to  the  same  point  0, 
the  vertical  circle  will  be  on  the  right  of  the  observer,  and  the 
angle  a  will  be  increased  by  180°.  In  this  case,  therefore,  180° 
—  {A  —  a)  will  be  a  small  quantity.  Putting,  then,  A^  a  ot 
180°  —  {A  —  a)  for  sin  {A  —  a),  we  have 

-4.  =  a  +  6  cot  z  -\-  c  cosec  z  [Circle  L.] 

^  ==  a  +  180°  —  6  cot  ^:  —  c  cosec  z    [Circle  K.] 

Now,  a  is  not  read  directly  from  the  azimuth  circle ;  but  if  we 
put  X'=the  actual  reading  and  A^^=\hQ  reading  when  the 
point  A  in  the  diagram  is  at  A'  (in  which  case  the  telescope, 
when  horizontal,  is  directed  towards  the  point  ^),  we  have 

a==a'  =  il'  — ilo    [Circle  L.] 
a  +  180°  =A'^A^    [Circle  R] 

and,  therefore, 

A=^A'  —  A^^b  cot  z  ±  c  cosec  z 

We  have  supposed  the  azimuths  to  be  reckoned  from  the  point 
A^;  but  it  is  indifferent  what  point  of  the  circle  is  taken  as  the 
origin  when  the  instrument  is  used  only  to  determine  differences 
of  azimuth,  since  the  constant  Aq  of  the  above  equation  will 
disappear  in  taking  the  difference  of  two  values  of  A.  For 
absolute  azimuths,  let  us  denote  the  azimuth  of  the  point  A^  from 
the  south  point  of  the  horizon  by  A^ ;  then  the  azimuth  of  the 
star,  also  reckoned  from  the  south  point,  will  be  equal  to  the 
above  value  increased  by  A^.  K,  therefore,  we  add  A^  to  the 
second  member,  and  then  write  ^A  for  the  constant  A^  —  A^^  we 
shall  have 

A  =  A+^A±bcotz±c  cosec  z    l^  p-^i^  p  1      (206) 

where  A  now  denotes  the  absolute  azimuth  of  the  star,  and  ^A 
is  the  index  correction  of  the  circle,  or  reduction  of  the  readings 
to  absolute  azimuths.  The  readings  for  circle  right  differing  by 
180°  from  those  for  circle  left,  we  shall  always  assume  that  the 
former  have  been  increased  or  diminished  by  180°,  when  two 
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observations  in  different  positions  of  the  instrument  are  com- 
pared.   We  must  now  determine  the  quantities  (?,  ft,  and  ^A. 

212.  To  find  c  and  6. — The  most  convenient  method  of  finding 
e  with  a  fixed  instrument  is  to  employ  a  coUimating  telescope 
placed  on  a  level  with  the  horizontal  axis,  such  as  that  of  Plate 
in.  Pig.  2.  The  cross  thread  of  the  collimator  is  observed  as  an 
infinitely  distant  point  or  star,  whose  zenith  distance  is  90*^ ;  and 
hence  cotz  =  0,  cosec2:  =  1.  Observing  it  both  with  circle  lefk 
and  circle  right,  let  A'  and  A"  be  the  readings  of  the  azimuth 
circle  (the  latter  reading  being  changed  180°) ;  then  we  have 

A=A'  +  ^A  +  c 
A  =  A"+^A^c 
whence 

€  =  i{A"^A')  (207) 

which  will  give  c  with  its  proper  sign  for  circle  left. 
If,  however,  the  collimator  is  below  the  level  of  the  horizontal 

axis,  so  that  the  telescope  must  be  depressed  to  observe  it,  we 

shall  have 

A  =  A'  -\-  aA  +  b  cot  z  -\-  c  cosec  z 
A  =  A"  +  aA  —  b  cot  z  —  c  cosec  z 

in  which  z  =  the  zenith  distance  of  the  collimator  =  90°  +  de- 
pression of  the  telescope,  as  given  by  the  vertical  circle ;  and 
then 

c  =  i  (A"  —  A')  sin  z-^bGO&z  (208) 

and  b  must  be  observed  with  the  striding  level  applied  to  the 
axis,  as  in  the  case  of  the  transit  instrument. 

When  the  telescope  is  furnished  with  a  micrometer,  the  value 
of  c  can  be  found  with  still  greater  accuracy,  by  means  of  two 
collimators,  as  in  Art.  145. 

213.  In  some  cases  the  spirit  level  cannot  be  reversed  upon 
the  axis,  but  is  permanently  attached  to  it  or  to  the  frame  which 
supports  it.  It  is  then  reversed  only  when  the  instrument  is 
reversed,  and  it  becomes  necessary  to  know  the  level  zero,  or 
thfitt  reading  of  the  level  which  corresponds  to  a  truly  horizontal 
position  of  the  axis.  Let  this  reading  be  denoted  by  J^  and  let 
{ be  the  reading  at  any  observation ;  then  we  have 
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where  I  is  the  mean  of  the  readings  of  the  two  ends  of  the 
bubble,  the  readings  towards  the  circle  end  being  always 
reckoned  as  positive.  Then  to  find  l^  we  have  recourse  to  the 
observation  of  two  stars,  one  near  the  zenith  and  the  other  near 
the  horizon,  or  of  the  same  star  at  different  times.  Let  A^  and 
A''  be  the  circle  readings,  z'  and  ^"  the  zenith  distances  of  the 
high  star  for  circle  left  and  circle  right,  respectively ;  i',  i"  the 
level  readings ;  then,  A^  and  A,  being  the  true  azimuths,  we  have 

A^=A'  +^A  +  (V  —  l^)  cot  /  +  c  cosec  / 
A,  ^A"—  aA  —  (?"—  ZJ  cot  /'—  c  cosec  2" 

The  difference  between  A^^  and  A^  may  be  accurately  computed 
from  the  known  place  of  the  star,  and  a  small  error  in  its 
assumed  place  will  not  sensibly  affect  this  difference.  If  the  star 
is  near  the  meridian  (which  will  be  advisable),  the  change  in 
azimuth  will  be  sensibly  proportional  to  the  interval  of  time 
between  the  two  observations:  so  that  if  T'  and  T"  are  the 
sidereal  clock  times,  and  dA  the  change  of  azimuth  in  one 
second,  we  shall  have 

A^—A^  =  dA  {T"  -^  T)  (209) 

in  which  T"  — -  1^'  is  in  seconds ;  and  8 A  may  be  found  by  the 
differential  formula 

J, dA  15"  cos  d  COB  q 

dT  sin  z 

where  d  =  the  star's  declination,  and  the  parallactic  angle  q  is 
found  by  Art.  15  of  Vol.  I.  The  difference  of  the  above  equa- 
tions will  then  give  us  the  equation 

-^ml^  +  nc=p  (210) 

where,  to  abbreviate,  we  denote  the  known  quantities  as  follows : 

m  r=  cot  z'  +  cot  zf'  n  =  cosec  /  +  cosec  z''    1     /01 1  \ 

j>  =  A"  —  il'  —  (A,  —  a;)  —  r  cot  /  —  J"  cot  y       /    ^    ^ 

In  like  manner,  the  low  star  gives  a  similar  equation, 

—  m'i, +  n'c=y  (212) 

and  from  the  two  equations  the  unknown  quantities  l^  and  c  are 
found  by  the  usual  method  of  elimination.   If  a  greater  number 
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of  stars  have  been  observed,  the  equations  may  be  combined  by 
the  method  of  least  squares.  Where  there  is  a  collimator,  it 
may  always  be  used  as  the  low  star  of  this  method. 

214.  To  determine  the  index  correction  a^,  observe  any 
known  star  in  either  position  of  the  instrument ;  then,  having 
computed  its  true  azimuth  A  (Vol.  I.  Art.  14),  we  have 

A  A  =  -4  —  (A'  ±  6  cot  2r  d:  c  cosec  z)  (213) 

215.  With  a  portable  instrument,  such  as  is  described  in  Art. 
210,  the  use  of  a  collimator  is  impracticable,  since  the  telescope 
is  at  the  extremity  of  the  axis,  and,  therefore,  cannot  be  directed 
towards  the  collimator  in  both  positions.  We  must  then  employ 
stars,  as  in  the  preceding  article ;  but,  as  in  portable  instruments 
the  inclination  b  is  usually  found  directly  by  the  striding  level, 
a  single  star  observed  in  both  positions  of  the  instrument  will 
suffice.  If  we  take  the  pole  star  when  near  the  meridian,  we 
can  suppose  z  to  have  the  same  value  for  both  observations,  and 
we  shall  have  the  two  equations 

A-i  =  A'  +  A-^  +  ft'  cot  z  +  c  cosec  z 
A,  =  A"  +  A  A  —  h"  cot  ^  —  c  cosec  z 

whence 

c  =  ^  [A"  —  A'  —  (A,  —  A,)]  sin  ^  —  i  (6'  +  6")  cos  z      (214) 

and  it  will  then  be  expedient  to  determine  aA  at  the  same  time 
from  either  A^  or  A^ 

216.  If  instead  of  a  single  vertical  thread  there  are  several 
such  threads,  the  horizontal  transit  of  the  star  is  observed  over 
each  by  the  clock,  as  in  ordinary  transit  observations,  the  reading 
of  the  horizontal  circle  remaining  constant.  If  the  star  is  not 
too  far  from  the  equator,  the  intervals  of  time  between  the 
transits  over  the  threads  may  be  assumed  to  be  proportional  to 
the  distances  of  the  threads,  and  then  the  mean  of  the  times 
will  be  the  time  of  the  star's  transit  over  the  mean  thread.  The 
coUimation  constants,  determined  from  stars  as  in  the  preceding 
articles,  will  then  be  that  of  the  mean  thread. 

If  some  of  the  threads  have  failed  to  be  observed,  let/,,/,,  &c. 
be  the  distances  of  the  threads  from  the  mean  thread,  positive 
for  threads  on  the  same  side  of  the  mean  as  the  vertical  circle  5 
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and  let^  be  the  mean  of  the  distances  of  the  threads  observed, 
and  T^  the  mean  of  the  observed  times.  Thenf^  +  cis  the  dis- 
tance of  the  mean  of  the  observed  threads  from  the  collimation 
axis ;  and  the  azimuth  at  the  time  T^  is  found  by  the  formula 
(206),  substituting/^  +  c  for  c. 

217.  If,  however,  we  wish  to  proceed  rigorously,  we  can 
reduce  each  thread  to  the  mean  thread  by  the  complete  formula 
(138), 

Bin7= ^^ h2tantBin«i/ 

cos  d  cos  n  cos  t 

where  J  is  the  interval  of  time  in  which  the  star  describes  the 
distance  /,  and  i  =  T  —  m,  t  being  the  east  hour  angle  of  the 
star,  and  m  and  n  being  determined  by  (78).  But  we  can  sim- 
plify this  formula  for  our  present  purpose  as  follows.  Let  A^ 
Fig.  50,  be  the  point  in  which  the  horizontal  axis  of  the 
instrument  meets  the  sphere  when  produced  through 
the  circle  end  {as  in  Fig.  49) ;  Z  the  zenith ;  P  the  pole ; 
0  the  star  when  in  the  collimation  axis  of  the  telescope. 
Since  the  small  inclination  of  the  horizontal  and  verti- 
cal axes  will  not  sensibly  aftect  the  thread  intervals,  we 
can  here  regard  A  as  the  pole  of  the  vertical  circle  ZOy 
and  the  triangle  OPD  may  be  regarded  as  right  angled 
at  D.  In  this  triangle  we  have,  according  to  the  de- 
finitions of  m,  71,  and  r  in  Art.  123,  the  angle  OPD  =  OPZ 
-AP^  =  — r  — (90°  —  w)  =  — 90°  — ^  and  the  side  PD 
^AP—  90°  =  (90°  —  n)  —  90°  =  —  n.  We  have  also  OP 
ss,  90°  —  d,  and  the  parallactic  angle  POD  =  j.    Hence 

cos  n  cos  f  =  —  cos  q 

tan  t  =       tan  q  sin  d 

and  our  formula  becomes 

sin  I  = 1-  2  sin  ^  tan  a  sin"  \  I 

cos  d  cos  q 

This  applies  for  circle  left.  For  circle  right  it  is  only  necessary 
to  change  the  sign  of  the  first  term,  so  that  the  complete  for- 
mula is 

sin  7  ==c :+:  — ^^^^ h  2  sin  ^  tan  a  sin*  J I  (215^ 

cos  ^  cos  2  ^      ^ 
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In  which  we  take  L  ^^     I  sign  for  I   .    ,    -^' L  and  /  will  be  the 

correction  algebraically  additive  to  the  observed  time  on  a  thread 

to  reduce  it  to  the  mean  thread.    The  angle  q  is  found  by  the 

formula 

sin  il  008^  -^-^^ 

COB  0 

where  q  will  have  a  negative  value  for  a  negative  value  of  sin  A^ 
that  is,  for  a  star  east  of  the  meridian. 

It  is  evident  that,  except  for  stars  of  considerable  declination, 
the  last  term  of  (215)  will  be  inappreciable,  and  that  we  may 
usually  take 

1=^—^ (217) 

cos  d  cos  q 

which  amounts  to  assuming  that  J  is  proportional  to/,  as  in  the 
preceding  article. 

218.  To  find  the  equatorial  values  /  of  the  thread  intervals, 
we  observe  the  transit  of  a  slow  moving  star  near  the  meridian, 
and  from  the  observed  intervals  Zwe  deduce 

sin/  =  T  sin  /cos d  cos  q 

219.  Zenith  dtsiances.—ljet  Z,  Fig.  51,  be  the  zenith ;  Z^  and  A 
the  points  in  which  the  vertical  and  horizontal  axes  meet  the 

celestial  sphere;  55' 0' the  great  circle  of 
'^*    *  which  A  is  the  pole,  and,  consequently,  the 

circle  which  represents  the  vertical  circle  of 
the  instrument.  This  circle  is  also  that  which 
is  described  by  the  collimation  axis  of  the 
telescope.  Let  the  star  0  be  observed  on  a 
horizontal  thread  0(7,  which  is  perpendicular 
to  the  great  circle  B(y  and  coincides  with 
the  arc  AO'  produced.  The  point  J5',  in 
which  AZ'  produced  meets  the  circle  55',  represents  the  ex- 
tremity of  that  diameter  of  the  alidade  circle  which  is  in  the 
plane  of  the  vertical  axis  of  the  instrument.  The  arc  B'ty^  or 
the  angle  B'A(y  which  it  measures,  is  then  the  zenith  distance, 
as  given  directly  by  the  circle  when  the  circle  readings  for  5' 
Mid  0'  are  given.  Let  the  reading  of  the  circle,  when  the  thread 
is  at  5',  be  denoted  by  fg,  and  the  reading  on  the  star  by  f ,  and 
put  B'(y  or  B'AO'^  z^ ;  then,  for  circle  left, 
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the  graduations  of  the  circle  being  supposed  to  increase  from 
right  to  left.  Now,  for  different  azimuths  the  relative  position 
of  B  and  B'  is  different ;  and  they  coincide  only  when  the  point 
^  is  in  the  plane  of  the  circle  ZZ'.  Their  relative  position  at 
any  time  is  given  by  the  level  attached  to  the  alidade  circle ;  for 
let  l^  be  the  reading  of  the  level  when  B  and  B'  coincide,  and 
{ the  reading  in  any  other  case ;  then,  denoting  BB'  by  ta^y  we 
have 

where  we  take  the  left-hand  end  of  the  level  as  the  positive  end, 
the  observer  facing  the  circle,  and  I  is  half  the  algebraic  sum  of 
the  readings  of  the  ends  of  the  bubble. 
Let  us  now  denote  the  arc  B<y  by  z'\  then  we  have 

and  in  the  triangle  AOZwq  have  the  required  true  zenith  dis* 
tance  ZO  =  Zj  the  angle  OAZ  =  z';  and,  in  accordance  with 
the  notation  before  employed,  ^0  =  90^  +  00'  =  90^  +  c, 
^^=90^  —  6.    Hence 

coBZ  =  —  sin  c  sinb  +  cos  c  cos  b  cos  2f 

Substituting  cos  z^  =  cos*  J  2'  —  sin*  J^:',  we  obtain 

cos  2  =  —  sine  sin  b  (cos*  i  /  -{-  sin*  J  sf) 
+  cos  c  cos  b  (cos*  1  y  —  sin*  }  sf) 
=  cos  (c  +  6)  cos*  isf  —  cos  (c  —  6)  sin* }/ 
coQsf  — cos^r  =  2 sin  } (^  +  y) sin  J (z  —  /) 

=  2  sin*  J  (c  +  b)  cos* }  /  —  2  sin*  i(c  —  b)  sin*  J  r 

The  second  member  involving  only  the  squares  of  the  small 
quantities  c  and  6,  the  correction  z  —  z'iq  very  small,  so  that  for 
the  &ctor  sinj(z  +  ^')  we  may  take  sin  z'=  2  sin  Jz'cos  Jz'. 
Hence,  substituting  the  arcs  for  the  sines  of  the  quantities  J  (2  —  z')y 

^  —  ^'^/^L^j'sinrcotJ/— /^^\'8inrtanJ/===e       (218) 

and  e  will  denote  the  correction  for  collimation  and  the  inclina* 
tion  of  the  horizontal  axis.  Substituting  the  value  of  z'  above 
given,  we  find  as  the  value  of  the  zenith  distance  given  by  the 
observation  circle  leftj 
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In  this  equation  tlie  constants  f  „  and  l^  are  unknown ;  but  if  we 
now  revolve  the  instrument  180®  in  azimuth,  and  observe  the 
zenith  distance  of  the  same  point,  we  shall  have 

where  (^'  and  I'  denote  the  new  readings  of  circle  and  level  j  and 
hence,  for  circle  righty 

in  which  e'  is  computed  by  the  formula 

c'  =  /?jhA' Jbid  r'cot  jy  _/?^  J  sin  rtan  }  / 

c'  and  b'  being  the  coUimation  and  the  inclination  of  the  hori- 
zontal axis  in  this  second  observation.  The  mean  of  the  two 
values  of  z  is 

^  =  i(^'  -  0  +  i  (^'-  0  +  i(*'+  0  (219) 

Their  difference  gives  the  constant  quantity 

Co+^o=KC'+C)  +  K^'+0+U^'-"0  (220) 

If  the  observed  point  is  moving,  as  in  the  case  of  a  star,  the  value 
of  z  obtained  by  (219)  is  the  zenith  distance  at  the  mean  time 
between  the  two  observations;  and,  in  general,  if  a  series  of  zenith 
distances  is  taken,  one  half  in  each  position  of  the  circle,  and  if 
Z  denotes  the  mean  of  all  the  readings  of  the  circle  in  the  first 
position,  f 'the  mean  of  all  the  readings  in  the  second  position, 
{ and  V  the  corresponding  means  of  the  readings  of  the  circle 
level,  the  value  of  z  given  by  (219)  will  be  the  zenith  distance  at 
the  mean  of  all  the  observed  times,  provided  always  that  the  series 
is  not  extended  so  far  as  to  introduce  second  differences  of  the 
change  of  zenith  distance.  The  correction  for  second  difterences, 
when  necessary,  may  be  found  by  Vol.  I.  Art.  151. 

The  corrections  e  and  e'  are,  however,  usually  rendered  insen- 
sible in  practice  by  observing  the  star  only  in  the  middle  of  the 
field,  or  as  near  the  middle  vertical  thread  as  possible,  which  is 
effected  by  giving  the  instrument  a  slow  motion  in  azimuth  while 
the  star  passes  obliquely  across  the  field,  and  thus  keeping  th# 
middle  thread  constantly  upon  the  star  until  it  is  bisected  by  the 
horizontal  thread. 
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220.  The  equation  (220)  gives  the  constant  f ^  +  l^  only  when 
the  observed  point  is  fixed.  The  cross  thread  of  a  coUimating 
telescope,  or  a  distant  terrestrial  object,  may  be  used  as  such  a 
fixed  point ;  and,  making  the  observations  in  the  two  positions  of 
the  circle  only  in  the  middle  of  the  field,  we  shall  have  c'  —  e  =  0: 
so  that  if  we  denote  this  constant  by  Z  we  shall  have 

Z^iiC+n  +  iQ  +  n  (221) 

With  this  constant  thus  determined,  a  single  observation  of  a  star, 
in  either  position  of  the  instrument,  will  suffice  to  determine  its 
zenith  distance,  since  we  shall  then  have 

z  =  Z-(i:  +  l)    for  circle  L.  1  " 

The  constant  Z  expresses  the  zenith  point  of  the  instrument^  since 
in  any  position  of  the  instrument  it  is  equal  to  the  corrected  circle 
reading  when  the  observed  object  is  in  the  zenith. 

If  we  wish  to  deduce  Z  from  the  two  observations  of  a  star,  at 
the  times  Tand  T'^  we  must  compute  the  difference  between  the 
zenith  distances  for  the  interval  T'  —  T^  which,  when  the  interval 
is  small,  may  be  done  by  the  differential  formula 

A2  =  (T'—  T)^  =  (T'—  !r)co8f)8inil 
dt 

in  which  T'  —  T  is  supposed  to  be  reduced  to  seconds  of  arc ; 
ttnd  then  we  shall  have 

It  should  be  remarked  that  when  Q'  is  numerically  less  than 
f  we  should  increase  it  by  360°,  both  in  finding  z  and  Z. 

When  the  two  observations,  in  opposite  positions  of  the  axis, 
are  made  very  near  to  the  meridian,  it  will  be  advisable  to  reduce 
each  to  the  meridian  by  applying  the  correction  for  circum- 
meridian  altitudes.  Vol  I.  equation  (289)  or  (290). 

Example. — ^To  determine  the  zenith  point  of  an  Ertbl  uni- 
versal instrument,  the  telescope  was  directed  towards  a  distant 
terrestrial  object,  and  the  horizontal  thread  was  brought  into 
coincidence  with  a  sharply  defined  point  in  the  object,  twice  in 
each  position  of  the  vertical  circle.    The  readings  of  the  circle 
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and  level  were  as  below.  The  graduations  of  the  level  proceed 
continuously  from  the  right  to  the  left  end  of  the  tube,  so  that 
the  values  of  I  are  simply  the  arithmetical  means  of  the  readings 
of  the  two  ends  of  the  bubble.     The  value  of  one  division  =  2".0, 


Circle  L.  | 
Circle  E.  j 

Hence,  taking  the  means,  we  have 

C  =  180'»    2'32".5 
C^=  359    56  25  . 
Co  =269    59  28  .75 
l^=  +  58  .04 

Z=  270     0  21  .79 


Circle  rMdinga. 

LerelrMdings. 

t 

180»    2' 80". 

40.2     14.6 

27.4 

180     2  86 

'40.4     14.5 

27.45 

359    56  20 

88.2    12.8 

25.5 

859    56  80 

88.6    12.9 

25.7 

I  =  27.48 
l'=  25.60 

L=  26.52  =.58".04 


A  series  of  zenith  distances  of  the  sun's  lower  limb  near  tho 
meridian  was  then  taken,  as  follows: 


Circle  L. 


Circle 
reading. 

Level 
reading. 

Circle  reading  cor- 
rected for  level. 

Obserred  lenith 
distance. 

229»  50*  50" 

88.4 

12.7 

229° 

51'  41".l 

40" 

8'  40".7 

229    57  15 

38. 

12.3 

229 

58    5  .8 

40 

2  16  .5 

280      2    6 

87. 

11.5 

230 

2  58  .5 

39 

67  28  .3- 

280     6  15 

87.6 

12. 

230 

6    4  .6 

89 

54  17  .2 

280     7    0 

87. 

11.4 

280 

7  48  .8 

89 

62  88  .0 

809    62  15. 

88.4 

7.9 

809 

52  56  .3 

89 

52  34  .5 

809    64  10 

33. 

7.4 

309 

54  50  .4 

39 

54  28  .6 

809    67  50 

88.6 

8.0 

309 

58  81  .6 

89 

58    9  .8 

810     2  40 

83.8 

8.3 

810 

3  22  .1 

40 

8    0  .8 

810     9  15 

84. 

8.8 

810 

9  67  .8 

40 

9  86  .0 

Circle  R. 


Here  we  have,  at  the  first  observation, 

diY. 
C  =  229''  50'  50"  1  =  +  25.55  =  +  51".! 

and  hence  the  corrected  circle  reading  is 

C  +  i  =  229^  51'  41".l 
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The  correction  e  being  neglected,  as  all  the  observations  were 
made  near  the  middle  vertical  thread,  we  obtain  the  observed 
zenith  distance  by  subtracting  this  number  from  the  above  read- 
ing Z  of  the  zenith  point,  whence  z  =  40°  8'  40''.7. 

In  like  manner,  the  fifth  observation  ^ves  {^'  +  i'  =  309°  52' 
56".3,  from  which  Z  is  subtracted  to  obtain  the  observed  zenith 
distance.     The  results  are  given  in  the  last  column. 

These  observations  have  been  employed  in  Vol.  I.  Art.  171,  as 
circummeridian  zenith  distances  for  deteimining  the  latitude. 

221.  In  the  methods  of  observation  above  adopted,  a  know- 
ledge of  the  deviations  i  and  i'  of  the  horizontal  and  vertical  axes 
from  their  normal  positions  is  not  required :  it  is  only  necessary 
that  they  should  be  small.  Their  values,  however,  can  be  readily 
investigated.  In  the  triangle  AZZ\  Fig.  51,  we  have  the  angle 
ZAZ'  =  BB'  =  A^i  =  Z,,  --  i,  as  given  by  the  level  of  the  vertical 
circle ;  and  this  triangle  gives,  with  the  notation  of  Art.  211, 

siD  i  sin  (f 
am  Air,  = 

COB  b 

or,  taking  a  for  a', 

X  sin  a  =  Zj  —  { 
At  the  same  time,  we  have,  from  the  level  6  of  the  horizontal  axis, 

I  COS  a  +  f  =  6 

Now,  revolving  the  instrument  180°,  the  angle  a  becomes 
a  +  180°,  and  if  the  level  reading  of  the  vertical  circle  alidade  is 
now  Vf  and  the  inclination  of  the  horizontal  axis  is  6',  we  have 

—  i  sin  a=zl^  —  V 
—  tcos  a  +  i'=  6' 

Hence,  combining  these  equations  with  the  former  ones,  we  find 

isma  =  iG'-0  I    .223>» 

which  determine  i  and  a;  and  for  i'  we  have 

t=l(b  +  b')  (224) 

We  can,  also,  find  i  and  i'  from  the  inclinations  of  the  horizontal 
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axis  alone.  Let  the  alidade  of  the  azimuth  circle  be  set  at  any 
assumed  reading  A\  and  then  also  at  A'  +  120^  and  A'  +  240°, 
-and  let  6,  h\  b",  be  the  inclinations  of  the  horizontal  axis  given 
by  the  spirit  level  in  the  three  positions.    Then  we  have 

t  cos  a  +  t'  =6 

i  cos  (a  +  120*^)  +  i'  =  y 
I  cos  (a  +  240°)  +  V  =  V 

the  sum  of  which,  since  cos  (a  +  120®^  +  cos  (a  +  240°)  =  —  cos  a, 
gives 

1'=  j  (ft  +  y+ft")  (225) 

This,  subtracted  from  the  1st  equation,  gives 

26  — 6'  — i>" 

t  cos  a  = 

3 

and  the  difference  of  the  2d  and  3d  equations  gives 

t  sin  a  =  5^^  (227) 

l/3 

which  determine  i  and  a.  This  method  may  be  used  for  instru- 
ments intended  only  for  the  measurement  of  horizontal  angles. 
In  other  instruments,  both  methods  may  be  used,  and  the 
accordance  of  the  results  will  indicate  the  degree  of  perfection 
in  the  workmanship  of  the  vertical  pivots  of  the  instrument 

222.  If  there  are  several  horizontal  threads,  the  vertical  transit 
of  the  star  over  each  may  be  observed,  revolving  the  instrument 
slowly  in  azimuth,  so  as  to  make  the  transit  occur  in  the  middle 
of  the  field.  The  level  of  the  alidade  should  be  read  both 
before  and  after  the  observation,  and  the  mean  taken  as  the 
value  of  I  at  the  mean  of  the  times  of  observation.  "When  the 
star  is  not  near  the  meridian,  the  zenith  distance  represented  by 
the  mean  of  the  threads  may  be  assumed  to  correspond  to  the 
mean  of  the  observed  clock  times ;  but  when  near  the  meridian 
a  correction  for  second  differences  will  be  necessary. 

In  Vol.  I.  Art.  151,  we  have  found  that  if  T^,  7;,  T,,  &c.  are 
the  several  clock  times,  and  T  their  mean,  the  corrected  time 
corresponding  to  the  mean  of  the  zenith  distances  is 

2;=T+ AK  C228) 
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in  which,  i  being  the  hour  angle,  A  the  azimuth,"  and  q  the  pap. 
allactic  angle  of  the  star, 

, co&Acosq 

Bint 

and  m^  is  the  mean  of  the  quantities 

28in«J(^,  — T)  28m»J(2;  —  r)  . 

Bin  r  Bin  1" 

which  can  be  taken  from  Table  V. 
For  the  moon,  the  correction  will  be 


15  5» 


log  B  being  found  as  in  Art.  154. 

If  the  transit  is  defective,  that  is,  if  only  a  portion  of  tK« 
threads  have  been  used,  it  will  be  necessary  to  apply  to  the  circle 
reading  a  correction  which  will  be  the  difference  between  the 
mean  of  the  threads  observed  and  the  mean  of  all  the  threads. 
Thus,  /  denoting  the  distance  of  any  thread  from  the  mean  of 
all,  and  n  the  number  of  threads  observed,  the  correction  of  the 

circle  reading  will  be  -  Hf.    The  value  of  /  for  each  thread  will 

be  most  readily  found  from  complete  vertical  transits  of  stars 
which  are  not  so  near  to  the  meridian  as  to  require  a  correction 
for  second  differences,  since  we  can  then  use  the  differential 
formula 

/=15ZX  ^  =  157co8sp8inil 
at 

in  which  J  is  the  interval  between  the  observed  time  on  a  thread 
and  the  mean  of  all  the  times. 

To  compute /with  regard  to  second  differences,  see  Vol.  L 
Art.  150. 

223.  Correction  of  the  observed  azimuth  and  zenith  distance  of  the 
limb  of  the  moon  or  a  planet  for  defective  illumination. — ^I  shall  here 
consider  only  the  case  where  the  defective  limb  of  a  spherical 
body  has  been  observed.  The  formulee  for  the  more  general 
case  of  a  spheroidal  planet  may  easily  be  deduced  from  those 
given  in  Vol.  1.  (occultations  of  a  planet) ;  but  they  are  rarely 
if  ever  required.    We  can  obtain  the  formula  necessary  for  our 
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present  purpose  from  those  ^ven  in  Arts.  157  and  207  of  the 
present  volume.  It  is  evident  that  in  computing  the  apparent 
outline  of  the  disc  of  a  planet  as  illuminated  by  the  sun,  any 
system  of  co-ordinates  may  be  used,  provided  the  places  of  the 
sun  and  planet  are  expressed  in  the  same  system.  If,  then,  we 
here  substitute  the  zenith  for  the  pole,  and,  consequently,  the 
horizon  for  the  equator,  we  have  only  to  substitute  zenilJi  dis- 
tance for  polar  distance  and  azimuth  for  right  ascension,  or 
rather  the  negative  of  the  azimuth,  since  the  azimuth  is  reckoned 
from  left  to  right,  while  right  ascension  is  reckoned  from  right 
to  left.    Putting,  therefore, 

d  =  the  sun's  zenith  distance, 
a  =        "         azimuth, 
A  =  the  planet's  azimuth, 
8  =  the  planet's  apparent  semidiameter, 
By  Bf^  the  heliocentric  distances  of  the  earth  and  planet, 
respectively, 

we  have,  by  (124),  for  computing  the  horizontal  perpendicular 
from  the  centre  of  a  planet  upon  the  vertical  thread  in  contact 
with  the  defective  limb,  the  formula 

sin  /  =  — ■  sin  d  sin  (a  —  A)  I 

^  \    (229) 

ff'=  8  COS  /  j 

The  value  of  sin  i  will  be  positive  or  negative  according  as  the 
2d  or  the  1st  limb  is  defective.     The  value  of  s  may  be  found 
from  its  mean  value  given  in  Vol.  I.  p.  578. 
.    For  the  moon  we  can  put  JR  =  jB'. 

Since  we  wish  to  deduce  from  the  observed  azimuth  of  the 
defective  limb  that  of  the  true  limb,  the  correction  of  the  circle 
reading  will  evidently  be 

»4  =  iz:£::  =  iI?I?!^  (280) 

sin  z  sin  z 

Again,  for  computing  the  vertical  perpendicular  from  the  centre 
of  a  planet  upon  the  horizontal  thread  in  contact  with  the 
defective  limb,  we  deduce  from  (200),  by  changing  the  co-ordi- 
nates, 

i? 
sin  /  =  — -  [sin  ;?  cos  cf  —  cos  -?  sin  d  cos  (a  —  -4)]        (231) 
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Or,  by  introducing  an  auxiliary, 

tan  E  =  tan  d  cob  (a  —  A) 


Bin;|r 


J^  sin  (z  —  E)  cos  d 


885 


(231*) 


and  the  correction  to  reduce  the  observed  zenith  distance  to 
that  of  the  true  limb  will  be 


dz  =  $  versin  x 


(232) 


A  negative  value  of  sin  x  will  indicate  that  the  upper  limb  is 
defective. 

Example  1. — The  following  observations  of  the  azimuths  of 
Begrdus  and  of  the  moon's  1st  limb  were  made  at  Greenwich 
with  the  "  Alt-azimuth/'  May  3,  1852. 


JIL. 
DIL. 
BegultLS. 
Begulus, 

The  clock  time  is  the  mean  of  the  transits  over  six  vertical 
threads.  The  clock  correction  is  the  reduction  to  sidereal  time. 
The  circle  readings  are  the  means  of  four  microscopes.  The 
level  reading  is  the  mean  of  the  indications  of  six  levels,  per- 
manently attached  to  the  instrument,  parallel  to  the  horizontal 
axis.     The  level  zero,  found  by  the  method  of  Art.  213,  was 


Vertical 
oircle. 

Clock  time  of 
transit. 

Circle  reading 
=  A' 

Lerel 
=  1 

Clock 
corr. 

Left 

11*  26-  12'.95 

140°  Sy  39".71 

-  19".79 

+  11'.46 

Bight 

12     8    11.80 

828    45  10  .76 

—  20  .14 

11.51 

Bight 

12  31    55.87 

62    54  48  .04 

—  21  .49 

11.55 

Left 

12  45    26.83 

246    84  47  .08 

—  19  .28 

11.57 

^0  = 


30".16 


The  collimation  constant  for  the  mean  of  the  threads  was,  for 

circle  left, 

c=  +  2".68 

The  observations  being  taken  for  the  purpose  of  determining 
the  moon's  azimuth,  we  shall  first  find  the  index  correction  of 
the  circle  from  the  known  star  JSegidus.  From  the  Nautical 
Almanac,  we  take 

Begulus,  R.  A.  =       10*  0*  29-.32 
«         Decl.  =  +  12°  41'  16".6 
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The  hour  angles  of  the  star  at  the  two  observations  are,  there 
fore, 

Circle  K.    t  =  2*  SI*  37*.60 
Circle  L.    t  =  2  45     8  .68 

with  which  and  the  latitude  ip  =  51^  28'  37".84  we  find,  by  Vol. 
I.  Art.  14,  the  stars's  true  azimuth  and  approximate  zenith  distance^ 

Circle  R.    il  =  52''  10  13".10  x:  =  49«*  22^ 

Circle  L.    A  =  55    50  39  .25  ^  =  51     4 

The  zenith  distances  are  apparent,  i.e.  aflTected  by  refraction. 
The  instrumental  corrections  for  the  star  are  then  as  follows: 


Circle  R 
Circle  L. 


*  =  i  ~  io 


+    8".67 
+  10  .88 


=tl  &  OOt  2 


—  7".45 

+  8  .79 


db  t  ooseo  s 


—  3".63 

+  3  .45 


The  corrected  circle  readings  are,  therefore  (addin||  180°  to 
the  reading  for  Circle  R.), 


Circle  R. 
Circle  L. 


Corrected  A' 


242^  64'  32".06 
246    34  59  .32 


which,  compared  with  the  true  azimuths  A  above  found,  give 
the  index  correction 


t^A 


Circle  R. 
Circle  L. 
Mean  aA  =  169    15  40  .48 


169°  15'  41".04 
169    15  39  .93 


In  the  next  place,  to  reduce  the  observations  of  the  moon 
there  were  given  the  moon's  apparent  zenith  distances  (affected 
by  parallax  and  refraction), 

Circle  L.   3)^  =  77**  11' 
Circle  R.   :3)  j  =  73    17 


whence  we  find  the  instrumental  corrections  to  be  as  follows  • 
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4  =  J  —  /, 

±iOOtf 

±ecoBeo( 

+  10".87 
+  10  .02 

+  2".36 
—  8  .01 

+  2".75 
—  2  .80 

Oircle  L. 
"     R 

Applying  these  and  the  above  found  index  correction,  the  true 
azimuths  of  the  limb,  as  observed,  were 

Circle  L.  At  11»  26*  24'.41    Sid.  time,     A  =  809°  55'  25".30 
«     R    "  12     8    22 .81      "      "  A  =  318     0  45  .43 

But  the  moon's  limb  was  slightly  gibbous ;  and  we  must  yet 
apply  the  correction  given  by  our  formulae  (229)  and  (230).  As  the 
correction  will  not  be  sensibly  different  for  the  two  observations, 
we  may  compute  it  for  the  middle  instant  between  them,  which 
corresponds  to  the  mean  solar  time  8*  57"*  16*.    For  this  time,  we 

find 

Sun's  tt  =  2*  44*  15-.74 
«      d=  +  W  54'.6 

from  which  we  deduce  the  sun's  azimuth  and  zenith  distance 

a  =  136*^  4'.9  d  =  102°  8M 

and  hence,  taking  A  =  818*^  58M  (the  mean  value),  we  find 

log  sin  /  =  n8.5570 

Since  sin  x  is  negative,  the  first  limb  is  defective.    Then,  since 
$  =  16'  86''.6,  and  the  mean  value  of  z  =  76*^  14', 

4^  =  11^^=0^.67 

sin  z 

which  is  to  be  added  to  the  above  values  of  J.  to  obtain  the 
azimuths  of  the  true  limb. 

ExAMPLB  2. — The  following  observations  of  the  zenith  dis- 
tances of  the  collimator  and  of  the  moon's  lower  limb  were 
made  at  Greenwich  with  the  "Alt-azimuth,"  Sept.  21,  1852. 


Collimator.    Oircle  L. 
«     R 

Vol.  DL— M 


Circle  reading 

Lerel  reading 

f  +  i 

816°  47'  57".53 
160    28  80  .84 

74".68 
82  .46 

815"  4^  12".16 
160    24  52  .80 

Z^   58     7    2  48 
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The  vertical  transit  of  the  moon  was  observed  on  six  horizontal 
threads,  as  follows : 


3)L.L.  Circle  L. 


Thread. 

Clock. 

Tn  —  T 

2  sin*  J  (r, 
"•  ~        sin  1" 

-T) 

I 

19»  88-  11'.5 

—  3-  43'.4 

27".22 

II 

89    47.0 

—  2      7.9 

8  .98 

III 

41    16.0 

—  0    88.9 

0  .88 

IV 

42    42.5 

+  0    47.6 

1  .24 

V 

44i     5.5 

+  2    10.6 

9  .80 

VI 

45    27.0 

+  8    82.1 

24  .53 

r=19  41    64.92 
Clock  corr.  =        +      7 .90 


m^  =  12  .01 


Sid.  time     =  19  42      2 .82 

Circle  reading  C  =  341<^  27'  12".55 

Level       «        I  =  +  80  .90 

C  +  Z  =  341    28  33  .45 

Z=    58      7     2  .48 

z  =    76    88  29  .03 

This  zenith  distance  does  not  correspond  precisely  to  the  mean 
time  Ty  on  account  of  the  moon's  proximity  to  the  meridian.  To 
obtain  the  correction  for  second  differences  by  our  formula  (228), 
we  have  found  above  the  differences  between  the  several  clock 
times  and  T^  and  also  the  mean  (m^)  of  the  corresponding  values 
of  m.  Then,  to  compute  the  coefficient  k,  we  have  the  approxi- 
mate azimuth  of  the  moon  at  the  time  of  observation, 

A  =  +  80  58'.8 
and  the  moon's  declination, 

ij  =  —  23^  84'.5 
He^ce,  with  <p  =  51°  28'.6,  by  the  formul© 


BID  J. 

Bin  q  = COB  0 

COB  d 


we  find 


log  Bin  q  =  9.0267, 


.     .       sin  A    . 
Bin  t  = sm  f 

COB  d 


log  sin  t  =  9.2194 


and  then 


log  k  =  0.7727 
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The  change  of  the  moon's  right  ascension  in  one  minute  of 
mean  time  was  2'.40;  and  hence,  hy  the  table  in  Art.  154, 

ar.  CO.  log  B  =  log(l  —  k)  =  9.9823 

We  have,  therefore,  the  correction 

TVa~^)'A:m,=  +  4'.37 

which,  being  added  to  the  sidereal  time  above  found,  ^ves 
19*  42"  7M9  as  the  sidereal  time  corresponding  to  the  apparent 
zenith  distance  76°  38'  29''.03. 

It  should  be  observed  that  in  the  observation  of  the  collimator 
one  of  the  horizontal  threads  is  made  to  bisect  the  cross  thread 
of  the  collimator,  and,  therefore,  in  order  to  make  the  circle 
readings  correspond  to  the  mean  of  the  threads,  they  must  be 
increased  by  the  distance  of  the  horizontal  thread  employed 
from  the  mean.  In  the  above  observations  the  4th  thread  was 
employed,  the  distance  of  which  from  the  mean  of  the  six 
threads  was  1'  0".46.  This  quantity  is  included  in  the  circle 
readings  above  given,  so  that  they  represent  the  readings  that 
would  have  been  obtained  if  the  fictitious  thread  called  the  mean 
thread  had  actually  been  observed  in  coincidence  with  the 
threads  of  the  collimator. 

In  conclusion,  it  is  to  be  remarked  that  stars  may  be  observed 
both  directly  and  by  reflection  in  a  mercury  horizon,  in  which 
case  the  difference  of  the  readings  of  the  vertical  circle  (corrected 
for  any  change  in  the  alidade  levels,  &c.)  w^ill  be  twice  the  alti- 
tude. The  combination  of  the  reflected  observations  in  both 
positions  of  the  axis  gives  the  nadir  point  of  the  instrument, 
precisely  as  the  zenith  point  is  obtained  from  the  direct  obser- 
vations. The  method  of  conducting  such  observations  will  be 
readily  inferred  from  what  has  already  been  said  under  Meridian 
Circle,  Art  200. 

[For  an  example  of  the  use  of  a  portable  instrument  in  de- 
termining the  longitude  of  a  place  by  the  moon's  azimuth,  see 
Vol.  L  p.  880.] 
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THE  ZENITH   T£L£SCX)PE. 


224.  The  zenith  telescope  is  a  portable  instrument  specia&y 
adapted  for  the  measurement  of  small  differences  of  zenith  dis- 
tance. It  is  essentially  the  invention  of  Capt  Andrew  Talcott, 
of  the  TJ.  S.  Corps  of  Engineers  (in  1834) ;  but,  having  been  exclu- 
sively adopted  in  the  U.  S.  Coast  Survey  for  the  determination 
of  latitudes,  it  has  there  received  several  improvements,  which 
have  given  it  a  more  general  character  than  it  possessed  at  first 
As  now  constructed,  it  can  be  used  at  all  zenith  distances,  and 
may  be  regarded  as  designed  for  the  comparison  of  any  two  nearly 
equal  zenith  distances  in  any  azimuths.  The  method  of  finding 
the  latitude  by  this  instrument,  now  known  as  TalcotCs  Methody 
is  one  of  the  most  valuable  improvements  in  practical  astronomy 
of  recent  years,  surpassing  all  previously  known  methods  (not 
excepting  that  of  Bbssel  by  prime  vertical  transits)  both  in  sim- 
plicity and  in  accuracy. 

Plate  XTTT.  represents  one  of  the  zenith  telescopes  of  the 
TJ.  S.  Coast  Survey.  The  telescope  is  attached  to  one  end  of  a 
horizontal  axis  Q,  and  is  counterpoised  by  a  weight  0  at  the 
other  end,  which  is  so  connected  with  the  telescope  by  the 
curved  lever  P,  P,  P  as  to  tend  not  only  to  equalize  the  pressure 
of  the  axis  Q  upon  the  two  Vs,  but  to  prevent  the  flexure  of  the 
axis.  The  Vs  of  the  horizontal  axis,  one  of  which  is  seen  at  JV, 
are  connected  with  each  other  by  the  horizontal  bar  JHf,  and 
thereby  to  the  vertical  column  C  This  column  revolves  about 
a  vertical  axis  and  carries  a  vernier  and  clamp  e,  by  means  of 
which  it  may  be  set  at  any  reading  of  the  horizontal  circle  B£. 
The  vertical  axis  and  horizontal  circle  are  secured  to  a  tripod, 
the  feet  of  which,  J.,  -4,  A,  are  levelling  screws  for  adjusting  the 
verticality  of  the  axis.  The  striding  level  S  is  applied  to  the 
horizontal  axis,  as  in  the  case  of  the  transit  instrument. 

We  now  come  to  the  distinctive  features  of  the  instrument, 
the  spirit  level  L  and  the  micrometer  E.    The  level  L  is  at  right 
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angles  to  the  horizontal  axis,  and,  consequently,  in  the  plane  of 
motion  of  the  telescope,  and  is  firmly  connected  with  the  bar  H^ 
which  revolves  upon  a  centre  secured  to  the  telescope :  so  that 
it  may  be  placed  at  any  angle  with  the  optical  axis  of  the  tele- 
scope. In  order  to  set  the  level  at  any  given  angle  approximately, 
the  bar  H  carries  a  vernier,  which  by  the  clamp  /  can  be  fixed 
at  any  reading  of  the  vertical  circle  K^  and  this  circle  is  perma- 
nently connected  with  the  telescope.  This  circle,  being  graduated 
from  0°  at  its  middle  point  to  90°  in  each  direction,  will,  when 
properly  adjusted,  give  the  zenith  distance  of  a  star  towards 
which  the  telescope  is  directed  when  the  bubble  of  the  level  is 
in  the  middle  of  the  tube ;  and  it  therefore  serves  as  a  finder  by 
setting  the  vernier  upon  the  given  zenith  distance  of  a  star  and 
then  revolving  the  telescope  until  the  bubble  plays.  When  the 
telescope  is  thus  approximately  set,  it  is  clamped  by  the  screw 
G^  which  acts  upon  a  circular  collar  around  the  horizontal  axis, 
and  then  a  fine  motion  in  zenith  distance  can  be  given  to  the 
telescope  by  the  tangent  screw  F,  This  fine  motion  is  required 
only  in  bringing  the  bubble  of  the  level  nearly  to  the  middle  of 
the  tube. 

^  is  a  filar  micrometer  with  one  or  more  movable  threads 
carried  by  a  single  micrometer  screw  with  a  graduated  head 
reading  directly  to  hundredths  of  a  revolution,  and  by  estima- 
tion to  thousandths.  In  the  instruments  in  use,  one  revolution 
is  usually  less  than  50",  and  hence  each  observation  is  read  ofl:*, 
by  estimation,  within  less^than  0".05.  Thei'e  are  usually  added 
several  fixed  vertical  threads,  so  that  the  instrument  can  be  used 
as  a  transit  instrument  when  required. 

In  the  preliminary  adjustment,  when  setting  up  the  instru- 
ment, the  test  of  the  verticality  of  the  axis  C  is  that  the  reading 
of  the  striding  level  S  is  not  changed  while  the  instrument  makes 
a  complete  revolution  in  azimuth.  The  perpendicularity  of  the 
horizontal  and  vertical  axes  Q  and  C  is  proved  when,  after 
having  made  C  vertical,  Q  is  horizontal ;  and  the  latter  is  proved 
by  reversing  the  level  S  upon  the  axis. 

The  middle  transit  thread  can  be  approximately  adjusted  by 
causing  it  to  coincide  with  a  very  distant  terrestrial  point  in  two 
positions  of  the  telescope  for  which  the  readings  of  the  hori- 
zontal circle  diflfer  exactly  180°.  This,  however,  is  but  an 
approximation;  for  there  will  be  a  parallax  in  the  apparent 
position  of  any  terrestrial  point  as  observed  in  the  two  positions, 
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since  the  abdolute  position  of  the  centre  of  the  telescope  is 
changed  by  twice  its  constant  distance  from  the  vertical  axis. 
We  can  easily  compute  the  amount  of  this  parallax  in  a  given 
case  and  allow  for  it ;  for  if  rf  =  the  distance  of  the  centre  of  the 
telescope  from  the  vertical  axis,  D  =  the  distance  of  the  object, 
and  p  =  the  parallax,  we  have 

_       d 
^  ■"  D  sin  1" 

but,  as  the  horizontal  circle  is  not  designed  for  very  accurate 
measures,  it  will  not  usually  be  worth  while  to  use  this  method 
further  than  to  make  a  first  adjustment.  A  perfect  adjustment 
can  be  directly  effected  by  the  use  of  two  coUimating  telescopes 
(Transit  Inst.,  Art.  145),  for  which  we  can  temporarily  use  the 
telescopes  of  two  theodolites  or  other  field  instruments  at  hand. 
When  the  instrument  is  used  as  a  transit,  the  coUimation  con- 
stant can  be  determined  from  a  number  of  stars  observed  in  the 
two  positions  of  the  axis  by  the  method  of  least  squares,  sup- 
posing two  different  azimuths  but  the  same  collimation  in  the 
two  sets  of  equations  of  condition,  as  in  the  example,  p.  202. 

The  verticality  of  the  transit  threads  is  proved  by  the  methods 
used  for  the  transit  instrument. 

In  finding  the  latitude  by  meridian  observations,  the  instru- 
ment is  frequently  revolved  in  azimuth  180°  for  the  alternate 
observation  of  north  and  south  stars,  and,  to  save  time  in  this 
operation,  two  stops,  6,  i,  are  provided,  which  can  be  clamped 
at  any  points  of  the  limb  of  the  horizontal  circle,  and,  conse- 
quently, at  such  points  tlmt  the  telescope  shall  be  in  the  meri- 
dian when  the  clamp  e  bears  against  either  stop. 

225.  TakotCs  method  of  finding  the  latUude. — ^Two  stars  are 
selected  which  culminate  at  nearly  equal  zenith  distances,  one 
north  and  the  other  south  of  the  zenith.  The  difference  of  their 
zenith  distances  must  be  less  than  the  breadth  of  the  field  of  the 
telescope,  and  it  is  better  to  have  it  less  than  half  this  breadth,  to 
avoid  observations  near  the  edge  of  the  field.  Their  right  ascen- 
sions should  be  nearly  equal,  so  that  their  transits  may  occur 
within  so  short  a  period  that  the  state  of  the  instrument  may  be 
assumed  to  have  remained  unchanged ;  but  a  sufficient  interval 
should  be  allowed  for  making  the  necessary  observation  of  the 
level  and  micrometer  and  for  reversing  in  azimuth.     The  stops 
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having  been  previously  set  (by  means  of  some  known  star)  so  as 
to  mark  the  meridian,  the  finding  circle  K  is  set  to  the  mean 
zenith  distance  of  the  two  stars,  and  the  telescope  is  pointed  so 
as  to  make  the  reading  of  the  level  i  nearly  zero.  The  tele- 
scope can  now  be  directed  upon  either  star  by  revolving  the 
instrument  about  the  vertical  axis,  and  this  axis  is  supposed  to 
be  so  nearly  vertical  that  the  reading  of  the  level  will  not 
be  greatly  changed,  since  for  accurate  determinations  with  a 
spirit  level  it  is  always  important  to  make  the  inclinations  which 
it  is  to  measure  as  small  as  possible,  and  not  to  use  the  extreme 
divisions.  The  chronometer  times  of  the  transits  of  the  stars 
have  been  previously  computed  from  their  right  ascensions  and 
the  chronometer  correction.  The  instrument  being  set  for  the 
star  which  culminates  first,  when  the  star  comes  into  the  field 
an  assistant  calls  the  seconds  of  the  chronometer,  and  the 
observer  bisects  the  star  by  the  micrometer  thread  as  nearly  as 
possible  at  the  computed  time  of  transit ;  or,  failing  in  doing 
this  satisfactorily,  he  bisects  it  soon  after,  and  records  the  actual 
time  of  the  observation.  He  then  reads  the  level  and  micro- 
meter, revolves  the  instrument  180°,  and  observes  the  second 
star  in  the  same  manner. 

Several  bisections  of  the  star  might  be  made  while  it  is  passing 
through  the  field,  and  each  could  be  reduced  to  the  meridian; 
but  in  the  Coast  Survey  a  single  deliberate  meridian  observa- 
tion is  regarded  as  preferable  to  several  circummeridian  obser- 
vations.* 

We  must  not  fail  to  remark  that,  since  the  excellence  of  this 
method  depends  upon  the  invariability  of  the  angle  which  the 
telescope  and  level  make  with  each  other,  the  observer  must  not 
touch  the  tangent  screw  I  after  having  set  for  the  proper  zenith 
distance,  until  the  observation  of  the  two  stars  is  completed. 
The  same  restriction  does  not  apply  to  the  tangent  screw  F^ 
which  moves  the  telescope  and  level  together ;  and,  in  case  the 
vertical  axis  is  not  very  well  adjusted,  it  may  be  necessary  to 

*  The  single  obserration  is  preferable  on  the  score  of  simplicity  in  the  subsequent 
reduotions,  but  it  cannot  be  regarded  as  more  accurate  than  the  mean  of  several 
properly  taken  obseryations.  The  best  reason  for  preferring  the  single  obserration 
is  found  in  the  present  state  of  the  star  catalogues,  for  even  the  single  obserration 
with  the  zenith  telescope  is  subject  to  a  less  probable  error  than  the  place  of  the  star 
in  most  of  the  catalogues  that  have  to  be  used.  It  is,  therefore,  preferable  to 
simplify  the  indiTidual  observations  and  to  multiply  observations  by  taking  different 
pairs  of  stars. 
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use  this  screw,  after  taming  to  the  second  star^  in  order  to  bring 
the  bubble  of  the  level  near  the  middle  of  the  scale. 

Now  let  m  be  the  micrometer  reading  (reduced  to  arc)  for  the 
southern  star.  Let  70^  be  the  micrometer  reading  for  any  point 
of  the  field  arbitrarily  assumed  as  the  micrometer  zero ;  and  let 
Co  be  the  apparent  zenith  distance  represented  by  m^  when  the 
level  reading  is  zero.  Let  us  also  suppose  that  the  micrometer 
readings  increase  as  the  zenith  distances  decrease.  Then,  if  the 
level  reading  were  zero,  the  apparent  zenith  distance  of  the  star 
would  be 

Let  I  be  the  equivalent  in  arc  of  the  level  reading,  positive  when 
the  reading  of  the  north  end  of  the  level  is  the  greater;  let  r  be 
the  refraction.  Then  the  true  zenith  distance  of  the  southern 
star  is 

^  =  ^0  +  ^0  —  tn  -{- 1  +  r 

The  quantity  ^o  +  ^  is  constant  so  long  as  the  relation  of  the 
level  and  telescope  is  not  changed.  We  shall,  therefore,  have 
for  the  northern  star 

z'  =  ^^  +  m^  —  m'  —  r  +  r' 
Hence  we  have 

r  — y=m'— m  +  Z'+Z  +  r  — r' 

But,  if  8  and  5'  are  the  declinations  of  the  south  and  north  stars, 
respectively,  and  y  the  latitude,  we  have 

f  =  ^  +z 
and,  therefore, 

Thus,  to  the  mean  of  the  declinations  we  have  to  add  three  cor- 
rections, which  I  shall  consider  separately. 

226.  The  correction  for  refraction. — ^The  observations  being 
usually  restricted  to  zenith  distances  less  than  25*^,  and  the  differ- 
ence of  zenith  distance  being  necessarily  less  than  the  breadth 
of  the  field  of  the  telescope,  the  difference  of  the  refractions  is 
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BO  &^all  that  the  yariations  depending  on  the  state  of  the  barom- 
eter and  thermometer  are  not  sensible^'  and  we  may  employ  the 
equation 

In  which,  if  z  —  z'  is  expressed  in  minutes,  the  differential 
quotient  -j-  will  denote  the  change  of  the  mean  refraction  cor- 
responding to  a  change  of  one  minute  of  zenith  distance.  If 
we  take  Besskl's  formula  for  the  refraction, 

r  =  tt  tan  e 

in  which  a  may  be  regarded  as  constant  for  small  variations  of 
Zj  we  have 

dr a  sin  1' 

dz         cos'^r 

by  which  we  readily  form  the  following  table : 


f 

dr 

0° 

0".0168 

5 

.0169 

10 

.0178 

15 

.0180 

20 

.0190 

25 

.0205 

The  principal  term  in  the  value  of  «  —  z'  is  m'  —  m,  and  we 
may  in  practice  take  (m'  —  m  being  expressed  in  minutes) 


j(r-r')  =  U'n'-"») 


dz 


(284) 


The  correction  for  refraction  then  has  the  same  sign  as  the  cor- 
rection for  the  micrometer.* 


*  If  we  wish  to  consider  the  aotual  state  of  the  air  as  giyen  by  the  barometer  and 

thermometer,  we  hare  only  to  multiply  the  yalues  of  —  by  ^  and  /,  whose  loga- 

dz 


rithms  are  giren  in  Table  II. 
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227.  The  correction  for  level — ^If  we  denote  the  readings  of  the 
north  and  south  ends  of  the  bubble  by  n  and  s^  the  inclinations 
observed  at  the  observations  of  the  south  and  north  stars,  re- 
spectively, expressed  in  divisions  of  the  level,  or,  as  I  shall  call 
them,  the  level  readings^  will  be 

■~     2  ■"     2 

and,  putting  D  =  the  value  of  a  division  of  the  level  in  seconds 
of  arc,  we  shall  have 

l  =  LD  V=L'D 

and  the  correction  for  the  level  will  be 

Kr  +  0=Ki'  +  i)^  =  (^+-^-f^^^^ti))D        (236) 

Thus  the  correction  for  the  level  is  found  with  its  proper  sign  by 
subtracting  the  sum  of  the  south  end  readings  from  the  sum  of 
the  north  end  readings,  and  multiplying  one-fourth  the  remainder 
by  the  value  of  a  division, 

228.  The  correction  for  the  micrometer. — If  we  denote  the  actual 
micrometer  readings  for  the  south  and  north  stars  by  M  and  JSf ', 
expressed  in  revolutions  of  the  screw,  and  put  B  =  the  value  of 
a  revolution  in  seconds,  we  have 

l(m'  —  m)  =  i(^M'^M)E  (236) 

We  have  supposed  the  readings  to  increase  as  the  zenith  dis- 
tances decrease,  or,  which  is  the  same  thing,  that  the  readings 
increase  from  the  upper  part  of  the  field  towards  the  lower  part 
This  is  desirable  only  on  account  of  the  symmetry  it  gives  to  the 
reductions,  the  proper  sign  of  the  correction  being  determined,  as 
in  the  case  of  the  level,  by  always  subtracting  south  readings 
from  north  readings.  But  it  is  well  to  reverse  the  instrument 
occasionally,  using  the  telescope  sometimes  on  the  right  and 
sometimes  on  the  left  of  the  vertical  axis,  in  order  to  eliminate 
any  unknown  peculiar  error  of  the  instrument,  and  in  conformity 
with  the  general  principle  of  varying  the  circumstances  under 
which  diflferent  determinations  of  the  same  quantity  are  made. 
This  reversal,  of  course,  reverses  the  sign  of  the  readings,  and 
therefore  when  the  readings  are  the  reverse  of  those  above  sup- 
posed it  VTill  be  sufficient  to  mark  them  all  with  the  negative 
sign,  and  then  to  proceed  by  the  same  formulae  as  before. 
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229,  Heduction  to  the  meridian. — ^When  from  any  cause  the 
observer  fails  to  obtain  the  meridian  observation,  a  single  extra- 
meridian  observation  is  usually  substituted.  This  observation 
may  be  taken  in  either  of  two  ways. 

IHrsi.  The  instrument  is  left  clamped  in  the  meridian,  and  the 
star  is  observed  at  a  certain  distance  from  the  middle  vertical 
thread,  the  time  being  noted.  The  reduction  to  the  meridian  is 
then  the  same  as  for  the  meridian  circle  (Art.  199),  namely,  i 
being  the  hour  angle  of  the  star  in  seconds  of  time, 

i(16T)«sinr'8in2d 

This  is  to  be  added  to  the  observed  zenith  distance  of  a  southern 
star,  or  subtracted  from  that  of  a  northern  star,  and  in  either  case 
one-half  of  it  is  to  be  added  to  the  latitude.  The  correction  to 
the  latitude  is,  therefore, 

x  =  1(15  t)«  sin  1"  sin  2  ^  =  [6.1347]  t>  sin  2  d  (237) 

when  one  of  the  stars  of  a  pair  is  observed  out  of  the  meridian. 
If  both  are  so  observed,  two  such  corrections,  separately  com- 
puted for  each,  must  be  added.  If  the  star  is  south  of  the 
equator,  the  essential  sign  of  the  correction  is  negative. 

Secondly/.  We  may  follow  the  star  off  the  meridian  by  revolving 
the  instrument  in  azimuth,  keeping  the  star  near  the  middle 
vertical  thread.  The  reduction  is  then  the  same  as  that  of 
circummeridian  altitudes  (Vol.  I.  Art.  170),  namely, 

(15T)«8in  1"  cos  ^  cos  d 
2  Hvnz 

which  is  always  subtractive  from  the  observed  zenith  distance, 
and  therefore  the  correction  to  the  latitude  in  this  case  will  be 

^^^(15r)'6inl"  cosycosa 
4  sin  z 

the  upper  sign  for  a  northern  and  the  lower  for  a  southern  star. 

280.  Selection  of  stars. — The  fundamental  stars  whose  declina* 
tions  are  determined  with  the  highest  degree  of  precision  are  too 
few  to  afford  suitable  pairs  for  this  method,  and  hence  we  must 
have  recourse  to  the  smaller  stars.  Those  of  the  6th  or  7th 
magnitude  are  the  smallest  that  can  be  easily  observed  with  a 
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portable  instrument.  But,  as  the  declinations  of  these  stars  are 
not  very  precisely  determined^  we  are  obliged  to  employ  a  large 
number  of  pairs  in  order  to  eliminate  their  errors  as  far  as  possi- 
ble by  taking  the  mean  of  all  the  results.  The  British  Associa- 
tion Catalogue  will  generally  furnish  from  fifteen  to  thirty  pairs 
for  any  given  latitude  on  almost  any  night  in  the  year,  but,  as 
the  declinations  of  the  stars  selected  will  often  be  found  to  rest 
upon  a  single  observation,  or  upon  a  single  authority,  these  ought 
to  be  rejected  unless  they  can  be  found  also  in  more  recent 
catalogues.  In  order  to  secure  every  available  pair,  the  catalogue 
should  be  consulted  from  the  earliest  right  ascension  which  the 
daylight  at  the  time  of  the  beginning  of  the  series  of  observa- 
tions permits,  to  the  latest  hour  at  which  it  is  desirable  to  observe. 
It  is  found  expedient  to  prepare  a  table  in  which  all  the  stars 
which  culminate  within  25°  of  the  zenith,  both  north  and  south, 
are  arranged  in  the  order  of  their  right  ascensions.  From  this 
table  suitable  pairs  are  selected  to  satisfy  as  nearly  as  possible  the 
following  conditions :  1st,  The  difference  of  the  zenith  distances 
in  a  pair  should  not  be  more  than  10' ;  in  order  not  to  have  to 
observe  either  star  near  the  edge  of  the  field,  and  also  in  order 
to  lessen  the  effect  of  an  error  in  the  determination  of  the  value 
of  the  micrometer  screw.  2d,  The  difference  of  the  right  ascen- 
sions of  a  pair  should  not  be  less  than  one  minute,  so  as  to  give 
time  to  read  the  micrometer,  and  to  revolve  the  instrument  to 
be  prepared  for  the  second  star;  and  not  greater  than  about 
twenty  minutes,  to  avoid  changes  in  the  state  of  the  instrument 
8d,  The  interval  between  pairs  should  afford  time  for  reading 
the  micrometer  and  level,  and  for  setting  the  instrument  for  the 
next  pair.  4th,  The  greater  zenith  distance  should  be  as  often 
that  of  the  northern  as  that  of  the  southern  star,  as  an  error  in 
the  value  of  the  micrometer  screw  will  thereby  be  rendered  less 
sensible.  The  effect  of  such  an  error  would  evidently  be  wholly 
insensible  in  the  case  of  a  pair  whose  zenith  distances  were 
exactly  equal ;  and,  in  general,  for  any  number  of  pairs  the  effect 
of  such  an  error  upon  the  final  result  will  be  the  more  nearly 
insensible  the  more  nearly  we  approach  to  the  condition 

Jz  —  r/  =  0  r239) 

231.  Example. — To  illustrate  the  preceding  method,  I  extract 
from  the  records  of  the  U.  S.  Coast  Survey,  by  the  kind  permis- 
sion of  the  Superintendent,  a  portion  of  the  observations  taken 
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at  the  Roshfu  Station^  Virginia,  in  July,  1852,  and  shall  give  them 
very  nearly  in  the  form  in  which  they  are  recorded  and  reduced 
upon  the  survey.  After  selecting  the  most  suitable  pairs  of  stars 
by  the  process  above  described,  a  list  is  made  out  for  the  use  of 
the  observer  in  preparing  for  each  observation,  as  follows : 

Programme  for  Zenith  Telescope. 
U.  S.  C.  S.  Roslyn  Station,  Va.  Approz.  lat.  =  87^  14' 


star. 

Mag. 

AR. 

Deo. 

Zen.  Diet. 

Setting. 

B.  AC.  4843 
«      4902 

6 
6 

14»  38" 
14  43 

21* 
37 

+  46°    3' 
29    14 

7<'49' 
8      0 

S. 

7°  56' 

«      4902 

6 

14  43 

37 

29    14 

8      0 

a 

"      4966 

5} 

14  57 

55 

45    14 

8      0 

N. 

8     0 

«      4991 

6 

15     2 

2 

26    62 

10    22 

S. 

«      5092 

7 

15  20 

21 

47    85 

10    21 

N. 

10    21 

«      6092 

7 

15  20 

21 

47    35 

10    21 

N. 

"      6192 

5 

15  36 

33 

26    46 

10    28 

S. 

10    24 

&c. 

&c. 

The  following  are  some  of  the  observations  taken  by  Mr.  Dbanj 


Date, 
1862. 

Star. 

Mierometer. 

LeTel. 

Merid. 
dist. 

No. 
B.A.C. 

N. 
S. 

Beading. 

Diff.  Z.  Diet. 

N. 

S. 

N  — S. 

July  9 

4843 
4902 

•s. 

BST. 

29.590 
12.840 

Ber. 
+  17.250 

32.4 
34.0 

86.0 
36.3 

—  8.9 

- 

«     9 

4902 
4965 

S. 

12.840 
13.990 

+    1.650 

34.0 
33.8 

36.3 
37.0 

-4.5 

"     9 

4991 
5092 

S. 

23.810 
25.525 

+    1.715 

31.2 
39.2 

39.5 
83.0 

—  2.1 

«     9 

5092 
5192 

N. 
S. 

25.525 
14.800 

+  10.726 

39.2 
32.8 

33.0 
41.0 

—  2.0 

«  19 

5911 
5922 

S. 

14.805 
26.675 

—  11.870 

48.5 
43.0 

43.6 
49.0 

—  1.1 

10'.9 

«  20 

6453 
6530 

S. 

8.225 
5.360 

-    2.865 

44.4 
50.2 

49.4 
43.5 

+  1.7 

20.5 

850 
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The  stars  5911  and  6453  were  observed  out  of  the  meridian  at 
the  hour  angles  lO'.O  and  20*,6,  respectively,  the  instrument 
remaining  in  the  meridian. 

The  next  step  is  to  deduce  the  apparent  declinations  for  the 
dates  of  the  observations  from  the  catalogues,  using  for  this  pur- 
pose not  only  the  B.  A.  C,  but  also  any  later  catalogues  in  which 
the  stars  can  be  found. 

The  value  of  a  revolution  of  the  micrometer  was  It  =  41".40, 
and  that  of  one  division  of  the  level  was  D  =  1".65.  The  com- 
putation of  the  latitude  is  then  as  follows: 


star. 

8  and  a' 

*(«  +  8') 

Correctious. 

Latitude. 

MIcrom. 

LeTel. 

Befr. 

Merid. 

4848 
4902 

+45«   2'66".56 
4-29    14     1  .85 

87« 

8'  29".21 

+5'67".08 

— 1".61 

^O'MO 

370  14/  24".78 

4902 
4965 

29    14     1  .86 
45    18  43  .64 

37 

18  52  .76 

+0  84  .15 

-1  .86 

+0.01 

26  .06 

4991 
5092 

26   52  24  .73 
47    85  16  .37 

37 

18  50  .65 

+0  85  .50 

-0.87 

+0.01 

26  .19 

5092 
6192 

47    85  16  .87 
26   46  13  .52 

37 

10  44  .96 

+8  42  .01 

-0.83 

+0.06 

26  .19 

5911 
5922 

48   23  22  .47 
26    18  41  .86 

87 

18  81  .92 

—4    5  .71 

-0.46 

-0.07 

+0.02 

25  .71 

6463 
6530 

22    27  47  .31 
52     8     0  .81 

87 

15  28  .81 

—0  59  .31 

+0.70 

—0.02 

+0.04 

25  .22 

Mean  =  87   14  25  .8 


232.  Discussion  of  the  results. — ^In  combining  the  results  ob- 
tained by  this  method,  we  should  have  regard  to  their  respective 
weights.  The  weight  of  any  result  from  a  pair  is  a  function  of 
the  probable  error  of  the  declinations  of  the  stars  and  of  the 
probable  error  of  observation. 

The  probable  error  of  an  observation  of  a  single  pair,  which 
may  be  denoted  by  e,  is  found  by  comparing  all  the  observations 
on  the  same  pair  with  their  mean,  where  a  sufficient  number  of 
observations  have  been  taken.  Assuming  that  the  probable 
error  of  observation  is  the  same  for  every  pair  of  stars,  we  can 
find  its  mean  value  from  all  the  pairs,  as  follows.  If  v^  denotes 
the  residuals  obtained  by  comparing  the  mean  of  the  results  by 
the  first  pair  with  Wj  individual  results  from  that  pair,  v^  tlie 
residuals  obtained  in  like  manner  from  a  second  pair  on  which 
there  are  n,  observations,  and  so  on,  to  m  pairs,  we  have,  accord- 
ing to  the  theory  of  least  squares. 


ZENITH  TBLBSCOPE. 


851 


(n,  ^l)ee  =  q*  [v^vj 


(n^  — l)ee  =  gr'[r^T;J 

where  [^i^J  A;c.  denote  the  sums  of  the  squares  of  the  values 
of  v^,  &e.,  and  q  is  the  factor  for  reducing  mean  errors  to  pro- 
bable errors.  (See  Appendix,  Art.  15.)  The  sum  of  these  equa- 
tions gives 

(n  —  m)ee  =  j"  [w] 

where  n  denotes  th6  whole  number  of  individual  results,  or  n 

=  rii  +  Tij  + +  ^m>  ^^^  \y^l  ^^^  sum  of  the  squares  of  all 

the  residuals,  or  [yv]  =  [v^o^"]  +  [i\v^  + +  [vj)^.    Hence 

we  have 


Vlvv 


m 


q  =  0.6745 


(240) 


Example. — The  individual  results  of  the  whole  series  of  ob- 
servations at  Roslyn  in  July,  1852,  from  which  the  above  are 
extracted,  were  as  stated  in  the  following  table,  in  which  only 
the  seconds  of  latitude  are  given. 

To  find  the  error  of  observation. 


No.  of 
p*ir. 

Lat. 

Means. 

V 

w 

1 

24".78 

2 

25  .06 

s} 

26  .19 

24  .47 

24".88 

.86 
.36 

.1296 
.1296 

•1 

26  .19 
26  .94 
26  .47 

26  .20 

.01 
.26 

.27 

.0001 
.0676 
.0729 

•I 

26  .52 
26  .08 
26  .14 

26  .91 

.89 
.17 
.28 

.1521 
.0289 
.0529 

ej 

22  .95 
22  .50 

22  .78 

.22 
.28 

.0484 
.0529 

852 
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No.  of 

Lst. 

M«uis. 

• 

«« 

pair. 

r 

26".26 

.88 

.1089 

25  .42 

.51 

.2601 

7- 

25  .96 

26  .01 

25".98 

.03 
.08 

.0009 
.0064 

25  .98 

.05 

.0025 

v» 

25  .96 

.08 

.0009 

j- 

25  .47 

.29 

.0841 

24  .97 

.21 

.0441 

8- 

24  .95 

25  .18 

.23 

.0529 

25  .30 

.12 

.0144 

24  .99 

.19 

.0861 

l^ 

25  .88 

.20 

.0400 

r 

26  .17 

.72 

.5184 

25  .64 

.25 

.0625 

9. 

26  .00 

25  .89 

.11 

.0121 

26  .45 

.56 

.8136 

V 

26  .17 

.28 

.0784 

f 

25  .92 

.18 

.0169 

10- 

25  .46 
25  .70 

25  .79 

.83 
.09 

.1089 
.0081 

^ 

26  .09 

.80 

.0900 

c 

25  .15 

.62 

.8844 

11. 

24  .24 
24  .43 

24  .58 

.29 
.10 

.0841 
.0100 

^ 

24  .29 

.24 

^  .0576 

f 

26  .18 

1.08 

1.0609 

12  J 

24  .17 

25  .16 

.98 

.9604 

1 

25  .10 

.05 

.0025 

/•' 

25  .78 

.51 

.2601 

18. 

25  .78 
24  .12 

25  .22 

.56 
1.10 

.8186 
1.2100 

V 

25  .28 

.01 

.0001 

r 

24  .86 

.02 

.0004 

14. 

24  .55 

25  .16 

24  .84 

.29 
.32 

.0841 
.1024 

N 

24  .80 

.04 

.0016 

f 

25  .91 

.66 

.8025 

15- 

25  .00 
25  .18 

25  .86 

.86 
.18 

.1296 
.0824 

X 

25  .35 

.01 

.0001 
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No.  of 
pair. 


16 


17^ 


18. 


19-^ 


20^ 


Lat 


25".94 
26  .74 
26  .23 
25  .18 

25  .82 

26  .01 
24  .99 

24  .86 

26  .87 

25  .94 

25  .84 

26  .16 

25  .97 
25  .92 
25  .60 

25  .37 

26  .02 
25  .67 
25  .89 
25  .20 


26  .32 

21-1       25  .49 

25  .97 

n  =  73 

m  =  19 

n  —  m  =  54 


Means. 


26".02 


26  .42 


26  .08 


25  .72 


25  .70 


25  .93 


.08 
.72 
.21 
.84 

.40 
.59 
.43 
.56 

.29 
.14 
.24 

.08 

.25 
.20 
.12 
.35 

.32 
.03 
.19 
.50 

.39 
.44 
.04 

[rw]  =  11.0169 


.0064 
.6184 
.0441 
.7056 

.1600 
.S48H 
.1849 
.8186 

.0841 
.0196 
.0576 
.0064 

.0626 
.0400 
.0144 
.1225 

.1024 
.0009 
.0361 
.2600 

.1621 
.1936 
.0016 


Hence,  e  =  0.6745-^ 


'T' =«"■«» 


This  small  probable  error  is  a  proof  both  of  the  great  supe- 
riority of  this  method  over  all  previously  known  methods  of 
finding  the  latitude,  and  of  the  skill  of  the  observer.  Possibly 
an  unusually  favorable  state  of  the  atmosphere  may  have  con- 
spired to  give  this  series  an  unusual  degree  of  precision,  as  the 
average  experience  of  the  observers  of  the  Coast  Survey  gives 
the  value  of  e  somewhat  greater.  Not  to  assume  too  high  a 
degree  of  precision  for  the  observations,  the  adopted  value  upon 

the  Survey  is 

e  =  0".60 
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and  even  this  value  justifies  us  in  asserting  that  the  results  hy 
this  method  compare  favorably  with  those  obtained  by  first  class 
fixed  instruments  of  the  observatory,  where  the  measures  depend 
upon  graduated  circles. 

But  the  precision  of  the  results  is  impaired  by  the  defective 
state  of  the  catalogues  of  the  smaller  stars,  and  the  necessity  for 
using  such  stars  in  order  to  find  suitable  pairs  is  the  only  ^^weak 
point  of  the  method."  The  facility  of  multiplying  the  number 
of  pairs,  on  account  of  the  extreme  simplicity  of  the  observations, 
in  a  great  degree  compensates  for  this  defect. 

If  now  we  denote  the  probable  error  of  an  observed  zenith 
distance  by  «,,  we  have  the  probable  error  of  the  observed  difl^er- 
ence  z  —  2'  =  1/2^/,  and  the  above  value  of  t  is  the  probable 
error  of  J  (-J  —  z').    Hence  we  have  the  relation 

and,  taking  e  =  0".60, 

e,=  ev/2  =  0".71 

which  represents  the  combined  effect  of  the  error  in  bisecting 
the  star,  the  culmination  error,  or  error  peculiar  to  a  culmina- 
tion arising  from  an  anomalous  variation  in  the  refraction  and 
affiBcting  differently  the  two  stars  of  a  pair,  the  errors  in  the 
values  of  the  micrometer  and  level  divisions,  and  errors  arising 
from  changes  in  the  instrument  (resulting  chiefly  from  changes 
of  temperature)  between  the  two  observations  of  a  pair.  Of 
these,  the  most  important  is  the  error  in  bisecting  the  star, 
which  is  strictly  the  error  of  observation. 

233.  Having  found  the  probable  error  of  observation,  we  can 
determine  that  of  the  declinations  employed.  For  if  e  is  the 
probable  error  of  observation  of  the  mean  value  of  ip  deduced 
from  all  the  observations  of  a  pair,  JF^  the  probable  error  of  the 
mean  of  two  declinations,  E^  the  probable  error  of  the  latitude, 
composed  of  the  errors  of  observation  and  declination,  we  have 

whence 

JS',«=^^«— e«  (241) 

The  mean  value  of  E^  for  the  stars  employed  (or  for  a  given 
catalogue  when  all  the  declinations  are  taken  from  the  same 
catalogue)  will  be  obtained  from  this  equation  by  employing  in 
the  second  member  mean  values  of  E}  and  e*.    A  mean  vaJue 
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of  E^  will  be  obtained  from  the  several  means  obtained  from 
the  several  pairs  (without  here  attempting  to  assign  different 
weights  to  the  observations)  by  the  usual  method  from  the 
residuals.  The  value  of  e  may  be  obtained  for  each  pair  from 
the  single  observations,  when  they  are  sufficiently  numerous ; 
but,  as  we  wish  in  the  present  investigation  to  use  all  the  obser- 
vations even  where  a  pair  has  been  observed  but  once,  it  will  be 
expedient  to  compute  e  by  the  formula 


n 


in  which  e  is  the  probable  error  of  a  single  observation  of  a  pair 
already  found,  and  n  is  the  number  of  observations  of  that  pair. 
Then  the  mean  of  all  these  values  of  e*  is  to  be  used  in  (241), 
and  this  mean  is,  for  m  pairs. 


=  -iL.ri-| 

m — 1  \ji\ 


(242) 


From    the  observations  at  Roslyn  above  given,  we  form  the 
following  table  : 

To  find  the  probable  error  of  deelinaiion. 


No.  of 

lAt. 

V 

i)» 

No.  of 

1 

pair. 

obB.  =  n 

n 

1 

24".78 

.57 

.3249 

1 

1. 

2 

25  .05 

.30 

.0900 

1 

1. 

3 

24  .83 

.52 

.2704 

2 

0.500 

4 

26  .20 

.85 

.7225 

3 

0.833 

5 

25  .91 

.56 

.8136 

3 

0.383 

6 

22  .73 

2.62 

6.8644 

2 

0.500 

7 

25  .93 

.58 

.3364 

6 

0.167 

8 

25  .18 

.17 

.0289 

6 

0.167 

9 

25  .89 

.54 

.2916 

5 

0.200 

10 

25  .79 

.44 

.1936 

4 

0.250 

11 

24  .53 

.82 

.6724 

4 

0.250 

12 

25  .15 

.20 

.0400 

3 

0.883 

13 

25  .22 

.13 

.0169 

4 

0.250 

14 

24  .84 

.51 

.2601 

4 

0.250 

15 

25  .36 

.01 

.0001 

4 

0.250 

16 

26  .02 

.67 

.4489 

4 

0.250 

17 

25  .42 

.07 

.0049 

4 

0.250 

18 

26  .08 

.73 

.5329 

4 

0.250 

19 

25  .72 

.37 

.1369 

4 

0.250 

20 

25  .70 

.35 

.1225 

4 

0.250 

21 

25  .93 

.58 

.3364 

3 

0.333 

Mean  =  25  .36  [w]  =12.0083 


[i]= 


7.366 
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J?,' =  0.455  X-^^:^  =  0.278 
JEi»  =  0.240 


20 
E,  =  0".49 


The  result  is  the  probable  error  of  the  quantity  J  (5  +  ^').     That 
of  a  single  declination  is,  therefore,  0".49  X  y'2  =  0".69. 

If  all  the  declinations  had  been  taken  from  the  same  authority, 
the  probable  error  thus  found  would  have  determined  tlie  weight 
of  that  authority,  and  could  afterwards  be  used  in  assigning 
weights  to  difterent  observations.  For  this  purpose,  the  proba- 
ble errors  of  the  different  authorities  have  been  determined  from 
the  numerous  observations  of  the  Coast  Survey  by  discussions 
essentially  the  same  as  the  above  (of  course,  confining  each  dis- 
cussion to  stars  taken  from  the  same  source),  with  the  following 
results:  e,  denoting  the  probable  error  of  a  single  declination, 


Authority. 


«« 

f«' 

1".5 

2.25 

1  .0 

1.00 

0  .86 

0.72 

0  .6 

0.36 

0  .5 

0.25 

Groombridge  alone 

B.A.C.  on   authority  of  Bradley,  Piazzi,  and 

Taylor 

The  same  with  additional  modern  authority 

Twelve  Year  (Gr.)  Catalogue,  with  less  than  six 

observations 

Nautical  Almanac,  or  Twelve  Year  Catalogue, 

with  six  or  more  observations 

284.  Combinaiion  of  the  observations  by  weights. — Let  €,  and  te 
denote  the  probable  errors  of  the  declinations  of  the  stars  of  a 
pair  on  which  there  are  n  observations;  then  the  probable  error 
of  J(<J  +  5')i8 

and  that  of  the  latitude  is 


J^*  =  V^'*  +  w 


The  weight  p  of  an  observation  is  reciprocally  proportional  to 
JE"/ ;  or,  since  the  scak  of  weights  is  arbitrary,  we  may  take 


1 


./  +  V  +  *-f 


(248) 
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Adopting  the  Coast  Survey  value  e  =  0".50,  we  have,  theiefore, 


«/+«*'•  + 


(244) 


By  this  formula,  the  weight  unity  would  he  assignee^,  to  a  value 
of  the  latitude  found  by  a  single  observation  of  a  pair  of  stars  when 
the  declinations  were  perfectly  exact,  or  to  a  value  found  by 
two  observations  on  a  pair  of  Nautical  Almanac  stars. 

The  stars  observed  at  Roslyn  were  really  taken  from  various 
authorities,  although,  for  the  sake  of  illustration,  we  have  dis- 
cussed the  probable  error  of  their  declinations  as  we  should  have 
done  if  but  a  single  authority  had  been  used.  Let  us  now  find 
the  final  value  of  the  latitude  from  all  the  observations,  having 
regard  to  their  weights  as  determined  by  this  formula.  In  the 
following  table  the  values  of  t^  are  given  according  to  the 
authorities  from  which  their  declinations  are  taken,  as  stated 
in  the  table  at  the  end  of  the  preceding  article. 


No.  of 
pair. 

f*« 

f«^ 

n 

P 

^ 

p^ 

V  = 

JfVV 

1 

1.00 

0.25 

1 

0.44 

24".78 

10".90 

0".76 

0.25 

2 

0.26 

0.25 

1 

0.67 

26  .05 

16  .78 

0  .49 

0.16 

8 

0.86 

0.36 

2 

0.82 

24  .83 

20  .86 

0  .71 

0.41 

4 

0.86 

1.00 

8 

0.59 

26  .20 

15  .46 

0  .66 

0.26 

6 

1.00 

1.00 

8 

0.43 

25  .91 

11  .14 

0  .87 

0.06 

[6]» 

1.00 

1.00 

2 

[22  .73] 

7 

1.00 

0.25 

6 

0.70 

26  .93 

18  .15 

0  .89 

0.11 

8 

0.86 

1.00 

6 

0.66 

25  .16 

16  .87 

0  .86 

0.09 

9 

0.86 

0.86 

5 

1.09 

26  .89 

28  .22 

0  .86 

0.18 

10 

0.26 

0.25 

1.83 

25  .79 

84  .80 

0  .26 

0.08 

11 

1.00 

2.25 

0.29 

24  .58 

7  .11 

1  .01 

0.80 

12 

0.86 

1.00 

0.59 

25  .16 

14  .84 

0  .89 

0.09 

13 

1.00 

0.25 

4 

0.67 

25  .22 

16  .90 

0  .82 

0.07 

14 

1.00 

0.25 

0.67 

24  .84 

16  .64 

0  .70 

0.88 

16 

1.00 

0.25 

0.67 

25  .36 

16  .99 

0  .18 

0.02 

16 

1.00 

0.86 

0.62 

26  .02 

16  .18 

0  .48 

0.14 

17 

1.00 

1.00 

0.44 

26  .42 

11  .18 

0  .12 

0.01 

18 

1.00 

1.00 

0.44 

26  .08 

11  .48 

0  .64 

0.18 

19 

1.00 

0.25 

0.67 

25  .72 

17  .28 

0  .18 

0.02 

20 

0.26 

0.25 

1.33 

25  .70 

84  .18 

0  .16 

0.08 

21 

0.26 

0.25 

8 

1.20 

25  .93 

81  .12 

0  .89 

0.18 

Ms20 


[i»]  =  14.81  [>^]  =  8ti6  .47      [jw.]  =  2.86 


=  ^]  =  25".54 


.E.  =0.6745*/ — ^ 
^  \  (m  — 


ipvv-] 


1)W 


=  0".07 


*  The  result  by  the  eth  pair  of  sUrs  is  rejected  by  Peiree'i  Criterion  (tee  Appendix). 
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Hence,  the  final  result  from  these  observations  is 
Lat.  of  Koslyn  =  37°  14'  26".54  ±  0".07 

235.  To  determine  the  value  of  a  division  of  the  level. — ^It  will 
generally  be  most  convenient  to  find  the  value  of  the  divisions 
of  the  level  by  the  aid  of  the  micrometer.  It  would  seem, 
therefore,  most  natural  to  begin  by  determining  the  value  of  the 
micrometer  screw;  but  it  will  be  seen  in  the  next  article  that  in 
the  investigation  of  the  screw  we  must  know  the  value  of  a 
division  of  the  level  in  parts  of  a  revolution  of  the  screw.  This 
value,  then,  we  are  here  to  find,  and  afterwards,  when  the  micro- 
meter value  has  been  determined,  we  can  convert  it  into  arc. 

Let  the  telescope  be  directed  towards  a  well-defined  terrestrial 
mark,  or,  which  is  better,  to  the  cross-thread  of  a  coUimating 
telescope.  Let  the  level  be  set  to  an  e3ctreme  reading  L.  Bisect 
the  mark  by  the  micrometer,  and  let  the  reading  be  M.  ITow 
move  the  telescope  and  level  together  [by  the  tangent  screw  -F, 
Plate  XIH.]  until  the  bubble  gives  a  reading  i'  near  the  other 
extreme.  Bisect  the  mark  again  by  the  micrometer,  and  let  the 
reading  be  M'.  Then  the  value  d  of  a  division  of  the  level  in 
terms  of  the  micrometer  will  be 

and  if  R  is  the  value  (in  seconds  of  arc)  of  a  revolution  of  the 
micrometer,  we  shall  afterwards  find  the  value  2)  of  a  division 
of  the  level  in  seconds  of  arc,  by  the  formula 

D  =  Rd  (246) 

Instead  of  a  terrestrial  mark  we  may  use  a  circumpolar  star 
at  its  culmination ;  for  we  can  apply  to  each  observation  the  re- 
duction to  the  meridian  (237),  so  that  each  will  be  referred  to 
the  fixed  point  in  which  the  star  culminates.  In  this  method, 
however,  we  are  exposed  to  errors  arising  from  transient  irregu- 
larities in  the  refraction,  and  also  to  any  error  arising  fix>m  in- 
clination of  the  micrometer  thread.  The  latter  error,  however, 
may  be  avoided  by  revolving  the  instrument  in  azimuth,  so  as 
to  observe  the  star  always  in  the  middle  of  the  field,  and  then 
we  should  use  the  reduction  to  the  meridian  for  circummeridian 
altitudes  (238). 
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ExAMPLB. — ^The  following  are  some  of  the  observations  for 
determining  the  value  of  a  division  of  the  level  of  a  zenith  tele-* 
scope,  taken  by  Mr.  G.  W.  Dean,  of  the  U.  S.  Coast  Survey,  at 
the  Roslyn  Station,  Virginia,  June  30, 1852,  the  telescope  being 
directed  upon  a  fixed  terrestrial  point. 


Tamp. 

No.  of 
oba. 

Readings 

of 

DiiFeronee. 

d 

• 

•* 

LeyeL 

Mier 

Hier. 

Leyel 

N. 

8. 

90» 

1 

diT. 

1941 
2106 

dlT. 

54.0 
11.2 

dlT. 

11.4 
53.9 

165 

42.65 

8.869 

0.176 

.0810 

2 

2111 
2296 

56.1 
10.5 

8.2 
54.0 

186 

45.70 

4.048 

.008 

.0000 

8 

2305 
2506 

56.5 
5.2 

8.8 
59.0 

201 

50.25 

4.000 

.045 

.0020 

4 

2517 
2704 

55.0 

8.8 

9.1 
55.2 

187 

46.15 

4.052 

.007 

.0000 

5 

2709 
2915 

59.0 
9.0 

4.8 
54.7 

206 

49.95 

4.124 

.079 

.0062 

6 

2919 
3115 

56.0 
9.2 

7.8 
54.4 

196 

46.70 

4.197 

.152 

.0281 

7 

1176 
1390 

58.2 
5.5 

5.8 
58.5 

214 

52.70 

4.061 

.016 

.0008 

8 

1896 
1617 

59.6 
4.5 

5.0 
60.1 

221 

55.10 

4.011 

.084 

.0012 

Mean  d  =  4.045    Sura  =  .0638 

The  column  of  v  gives  the  difference  between  each  observed 
value  of  d  and  the  mean.  From  the  sum  of  the  squares  of  v  we 
find  the  probable  error  of  the  mean  to  be 

The  value  of  d  is  here  expressed  in  divisions  of  the  micrometer 
thread  which  represent  hundredths  of  a  revolution.  Hence  we 
have,  in  parts  of  a  revolution  B  of  the  micrometer,  the  value  of 
a  division  of  the  level, 

D  =  0.04045  B  ±  0.00023  B 
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From  twenty-one  observations  of  the  same  kind,  the  value  found 
was 

D  =  0.03985  R  dz  0.00013  R 

236.  To  find  the  value  of  a  revobition  of  the  micrometer. — ^The  most 
convenient  method  with  this  instrument,  as  it  avoids  displacing 
the  micrometer,  is  by  transits  of  a  circumpolar  star  near  its 
eastern  or  western  elongation  (Art.  45).  We  first  find  the  hour 
angle  and  zenith  distance  of  the  star  at  the  elongation  by  the 
formulae 

cos  t^  =  cot  d  tan  ^  cos  z^  =  cosec  d  sin  ^ 

and  then,  a  being  the  star's  right  ascension,  A^the  correction 
of  the  chronometer,  we  find  the  chronometer  time  of  the  elonga- 
tion by 

T  —^^f        A  T    I  +  western  eloiig.-| 
2;^a±fo-A2^    Ueastern      «      J 

Set  the  telescope  for  the  zenith  distance  z^  direct  it  upon  the 
star  some  20*  or  30*  before  the  time  of  elongation,  bringing  the 
star  near  the  middle  vertical  thread,  and  clamp  the  instrument 
Set  the  micrometer  thread  at  any  reading  a  little  in  advance  of 
the  star,  and  note  the  transit  by  the  chronometer.  Then  advance 
the  thread  to  a  new  reading,  and  again  observe  the  transit,  and 
so  on  until  the  star  has  been  observed  through  the  whole  field 
or  through  the  whole  range  of  the  micrometer  screw.  The 
repeated  manipulation  of  the  screw  may  slightly  disturb  the 
direction  of  the  telescope,  but  the  only  change  which  can  affect 
the  determination  of  R  will  be  shown  by  the  level,  which,  there- 
fore, mus.t  also  be  frequently  observed  during  the  transits.  Of 
course,  the  relation  of  the  level  to  the  telescope  must  not  be 
changed  during  the  observations.  Now,  z^  denoting  as  above 
the  zenith  distance  of  the  star  at  the  time  T^,  and  M^  the  corre- 
sponding reading  of  the  micrometer  when  the  level  reading  is 
zero,  z  the  zenith  distance  at  the  time  T  of  an  observed  transit 
when  the  micrometer  reading  is  J!f  and  the  level  reading  is  L, 
we  have  (neglecting  for  the  present  the  refraction) 

z  =  z^  +  {M^—  M)R  —  LD 

or,  since  we  as  yet  know  the  value  of  a  level  division  only  in 
parts  of  ii, 

z  =  z^J^{M^^M)R'-LRd 
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In  like  manner^  for  another  observation, 

2'  =  z^+(,M^—M')Jl^  L'Rd 


whence 


The  quantity  z  —  z^  may  be  computed  (as  we  have  shown  in 
Art.  46)  by  the  formula 

sin (^r  —  Zo)  =  ±  sin  (T  —  T^) cos d 
where  the  lower  sign  is  to  be  used  for  the  eastern  elongation ;  or 

z^z,=  ±sm(T^  To)  -^  (248) 

sm  X 

The  value  of  B  thus  found  is  corrected  for  refraction  by  sub- 
tracting from  it  the  quantity  iiAr,  in  which  Ar  =  the  change  of 
refraction  at  the  zenith  distance  z^  for  1'  of  zenith  distance,  and 
B  is  expressed  in  minutes.* 

Example. — Observations  of  Polaris  at  its  eastern  elongation 
were  taken  June  80,  1852,  at  the  Roslyn  Station  (Va.)  of  the 
U.  S.  Coast  Survey,  to  determine  the  value  of  the  micrometer  of 
the  same  zenith  telescope  as  was  used  in  the  example  of  the 
preceding  articles. 

To  prepare  for  the  observation,  we  have 

^  =  37°  14'  25" 

d  =  88*^  30' 56"  a=    1*    S-SG'.S 

Hence,  z^  =  52*^  44'  42"  t  :^    5   55    29.1 

Sid.  time  of  elongation  =  19   10      7  .7 

Chronometer  fast,  24    46.8 

r^  =  19  34    54.5 

The  micrometer  thread  was  set  at  every  half  revolution,  and 

*  The  yaluefl  of  both  B  and  D  might  be  found  at  the  same  time  from  these  obser- 
Tations.  For  by  Tarying  the  IotoI  reading  at  the  different  obseryations  (by  means 
of  the  tangent  screw  F),  we  shall  haTO  from  the  observations,  taken  suitably  in  pairs, 
equations  of  condition  of  the  form 

firom  which  both  B  and  J)  may  be  found.     In  this  method  z  —  s^  must  be  the  appa- 
rent difference  o^  senith  distance  affected  by  the  differential  refraction. 
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59  transits  were  observed.    I  extract  only  those  taken  on  the 
even  whole  revolutions,  to  illustrate  the  method. 


LeTeL 

Temp. 

No.  of 
obs. 

Micr. 
M 

L 

T 

r— r. 

»-«. 

N. 

S. 

dlT. 

B. 

<Ut. 

dlT. 

770 

1 

6 

42.2 

44.8 

—  1.30 

19»ll-39'.0 

—  28»15'.5 

4-  641".38 

2 

8 

« 

(( 

(( 

15  14.2 

19  40.3 

458  .10 

3 

10 

a 

<( 

u 

18  46.8 

16  7.7 

375  .73 

4 

12 

a 

(( 

a 

22  23.4 

12  81.1 

291  .71 

5 

14 

42.5 

44.2 

—  0.85 

25  58.8 

8  55.7 

208  .12 

6 

16 

U 

« 

a 

29  29.4 

5  25.1 

126  .80 

7 

18 

ii 

a 

u 

33  4.4 

—  1  50.1 

+  42  .77 

8 

20 

42.6 

44.2 

—  0.80 

86  36.4 

+  1  41.9 

—  89  .61 

9 

22 

a 

u 

« 

40  11.6 

5  17.1 

123  .20 

10 

24 

42.7 

44.2 

—  0.75 

48  43.3 

8  48.8 

205  .43 

11 

26 

(( 

« 

it. 

47  15.0 

12  20.5 

287  .62 

12 

28 

41.9 

45.1 

—  1.60 

50  46.7 

15  52.2 

369  .72 

13 

30 

a 

(( 

« 

64  19.3 

19  24.8 

452  .08 

76 

14 

82 

a 

a 

« 

57  52.8 

22  58.3 

534  .70 

We  compare  the  Ist  observation  with  the  8th,  the  2d  with  the 
9th,  &c.,  and  in  each  case  we  have  M*  —  JHf  =  14  Rev.,  or,  taking 
d  =  0.04,  as  found  on  p.  359,  we  have  for  the  1st  and  8th  ob- 
servation (i'  —  Z/)d  =  +  0.020  revolutions  of  the  micrometer;  and 
hence,  denoting  the  divisor  in  (247)  by  a,  we  obtain 

a  =  M'—M  +  iiy—L)d  =  14.020 

Proceeding  thus  for  each  pair  of  transits,  we  have — 


Obs. 

a 

«— *• 

B 

V 

»» 

land  8 

14.020 

580".94 

41".436 

+  0".042 

0.0018 

2  «  9 

14.020 

581  .80 

.462 

+  0  .068 

.0046 

8  «  10 

14.022 

581  .16 

.446 

+  0  .052 

.0027 

4  «  11 

14.022 

579  .33 

.816 

—  0  .078 

.0060 

5  "  12 

18.970 

577  .84 

.868 

—  0  .081 

.0010 

6  "  13 

13.970 

578  .88 

.402 

+  0  .008 

.0001 

7  «  14 

18.970 

577  .47 

.336 

—  0  .058 

.0034 

Prob.  error 


Mean  =   41  .394 
2     /.0196 


-H 


6X7 


Sum  =     .0196 
=  0".014 
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The  change  of  refraction  for  V  of  zenith  distance  is,  for  z^= 

52®  45',  Ar  =  0".046,  and  hence  the  correction  of  the  above  mean 

414 
is  —  0".046  X  -^  =  —  0''.032.     These  observations,  therefore, 

give  us  the  result 

B  =  4r'.362  zt  (K'.014 

The  final  value,  as  found  from  all  the  observations  on  several 
nights,  was 

B  =  41".400  ±  0".011 

and  from  this  we  find  the  value  of  a  division  of  the  level  of  this 
instrument  to  be 

D  =  r'.65  ±  0".005 

which  are  the  values  employed  above  in  reducing  the  observations 
for  latitude  at  Roslyn. 

237-  A  more  thorough  method  of  treating  the  preceding  obBer* 
vations  is  the  following.    We  have  for  each  observed  transit 

z  —  z^  =  iM^^  M)  B  -^  LBd 

where  M^  is  the  unknown  reading  corresponding  ta  z^,.  Let  us 
assume  an  approximate  value  for  M^^  denoting  it  by  M^^  and  put 
Mq=  Mi  +  z.  Also  let  -R|  be  an  assumed  approximate  value  of 
i?,  and  put  -R  =  iii  +  y.     Then 

z  —  r,=  (-af,~  Jf  +  x)  (12,  +  y)--LB^d 

where,  on  account  of  the  small  values  of  L,  we  can  use  JR^  instead 
of  R  in  the  last  term.  Then,  neglecting  the  product  xy  as  insen- 
sible when  Ml  and  R^  are  properly  assumed,  and  putting 

n  =  z  —  z^—  (Jf,  ^M)B^+  LR^d  (249) 

we  have  from  each  observation  the  equation  of  condition 

5,a:  +  (Jf,  —  -af)  y  =  n  (250) 

and  from  all  these  equations  x  and  y  can  be  found  by  the  method 
of  least  squares. 
Thus,  in  the  above  example,  if  we  assume  il!fi  =  19.0,  i?,— 41".4, 
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which  are  easily  seen  from  the  observations  to  be  near  approxi- 
mations, we  have  the  following  equations: 

41.4  x  +  l^y  =  +  0".98  41.4  x—      y  =  +  0".47 


41.4x  +  lly  =  +  0 

.55 

41.4a;—  8y  =  — 0  .82 

41.4a;  +  9y  =  +  0 

.98 

41.4a;—  5y=  +  0  .83 

41.4a;  +  7y  =  — 0 

.24 

41.4a;—  7y  =  +  0  .94 

41.4a;  +  5y  =  —  0 

.29 

41.4a;-  9y  =  +  0  .28 

41.4a;  +  3y  =  +  0 

.69 

41.4a;  — 11  y=:  +  0  .67 

41.4a;  +   y  =  — 0 

.04 

41.4a;  — 13y  =  +  0  .85 

from  which  we  form  the  normal  equations 

28996.44x  =  + 240.12 
910y  =  —     1.72 
whence 

x  =  +  0.01  y  =  —  0.002 

3fo=     19.01  R=    41.398 

If  we  substitute  the  values  of  x  and  y  in  the  equations  of 
condition,  we  shall  find  the  sum  of  the  squares  of  the  residuals 
to  be  =  2.956,  and  hence  the  mean  error  of  a  single  observation  is 


=v 


2-«^«=0".496 


14-2 


and  consequently  the  probable  error  of  y,  the  weight  of  which 
is  ita  coefficient  (=  910)  in  the  final  equation,  will  be 

_  2  0^496  _^,^^^ 
3  1/910 

Applying  to  the  above  value  of  B  the  correction  for  refraction 
as  before,  we  have  the  final  result  by  this  method, 

B  =  41".366  ±  0."011 

The  smaller  probable  error  here  found  shows  that  the  observa- 
tions  are  better  satisfied  by  the  value  of  B  found  by  the  method 
of  least  squares. 

EXTRA-MERIDIAN  OBSERVATIONS   FOR  LATITUDE  WITH  THE   ZENITH 

TELESCOPE. 

288.  It  has  been  seen  above  that,  although  the  probable  error 
of  observation  with  the  zenith  telescope  is  very  small,  the  greater 
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probable  error  of  the  declinations  employed,  when  the  observa- 
tions are  restricted  to  the  meridian,  renders  it  necessary  to  greatly 
multiply  the  number  of  pairs  of  stars  observed.  But  if  we  are 
willing  to  observe  one  of  the  stars  at  some  distance  from  the 
meridian,  we  can  generally  find  a  pair  of  fundamental  stars,  or 
stars  from  the  most  reliable  catalogues,  which  can  be  observed 
at  the  same  zenith  distance  within  a  sufficiently  brief  interval  of 
time  to  exclude  the  probability  of  sensible  changes  in  the  state 
of  the  instrument;  and  by  moderate  attention  to  the  determina- 
tion of  the  time  the  probable  error  of  observation  will  be  very 
little  increased,  while  the  number  of  observations  necessary  to 
attain  to  the  desired  degree  of  precision  will  be  greatly  reduced. 
It  may  not  be  superfluous,  therefore,  to  deduce  here  the  necessary 
formulae  for  this  purpose. 

Let  8  and  i'  be  the  declinations  of  two  stars,  the  first  of  which 
is  observed  out  of  the  meridian  at  the  zenith  distance  z  and  hour 
angle  t,  and  the  second  on  the  meridian  at  the  zenith  distance  z\ 
which  is  very  nearly  equal  to  z.    We  have 

cos  z  =  cos  (^  —  d)  —  2  cos  f>  cos  d  sin" }  t 
The  second  equation  gives 

which,  substituted  in  the  first  equation,  gives 

sin  [f»  —  }  (^  +  ^')  —  }  (^  — ^)]  8^1*  i  iP — ^'-f^— y)  =  cos  tp  cos  ^  sin*  §  t 

Putting  then 

cos  9  cos  ^  sin" }  t  xor^v 

sm  r  = -P- ; -.  (251) 

we  shall  have 

^  =  j(^  +  0+K'5'-^)+r  (252) 

The  quantity  z'  —  z  will  be  given  by  the  micrometer  and  level, 
precisely  as  in  the  case  of  meridian  observations.  The  value  of 
if  will  always  be  known  with  sufficient  accuracy  for  the  compu- 
tation of  J. 

The  eflfect  of  an  error  in  i  upon  y^  and  consequently  upon  y, 
may  be  computed  by  the  formula 

/I  e    ^N  tan  Y 
Lr  =  (16  aO  - — ^ 
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To  prepare  for  the  observation,  put  C  =  f  i  ™  ^'j  (^r  8'  —  f^, 
tp^  being  an  assumed  approximate  value  of  ipy  and  set  the  instru- 
ment at  the  zenith  distance  ^  for  the  observation  of  both  stars. 
The  hour  angle  at  which  the  star  out  of  the  meridian  is  to  be 
observed  will  be  found  by  the  formula 

\  \  COS  f>  COS  d  I 

or  rather, 

\  \  cos  ^  COS  d  / 

Then  the  sidereal  time  of  the  observation  of  this  star  may  be 
either  a  +  <  or  a  —  <,  a  being  the  right  ascension ;  and  it  may 
often  be  convenient  to  observe  the  star  at  each  of  these  times. 

It  will  probably  be  most  expedient  to  observe  one  of  the  stani 
in  the  meridian  ;  but,  if  both  are  observed  out  of  the  meridian^ 
we  can  find  the  latitude  by  the  method  of  Vol.  I.  Art.  186. 

239.  The  zenith  telescope  may  be  used  with  advantage  in 
measuring  any  small  difference  of  zenith  distance.  Its  application 
in  finding  the  longitude  from  equal  zenith  distances  of  the  moon's 
limb  and  a  neighboring  star  is  given  in  Vol.  I.  Art.  245.  The 
correction  of  the  method  there  given  for  a  small  difference  of 
the  zenith  distances  of  the  moon  and  star,  as  found  by  the 
micrometer,  is  obvious. 

240.  We  may  determine  both  time  and  latitude  with  the  zenith 
telescope,  by  observing  a  number  of  stars  at  the  same  altitude, 
and  oombining  them  by  the  method  of  least  squares.  See  Vol. 
I.  Art.  189. 

ADAPTATION   OF  THE    PORTABLE   TRANSIT    INSTRUMENT   AS   A   ZENITH 

TELESCOPE. 

241.  Prof.  C.  S.  Lyman,  of  Tale  College,  has  shown*  that  the 
transit  instrument  may  be  successfully  used  as  a  substitute  for 
the  zenith  telescope  in  the  application  of  Talcott's  method  of 
finding  the  latitude  by  meridian  observations.  Indeed,  it  is 
evident  that,  if  the  level  usually  attached  to  the  finding  circle  is 
made  of  the  same  delicacy  as  that  applied  to  zenith  telescopes,  and 
a  micrometer  is  added  to  the  telescope,  that  method  maybe  carried 
out  precisely  in  the  same  manner  as  with  the  zenith  telescope. 

*  Am.  Journal  of  Science  and  Arts,  Vol.  XXX.  p.  52. 
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The  different  method  of  reversing  the  instrument  by  lifting  it 
from  its  Vs  instead  of  revolving  directly  about  a  vertical  axis, 
does  not  in  any  way  affect  the  principle,  the  essential  condition 
of  Talcott's  method  being  always  observed,  namely,  that  the 
relation  of  the  level  and  the  telescope  is  to  be  absolutely  the 
same  at  the  observations  of  both  stars  of  the  pair. 


CHAPTER  IX. 

THE  EQUATORIAL  TELESCOPE. 


242.  The  equatorial  telescope  is  mounted  with  two  axes  of 
motion  at  right  angles  to  each  other,  one  of  which  is  parallel  to 
the  axis  of  the  earth.  Of  the  various  modes  which  have  been 
employed  for  mounting  the  instrument  according  to  these  con- 
ditions, that  which  is  now  universally  adopted  is  the  one  con- 
trived by  Fraunhofer  and  known  by  his  name. 

Plate  XrV.*  is  a  representation  of  the  great  Fraunhofer 
equatorial  of  the  Pjalkowa  Observatory,  constructed  by  Merz 
and  Mahler.  The  lens  has  a  clear  aperture  of  15  inches,  with 
a  focal  length  of  22.55  feet.  The  pier  P  is  of  stone  (in  smaller 
instruments  a  wooden  stand  is  frequently  used,  resting  on  three 
feet).  The  upper  face  of  the  pier  makes  an  angle  with  the  hori- 
zon equal  to  the  latitude  of  the  place ;  secured  to  this  face  is  a 
metallic  bed,  which  supports  at  two  points  the  polar  or  hour  cuds 
H  of  the  instrument.  This  axis,  being  in  the  plane  of  the 
meridian,  and  making  an  angle  with  the  horizon  equal  to  the 
latitude  of  the  place,  is  parallel  to  the  earth's  axis,  and,  conse- 
sequently,  is  directed  towards  the  poles  of  the  heavens.  Perma- 
nently attached  to  the  hour  axis,  and  at  right  angles  to  it,  is  a 
metallic  tube,  DD^  in  which  the  declination  axis  revolves.  The 
telescope  is  firmly  attached  to  one  extremity  of  this  declination 
axis,  and  at  right  angles  to  it,  the  point  of  the  tube  at  which  it  is 
attached  being  somewhat  nearer  to  the  eye  end  than  to  the 
object  end. 

*  Reduced  f^om  the  drawing  in  the  Description  de  V obtervatoire  central  of  Stbvts. 
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It  is  evident  that  as  the  instrument  revolves  upon  the  hour 
axis  the  declination  axis  remains  in  the  plane  of  the  celestial 
equator,  and,  consequently,  the  telescope,  as  it  revolves  upon 
the  declination  axis,  always  describes  secondaries  to  the  celestial 
equator,  or  declination  circles.  The  declination  of  the  point  of 
the  heavens  towards  which  the  telescope  is  at  any  time  directed 
may,  therefore,  be  indicated  by  the  graduated  decUnation  circle  83^ 
which  is  read  by  two  opposite  verniers.  The  hour  angle  of  this 
point  is  at  the  same  time  shown  by  the  graduated  hour  circle  <, 
which  is  also  read  by  two  opposite  verniers. 

The  great  advantage  of  this  mode  of  mounting  the  telescope 
is  that  we  can  follow  a  star  in  its  diurnal  motion  by  revolving 
the  instrument  upon  the  hour  axis  alone,  the  declination  circle 
being  clamped  at  the  reading  corresponding  to  the  star's  declina- 
tion. Further,  the  star's  motion  being  uniform,  we  can  cause 
the  instrument  to  follow  it  automatically  by  means  of  a  clock/, 
which,  by  a  train,  turns  an  endless  screw  acting  upon  the  circum- 
ference of  the  hour  circle.  The  observer  is  thus  left  free  either 
to  make  a  careful  examination  of  the  physical  appearance  of  the 
objects  in  the  field,  or  to  measure  their  relative  positions  with 
the  micrometer  m  of  the  telescope. 

It  is  important  that  all  the  parts  of  the  instrument  be  so  coun- 
terpoised that  the  telescope  will  be  in  equilibrium  in  all  positions, 
and  possess  the  greatest  freedom  of  movement  upon  either  axis. 
This  is  effected  in  the  Fraunhofer  arrangement  in  the  most 
perfect  manner.  The  equilibrium  of  the  telescope  with  respect 
to  the  hour  axis  is  produced  by  the  counterpoises  TT,  W,  JT,  and 
F,  of  which  Wj  TTare  fixed  cylindrical  masses,  but  Fis  adjust- 
able, so  that  the  equilibrium  may  be  finally  regulated  with  the 
utmost  nicety.  The  weights  Jr(of  which  there  are  two,  one  on 
each  side  of  the  declination  axis)  are  attached  to  the  extremities 
of  levers  whose  fulcrums  are  at  x.  The  opposite  extremities  of 
'  the  levers  seize  upon  a  circular  collar  at  K,  in  which  there  are 
four  friction  rollers.  The  weights  JT  thus  not  only  contribute  to 
the  equilibrium,  but  also  reduce  the  friction  of  the  declination 
axis.  The  centre  of  gravity  of  the  telescope  tube  is  not  in  the 
prolongation  of  the  declination  axis,  but  nearer  to  the  object 
glass;  its  equilibrium  with  respect  to  the  declination  axis  is 
produced  by  counterpoises  a  (one  on  each  side  of  the  tube)  at  the 
end  of  levers  abc.  Each  of  these  levers  consists  of  two  conical 
tubes  attached  to  a  cube  at  6,  which  moves  upon  two  axes ;  and 
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their  extremities  c  seize  upon  a  collar  around  the  tube.  The 
extremity  a,  at  which  the  weight  is  placed,  is  free,  and  the  weight 
can  be  adjusted  by  sliding  upon  the  lever.  In  consequence  of 
the  double  axis  of  each  lever  at  6,  the  counterpoises  act  in  all 
positions  of  the  telescope,  and  not  only  balance  the  tube,  but  pre- 
vent in  a  degree  the  flexure  of  the  object  end  which  would  result 
from  its  weight,  increased  as  it  is  by  the  great  weight  of  the 
object  glass  itself.  The  centre  of  gravity  of  the  telescope  and 
all  its  counterpoises  is  now  in  the  hour  axis  at  a  point  a  little 
above  its  upper  journal ;  the  result  is  a  downward  pressure  upon 
this  journal,  and  an  upward  pressure  upon  the  lower  journal. 
The  weight  €o  at  one  extremity  of  a  bent  lever  reduces  the  fric- 
tion upon  the  upper  journal  by  producing  an  opposite  pressure 
at  e  at  right  angles  to  the  axis,  two  friction  rollers  upon  the 
extreniity  e  being  thus  pressed  against  the  axis.  The  remaining 
small  upward  pressure  of  the  inferior  extremity  of  the  axis  is 
reduced  by  a  spring  which  presses  two  friction  rollers  against  the 
axis  at  g. 

The  weight  of  the  Pulkowa  telescope  (including  all  the  parts 
which  move,  namely,  the  axes  and  tube  with  its  counterpoises) 
is  very  nearlj'^  7000  pounds ;  and  yet,  with  this  admirable  system 
of  counterpoises,  it  moves  upon  either  axis  with  almost  as  much 
ease  as  a  small  portable  instrument.  Without  this  perfect  equi- 
librium and  reduced  friction,  it  would  have  been  very  diflicult  to 
produce  a  regular  automatic  movement  of  the  instrument  by  the 
driving  clock.  As  this  clock  is  required  to  produce  a  continuous 
regular  movement,  it  is  not  regulated  by  an  oscillating  pendulum, 
but  by  the  friction  of  centrifugal  balls  against  the  interior  of  a 
conical  box  d.  The  rate  of  movement  is  regulated  by  raising  or 
depressing  the  pivot  of  this  conical  pendulum,  which,  in  conse- 
quence of  the  conical  form  of  the  box,  changes  the  degree  of 
friction  of  the  balls  against  its  interior  surface.  The  rate  may 
thus  be  adapted  not  only  to  the  motion  of  a  fixed  star,  but  to  that 
of  the  moon,  or  sun,  or  any  planet,  all  of  which  have  different 
rates  of  motion.  In  our  own  country.  Bond's  Spring  Governor 
has  been  successfully  applied  to  produce  the  equable  motion  of 
equatorial  telescopes. 

A  finder  F  is  attached  to  the  principal  telescope  (Art.  16). 

The  field  of  the  telescope  is  illuminated  by  a  lamp  y,  the  light 
of  which  is  reflected  towards  the  reticule  by  a  small  mirror 
within  the  tube.     The  direct  illumination  of  the  threads,  which 
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is  required  when  very  faint  objects  are  to  be  observed,  is  effected 
by  two  small  lamps  suspended  at  n  and  n.  (See  Transit  Instru* 
ment,  p.  134). 

The  micrometer  is  provided  with  a  position  circle  (Art  49). 

248.  Any  point  of  the  heavens  may  be  observed  with  the 
equatorial  instrument  in  two  different  positions  of  its  declina- 
tion axis.  For  example,  if  the  declination  axis  is  at  right  angles 
to  the  plane  of  the  meridian, — ^that  is,  horizontal, — ^the  telescope 
will  describe  the  plane  of  the  meridian ;  and  this,  whether  the 
circle  end  of  the  declination  axis  is  east  or  west ;  and,  in  general, 
the  same  declination  circle  of  the  heavens  may  be  described  by  the 
telescope  with  this  circle  end  of  the  axis  on  either  side.  These 
two  positions  are  to  be  distinguished  in  the  use  of  the  instrument 
Let  us  suppose  the  declination  axis  to  be  produced  through  the 
circle  end  to  the  celestial  sphere.  The  point  in  which  it  meets 
the  sphere  may  be  called  the  pole  of  the  declination  circle.  If 
the  hour  angle  of  this  pole  is  90°  greater  than  the  hour  angle  of 
a  star  observed  in  the  telescope,  the  circle  is  said  to  precede  the 
telescope ;  if  the  hour  angle  of  this  pole  is  90°  less  than  that  of 
the  star,  the  circle  is  said  to  follow  the  telescope.  Thus,  for  a 
star  on  the  meridian  (at  its  upper  culmination)  the  circle  precedes 
when  it  is  west  and  foUotos  when  it  is  east  of  the  meridian. 


GENERAL  THEORY  OP  THE  EQUATORIAL  INSTRUMENT. 

244.  Let  us  first  consider  the  instrument  in  the  most  general 
manner,  that  is,  without  supposing  its  hour  axis  to  be  even 
approximately  adjusted  to  the  pole  of  the  heavens.  That  point 
of  the  celestial  sphere  towards  which  the  hour  axis  is  actually 
directed  will  be  called  the  pole  of  the  instrument^  or  the  pole  of  its 
hour  axis,  and  that  point  in  which  the  declination  axis  produced 
on  the  side  of  the  declination  circle  meets  the  sphere  will  be 
called  the  pole  of  this  axis  or  circle. 

The  instrument  is  designed  to  give,  by  means  of  its  two  circles, 
the  hour  angle  and  declination  of  a  star  observed  in  the  sight 
line  of  the  telescope.  K  the  sight  line  were  perpendicular 
to  the  declination  axis,  and  if  this  axis  were  perpendicular  to 
the  hour  axis,  the  readings  of  the  circles  would  give  at  once  (by 
merely  correcting  them  for  any  index  error)  the  hour  angle  and 
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declination  referred  to  (he  meridian  and  pole  of  the  instrument.  The 
deviations  from  perpendicularity  being  always  very  small  in  a 
well  constructed  instrument,  approximate  formulse  will  fully 
suffice  to  reduce  given  readings  to  the  proper  values  referred  to 
the  pole  of  the  instrument.  But  an  equatorial  instrument  may 
sometimes  be  used  in  a  place  for  which  it  was  not  intended,  and, 
having  no  adjustment  by  which  the  angle  which  its  hour  axis 
makes  with  the  horizon  can  be  greatly  changed,  the  pole  of  the 
instrument  may  be  so  far  from  the  celestial  pole  that  the  reduc- 
tion of  the  hour  angles  and  declinations  from  their  instrumental 
to  their  true  values  (referred  to  the  celestial  pole)  will  require  the 
use  of  rigorous  formulse.  In  order  to  provide  for  such  a  case,  I 
shall  first  consider  the  method  of  deducing  the  instrumental 
quantities  by  approximate  but  sufliciently  exact  formulae ";  then 
give  the  rigorous  formulas  for  reducing  these  to  the  celestial 
pole,  and  finally  give  the  approximate  formulae,  most  frequently 
required,  for  the  case  in  which  the  deviation  of  the  hour  axis 
from  the  celestial  pole  is  very  small.  As  some  flexure  of  the 
declination  axis  and  of  the  telescope  is  always  to  be  expected  in 
an  instrument  of  this  kind,  I  shall  include  its  effect  in  the 
formulae. 

246.    To  find  the  instrumental  declination  and  hour  angle  of  an 
4>bserved  point, — ^Let  the  figure  be  a  projection 
of  the  celestial  sphere  upon  the  plane  of  the  ^^-~  ' 

equator  of  the  instrument;  P'  its  pole;  Z  the 
zenith  of  the  observer:  then  P^Z  may  be 
called  the  meridian  of  the  instrument. 

Let  Q  be  the  pole  of  the  declination  axis  of 
the  instrument.  While  the  instrument  re- 
volves upon  the  hour  axis,  the  point  Q  will 
describe  a  circle  of  which  P'  is  the  pole,  and  which  would  be  a 
great  circle  if  the  axes  were  at  right  angles  to  each  other,  in 
which  case  we  should  have  P^Q  =  90°.  But  we  shall  assume 
that  there  is  a  deviation  from  this  condition,  and  suppose  the 
arc  P'Q  to  be  =  90°  —  i:  sq  that  i  will  express  the  declination 
of  the  point  Q  referred  to  the  equator  of  the  instrument. 

Let  us  next  suppose  the  declination  axis  to  remain  fixed  while 
the  telescope  revolves  upon  this  axis  and  its  sight  line  is  brought 
upon  a  star  S.  As  the  telescope  revolves,  the  sight  line  (which 
we  may  here  suppose  to  be  determined  by  a  simple  cross  thread), 
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describes  a  circle  in  the  heavens  of  which  Q  is  the  pole,  an6 
which  will  be  a  great  circle  if  this  sight  line  is  perpendicular  to 
the  declination  axis,  and  a  small  circle,  ASB^  in  any  other  case. 
Let  us  suppose  the  polar  distance  of  this  small  circle,  or  QS,  to 
be  90°  —  c :  so  that  c  will  denote  the  coUimation  constant  of  a 
given  thread. 

The  revolution  of  the  instrument  upon  the  hour  axis  is  measured 
by  the  hour  circle.  When  Q  is  90°  west  of  the  meridian,  the 
telescope  should  be  in  the  meridian,  and  the  reading  of  the  hour 
circle,  consequently,  zero ;  but  let  us  suppose  the  reading  is  then 
—  X.  When  Q  is  in  the  meridian  and  above  the  pole,  the  reading 
will  be  —  a:  —  90°.  If,  then,  for  the  actual  position  when  the 
star  is  observed  at  S  the  reading  is  <,  we  have  the  angle  ZP'Q 
=  t  +  x  +  90°. 

Let  the  instrumental  hour  angle  ZP'S  =  t\  Then  we  have 
the  angle  SP'Q  =  ZP'Q  —  ZP'S=t  +  x  —  /'  +  90°  ;  and  since, 
from  the  construction  of  the  instrument,  this  angle  differs  very 
little  from  90°,  the  quantity  t  -\-  x  —^  V  will  be  very  small. 

As  the  telescope  revolves  upon  the  declination  axis  and  its 
sight  line  describes  the  circle  ASB^  the  reading  of  the  declina- 
tion circle  will  vary  directly  with  the  angle  P^QS,  since  Q  is  the 
pole  of  this  circle.  K  we  denote  the  reading  of  the  declination 
circle  when  the  arc  QS  coincides  with  QP'  by  90°  —  Ad,  and  the 
actual  reading  for  the  star  at  S  by  d,  we  shall  have  the  angle 
P'  QS  =  90°  —  ^d  —  d,  provided  the  readings  increase  wUh  the 
star's  declination,  as  we  here  suppose. 

Finally,  let  the  instrumental  declination  be  rf' ;  that  is,  let 
P'fif=90°  — d'. 

We  have  then  in  the  triangle  QP^S  the  given  parts 

F'Q  =  90°  —  I  QS=  90^  —  c 

P'§fif=90°  — (cf  +  Atf) 

and  in  order  to  determine  /'  and  d'  we  are  to  find 

£rP'e=:90°--(f'— f  —  x) 
P'fif  =  90°— d\ 

From  this  triangle  we  obtain  the  general  equations 

sin  d'  =  sin  i  sin  c  +  cos  i  cos  c  sin  (d  +  Ad) 
cos  d'  sin  (^'  —  t  —  a:)  =  cos  i  sin  c  —  sin  i  cos  c  sin  (d  +  Ad) 
cos  d'cos  (t' —  t  —  ar)  =»  008  c  cos (d  +  Ad) 
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But,  as  2  and  c  are  supposed  to  be  so  small  that  their  squares  and 
products  are  insensible,  these  equations  give 

sin  d'  =  sin  (^d  +  A(f) 
cos  d'  =  cos  (^d  +  AC?) 
(t'  —  t  —  x)  cos  d'  =  c  —  i  sin  (d  +  Ad) 
whence 

d'=d  +  Ad 

t^  =t  +  X  -^  c  Beo  d'  —  I  tan  d' 


(253) 


246.  Flexure. — The  flexure  of  the  hour  axis  may  be  supposed 
to  be  altogether  insensible,  since  the  centre  of  gravity  of  the 
whole  instrument  fells  very  near  to  the  upper  journal  of  this  axis, 
and  the  pressure  at  this  point  is  relieved  by  a  counterpoise. 

The  flexure  of  the  declination  axis,  being  assumed  to  result 
solely  from  the  weight,  changes  the  zenith  distance  of  the  point 
Q.  Denoting  the  zenith  distance  of  §  by  {^  and  the  increased 
zenith  distance  by  {^  +  dj^,  we  shall  assume  the  flexure  to  be 
proportional  to  sin  ^  (Art.  204),  and,  therefore,  put 

dC  =  e  sin  C 

in  which  e  is  the  maximum  of  flexure  of  the  declination  axis 
corresponding  to  {;  =  90°. 

The  flexure  of  the  telescope  changes  the  zenith  distance  ZS^ 
so  that,  putting  ZS  =  Q\  we  can  express  this  flexure  by 

dl*  =  e  sin  C' 

in  which  e  is  the  maximum  of  flexure  of  the  tube  corresponding 
to  C'  =  90°. 

The  flexure  of  the  declination  axis  changes  the  arc  P'Q  =  90° 
—  i^  and  the  angle  ZP'Q  =  t  +  x-\-  90°  ;  but  these  changes  (the 
flexure  being  supposed  extremely  small)  evidently  produce  no 
sensible  effect  upon  the  declination  d'.  The  flexure  of  the  tele- 
scope, however,  changes  the  arc  P'S  =  90°  —  d',  and  thus  also 
d'.     Treating  the  changes  as  differentials,  we  have 

d.P'S  =  d  (90°  —  d')  =  <fC' .cos  P'SZ 

If  we  denote  the  zenith  distance  of  P'  by  90°  —  <py^  (or  let  ip^  be 
the  observer's  latitude  referred  to  the  equator  of  the  instrument), 
the  triangle  P'/SZ  gives 

^,  ^_       sin  <p.  cos  d*  —  cos  c>,  sin  d*  cos  t' 
cos  P'SZ  = ^ ^ 

sm  C 
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ftnd  hence 

dd'  =  —  e  (ain  ^^  cos  d'  —  cos  f ,  sin  d'  cos  V)  (m) 

Again,  we  have 

d.P'Q=d  (90<>  —  i)  =  dZ  cos  P'QZ 

d.zrQ  =  dt:^dz.'^^^^:^ 

sin  P'§ 

In  which  we  may  put  sin P' §  =  cost  =  1.     Substituting  also 
the  values 

cosP-0^=°^^^^^^!"^'^^^^ 
^  cos  i  sin  C 

sinC 
and  neglecting  the  product  of  dQ  and  i  as  insensible,  we  find 

rfi  =  -csins^,  1    (n) 

^  =         c  cos  ^^  COS  (t  -\-  X)  }  . 

Finally,  the  flexure  of  the  telescope  changes  the  arc  Q8  =  90^ 
—  c,  and  we  have 

d.QS  =  d  (90°  —  c)  =  d:' .  cos  ZSQ 
in  which 

/yCT•^       008  C  —  sin  c  cos  t' 

cos  ZiS$  = — 

cos  c  sin  C' 

Neglecting  terms  of  the  second  order,  therefore, 

dc  =^  —  e  cos  C 
in  which  we  have 

cos  C  =  sin  i  sin  f>j  —  cos  i  cos  ^j  sin  (f  4-  x) 

and  in  this  we  may  put  i'  for  t  +  z.    Hence,  again  neglecting 
terms  of  the  second  order, 

dc  =  e  cos  f>j  sin  t'  Q?) 

By  the  formulae  for  <'  (253),  we  have 

dt'=dt  +  dc  sec  d' —  di  tan  d' 

and  hence,  by  (7i)  and  (p), 

rf^'  =  c  (sin  f>j  tan  <i'  -)-  cos  ^^  cos  ^')  +  a  cos  f ^  sec  d'  sin  f '      (j) 


TOUATORIAL   TRLBSCOPB.  8T5 

Hence,  applying  the  corrections  (m)  and  (q)  to  d'  and  <'  (258),  th^ii 
complete  formulse,  including  the  effect  of  flexure,  are"*" 


d'=d  +  ^d  —  e  (Bin  f j  cos  d'  —  cos  f ^  sin  d' cos t')   "^ 
r  =t  +  x  +  CBecd'  —  I  tan  d'  I    (254) 

-|-e(8inf,  iSLnd'+  co8fiCOs<')  +  ecoBf>i8ec(i'sinr  j 

247.   To  reduce  the  instrumental  declination  and  hour  angle  {d\  t') 
to  the  celestial  declination  and  hour  angle  (5,  r). — ^Let  PZ      p.    ^^ 
be  the  true  meridian,  P  the  celestial  pole,  P'  the  pole 
of  the  instrument,  S  the  observed  star.     Let  y  and 
d  denote  the  polar  distance  and  hour  angle  of  P' ; 
that  is,  let 

r  =  PP'  *  =  ZPP' 

and,  producing  PP\  let 

*'=  ZP'N=  180°  —  J^P'P 

The  instrument  gives,  by  the  aid  of  (264),  the  values  of 
fit'  =  90^  —  P'Sy  V  =  ZP'S,  and  we  are  to  find  5  =  90°  —  PS 
and  T  =  ZPS.  The  triangle  PP'S,  in  which  PP'fif=  180° 
—  (<'  —  I?')  and  P'PS  =  r  —  t?,  gives 

sin  d  =  cos  r  sin  ci'  —  sin  ^  cos  <i'  cos  (^'  —  d')  ^ 
cos  ^  cos  (t  —  ^)  =  sin  ^  sin  (Z'  +  cos  y  cos  ci'  cos  (f  —  »9')    >    (255) 
cos  d  sin  (t  —  *)  =  cos  d'  sin  (f '  —  *')  j 


which  will  determine  8  and  r  from  rf'  and  <'  when  the  instrumental 
constants  y^  t?,  and  i>'  are  known. 

Putting  90°  —  y  =  PZ,  the  relation  between  y>p  i>',  y>,  i>,  and  y 
is  found  from  the  triangle  PP^Z,  which  gives 

sin  f  J  =       cos  ^  sin  f  +  sin  y  cos  ^  cos  ^ 
cos  f  J  cos  ^'  =  —  sin  ^  sin  f  +  cos  y  cos  ^  cos  t>     ^    (256) 
cos  f>,  sin  ^'  =  cos  ^  sin  * 


! 


248.  In  the  preceding  discussion  I  have  not  distinguished 
between  the  case  in  which  the  declination  circle  precedes  and 
that  in  which  it  follows  the  telescope  (Art.  243).  The  formulae, 
nevertheless,  will  apply  to  either  case,  provided  we  reckon  decli- 
nations over  90°  when  they  require  it.  By  Fig.  52,  in  which 
for  a  star  at  S  the  declination  circle  precedes,  we  ««^  that  when 

*  These  formulie  are  essentiallj  the  same  as  Bissil^s.  See  his  Attron.  Unter* 
wehwngfnj  VoL  I.  p.  7. 
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the  telescope  is  revolved  from  S  towards  B  and  passes  beyond 
the  pole,  we  shall  have  declinations  exceeding  90°  if  we  wish  to 
employ  the  same  formulae  as  have  been  found  for  this  position; 
but  for  these  points  beyond  the  pole  the  declination  circle  follows 
the  telescope.  The  declination  in  that  case,  reckoned  in  the 
usual  manner,  will  be  180°  —  d\  and  the  hour  angle  will  be 
180°  +  i\  We  may,  therefore,  employ  these  formulae  in  their 
present  form  in  all  cases,  but  when  d'  falls  between  90°  and 
270°  we  must  finally  take  180°  —  d'  and  180°  +  /'  as  the  proper 
instrumental  declination  and  hour  angle.  (See  also  Transit 
Instrument,  Art.  128.) 

If,  however,  we  wish  to  distinguish  the  cases  in  the  formul» 
themselves,  we  shall  have,  lolim  the  circle  precedesy  the  readings 
of  the  circle  being  rfi  and  /j, 

d'=  d^'{'  ^d  —  e  (sin  ^,  cos  d'  —  cos  f  j  sin  d'  cos  f ') 
^'  =  f,  +  X  +  c  sec  (i'  —  i  tan  d' 
+  c  (sin  f>,  tan  d'  +  cos  ^,  cos  t')  +  e  cos  f ,  sec  d^  sin  t' 

and  when  the  circle  foUowSy  the  readings  being  d^  and  t^,       \  (257) 

180°  —  <i'  =  <f,  +  AC?  +  e  (sin  ^ ,  cos  d'  —  cos  f ^  sin  d' cos  t'y\ 
180°  +  «'  =  f,  ^  X  —  CBOcd'  +i  tan  d' 

—  e  (sin  f>j  tan  d'+coQ  f>,  cos  V)+e  cos  f>j  seed'  sin  t  'J 

249.  The  rigorous  formulae  (255)  and  (256)  will  be  required 
only  in  the  rare  case  in  which  the  pole  of  the  instrument  is  at 
a  considerable  distance  from  the  celestial  pole ;  but  I  will  briefly 
indicate  the  methods  of  determining  the  instrumental  constants 
for  this  case.  It  will  always  be  possible  to  bring  the  hour  axis 
of  the  instrument  very  nearly  into  the  meridian  of  the  place  of 
observation,  whatever  may  be  the  elevation  of  its  pole  above  the 
horizon,  so  that  the  meridian  of  the  instrument  and  the  true 
meridian  will  nearly  coincide. 

If  we  observe  a  Jixed  point  in  both  positions  of  the  instrument, 
circle  preceding  and  circle  following,  we  shall  have  by  (257)^ 
taking  the  sums  of  the  respective  equations, 

180°=<f,+  rf,+  2£^d 
180°  +  2t'  =  f,  +  t,  +  2x  +  2e  cos  ?»,  sec  d'sin  t' 

the  first  of  which  determines  the  index  correction  (^rf)  of  the 
declination  circle,  and  the  second  determines  the  value  of  t'  —  x, 
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if  we  have  independently  found  the  flexure  e,  or  if  the  fixed  point 
is  in  the  meridian  of  the  instrument  and  consequently  V  =  0. 

Taking  the  differences  of  the  same  equations,  the  ohservation 
of  the  fixed  point  also  gives 

180® — 2d'=  d^—  (Z,+  2e(Bin  ^icosrf' — cos  f>,8in  d'  cost') 

180®=^,  — ^,  — 2(?sec(i'+2itand'— 2€(sin^jtanci'+co8f>jC08<') 

The  first  of  these  determines  d^  when  e  is  otherwise  known,  and, 
the  value  of  rf'  thus  found  being  substituted  in  the  second,  we 
have  an  equation  of  condition  for  determining  c,  i,  and  e.  The 
observation  of  at  least  three  difterent  points  will  be  necessary  in 
order  to  determine  these  quantities,  or  of  at  least  two  points  if 
we  neglect  e. 

Upon  the  supposition  that  the  pole  of  the  instrument  is  very 
near  the  meridian,  but  at  a  considerable  distance  from  the  celestial 
pole,  y  is  a  large  arc,  but  &  is  small,  and  we  have  from  the  first 
of  the  equations  (256),  by  putting  cos  t?  =  zb  1, 

9^  =  9>  ±r 

and  the  value  of  y  inay  be  found  from  the  observation  of  a  star 
in  the  meridian  and  as  far  from  the  pole  of  the  instrument  as 
possible,  since  in  this  case  we  shall  have  very  nearly 

±r  =  S—d' 

in  which  rf'  will  be  known  from  two  observations  of  the  star  in 
the  two  positions  of  the  instrument. 

When  y  has  been  thus  approximately  found,  let  a  star  be 
observed  on  the  six  hour  circle  both  west  and  east  of  the  meridian. 
We  deduce  from  (255) 

sin  d'  =  sin  d  cos  y  +  cos  d  sin  y  cos  (t  —  tf) 

Denoting  the  instrumental  declination  for  the  two  observations 
by  d,'  and  dj',  and  putting  r  ==  90°  for  the  first  observation,  and 
r  =  270°  for  the  second,  we  have 

sin  rf/=  sin  d  cos  y  +  cos  3  sin  y  sin  * 
sin  dj=  sin  d  cos  y  —  cos  ^  sin  /^  sin  * 
whence 

.     ^       sin  d/  —  sin  d' 

sin  *  = i 2- 

2  cos  d  sin  y 

This  will  give  a  sufllcient  approximation  to  t?,  provided  the  star 
is  not  very  near  the  pole. 
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A  theoretically  rigorous  determination  of  both  j  and  i9  would 
be  found  by  observing  two  points  whose  declinations  (5^,  d^  and 
hoar  angles  (r|,  r,)  are  known,  and  then  solving  the  equations 

sin  rf/  =  sin  d^  cos  y  +  cos  d^  sin  y  cos  (t^  —  *) 
sin  d^  =  sin  d^  cos  y  +  cos  ^,  sin  y  cos  (t,  —  tJ) 

When  X  and  ^  have  been  found,  we  have,  from  the  observation 
of  one  known  pointy 

cos  d*  cos  (t*  —  ^')  —  sin  d  sin  /^  +  cos  d  cos  y  cos  (t  —  ^) 
cos  d'  sin  (t'  —  ^')  =  cos  <5  sin  (r  —  *) 

which  determine  /'  —  i?';  and,  since  tf'  will  be  known  from  (256), 
V  will  also  be  known.  Finally,  the  instrument  gives  the  value 
of  <'  —  X,  as  we  have  shown  above,  and  thus  x  becomes  known. 

260.  When  the  pole  of  the  instrument  is  very  near  the  celestial  pole, 
y  is  very  small,  but  tf  may  have  any  value  from  0°  to  360*^.  Put* 
ting  cos  9^  =  1  in  (266),  and  neglecting  terms  of  the  same  order 
as  7^,  we  find 

^j  =  ^  -j-  ^  cos  ^ 
*  —  !>'==  —  ;^  sin  d  tan  ^ 
and  (255)  gives 

T  =  r  +  *  —  *'  —  Z'  sin  (r  —  ^')  sin  d'  sec  d 
or,  within  terms  of  the  second  order, 
d  =  d'—  y  cos  (r  —  ^) 


V    =   U»    J-    M%JO  \T    »r^ 

T  =zt'  —  ^  sin  i9  tan  ^  —  y  sin  (r  —  i^) 


tan  S 


Substituting  the  values  of  d'  and  f  from  (254),  and  putting 
A<  =  X  —  7*  sin  ?>  tan  y>,  which  is  constant,  we  have 


d:=zd  +  Ad  —  y  cos  (t  —  &)  —  e  (sin  ^  cos  d  —  cos  f  sin  d  cos  t)  ' 
r=t  +  A^  — ;'  sin  (t  —  tJ)  tan  ^  +  c sec ^  —  i tan d  y    (258) 

+  c  (sin  ^  tan  d  -|-  cos  ^  cos  r)  +  ^  cos  f  sec  ^  sin  t 


] 


which  are  the  formulce  usually  required  in  practice.  Here  8  is 
to  be  reckoned  beyond  90°  when  necessary,  being  then  the  sup- 
plement of  the  star's  declination  (Art  248),  and  then  r  is  the 
star's  hour  angle  increased  by  180°. 

The  declination  and  hour  angle  are  here  apparent^  that  is, 
affected  by  refraction,  &c.    K  we  wish  d  and  r  to  represent  the. 
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geocentric  position  of  the  observed  point,  we  may  apply  the 
corrections  for  refraction,  &c.  to  d  and  L 

K  we  prefer  to  distinguish  the  cases  in  the  formulae  themselves, 
we  shall  have— 

-For  cirde preceding: 

d=^d  ■\'  A(f  —  z'  cos  (r  —  ^) — e  (sin  ip  cos  ^ — cos  f  sin  d  cos  t)  | 

T  =  ^  +  A<  —  Z'  sin  (t  —  *)  tan  d  +  c  sec  ^  —  i  tan  d 

+  €  (sin  ^  tan  d  +  cos  f  cos  r)  -|-  a  cos  ^  sec  d  sin  r 

(259) 
-For  circZe  following : 

180® — ^={i  +  A{f+yco8(T — *)+^(sinf  cos  d— cos  f  sin  ^  cost)  \ 
180®+T=:t  -|-  A^  —/'Bin  (t— ^) tan <5  —  c sec  ^  + 1  tan  ^ 

—  e  (sin  ^  tan  d  +  cos  ^  cos  r)  +  e  cos  f  sec  ^  sin  t 

in  which  d  and  r  will  always  denote  the  declination  and  hour 
angle  of  the  star  reckoned  in  the  usual  manner. 

ADJUSTMENT   OF  THE   EQUATORIAL   INSTRUMENT. 

251.  The  adjustment  of  the  instrument  with  respect  to  the  pole 
of  the  heavens  consists  of  two  operations :  1st,  bringing  the  hour 
axis  into  the  plane  of  the  meridian,  and,  2d,  giving  this  axis  au 
elevation,  with  respect  to  the  horizon,  equal  to  the  latitude  of  the 
place. 

For  a  rough  preliminary  adjustment,  place  the  declination  axis 
in  a  horizontal  position,  and  move  the  stand  until  the  telescope 
points  to  a  star  at  the  computed  time  of  its  meridian  passage. 
The  hour  axis  is  then  nearly  in  the  plane  of  the  meridian. 
Then  bring  the  declination  axis  into  the  plane  of  the  meridian  ^by 
revolving  the  instrument  upon  the  hour  axis  through  90'^  by  the 
hour  circle),  and  direct  the  telescope  upon  a  circumpolar  star  on 
the  six  hour  circle.  The  elevation  of  the  axis  should  be  changed 
so  as  to  make  the  star  appear  near  the  optical  axis  at  the  com- 
puted time  when  the  star's  hour  angle  is  equal  to  6*. 

For  the  final  adjustment,  the  outstanding  deviations  of  the 
instrument  must  be  found  by  properly  combined  obsen^atioiis  of 
stars,  taken  in  the  two  reverse  positions  of  the  declination  axis, 
by  the  methods  given  hereafter. 

The  position  of  the  pole  of  the  instrument  with  respect  to  the 
pole  of  the  heavens  may  be  expressed  by  the  two  quantities 

f  =  ;^  cos  *  17  =  7'  sin  *  (26C) 

which  are  the  distances  of  the  pole  of  the  instrument  from  the 
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six  hour  circle  and  from  the  meridian,  respectively.  According 
to  our  definitions  of  y  and  <>,  a  positive  value  of  c  will  indicate  that 
the  instrumental  pole  is  above  the  true  pole,  and  a  positive  value 
of  7j  will  indicate  that  the  pole  of  the  instrument  is  west  of  the 
meridian.  I  proceed  to  consider  the  methods  of  finding  these 
quantities,  as  well  as  the  other  instrumental  constants. 

252.  To  find  f . — The  most  simple  method  is  to  observe  the 
declinations  of  known  stars  at  their  culmination  in  both  positions 
of  the  declination  axis,  and  to  compare  the  instrumental  values, 
corrected  for  refraction,  with  the  true  declinations  found  from 
the  best  catalogues  or  ephemerides.  By  the  instrumental  values 
we  shall  hereafter  understand  the  values  inferred  directly  from 
the  readings  {d)  of  the  circle. 

As  the  two  observations  in  reverse  positions  of  the  declination 
axis  cannot  both  be  absolutely  in  the  meridian  (unless  observa- 
tions on  different  days  are  combined),  one  of  them  is  taken  a 
few  seconds  before  the  meridian  passage,  and  the  other  a  few 
seconds  after  it.  In  consequence  of  the  great  facility  with  which 
even  the  largest  equatorial  instrument  can  be  reversed,  the 
interval  between  the  two  observations  will  be  so  small  that  the 
mean  of  the  two  values  of  cos  (r  —  d)  will  be  sensibly  the  same 
as  Qos  &y  T  being  a  very  small  quantity  with  opposite  signs  for 
the  two  observations.  Hence,  we  shall  have  for  each  pair  of 
observations  on  a  star,  by  putting  r  =  0  in  (259), 

a  =  rfj  4-  Arf  —  f  —  e  sin  (f  —  d) 
180**  —  (5  =  rf,  +  Ad  +  f  +  e  sin  (^  —  a) 

where  d^  and  d^  are  the  circle  readings  in  the  two  positions.  The 
half  sum  of  these  equations  gives  the  index  correction  of  the 
declination  circle, 

Their  half  difference  gives 

f  +  6  sin(^  —  d)  =  90°  —  i  id^—d^^d 
If  we  put 

i)  =  90<'  — i((£,— (fj 

D  will  be  the  mean  of  the  instrumental  values  of  the  declinatioui 
as  inferred  from  the  two  readings,  whatever  may  be  the  mode  in 
which  the  circle  is  graduated.  A  number  of  stars  being  thus 
observed,  we  shall  have  the  equations  of  condition 


EQUATORIAL  TELESCOPE.  tSl 

e  +  e  Biiil^  —  d')  ==  jy  -^  d' 

e  H-  6  sin  (V  -  d")  =  ly'-^  d" 
&c.  &c. 

which,  treated  hy  the  method  of  least  squares,  will  give  both 
f  and  e. 

Example. — The  declinations  of  ten  stars  were  observed  by 
Otto  Struve  with  the  equatorial  telescope  of  the  Pulkowa  Obser- 
vatory, 1840,  June  22,  according  to  the  preceding  method,  and 
the  values  of  D,  corrected  for  refraction,  were  as  in  the  following 
table.  The  values  of  8  for  the  stars  1,  4,  5  and  8  were  taken 
from  the  Nautical  Almanac,  for  2,  8,  and  7  from  Arqelander's 
Catalogue,  and  for  6  and  9  from  Airy's  Catalogue  for  the  year 
1840.  The  latitude  employed  in  computing  the  coefficient  of  e 
is  y  =  59®  46'.8.  The  degrees  and  minutes  of  d,  omitted  to 
save  room,  are  the  same  as  those  of  D.  In  order  to  apply  the 
same  formula  to  the  stars  observed  below  the  pole,  we  have  only 
to  employ  the  supplements  of  their  declinations  instead  of  the 
declinations,  that  is,  to  reckon  them  over  the  pole.    (Art.  128.) 


stars. 

Instr.  dec.  =  D. 

f 

Equations. 

r 

1.  At  Sagittarii 

—    21° 

&  55".5 

40".6 

— 14".9  =  5  +  0.99  e 

—  5".4 

2.  Tj  Serpentis 

—     2 

56  23  .8 

3  .4 

-20  .4  =  e  +  0.89e 

-7  .7 

8.  *  Serpentis 

+      8 

59  47  .1 

59  .5 

—  12  .4  =  e+0.83e 

+  2  .2 

4.  C  AquiUe 

13 

37  84  .6 

48  .3 

—  13  .7  =  e  +  0.72e 

+  4  .4 

5.  a  Lyrce 

88 

87  47  .1 

70  .4 

—  28  .8  =  e-|-0.36e 

+  6  .2 

6.  X  Cygni 

53 

3  55  .5 

83  .6 

—  28  .l  =  e  +  0.12e 

+  9  .0 

7.  dDraconis 

67 

21  51  .6 

99  .7 

—  48  .l  =  e  — O.lSe 

—  3.  1 

8.  i  Ursoe  Min. 

86 

84  22  .6 

81  .2 

—  58  .6  =  e  — 0.45e 

-3  .4 

9.  2  Lyncis,  s.p. 

120 

55  12  .0 

79  .9 

—  67  .9  =  ?  — 0.88e 

+  0  .9 

10.  f  Aurigce,t.  p. 

124 

19    4  .5 

76  .9 

—  72  .4  =  f  — 0.90e 

-8  .0 

The  solution  of  these  10  equations  gives 

e  =  —  40".9  with  the  probable  error  =  V'.2 
e  =  -\-  31".7    "      "  "  "      =  1".8 

The  last  column  gives  the  residuals  v  after  the  substitution  of 
these  values  in  the  10  equations.     From  these  residuals  we  find 
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the  probable  error  of  a  single  equation  to  be  8".9,  which  is  com- 
posed of  the  error  of  observation  and  the  error  in  the  star's  decli- 
nation. This  degree  of  accuracy  in  the  determination  of  abso- 
lute declinations,  with  an  equatorial  instrument  of  such  dimen- 
sions, is  surprising,  and  is  a  striking  proof  of  the  perfection  of  ita 
workmanship.  At  the  same  time  we  perceive  that  very  cruda 
determinations  will  be  obtained  if  we  neglect  the  flexure. 

253.  To  find  ^.—This  will  be  found  by  comparing  the  instru- 
mental hour  angles  of  different  stars,  near  the  meridian,  with  the 
observed  clock  times  of  their  transits  over  a  given  thread.  We 
shall,  at  the  same  time,  find  the  instrumental  constants  i  and  c, 
and  the  index  correction  of  the  hour  circle. 

We  shall  suppose  the  thread  on  which  the  stars  are  to  be 
observed  to  be  placed  in  the  direction  of  a  circle  of  declination, — 
that  is,  as  a  transit  thread, — and  to  be  in  the  optical  axis  of  the 
telescope.  This  optical  axis  may  be  defined  to  be  the  line 
drawn  through  the  optical  centre  of  the  objective,  and  the  centre 
of  the  position  circle  of  the  micrometer:  consequently,  when  the 
thread  is  revolved  180°  by  this  circle,  it  should  still  pass  through 
the  optical  axis.  As  the  thread  may  not  be  precisely  adjusted 
in  this  respect,  the  error  is  to  be  eliminated  by  combining  two 
observations  taken  in  these  two  positions  of  the  thread.  Two 
such  pairs  of  observations  are  to  be  taken  on  each  star,  one  pair 
with  circle  preceding,  and  one  with  circle  following.  A  second 
star,  in  a  widely  different  declination,  being  observed  in  the  same 
manner,  we  shall  have  all  that  is  required  for  the  determination 
of  our  constants.  If  we  observe  a  greater  number  of  stars,  we 
can  treat  the  observations  by  the  method  of  least  squares. 

Supposing  two  stars  to  be  observed,  one  near  the  pole  and  the 
other  near  the  equator,  the  observations  should  be  symmetrically 
arranged  according  to  the  following  schedule,  in  which  the  posi- 
tion I  denotes  circle  preceding,  and  11  circle  following,  and  the 
letters  a  and  b  refer  to  the  two  positions  of  the  transit  thread  for 
the  two  readings  of  the  position  circle  differing  by  180°.  We 
should  endeavor  to  make  the  mean  of  the  times  of  the  foar 
observations  on  a  star  coincide  very  nearly  with  th«  instant  of 
its  meridian  passage. 
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Star. 

Position. 

Clock.        Means. 

Hour  eircl«.  Means. 

Ist  Star 
RA.  =  o 
Decl.  =  * 

I.  a. 
b. 

II.  b. 
a. 

(t.\      i~      ' 
<*»>»      \-     t 

Mean  =     T, 

Mean  =    t^ 

2d  Star 
R.A.  =  *' 
Deol.=a' 

II.  a. 
b. 

I.     b. 
a. 

(2'.').    I-    T, 

Mean=    T.' 

Mean  =    V 

The  observations  being  very  near  the  meridian,  the  flexure  of 
the  telescope  (e)  has  no  sensible  effect.  That  term  of  the  flexure 
(e)  of  the  declination  axis  which  is  multiplied  by  tan  8  may 
become  sensible  for  stars  near  the  pole,  but,  as  it  will  always  be 
combined  with  i,  it  will  be  convenient  to  put 


I,  =  I  —  e  sm  f 


(261) 


The  term  e  cos  ^  cos  t,  which  is  always  less  than  e,  will  be 
practically  unimportant,  and  will  here  be  neglected.  A  method 
of  determining  e  will,  however,  be  given  hereafter. 

With  this  notation  we  find,  by  putting  r  =  0  in  the  second 
member  of  (259),  for  the  observation  at  the  clock  time  T^^ 

Tj  :^  fj  +  At  +  iy  tan  ^  +  c  sec  ^  —  i^  tan  d 
and  if  A  r  is  the  clock  correction,  we  have  also 

Hence,  by  putting 

A  =  At  —  aT 
we  deduce 

1}  tan  ^  +  c  sec  ^  —  t,  tan  d  =z  T^  —  t^  —  a  —  X 

In  the  same  manner  the  observation  at  the  clock  time  T^  gives 
ij  tan  ^  —  c  sec  9  +  i^  tan  S  =z  T,  —  f,  —  «  —  X 
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and  from  these  two  equations,  with  the  notation  of  the  above 
schedule, 

17  tan  a  =  T^—t^^a  —  X 
c  sec  a  — 1\  tsLiid  =  l  [(i;  —  ^^)_(2;-_fj] 

The  second  star  gives,  in  the  same  manner, 

c  sec  a'-  I,  tan  d'=  J  [(T/-  f/)-cr,'-f.O] 

By  combining  the  two  equations  in  7,  we  have,  therefore,  the 
following  three  equations: 


} 


7i  (tan  3  -  tan  d')  =  (T.  -  T;)  -  (t,  -  C)  -  (a  -  a') 
c  sec  ^  —  tj  tan  (5  =  ^i  [(^,  —  t^)  —  (T,  —  T,)] 
c  sec  a'  -  i,  tan  (5'  =  ^  [(t,'—  f/)  —  (T/  —  T/)] 

which  determine  7,  t„  and  e  from  the  observed  clock  times  and 
the  readings  of  the  hour  circle. 

We  can  then  find  the  value  of  k  by  the  formula 

i  =  i;  —  f„  —  a  —  ij  tan  (5  =  i;'  —  V  —  •'  — 'y  tan  d'    (263) 

and  finally,  if  the  clock  correction  is  otherwise  known,  the  index 
correction  of  the  hour  circle,  by  the  formula 


£it  =  £iT+  X 


(264) 


Example. — The  following  observations  were  taken,  according 
to  the  above  method,  with  the  equatorial  of  the  Pulkowa  Obser- 
vatory, on  June  8, 1840. 


Clock  times. 

6  Urtm  Min.  I.  a. 
b, 

II  b. 
a. 

28  26.8/"  =^®  22«4K2 

29  88:8}^«=^«28    22.4 

28*58"21M\,  _oo»fiQ«B9.K 
0    2    66.01,          0     d     «  4 

6  i7.7r«=  "  *  '•* 

7;  =  18  26    81 .8 

«,=    0     1    88.0 

a  Lyrm        II.  a. 
6. 

Li. 
a. 

86   56:4}^.'=^«*3^'"2'.7 
4?   11:1)^1=^^^^    29.0 

0    2    66.7J,^,^   <^   3.,9.e 
10    ?6:1}V=   0     9    19.4 

To' =18  87    46.9  V=    0     6    84 .6 

The  places  of  the  stars,  according  to  the  Nautical  Almanac, 
were — 

d  Ur8(B  Min.  a  =  18»  24-    6-.8  d  =  86^  85'.2 

aLyrcB  a' =  18  81    84.0  d'=  88    88.1 
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Hence  our  equations  (262)  become 

15.97i?  =  +  15*.6 
16.80  c  — 16.77 1^  =  — 17.2 
1.28  c—   0.80 1\  =  —    1.76 
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whence 


Ji  =  +  0'.98  =  +  14".7 

i.  =  —  0'.92        c  =  —  1*.94 


The  values  of  ij  and  c  are  here  not  separately  so  well  determined 
as  they  would  be  if  the  second  star  were  nearer  to  the  equator. 
Their  diflference,  however,  ?,  —  c  =  +  1*.02,  is  accurately  deter 
mined  by  the  first  star.     We  next  find,  by  (263), 

i  =  —  23-.4 

and  if  the  clock  correction  is  ^T=  +  20*. 0,  the  index  correction 
of  the  hour  circle  is,  by  (264), 

Af  =  —  8'.4 

To  give  the  reader  some  idea  of  the  stability  of  a  large  equa-^ 
torial  properly  mounted,  I  will  here  give  the  values  of  f  and  7, 
together  with  the  coefficient  of  flexure  of  the  tube  (e),  determined 
by  the  above  methods,  for  the  Pulkowa  instrument  during  a  year. 
Tliey  are  taken  from  Struve's  Description  de  V  Observatoire  Ceniraly 
p.  204,  only  changing  the  signs  of  f  and  rj  to  agree  with  the 
preceding  notation : 


1840,  May  16 
Jane   3 

a  22 
July    3 

a  24 
Aug.  9 
Sept.  24 

"  26 
Nov.  10 
Dec.  26 

1841,  Mar.  15 

Means 
Vol.  n.— 2ft 


i 

< 

-41".2 

+  82".6 

—  46  .4 

+  21  .7 

—  40  .9 

+  81  .7 

—  64  .3 

+  19  .0 

—  48  .8 

+  84  .2 

—  43  .0 

+  86  .2 

—  43  .2 

+  21  .7 

—  53  .0 

+  37  .2 

-88  .6 

+  86  .4 

—  44  .1 

+  29  .8 

—  48  .5 

+  25  .5 

n 

1840,  April  17 

+  18".9 

«  28 

+  14  .8 

June  3 

+  14  .7 

July  24 

+  10  .2 

Sept.  24 

+  10  .8 

Nov.  8 

+  4.4 

Dec.  26 

+  11  .4 

1841,  Mar.  15 

+  15  .2 

Mean  + 12  .5 


■  45.1       +29.6 
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The  temperature  during  this  period  varied  from  —  22°  to  +  86° 
Fahr.  The  constancy  of  the  coefficient  of  flexure  for  the 
extremes  of  temperature  is  as  remarkable  as  the  stability  of  the 
axis. 

254.  By  the  preceding  method  of  finding  rj  we  also  find  the 
constants  «,  and  c;  but  we  can  find  tj  independently  of  these 
constants  by  observing  the  declinations  of  stars  on  the  six  hour 
circle.    When  r  =  ±  6*,  we  have,  by  (259), 

d  =1  D  ^  7i  —  esm  ^  cos  d 

where  D  is  the  mean  instrumental  declination  from  the  observed 
readings  in  the  two  positions  of  the  instrument  (the  two  obser- 
vations being  taken  in  quick  succession  very  near  the  six  hour 
circle,  and  one  on  each  side  of  it).  If  we  putp  =  -D  —  3,  we 
shall  have  the  equation  of  condition 

±  iy  +  e  sin  f  cos  d  =  p  (266) 

and  from  a  number  of  equations  of  this  kind  the  values  of  tj  and 
e  will  be  found. 

If  the  same  star  is  observed  both  at  r  =  +  6*  and  r  =  —  6*, 
we  shall  have,  for  the  two  observations, 

1^  -f  esin  f  cos  S  =p^ 
—  iy  +  6  sin  f>  cos  d  =p^ 

V  =  HP^-'P.)  (266) 

in  which  p^  —  p,  will  be  the  diflTerence  of  the  observed  instru- 
mental declinations,  corrected  for  any.  diflference  of  refraction 
that  may  result  from  changes  in  the  meteorological  instruments 
in  the  interval  between  the  observations. 

But  it  is  not  always  possible  to  observe  stars  on  the  six  hour 
tircle  in  both  positions  of  the  instrument,  the  pier  or  stand  inter- 
fering with  one  of  the  positions  for  stars  within  a  certain  distance 
of  the  pole.  We  must  then  find  D  from  a  single  observation 
by  applying  the  index  correction,  previously  found  from  meridian 
observations  by  Art.  252.  The  equations  formed  from  such  an 
observation  should  have  a  weight  of  only  one-half  in  combining 
the  equations  according  to  the  method  of  least  squares. 

255.  Both  f  and  rj  can  be  found  in  a  general  manner  from 
obserV^ations  upon  difiTerent  stars,  without  limiting  the  obser- 
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vations  to  the  meridian  or  the  six  hour  circle.  K  each  obser- 
vation of  a  star  is  complete^ — that  is,  consists  of  the  mean  of  two 
observations  in  the  two  positions  of  the  declination  axis, — ^we 
shall  have  for  this  mean 

^  =  2)  —  /'  cos  (r  —  ^)  —  J?g 

T  =  *  +  Af  —  ^  sin  (t  —  *)  tan  ^  +  B'e 

in  which  B  and  B '  are  the  coefficients  of  e  in  (259).  Developing 
sin  (r  —  #)  and  cos  (r  —  d\  we  find 

f  cos  T  +  17  sin  r  -\-  Be  =D  —  d'i     .g^.^^ 

Lt  —  f  sin  T  tan  ^  +  1?  cos  t  tan  d  +  B'e  =t  —  t    j    ^ 

and,  from  a  sufficient  number  of  such  equations,  a/,  f,  tj^  and  e 
will  be  determined. 

256.  Again,  $  and  tj  may  be  found  from  single  observations, — 
that  is,  observations  in  but  one  of  the  positions  of  the  declination 
axis, — ^by  observing  each  star  twice  at  very  different  hour  angles. 
We  shall  have  for  two  observations  of  the  same  star  at  the  hour 
angles  r^  and  r,,  circle  preceding  in  both  observations  or  follow- 
ing in  both, 

r, = ^^  -f  Af  —  f  sin  Tj  tan  ^  + 1?  cos  t^  tan  ^  ±  c  sec  ^  =h  i  tan  d±A^s-\-  B^e 
r,=:f,  -f  A^  —  f  sin  r,  tan  d-^-rj  cos  r,  tan  d±:cseQd^i  tan  d  dz  A^s  +  B^e 

where  the  signification  of  A  and  B  is  apparent  from  (259).  The 
difference  of  these  equations  gives 

— f  (sin  T, — sin  Tj)tan  d-\-7i  (cos  Tj,— co8rj)tan  d±(^A^—A^)  e+  (B^—B^)  e=^ 
^.-'^i-(^-g  =  2? 

Kow,  suppose  one  series  of  observations  in  which  each  star  is 
observed  at  equal  or  very  nearly  equal  distances  from  the  meri- 
dian,  east  and  west :  this  equation  will  then  be  reduced  to  the 
form 

—  f  sin  r  tan  d  -{-  e  cos  <p  sec  ^  sin  t  =  gr  (268) 

and  from  the  whole  series,  embracing  stars  of  very  different 
declinations,  f  And  e  will  be  determined. 

Suppose  another  series  in  which  each  star  is  observed  at  or 
veiy  near  to  its  upper  and  lower  culminations :  the  equation  will 
take  the  form 

—  1?  tan  ^  ip  c  cos  ?>  =  J  (269) 
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This  series  will,  therefore,  determine  tj  and  e.  The  npper  sign 
will  here  be  used  for  a  series  in  which  the  circle  is  west  of  the 
meridian  at  the  upper  culminations  and  east  of  the  meridian  at 
the  lower  culminations.  This  appears  to  be  the  most  simple  and 
satisfactory  method  of  finding  the  flexure  e  of  the  declination 
axis.     Another  method  will  be  given  in  the  next  article. 

267.  All  the  preceding  methods  of  determining  the  instru- 
mental constants  depend  upon  the  accuracy  of  the  graduations 
of  the  two  circles  of  the  instrument.  Let  us  inquire  how  far 
it  is  possible  to  determine  these  constants  independently  of  the 
circles,  or  without  involving  their  errors.* 

MrsL — The  inclination  90°  —  c  of  the  telescope  to  the  decli- 
nation axis  can  be  separately  determined,  independently  of  the 
other  constants,  as  follows.  Bring  the  telescope  into  a  horizontal 
position  in  the  plane  of  the  meridian,  the  declination  axis  being 
then  also  horizontal.  Place  two  collimating  telescopes  in  the 
prolongation  of  the  optical  axis,  one  north  and  one  south, 
and,  directing  them  towards  each  other,  bring  the  cross  threads 
in  their  foci  into  optical  coincidence  (the  equatorial  telescope 
being  for  this  purpose  temporarily  moved  out  of  the  line  joining 
the  collimators  by  revolving  it  about  the  hour  axis).  Then, 
bringing  the  telescope  upon  one  of  the  collimators,  and  clamping 
the  hour  circle,  measure  with  the  micrometer  the  distance 
between  the  fixed  thread  that  marks  the  optical  axis  and  the 
cross  thread  of  the  collimator.  Revolve  the  telescope  upon  the 
declination  axis,  and  measure  the  distance  between  its  optical 
axis  and  the  cross  thread  of  the  other  collimator.  The  difference 
of  the  two  micrometer  measures  is  the  value  of  8  c.  To  elimi- 
nate any  eccentricity  of  the  fixed  thread  with  respect  to  the 
optical  axis,  let  each  observation  on  a  collimator  be  the  mean  of 
two  taken  in  reverse  positions  of  the  thread  corresponding  to 
readings  of  the  position  circle  differing  180°.  This  method  is 
identical  in  principle  with  the  process  given  for  the  transit 
instrument,  and  more  fully  explained  in  Art.  146.  Instead  of 
one  of  the  collimators,  a  distant  terrestrial  point  may  be  used. 

We  may,  at  the  same  time,  determine  the  flexure  e  of  the 
telescope,  with  the  aid  of  the  declination  circle,  but  without 
involving  its  errors  of  division  (Art.  204). 

*  See  Bxsbil's  Aitronom,  Uhter9ueh.f  Vol.  I.  p.  14. 
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Second. — ^An  equation  for  determining  the  inclination,  90°  —  f, 
of  the  declination  and  hour  axes,  can  be  obtained  from  the 
observation  of  the  transits  of  two  different  stars  in  the  same 
fixed  position  of  the  declination  axis,  that  is,  with  the  hour  circle 
clamped  at  any  assumed  reading.  K  r  and  r'  are  the  apparent 
hour  angles  of  the  stars,  and  T,  T'  the  sidereal  clock  times  of 
the  transits  (corrected  for  clock  rate)^  the  difference  2y  of  these 
hour  angles  will  be  known  by  the  formula 

2ff  =  T'  — T==T'—  T— (a'— o)  — (r'— r) 

where  r  and  r'  are  the  corrections  of  r  and  r'  for  refraction ;  and, 
as  the  difference  is  very  small,  we  may  use  r  for  r'  in  the  second 
member  of  (269) :  hence,  if  the  circle  precedes,  we  shall  find 
for  this  difference  the  expression 

2  gr  =  —  [y  sin  (t  —  ^)  +  i  —  «  sin  <p]  (tan  d'  —  tan  S) 
+  (c  +  e  cos  f  sin  r)  (sec  d*  —  sec  d) 

Now  reverse  the  declination  axis,  setting  the  hour  circle  at  a 
reading  differing  12*  from  the  former  reading,  and  repeat  the 
observation  on  the  same  stars  on  the  following  day.  We  shall 
then  have,  in  the  same  manner, 

2  j'  =  —  [/  sin  (t  —  ^)  —  I  -f-  c  sin  f ]  (tan  d'  —  tan  d) 
—  (c  —  e  cos  f  sin  r)  (sec  d'  —  sec  d) 

The  half  difference  of  these  equations  is 

j'  —  g  =  (i  -—  c  sin  f>)  (tan  d'  —  tan  a)  —  c  (seC  h'  —  sec  S)  (270) 

from  which,  c  being  previously  known,  we  find  the  value  of 
i  —  e  sin  ip.  The  hour  circle  is  here  used  only  to  set  the  instru- 
ment approximately  in  the  reverse  position,  and  so  that  the  values 
of  r  in  the  second  members  of  all  the  equations  may  be  regarded 
as  equal  to  each  other  in  the  computation  of  the  small  terms. 
We  thus  find  the  combination  i  —  e  sin  f  independently  of  the 
circle  reading ;  but  we  cannot  separate  i  without  such  reading. 

Third.— T\iQ  quantities  $  and  yj  may  be  found  independently 
of  the  reading  of  the  circles  by  observing  the  same  star  at  its 
upper  and  lower  culminations,  and  also  at  its  east  and  west 
trarsits  over  the  six  hour  circle,  without  revolving  the  telescope 
upon  the  declination  axis,  and  measuring  the  distance  of  the  star 
in  declination  from  the  sight  line  with  the  micrometer.     Thus, 
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for  r  =  0  and  r  =  180°,  the  reading  of  the  declination  circle 
being  constant,  and  /j  and  /,  the  micrometer  distances  of  the 
star  from  the  sight  line  in  the  two  observations,  r^  and  r,  the 
refractions,  and  d  the  true  declination,  we  have 

d  —  r^  =  d  +  /^d  -\-f^  —  f  —  e  (sin  ^  cos  d  —  cos  f  sin  d) 
d  -\-  r^  =  d  +  ^d  +f^  +  S  —  e  (sin  f  cos  ^  +  cos  f  sin  d) 

and  the  diflference  of  these  equations  gives 

f  =  i  C/i  -  /.)  +  H^  +  O  +  «  cos  f  sin  i  (271) 

For  T  =  90°  and  r  =  270°,  we  have 

d  +  r^==  d  +  ^d  -\-f^—i^  —-  e  Bin  ^  cosd 
^  +  r,  =  d  +  A<f  +  /,  +  1?  —  c  sin  ^  cos  ^ 

in  which  r^  and  r^  will  be  equal  if  no  change  in  ^he  meteoro- 
logical instruments  has  occurred.  The  difference  of  these  equa- 
tions gives 

^  =  i(/i-/.)-K^-r.)  (272) 

258.  A  precise  determination  of  the  constants  would  be  re- 
quired if  the  instrument  were  to  be  used  for  determining  abso- 
lute hour  angles  and  declinations.  But  so  large  an  instrument 
is  liable  to  be  so  much  affected  by  its  own  weight  and  by  changes 
of  temperature  that  we  could  not  rely  upon  the  constancy  of 
its  condition  for  the  intervals  of  time  that  must  necessarily 
elapse  between  the  determinations  of  its  errors  and  its  applica- 
tion to  the  observation  of  absolute  positions  of  stars.  Hence  its 
chief  application  is  to  the  measurement  of  small  differences  of 
right  ascension  and  declination,  or  of  distance  and  position  angle 
of  two  stars  with  its  micrometer.  The  advantages  of  the  equa- 
torial system  of  mounting  for  this  application  are  obvious. 

The  methods  of  conducting  these  micrometer  observations  are 
discussed  in  the  next  chapter. 
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CHAPTER  X. 

MIGROMETRIG  OBSERVATIONS. 

I  SHALL  confine  myself  to  those  micrometers  which  have  been 
most  generally  approved  by  astronomers,  either  for  their  con- 
venience or  their  accuracy,  and  which  are  more  or  less  in  com- 
mon use  at  the  present  day. 

THE  FILAR   MICROMETER. 

269.  This  has  already  been  fully  described  in  Chapter  EL, 
where  also  the  methods  of  finding  the  angular  value  of  a  re- 
volution of  the  screw  have  been  given.  Those  applications  in 
which  this  micrometer  is  but  an  auxiliary  of  some  principal  instru- 
ment— as  in  the  transit  instrument,  meridian  circle,  &c. — have 
already  been  treated  of  under  their  appropriate  heads.  We  are 
here  to  consider  it  as  the  principal  instrument,  and  the  telescope 
as  the  auxiliary:  consequently,  we  are  to  suppose  the  tele- 
scope to  be  mounted  with  special  reference  to  the  convenience 
of  micrometric  observations,  or,  in  short,  to  be  an  equatorial 
telescope.  We  also  suppose  it  to  be  furnished  with  a  position 
circle,  constituting  it  a  position  micrometer  (Art.  49). 

TO  FIND  THE   DISTANCE  AND   POSITION   ANGLE  OF  TWO   STARS*  WITH 
THE   FILAR   MICROMETER. 

260.  With  the  equatorial  mounting,  the  telescope  can  be 
readily  directed  to  the  stars  at  any  time  by  setting  the  circles  to 
the  faiown  hour  angle  and  declination  of  the  middle  point 
between  the  stars.  Moreover,  the  automatic  movement  of  this 
instrument  (by  the  driving  clock),  by  means  of  which  the  stars 

♦  I  say  "  sUrs,"  in  general,  for  brevity ;  but  the  methods  giren  are  obviously 
applicable  to  the  measurement  of  the  distance  and  position  angle  of  any  two  near 
points,  as  the  cusps  in  a  solar  eclipse,  or  to  the  measurement  of  apparent  semi- 
diameters,  Ac 
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are  kept  in  a  constant  position  in  the  field,  is  indispensable  for 
the  exact  measurement  of  their  distance  and  position  angle. 

The  micrometer  is  to  be  revolved  until  its  transverse  thread, 
which  is  parallel  to  the  screw,  passes  through  the  two  stars. 
The  zero  of  the  position  circle  {i.e.  the  reading  when  the  trans- 
verse thread  is  in  the  direction  of  a  circle  of  declination)  being 
known  =  P^,,  and  P  being  the  reading  upon  the  stars,  we  have 
at  once  the  required  position  angle  ^,  by  the  formula 

p  =  P-P,  (273) 

The  distance  of  the  stars  is  measured  at  the  same  time,  by 
placing  the  fixed  micrometer  thread  (which  is  perpendicular  to 
the  transverse  thread)  upon  one  of  the  stars,  and  the  movable 
thread  upon  the  other.  The  reading  of  the  micrometer  now 
being  Jlif  (revolutions),  and  its  zero  for  coincidence  of  the  threads 
being  M^j  the  required  distance  in  revolutions  of  the  micro- 
meter is 

m  =  -af— Jlfo  (274) 

If  P  is  the  value  of  a  revolution  in  seconds  of  arc  (Arts.  42,  43, 
&c.),  and  s  =  the  observed  distance  in  arc,  we  then  have 

tan ^s  =  m  tani2,        or,  nearly,        8  =  mR  (275) 

The  distance  m  may  also  be  found  by  placing  the  same  thread 
successively  upon  the  stars  and  taking  the  difference  of  the 
micrometer  readings,  thus  dispensing  with  the  fixed  thread  and 
with  the  determination  of  M^.  It  will  be  still  better  to  use  two 
movable  threads  whose  constant  distance  is  known,  as  will  be 
illustrated  in  Art.  266. 

In  this  process,  we  should  bring  the  images  of  the  stars  on 
opposite  sides  of  the  middle  of  the  field,  and  at  very  nearly 
equal  distances  from  it.  The  position  angle  measured  is  then  the 
angle  between  the  arc  joining  the  stars  and  the  circle  of  decli- 
nation drawn  to  the  middle  point  between  the  stars.  Both  the 
distance  and  position  angle  thus  observed  are  apparent;  the  effect 
of  refraction  will  be  considered  hereafter. 

261.  Cbrrection  of  the  observed  position  angle  for  the  errors  of  the 
equatorial  instrument. — The  preceding  process  would  be  complete 
if  the  zero  of  the  position  circle  always  corresponded  to  that 
position  of  the  transverse  thread  in  which  it  coincided  with  a 
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circle  of  declination.  The  adjustment  described  in  Art  49— 
namely,  placing  the  micrometer  thread  so  that  an  equatorial  stai 
in  the  meridian  runs  along  the  thread — assumes,  1st,  that  the 
micrometer  thread  is  perpendicular  to  the  transverse  thread,  and, 
2d,  that  the  equatorial  instrument  is  in  perfect  adjustment  in  all 
respects,  so  that  the  transverse  thread,  once  adjusted  to  the  meri- 
dian, will  remain  in  the  direction  of  a  circle  of  declination  in  all 
other  positions  of  the  telescope. 

The  first  source  of  error  is  avoided  by  adjusting  the  transverse 
thread  independently  of  the  micrometer  threads.  This  will  be 
most  readily  done  by  directing  the  telescope  upon  a  distant  ter- 
restrial point,  and  revolving  the  micrometer  until  a  motion  of  the 
telescope  upon  the  declination  axis  alone  causes  the  point  to 
move  exactly  along  the  thread.  The  thread  then  represents  a 
declination  circle  of  the  instrument,  or  rather  a  circle  whose  pole 
is  that  of  the  declination  axis ;  and  we  take  the  reading  P^  in 
this  position  as  the  zero  of  the  position  circle. 

The  second  source  of  error  is  next  to  be  removed  by  compuia- 
tion.  based  upon  the  actual  state  of  the  instrument.  The  distance 
of  the  stars  is  correctly  obtained  independently  of  the  errors  of 
the  equatorial  adjustment,  and  we  therefore  have  only  to  inves- 
tigate the  effect  of  these  errors  upon  the  position  angle.  The 
ac^justment  of  the  thread  by  the  method  just  described  causes 
the  thread  to  be  at  right  angles  to  the  arc  QS^  Fig.  54, 
which  joins  the  pole  of  the  declination  axis  and  the  '^ 
*itar.  If  P  is  the  celestial  pole  and  X  is  the  required 
correction  of  the  observed  position  angle,  we  have 
the  angle  QSP  =  90°  —  ;.  Let  P'  be  the  pole  of  the 
instrument,  and  put 

QSP'  =  90°  —  C,  PSP  =  q 

we  shall  then  have 

The  triangle  QSP'  gives,  with  the  notation  of  Art.  245, 

.     ^       sin  i  —  sin  c  sin  d' 

sm  Q  = 

cos  c  COB  a 

or,  with  sufficient  precision, 

Q  =  i  sec  S  —  c  tan  S 
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To  take  the  flexure  of  the  declination  axis  and  telescope  into 
account,  we  see,  by  Art.  246,  that  we  must  increase  i  by  the  cor- 
rection di  =  —  e  sin  ^ ,  and  c  by  the  correction  dc  =  e  cos  f  sin  r. 
Hence,  putting,  as  in  Art.  268, 

ij  =  1  —  «  sin  ^ 
we  have 

Q  =  tj  seo  ^  —  c  tan  d  —  e  cos  ^  tan  d  sin  r 

The  triangle  PSP^y  with  the  notation  of  Arts.  245  and  247,  gives 

sin  Y  sin  (t  —  ^) 

sin  q  = '- )- ^ 

cos  d' 

or.  with  sufficient  precision, 

jT  =  ^  sin  (t  —  *)  sec  d 

and  it  is  evident  that  the  flexure  produces  no  sensible  eflfect  upon 
this  angle.    We  have,  therefore, 

>l  =  ^  sin  (t  —  d)  see  d  +  i^  sec  ^  —  c  tan  d  —  e  cos  ^  tan  d  sin  t  (276) 

This  formula  can  be  used  for  either  position  of  the  declination 
axis  by  observing  the  precepts  of  Art.  248 ;  but  if  we  wish  to  let 
d  always  represent  the  actual  declination,  and  regard  (276)  as 
applicable  to  the  case  in  which  the  declination  circle  precedes, 
we  shall  have,  for  the  case  in  which  it  f allows j 

>l  =  ^  sin  (t  —  d)  sec  d  —  ij  sec  d  -\-  c  tan  d  —  e  cos  ^  tan  d  sin  r  (276*) 

The  value  of  d  must  be  that  which  belongs  to  the  middle  of 
the  field,  or  the  mean  of  the  apparent  declinations  of  the  two 
stars. 

The  position  angle  resulting  from  the  observation  will  now  be 

J>  =  -P  —  -Po  +  ^  (277) 

262.  The  constant  c  expresses  the  angle  between  the  optical 
axis  and  the  axis  of  collimation ;  and  it  may  be  well  to  repeat 
here  the  definitions  of  these  terms  as  we  have  used  them.  The 
optical  axis  is  the  straight  line  drawn  through  the  optical  centre 
of  the  objective  and  the  centre  of  the  position  circle;  and  the 
axis  of  collimation,  the  straight  line  drawn  through  the  optical 
centre  of  the  objective  perpendicular  to  the  declination  axis. 
Now,  the  transverse  thread  may  not  pass  through  the  optical 
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axis,  but  may  have  a  certain  eccentricity:  hence,  to  obtain  the 
position  angle  according  to  the  above  formula  with  the  utmost 
rigor,  we  must  take  the  mean  of  two  observations  in  reversed 
positions  of  the  thread,  corresponding  to  readings  of  the  position 
circle  differing  180°. 

The  correction  A,  if  the  equatorial  adjustment  is  good,  will 
seldom  amount  to  one  minute  of  arc,  and  may  usually  be  disre- 
garded. The  importance  of  a  correct  determination  of  the  posi- 
tion angle  increases  with  the  distance  of  the  stars,  since  an  error 
in  this  angle  will  produce  errors  in  the  deduced  relative  right 
ascension  and  declination  of  the  stars  which  are  directly  propor- 
tional to  this  distance :  at  the  same  time,  the  greater  distance  is 
favorable  to  accuracy  in  the  observation  of  the  position  angle. 
The  field  of  the  filar  micrometer,  however,  is  small,  diminishing 
as  we  increase  the  magnifying  power  for  the  sake  of  increased 
accuracy ;  and,  since  for  this  observation  both  stars  must  be  seen 
in  the  field  at  once,  we  are  obliged  to  use  low  powers  for  the 
greater  distances  (from  10'  to  20'),  and  thus  lose,  in  a  degree, 
the  advantage  which  the  increased  cUstance  would  otherwise 
afford.  This  difficulty  does  not  exist  in  the  use  of  the  heliometer^ 
for  which,  therefore,  a  greater  degree  of  refinement  in  the  deduc- 
tion of  the  position  angle  is  requisite,  and  the  above  correction 
becomes  of  greater  importance. 

263.  Reduction  of  the  observed  position  angle  to  the  mean  of  the 
position  angles  at  the  two  stars. — ^Let  S  and  S',  Fig.  55, 
be  the  stars,  P  the  celestial  pole,  S^  the  middle  point 
between  the  stars,  and  let  the  arc  SS'  be  produced 
through  the  star  S'  towards  A.    Let 

y  =  PSA,  p"  =  PS' A,  p  =  PS^A. 

It  is  usual  to  assume  p  to  be  the  mean  of  ;>'  and  p", 
but  for  large  distiinces,  and  when  the  stars  are  near 
the  pole,  a  correction  becomes  necessary.   K  we  put 

d,  ^',  d^  =  the  declinations  of  /S,  S\  S^ 
s  =  the  distance  SS', 

the  triangle  PSJS  gives 

cos  d  coBp^=  cos  J  8  cos  d^  COS  p  +  sin  ^  «  sin  9^ 
COB  d  sin  p'  =  cos  d^  sin  p 


Fig.  55. 


a 
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whence 

COB  d  sin  (^p'  — 1>)  =  —  sin  i 8  Bin  d^  fAnp  -\-  sin'  \ s cos  d^  sin 2p 
cos  d  cos  (p'  —  p)=  cos  d^  +  sin  J  5  sin  ^^  cos  j>  —  2  sin*  \  s  cos  d^  cos» ji 

and,  developing  sin  ^  8  and  sin  ^^  in  Beries, 

cos  9  sin  ip'  —p)  =  —  2«  sin  ^„sin  j>  -j-  T^a'cos^^  sin  2|?  +  &a 
cos  d  cos  ( j)'  —  p)  =  cos  ^0  +  i  «  sin  d^  cos  |?  —  &c. 

Dividing  the  first  by  the  second,  and  putting  for  tan  {p'  —  p)  its 
value  in  series,  we -find 

p'  —-p  =  —  i«  tan  d^  sin  j>  +  Jg«"sin2p(l  +  2tanM^)— As*  +  &c. 

In  like  manner,  the  triangle  PS^'  gives 

cos  d' cos  p"  =  cos  J«  cos  d^  cosp  —  sin  J«  sin  d^ 
cos  ^'  sin  p"  =  cos  ^^^  sin  p 

from  which  we  see  that  the  development  of  p"  —  p  will  be  ob- 
tained from  that  of  p'  —  phj  merely  changing  the  sign  of  5: 
hence 

j>"  —  p  =  +  J  «  tan  ^,  sin  |)  +  y5«*sin  2p  (1  +  2UnMJ  +  As*  +  &c. 

Neglecting  only  the  4th  and  higher  powers  of  5,  we  have,  there- 
fore, 

i  (/  +  P")  -P  =  i\ «•  sin 2;) (1  +  2  tan' 5.)  (278) 

which  is  the  required  correction  to  be  added  to  the  observed 
position  angle  p  to  reduce  it  to  the  mean  \{p'  +  p")-    When  s 
is  expressed  in  seconds  of  arc,  the  second  member  must  be  mul- 
tiplied by  sin  1". 
We  also  find,  within  terms  of  the  8d  order, 

2  (i>"  —  i>')  =  i  «  tan  d^  sin  p  (279) 

The  purpose  of  the  observation  is  usually  to  determine  the 
place  of  one  star  from  that  of  another  which  is  given.  It  will 
be  convenient  hereafter  to  consider  the  observed  position  angle 
as  expressing  the  position  of  the  unknown  star  referred  to  the 
known:  thus,  in  the  above  formulae  the  three  position  angles 
P'y  P"y  P  are  all  reckoned  in  the  direction  from  the  known  to 
the  unknown  star,  p'  being  the  angle  at  the  former,  jp"  the  angle 
at  the  latter,  and  p  the  angle  at  the  middle  point  between  &e 
two  stars. 
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TO    PIND     THE    APPARENT    DIFFERENCE    OF    RIGHT    ASCENSION    AND 
DECLINATION   OF   TWO   STARS   WITH   THE  FILAR   MICROMETER. 

264.  First  Method. — Observe  the  distance  5,  and  the  position 
angle  p,  of  the  unknown  star  from  the  known  star,  by  the  pre- 
ceding method.  For  a  rigorous  method  of  computation  we 
must  first  reduce  the  observed  angle  to  the  mean  of  the  angles 
at  the  stars,  by  (278).  Thus,  if  we  denote  this  mean  by  p^,,  we 
first  find 

JPo  =  -P  +  A  «'  Bin  1"  sin  2p  (1  +  2  tan»  d;)  (280) 

in  which  we  may  take  d^  =  the  mean  of  the  declinations  of  the 
stars,  which  may  be  found  with  suflBicient  precision  by  a  rough 
preliminary  computation.  I£  we  also  put  Ap  =  J  {p'^  —  p')y  we 
find  in  the  next  place,  by  (279), 

^p  =  ^8  tan  d^  sin p  (281) 

Now,  ct,  d  denoting  the  right  ascension  and  declination  of  the 
known  star,  a',  d'  those  of  the  unknown  star,  the  triangle 
formed  by  the  two  stars  and  the  pole  gives,  by  the  Gaussian 
equations  of  Spherical  Trigonometry, 

sin  }  (d'  —  d)  cos  }  (a'  —  a)  =  sin  }  5  cos  p^ 

cos  }  (^'  —  d)  cos  }  (a'  —  a)  =  COS  }  8  COS  Ap 

Bin  }  (d'  +  d)  sin  }  (o'  —  »)  =  COS  }  8  sin  ^p 
cos  i  (d'  -|-  d)  Bin  }  (o'  —  a)  =  Bin  i  5  sin  p^ 

The  1st  and  2d  ^ve 

tan  J(^'— ^)=tan}«.-^??A  (282) 

COB  ^p  ^ 

Having  thus  found  J  (d'  —  d),  we  also  have  J  (^'  +  *)  =  ^  + 
I  (i'  —  S) ;  and  then  the  4th  equation  gives 

BinKa'-a)  =  ^i?^if^  (288) 

^  ^       cosJ(<5  +^) 

For  an  approximate  method  of  computation,  sufficient  in  most 
cases,  we  can  neglect  the  difference  between  p  and  p^  and,  con- 
sequently, also  neglect  terms  in  5*  in  (282)  and  (283),  so  that 
these  equations  will  become 

y~d  =  8cosp  1     .gg^. 

•'—•  =  «  Bin;)  sec  J(*'+^)  )    ^      ^ 
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Example. — ^In  1846,  November  29,  at  the  Washington  Obser- 
vatory, Mr.  Sears  C.  Walker  observed  the  position  angle  and 
distance  of  the  planet  Neptune  from  a  star  as  follows : 

Sid.  time  =  0»  17-  52'  P  =  82<'  35'.7  m  =  20.576  rev. 

For  the  zero  of  the  position  circle  he  found  Po  =  272°  38', 
and  the  value  of  a  revolution  of  the  micrometer  was  R  =  16".406. 
The  star's  apparent  place  was 

a  =  21»  51-  50'.69  a  =  —  18«  25'  52".76 

Hence  we  have,  by  (284), 

P—P^  =  p  =  169*^  57'.7    log  cos  p  n9.99830  log  sin  p  9.24132 

log  mB  =  log  8    2.50105 logs         2.50105 

^'  —  ^  =  —  5'  12".14  log  (^'— a)  n2.49435  log  sec  J  (d'+  8)  0.01212 
J(d'+d)=— 13<'28'29".    a'— a=+56".82=+3'.79  log(a'— a)  1.75449 

The  computation  by  the  rigorous  formulse  (282)  and  (283)  gives 
the  same  results.  Neglecting  the  differential  refraction,  which 
will  be  treated  of  hereafter,  these  differences  applied  to  the 
given  place  of  the  star  give  for  the  place  of  Neptune  at  the 
sidereal  time  0*  17"*  52*, 

o'  =  21»  51-  54'.48  d'=  —  W  31'  4".90 

In  the  case  of  a  planet  the  place  thus  found  has  also  to  be  cor- 
rected for  its  parallax.     (Arts.  102,  103,  of  Vol.  L) 

265.  When  one  of  the  stars  has  a  proper  motion^  the  mean  of 
several  observed  distances  and  position  angles  will  not  corre- 
spond precisely  to  the  mean  of  the  times.  To  proceed  rigorously 
in  that  case,  we  must  compute  the  differences  of  right  ascension 
and  declination  from  each  observation ;  and,  as  these  differences 
may  be  regarded  as  proportional  to  the  time,  their  mean  will 
correspond  to  the  mean  of  the  times.  But  a  briefer  method 
of  reduction  consists  in  employing  the  mean  of  the  observed 
distances  and  position  angles  corrected  for  second  differences.  Let 
^15  ^a>  ^s>  ^^'  l>®  the  observed  distances,  and  Sq  their  arithmetical 
mean ;  jo,,  p^  p,,  &c.  the  observed  position  angles,  and  p^  their 
arithmetical  mean;  7\,  T^,  T^  &c.  the  corresponding  observed 
times,  and  T  their  arithmetical  mean.  Let  s  and  p  denote  the 
values  of  the  distance  and  position  angle  corresponding  to  the 
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time  T.  We  have  only  to  find  b  and  |>,  with  which  a  single  com- 
putation of  the  differences  of  right  ascension  and  declination 
will  give  the  quantities  required  for  the  time  T. 

Let  Att,  tJi  be  the  changes  of  right  ascension  and  declination 
in  one  sidereal  second.  K  a',  5'  are  the  values  which  corre- 
spond to  the  time  T^  we  have 

5  sin  |)  =  (a'  —  o)  cos  }  (^'  +  b) 
8  CO&p  =    d' —  d 

and,  consequently, 

5j  sin  p,  =  (a'  —  o)  cos  J  (^'  +  ^)  +  Ao  (T;  —  !r)  cos  J  (^'  +  ^ 
«,  cosp^  =  ^'  —  ^  _|_  A^  (i;  —  T) 

Put 

T,  -  !r  =  r,,  T.  -  T=  r„  T;  -  T=  r„  &c. 


and,  also, 
then 

whence 


/  sin  v>  =  Ao  cos  }  (d'  +  d) 

/  COB  t>  =  ^d 

8^  sin  j>j  ==  «  sin  jp  +  /  sin  * .  Tj 
«i  cos  jPj  =  «  cos  ^  +  /  cos  1^  .  T^ 

«i  «n  (i>  —  J>i)  =/  Bin  (i)  —  *) .  T, 

«i  cos  (j)  — Pi)  =  9  +f  COS(j>  —  4),  Ti 


}    (285) 


}      U) 


These  equations  give,  first, 


^8in(;)-*).T, 
tan(l'-J>,)  =  -r 


l  +  yC08(j>-*).T, 
which  developed  in  series  [PI.  Trig.  Art.  257]  gives 

^       ^'  ^  «        sin  1"         '       «•         sin  1"  2  ^ 

Each  observation  gives  an  equation  of  this  form ;  and  the  mean 
of  n  such  equations,  observing  that  It  =  0,  is 

„_„  -fl  «i°2(p-»)  ^ 
P~^<>      a*'       Binl"       ■2n 
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where  we  neglect  terms  of  the  third  and  higher  orders.    Here  r 
is  expressed  in  seconds  of  time,  and  we  have,  very  nearly, 

T«  _    2sinMT 
2  ""  (15  sin  !")■ 
If  we  employ  the  quantity  m  given  by  Table  V., — w. 

2  8in«  J  T 

our  formula  will  become 

Again,  the  sum  of  the  squares  of  the  equations  {A)  gives 
whence 

=  1  +  ^cofl(p  ~*).r, +l|^j'sin«(;> -^) 

where  the  terms  of  the  third  order  are  neglected.     The  mean 
of  n  equations  of  this  kind  is 

5  "^  5«  '2n 

and,  if  M  is  the  modulus  of  common  logarithms,  we  have,  very 
nearly, 

It  will  be  convenient  to  find  the  correction  of  p^  in  minutes 
of  arc,  and  the  correction  of  log  5^,  in  units  of  the  fifth  decimal 
place ;  for  which  purpose  we  have  to  divide  the  last  term  of 
(286)  by  60,  and  multiply  the  last  term  of  (287)  by  l(fi.  It  will 
also  be  convenient  to  let  Aa  and  ^d  be  the  changes  of  right  as- 
cension and  declination  in  one  minute  of  mean  tmcy  as  they  will 
usually  be  given  in  this  form ;  and  then  we  must  divide  /  by 
60.164  (=  no.  of  sid.  seconds  in  1"*  of  mean  time).  With  tiiese 
modifications  our  formulse  will  become 

P  =  Po-  [2.93984]  i^  Bin  2(p  -  *)  ^ 
log  8  =  log  «o  —  [4.04185]  L  sm\p  -^f)  — 
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where  the  logarithm  of  the  constant  factor  is  given.  The  quan- 
tities Aa,  ^dj  f,  and  s  are  supposed  to  he  expressed  in  seconds 
of  arc. 

266.  Second  Method. — Set  the  declination  circle  of  the  equa- 
torial instrument  to  the  mean  declination  of  the  two  stars ;  direct 
the  telescope  to  a  point  a  little  in  advance  of  the  stars,  and  clamp 
the  hour  circle.  The  telescope  being  fixed,  the  diurnal  motion 
will  carry  the  stars  across  the  field.  Set  the  transit  threads  {i.e. 
the  transverse  thread  and  the  threads  parallel  to  it)  in  the 
direction  of  a  circle  of  declination,  and,  as  the  stars  pass  across 
the  field,  observe  the  clock  times  of  their  transits  over  the  threads. 
At  the  same  time,  set  the  micrometer  thread  upon  the  two  stars 
successively  as  each  passes  the  middle  of  the  field,  and  read  the 
micrometer  interval  between  them;  this  will  give  at  once  the 
difference  of  declination.  The  difference  of  right  ascension  will 
be  the  difference  between  the  observed  clock  times  of  transit  of 
the  two  stars  over  the  same  threads,  this  difference  being,  of 
course,  reduced  to  a  sidereal  interval  when  necessary,  and  also 
corrected  for  clock  rate. 

For  the  reduction  of  defective  transits,  it  is  necessary  to  know 
the  intervals  of  the  threads,  which  will  be  found  as  in  tiie  transit 
instrument  (Art.  181). 

If  one  of  the  bodies  has  a  proper  motion,  the  differences 
obtained  are  those  which  belong  to  the  instant  when  this  body 
was  observed. 

It  is  usual,  in  observations  of  this  kind,  to  avoid  all  consider- 
ation of  the  errors  of  the  equatorial  instrument,  by  adjusting 
the  movable  micrometer  thread  at  the  time  of  the  observation 
so  that  the  star  runs  along  the  thread.*  If  the  transit  threads 
are  exactly  perpendicular  to  the  micrometer  thread,  they  ^^11  be 
(very  nearly)  parallel  to  a  circle  of  declination  drawn  through 

*  This  method  is,  howeyer,  not  striotly  correct ;  for  the  apparent  path  of  a  star  is 
not  precisely  perpendicular  to  the  circle  of  declination,  on  account  of  the  difference 
of  the  refraction  at  different  points  of  this  path.  The  error  is,  indeed,  extremely 
small,  except  when  the  zenith  distance  is  very  great ;  but,  if  we  wish  to  proceed  with 
the  utmost  precision,  we  can  set  the  threads  by  means  of  the  position  circle.  If  the 
lero  P^  of  the  position  circle  has  been  determined  ns  in  Art.  261,  and  the  circle  is 
set  to  this  reading,  the  threads  will  make  the  angle  A  with  a  true  circle  of  declina- 
tion ;  consequently,  6  and  6'  being  the  declinations  of  the  stars,  we  must  add  the 
correction  ^{^ —  ^)  sin  A  see  6'  to  the  obsenred  time  of  transit  of  the  star  whose 
declination  is  S\  The  angle  X  wiU  be  found  by  (276). 
Vol.  II.— 2« 
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the  centre  of  the  field ;  but,  to  eliminate  any  error  arising  from 
a  defect  of  perpendicularity,  the  threads  should  be  revolved  180° 
by  the  position  circle,  and  the  observation  repeated ;  and  in  a 
series  of  consecutive  observations  there  should  be  a  like  number 
of  observations  in  these  two  positions. 

The  slide  moved  by  the  screw  is  often  provided  with  three 
micrometer  threads  the  constant  distance  of  which  from  each 
other  is  known,  and  each  of  the  two  bodies  is  observed  on  the 
thread  which  is  nearest  to  it.  By  this  arrangement  we  are 
enabled  to  measure  a  large  difference  of  declination  with  but  a 
small  motion  of  the  screw,  which  often  facilitates  the  observa- 
tion, especially  when  the  stars  have  nearly  the  same  right  ascen- 
sion, and,  consequently,  pass  the  middle  of  the  field  nearly  at 
the  same  time. 

The  equatorial  mounting  enables  us  to  repeat  the  observation 
as  often  as  we  please,  with  the  greatest  facility.  After  each  ob- 
servation we  have  only  to  revolve  the  instrument  a  small  dis- 
tance upon  the  hour  axis  and  clamp  it  again  a  little  in  advance 
of  the  objects. 

Example. — ^In  1846,  November  29,  at  the  Washington  Obser- 
vatory, Mr.  Walker  observed  the  difference  of  right  ascension 
and  declination  of  the  planet  Neptune  and  a  star  as  below.  The 
micrometer  was  adjusted  so  that  the  star  ran  along  a  micrometer 
thread.  There  were  three  micrometer  threads,  numbered  1,  2,  8, 
of  which  1  was  nearest  the  micrometer  head,  and  the  constant 
distance  between  2  and  3  was  29.983  revolutions.  The  readings 
of  the  micrometer  increased  with  the  declination.  The  value 
of  a  revolution  was  JR  =  16" .406. 


TroBsit  Thread. 

Mean  of  thrMdB. 

>fioroinet«r. 

I 

II 

III 

Thnad. 

M 

Star 

Z-J 

18'.2 

27'.4 

28»80-16M0 

2 

64.564 

l^eptone 

48.2 

0.5 

12.5 

"    82     0.40 

8 

55.453 

•'— a=+    1    46.30 


+    0.889 
—  29.988 
m  =  —  29.094 
^'— ^  =  mJB  =  — r28".2 
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Hie  star's  place  was 

a  =  21»  50*  8'.99  ^  =  —  13°  23'  36'Ml 

l^nd  therefore,  neglecting  the  differential  refraction  and  the 
placet's  parallax,  we  have 

•'  =  21»  61-  54'.29  d'  =  —  13°  31'  3",33 

which  belong  to  the  time  when  Neptune  was  observed.  The 
clock  correction  was  —  3r  31'.7,  and  therefore  the  place  deter- 
mined corresponds  to  the  sid.  time  23*  28*  28*.  7. 

Five  observations  of  the  same  kind  were  taken  successively, 
which  gave  at  the  sid.  time  23*  80*  66',  a'  —  a  =  +  l*  45'.23, 
J'~*  =  — 7'29".40. 

267.  Third  Method. — ^When  the  telescope  follows  the  motion 
of  the  stars  automatically  with  great  accuracy,  we  may  measure 
the  difference  of  right  ascension  by  placing  the  micrometer 
threads  at  right  angles  to  the  diurnal  motion  and  setting  the 
fixed  thread  upon  one  star  and  the  movable  thread  upon  the 
other.  The  middle  point  of  the  arc  joining  the  stars  should  be 
as  nearly  as  possible  in  the  centre  of  the  field.  If,  then,  m  is 
the  distance  of  the  threads,  and  its  equivalent  in  arc  is  5  =  miZ, 
we  shall  have,  very  nearly,  sin  (a'  —  a)  =  2  sin  J  5  sec  Sq,  in  which 
d^  is  the  mean  declination.  This  method  will  not  be  used  for 
stars  far  from  the  equator,  and  therefore  in  all  practical  cases 
we  may  take  a'  —  a  =  s  sec  5©.  The  objection  to  this  method  is, 
that  the  difference  of  declination  is  not  found  at  the  same  time. 

THE   HELIOMETSR. 

268.  This  instrument  belongs  to  the  class  of  double  image  mi- 
crometers. The  object  glass  of  an  equatorially  mounted  tele- 
scope is  bisected,  the  plane  of  the  section  passing  through  the 
optical  axis  of  the  lens,  and  the  two  semi-lenses,  set  in  separate 
metallic  frames,  slide  upon  each  other  in  a  direction  parallel  to 
the  line  of  section.*  Either  semi-lens  can  be  moved,  and  the 
amount  of  its  motion  measured,  by  a  micrometer  screw.  Each 
eemi-lens  forms  a  complete  image  of  a  distant  object  at  the  prin- 

*  The  dupUcation  of  the  image  by  means  of  two  complete  lenses  was  inyented  by 
^ouovsB,  in  1748.  The  improTement  of  sabstitnting  the  two  halyes  of  a  sing!<j  lens 
was  BhsrUy  after  made  by  Johh  Dolloxd. 
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cipal  focus.  These  images  (in  a  perfect  instrument)  are  super- 
posed, and  form  but  a  single  image  at  the  focus,  when  the  two 
semi-lenses  are  in  their  primitive  position  forming  a  single  cir- 
cular lens ;  but  when  the  optical  centres  of  the  two  semi-lenses 
are  separated  by  the  sliding  motion,  the  two  images  at  the  focus 
are  separated  from  each  other  by  a  distance  equal  to  the  distance 
of  the  centres  of  the  semi-lenses.  The  instrument  thus  arranged 
becomes  a  micrometer  adapted  for  the  measurement  of  small 
angular  distances  in  general,  but,  from  its  supposed  peculiar 
adaptation  to  the  measurement  of  the  sun's  diameter,  has  re- 
ceived the  name  of  the  hellomcter.  Thus,  if 
'  A  (Fig.  56)  is  the  image  of  the  sun  formed 

at  the  focus  when  the  centres  of  the  semi- 
lenses  are  coincident,  and  one  semi-lens  is 
then  moved  until  the  image  it  forms  is  in 
the  position  ^',  so  that  its  limb  is  in  appa- 
rent contact  with  that  formed  by  the  other  semi-lens,  the  motion 
of  the  semi-lens,  as  measured  by  the  micrometer  screw,  gives 
the  measure  of  the  angular  diameter  of  the  sun  as  soon  as  the 
angular  value  of  a  revolution  of  the  screw  is  known. 

Again,  if  A  and  B  (Fig.  57)  are  the  images  of  two  stars  when 
the  semi-lenses  are  coincident,  and  if  (the  direction 
A      B  of  the  line  of  section  of  the  lens  being  made  to  coin- 

•  •  •  cide  with  that  of  the  line  joining  the  stars)  one  semi- 
^'  ^  lens  is  moved  until  the  image  of  A  is  seen  at  jB, 
while  that  of  B  is  moved  to  -B',  the  motion  of  the  lens  as  given 
by  the  screw  determines  the  angular  distance  of  the  stars.  The 
position  angle  of  the  two  stars  will  also  be  determined  by  the  angle 
which  the  line  of  section  makes  with  a  declination  circle ;  and 
for  this  purpose  the  whole  lens  is  mounted  so  as  to  be  revolved  in 
a  plane  at  right  angles  to  its  optical  axis,  and  its  position  at  any 
time  is  shown  by  a  graduated  position  circle  attached  to  the  tube 
of  the  telescope. 

Such  is  the  general  principle  of  the  instrument ;  but  in  order 
to  give  precision  to  the  observation,  it  is  necessary  that  the 
observed  point  of  coincidence  of  two  images  should  be  in  the 
optical  axis  of  the  complete  lens,  and  that  these  images  should 
be  separated  by  moving  the  semi-lenses  in  opposite  directions 
and  equal  distances  on  each  side  of  this  axis ;  or,  if  these  condi- 
tions are  not  exactly  or  approximately  satisfied,  that  we  should 
have  the  means  of  computing  the  correction  which  the  observed 
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measure  requires.  For  this  purpose,  the  ocular  is  also  provided 
with  a  micrometer  screw  and  a  position  circle,  and  ther  position 
of  the  point  of  contact  of  two  images,  with  respect  to  the  line 
joining  the  centres  of  the  two  position  circles,  can  he  determined. 
The  mode  of  using  the  data  thus  obtained  will  be  discussed  in 
the  general  theory  of  the  instrument  hereafter  given. 

269,  Plate  XV.  represents  the  heliometer  of  the  Konigsberg 
Observatory,  with  which  Bessbl  determined  the  parallax  of 
61  CygnL  The  focal  length  of  the  telescope  is  102  inches,  the 
diameter  of  the  lens  is  6J  inches.  The  equatorial  mounting 
needs  no  special  explanation,  as  it  is  essentially  the  same  as 
that  described  in  the  preceding  chapter,  except  that  the  stand  is 
here  of  wood  and  adjustable  by  means  of  four  foot  screws.  The 
sliding  motion  of  the  semi-lenses  is  produced  by  the  micrometer 
screws  a,  6,  which  are  moved  by  the  observer  by  means  of  the 
rods  a'  and  6'.  The  measure  of  the  motion  is  obtained  either 
from  the  graduated  heads  of  the  micrometer  screw  or  from  two 
graduated  scales,  which  are  read  by  the  microscopes  e  and  /. 
The  latter  method  is,  however,  chiefly  used  as  a  check  upon  the 
former,  and  also  to  verify  the  regularity  of  the  screw.  The 
revolution  of  the  lens  about  the  axis  of  the  tube  is  effected  by 
a  rack  {hh)  and  pinion,  which  is  out  of  view  in  the  drawing, 
but  is  acted  upon  by  the  rod  c.  In  order  to  read  the  micrometer 
and  position  circle  after  an  observation  is  completed,  the  tele- 
scope has  only  to  be  revolved  upon  the  declination  axis  until  its 
object  end  is  brought  to  a  convenient  position  for  reading. 

It  greatly  facilitates  the  successive  repetitions  of  the  observation 
to  employ  the  automatic  movement  by  clock-work ;  for  after  an 
observation  the  telescope  can  be  revolved  upon  the  declination 
axis  without  stopping  the  clock,  and  after  reading  the  micrometer 
and  position  circle  it  can  be  restored  to  its  former  position  in 
declination,  and  the  objects  will  be  still  in  the  field. 

It  is  one  of  the  chief  advantages  of  the  heliometer  that  the 
precision  of  the  observation  is  not  impaired  by  the  diurnal 
motion ;  for  even  when  we  do  not  employ  the  driving  clock,  a 
good  result  is  obtained  whenever  we  have  made  a  contact  of  the 
images  of  the  observed  points  near  the  centre  of  the  field.  The 
automatic  movement  is,  therefore,  not  essential  to  secure  the 
accuracy  ot  the  observation  (as  it  is  in  the  case  of  the  filar  mi- 
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crometer),  but  is  chiefly  important  as  facilitating  the  repetition 
of  the  observation. 

It  has  been  objected  to  the  heliometer  that  the  optical  per- 
formance of  a  semi-lens  is  imperfect.  In  fact,  it  appears  that, 
although  the  correction  for  spherical  aberration  of  a  complete 
lens  may  be  perfect,  it  is  not  perfect  for  each  half  of  the  lens,— 
at  least,  it  has  not  been  found  perfect  in  the  instruments  of  this 
kind  heretofore  constructed.  There  is  also  some  inflexion  of  the 
rays  of  light  produced  at  the  line  of  section.  The  combined 
effect  of  these  causes  is  an  elongation  of  the  separated  images  in 
a  direction  at  right  angles  to  the  line  of  section.  Another  ob- 
jection is,  that  the  brightness  of  each  of  the  images  is  but  one- 
half  that  of  an  image  formed  by  the  whole  lens.  It  has  also  been 
found  that  when  the  two  semi-lenses  are  in  their  primitive  posi- 
tion, forming  a  single  complete  lens,  the  two  superposed  images 
do  not  always  form  a  single  constant  image,  but  that  in  a  dis- 
turbed state  of  the  air  the  images  are  frequently  seen  to  separate 
momentarily.  This  effect,  of  which  no  entirely  satisfactory  ex- 
planation has  been  suggested,  has  been  observed  in  most  if  not 
all  the  heliometers. 

But  these  optical  defects  are  more  than  compensated  by  the 
superior  accuracy  in  the  measurement  of  distances,  resulting 
from  the  great  precision  with  which  contacts  and  coincidences 
of  images  can  be  observed.  The  elongation  of  the  images,  being 
in  a  direction  at  right  angles  to  the  observed  distance,  has  no 
sensible  effect  upon  its  measure,  and  its  minute  effect  upon  the 
position  angle  is  eliminated  by  repeating  the  observation  with 
opposite  motions  of  the  semi-lenses,  that  is,  by  interchanging 
the  images.  The  tremulous  motion  of  stars  arising  from  a  dis- 
turbed state  of  the  air  is  in  general  common  to  the  images  of 
both  objects,  and,  therefore,  does  not  affect  the  observation  of  a 
contact;  and  the  momentary  separation  of  the  images  above  re- 
ferred to,  which  when  the  semi-lenses  are  separated  produces 
a  slight  tremulous  motion  of  each  image,  does  not  cause  the 
images  to  appear  so  unsteady  relatively  to  each  other  as  the 
single  image  formed  by  a  complete  lens  relatively  to  the  thread 
of  the  filar  micrometer.  Finally,  the  experience  of  Bbssel  and 
others  in  the  actual  use  of  the  instrument  has  proved  that  the 
probable  error  of  a  single  measure,  whether  of  distance  or  posi- 
tion angle,  is  less  than  in  the  use  of  any  other  micrometer.* 

*  See  Be8sil*8  account  of  the  Konigsberg  heliometer,  Attron,  Naeh.  VoL  VIIL 
pp.  411-426. 
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The  heliometer  possesses  a  great  advantage  over  all  other 
micrometers  in  the  measurement  of  comparatively  large  dis- 
tances. With  a  filar  micrometer  the  distances  observed  must  be 
the  less  the  higher  the  magnifying  power  employed,  since  the 
whole  distance  must  be  in  the  field  of  view ;  but  no  such  restric- 
tion exists  with  the  heliometer,  where  only  the  point  of  contact 
or  coincidence  of  two  objects  is  required  to  be  in  the  field. 
With  the  Konigsberg  instrument  above  described,  a  distance  of 
1^  52'  can  be  measured. 

GENERAL   THEORT   OF  THE   HELIOMETER. 

270.  In  the  following  discussion  of  the  mathematical  theory 
of  the  heliometer  I  shall  chiefly  follow  Bessel.* 

I  shall  first  investigate  the  general  formula  which  determine 
the  position  of  any  point  of  the  celestial  sphere  observed  with 
one  semi-lens,  the  data  being — Ist,  the  declination  and  hour  angle 
of  the  point  of  the  sphere  which  is  in  the  heliometer  axis,  which 
point  may  be  called  the  pole  of  the  heliometer  axis ;  2d,  the 
position  of  the  semi-lens  with  respect  to  this  axis,  as  given  by 
the  micrometer  and  position  circle  of  the  objective;  3d,  the 
position  of  the  point  in  the  field  where  the  image  is  observed, 
as  given  by  the  micrometer  and  position  circle  of  the  ocular. 

By  the  heliometer  axis  is  here  meant  the  straight  line  which 
j(Hns  the  centres  of  the  position  circles  of  the  objective  and 
ocular ;  and  we  shall  here  apply  to  this  axis  the  notation  which 
in  the  theory  of  the  equatorial  instrument  (Art.  245)  was  applied 
to  the  sight  line.  Thus,  90°  —  c  will  now  express  the  distance 
of  the  pole  of  the  heliometer  axis  from  the  pole  of  the  declina- 
tion axis.  If  then  we  denote  by  S^  and  r^  the  declination  and 
hour  angle  of  the  pole  of  the  heliometer  axis,  we  shall  have,  by 
(258), 

^.  =  (Z+A4-rco8(r,-^)  I    ,289) 

T^  =  t  +  ^t  —  7*  sin  (t,  —  &)  tan  \  +  c  sec  d^  —  i^  tan  \     i 

where  d  and  t  are  the  readings  of  the  declination  and  hour  circles, 
and  A^,  ^i,  Xt  <^?  ^>  ^-^d  i^  are  the  constants  of  the  equatorial  in- 
strument, supposed  known.  The  terms  depending  on  the  flexure 
are  here  omitted,  as  not  sensibly  affecting  micrometric  observa- 

*  AttronoTnitche  Untertuchungen,  Vol.  I.,  Theorie  eines  mit  einem  Heliometer  vertehenen 
JSquatorBal-Inatrumentt.  See,  however,  also  Rjlv3ES*b  Au^hrlicheMethode  mit  dem 
Hxtunho/ertchen  Heliometer  Vertuehe  antuttellen^  4to.  Gotha,  1827. 


408  MICROMETRIC  OBSBRVATIONS. 

tioiis,  excepting  only  the  term  e  stti  ip  tan  d^y  which,  on  account 
of  the  factor  tan  d^^  may  be  supposed  to  become  sensible  for 
stars  very  near  the  pole ;  and  this  term  is  included  in  our  for* 
mulee  by  the  substitution  of  ^  =  i  —  e  sin  tp. 

It  is  assumed  that  the  images  of  infinitely  distant  points 
formed  by  each  semi-lens  are  mathematical  points,  that  they  all 
lie  in  the  same  focal  plane  perpendicular  to  the  heliometer 
axis,  and  that  the  straight  lines  joining  these  points  and  their 
images  pass  through  the  optical  centre  of  the  semi-lens.  Let 
this  optical  centre  be  denoted  by  0.  The  point  0  is  moved  by 
the  micrometer  screw  in  a  plane  which  is  at  right  angles  to  the 
heliometer  axis  and  in  a  line  which  should  pass  through  that 
axis;  but  a  perfect  adjustment  in  this  respect  will  not  be 
assumed,  and  we  shall  suppose  that  the  line  in  which  the  point 
0  moves  is  at  the  distance  b  from  the  heliometer  axis.  The 
position  of  the  point  0  in  this  line  at  any  time  will  be  deter- 
mined by  the  micrometer  reading  tw,  together  with  the  reading 
that  corresponds  to  some  assumed  point  of  the  line  as  an  origin. 
Let  this  origin  be  the  point  of  the  line  which  is  at  the  least  dis- 
tance (=  b)  from  the  heliometer  axis,  and  let  a  be  the  reading 
when  0  is  at  this  point ;  then  the  distance  of  0  from  this  origin 
at  any  time  will  be  expressed  by  m  —  a. 

The  direction  of  the  line  of  motion  of  the  point  0  at  any  time 
will  be  given  by  the  position  circle.  The  zero  of  the  position 
circle  will  be  the  reading  when  this  line  coincides  in  direction 
with  a  celestial  circle  whose  pole  is  the  pole  (§)  of  the  declina- 
tioti  circle  of  the  instrument,  as  in  Art.  261.  If  we  here  denote 
this  zero  reading  by  n^  and  the  reading  at  any  time  by  n,  the 
position  angle  of  the  line  of  motion  will  be 

In  which  we  have,  by  (276), 

/I  =  [y  sin  (ti  —  *)  +  *i]  8®c  ^1  —  (^  +  ^  cos  f»  sin  Tj)  tan  ^i   (290) 

271.  Now,  in  order  to  express  the  position  of  the  point  0  in  a 
general  manner,  let  us  take  two  planes  of  reference  at  right 
angles  to  each  other  passing  through  the  heliometer  axis,  and 
let  one  of  these  planes  be  the  plane  of  the  circle  of  declination 
passing  through  the  pole  of  this  axis.  Let  A  F,  Fig.  68,  be  the 
intersection  of  the  plane  of  the  circle  of  declination  with  the 
plane  of  motion  of  the  semi-lens ;  AX  the  intersection  of  the 
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second  plane  of  reference  with  the  plane  of  motion ;  BO  the  line 
in  which  the  optical  centre  0  of  the  semi-lens  moves;  AO^  the 
perpendicular  from  A  upon  BO,  Then,  according  to  the  nota^ 
tion  above  adopted,  we  have  AO^=b^  0^0  =  m  —  a^  and  ABO 
=  n  —  w^,+  i  =  /i  —  A,  where,  for  brevity,  we  put 

A  =  n^  —  A  (291) 

Hence  the  distance  of  0  from  the  two  planes  of  reference,  or 
its  co-ordinates  on  the  axes  J-JTand  A  F,  are  evidently 

x  =  (m  —  a)  sin  (n  —  A)  +  6  cos  (n  —  k) 
y  =  (m  —  a)  cos  (n  ■—  k)  —  b  sin  (n  —  k) 

The  position  of  the  point  in  the  field  of  the  ocular,  at  which 
the  image  of  the  celestial  point  is  observed,  which  point  we  shall 
call  the  point  o,  will  be  determined  by  referring  it  to  the  same 
two  planes :  so  that  if  /i,  a,  r/,  x,  /9  have  the  same  signification  for 
the  point  o  that  m,  a,  w,  A,  b  have  for  the  point  0,  the  co-ordinatea 
of  0,  with  reference  to  these  planes  are 

^  =  (m  —  a)  sin  (v  —  x)  +  fi  cos  (v  —  x) 
T^  =(fJL  —  a)  co&(y  —  x)  —  fi  sin  (y  —  x) 

Fig.  5». 
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The  direction  of  the  sight  line  oO,  or  that  of  a  star  whose  image 
is  observed  at  o,  can  now  be  determined  by  means  of  these  co- 
ordinates and  the  distance  /'  between  the  planes  of  motion  of  o 
and  O.  Conceive  a  straight  line  to  be  drawn  through  o,  parallel 
to  the  heliometer  axis.  This  line  and  the  heliometer  axis  have 
the  same  vanishing  point  in  the  celestial  sphere,  namely,  the  pole 
of  the  heliometer  axis.  Let  A^  Fig.  59,  be  this  point  of  the 
sphere,  S  the  star  in  the  sight  line  oOy  P  the  pole  of  the  heavens. 
The  plane  passed  through  the  line  oA  and  the  line  oO  makes 
with  the  plane  of  the  circle  of  declination  PA  the  angle  PAS  =  7c; 
and  the  angle  between  the  lines  oA  and  oO  is  measured  by  the 
arc  AS  =  A.  The  distance  of  0  from  the  line  oA  is  /'  tan  J, 
Mid  its  distances  from  the  plane  of  PA  and  the  plane  drawp 


410  MICROMETKIC  OBSERVATIONS. 

througli  oA  at  right  angles  to  the  plane  of  PA  are /'tan  J  sin  « 
and  /^  tan  A  cos  re.  These  distances  are  also  expressed  by  x  —  i 
and  y  —  ri\  and  hence  we  have  the  equations 

/'  tan  J  sin  3r  =  a:  —  ^ 
/'  tan  J  cos  JT  =  y  —  ly 

If  we  take  the  linear  distance  of  the  threads  of  the  micrometer 
screw  of  the  objective  as  the  common  unit  of  measure  of  all  the 
quantities  m,  a,  6,  /i,  a,  ^,  /',  and  if  i2  is  the  angular  value  of  one 
revolution  of  the  screw,  we  have,  since  /'  is  the  focal  length  of 
the  lens, 

tanJB  =  -- 

Hence,  the  above  expressions  divided  by /'give 

tau  J  sin  3r  =  tan  B  [(m  —  a)  sin  (n  —  A:)  -f  6  cos  (n  —  *) 

—  (m  —  a)  sin  (v  —  x)  —  i9co8  (v  —  x)J 

tan  J  cos  IT  =  tan -B  [(m  —  a)cos(n  —  K)  —  h  sin  (n  —  A)     ' 

—  (ai  —  a)  cos  (v  —  x)  +  )9  sin  (v  —  x)] 

These  determine  J  and  ;r,  with  which  the  declination  b  and  hour 
angle  r  of  the  star  are  determined  by  means  of  the  formulae, 
derived  from  the  triangle  PA5, 

sin  b  =  sin  \  cos  J  -f  cos  ^,  sin  J  cos  ir 
cos  b  cos  (tj —  t)  =  cos  ^j  cos  J  —  sin  ^^  sin  J  cos  «    V   (293) 
cos  ^  sin  (tj —  t)  =  sin  J  sin  tt 


} 


272.  We  can  now  proceed  to  the  determination- of  the  relative 
position  of  two  stars  S  and  S'  whose  images  have  been  brought 
into  coincidence  by  giving  the  two  semi-lenses  different  positions. 
This  relative  position  is  expressed  (as  in  the  use  of  the  filar 
position  micrometer)  by  the  distance  s  =  SS',  and  the  position 
angle  at  the  middle  point  of  SS^=p.  Thus,  in  Fig.  55,  p.  895, 
8q  being  the  middle  point  of  SS\  we  have  PSJS'  =  p.  The 
declination  ^^^and  hour  angle  r^of  jSJjWill  be  regarded  as  known. 

Let  us  distinguish  the  two  semi-lenses  by  the  numerals  I.  and 
n.,  and  let  the  formulae  (292)  and  (293)  refer  to  the  semi-lens  I. 
and  to  the  image  of  the  star  S  formed  by  it.  Let  the  image  of  the 
star  5'  be  formed  by  the  semi-lens  11.,  and  let  the  several  quanti- 
ties referring  to  this  star  be  distinguished  by  accents,  excepting 
those  which  are  common  to  both  stars.  These  common  quanti- 
ties are — Ist,  the  readings  n  and  v  of  the  position  circles ;  2d,  the 
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micrometer  reading  fe  —  a  and  the  constants  ^  and  x  of  the 
ocular,  since  these  refer  to  a  single  point  of  the  field.  But  we 
shall  suppose  the  lines  of  motion  of  the  two  semi-lenses  to  be  not 
perfectly  parallel,  and  shall  therefore  express  the  angle  which 
the  line  of  motion  of  the  semi-lens  11.  makes  with  a  declina- 
tion circle  by  n  —  k';  so  that,  n^'  denoting  the  zero  reading  of  the 
position  circle  when  this  semi-lens  is  used,  we  have 


k=n;  —  X  (294) 

(295) 


tan  J'8in«'=tani?  [(w!  —  a')  sin  (n  —  A')  +  6' cos  (n  —  A:') 

—  (;i  —  a)   sin  (v  —  V,)  —P  cos  (y  —  x)] 

tanJ'coB7r'=  tan  jB  [(m'—  a')  C08(n— A')  —V  sin  (n  — A') 

—  (ji  —  o)   COS  (i*  —  x)  +  /5  sin  (i*  —  x)] 


sin  ^'  =  sin  d^  cos  J'  +  ^^^  ^i  sin  J'  cos  -k  ^ 
cos  d'  COB  (tj —  t')  =  cos  d,  COS  J'  —  sin  d^  sin  J'  cos  tt'  I    (::96) 
COS  d'  sin  (tj  —  t')  =  sin  J'  sin  r'  j 

The  triangles  PS^  and  PS^'  (Fig.  55,  p.  895)  give 

sin  }  5  sin  jt>  =  —  cos  d  sin  (t^  —  t) 
sin  }  8  COS  p=  —  sin  ^  cob  d^  +  cos  d  sin  d^  cos  (t,,  —  t) 
COS  \8=       sin  d  sin  d^  +  cos  d  cos d^^cos  (t,, —  t)  i 
and  )    (297) 

sin  }  ^  sin  JE>  =      cos  ^'  sin  (r^^  —  t') 

Bin  }  8  cosp  =      sin  ^'  cos  ^^  —  cos  ^'  sin  ^o^^^s  (t^ —  t') 
cob}5   =      sin  ^'sin  ^,,4-  co8^'co8^j,co8(t„ — t^)j 

From  these  equations  we  must  eliminate  5,  r,  8\  and  r',  since  the 
values  of  s  and  p,  resulting  from  the  observation,  are  to  be 
derived  only  from  the  declination  8^  and  hour  angle  r^  of  the 
middle  point  between  the  stars,  and  from  the  data  obtained  from 
the  instrument.  For  brevity,  let  us  write  u  and  v  instead  of 
tan  J  sin  tt  and  tan  J  cos  ;r,  and  u'  and  r'  instead  of  tan  J'  sin  ;r' 
and  tan  J'  cos  ;r'.  Also,  put  r  and  r'  for  |/(1  +  um  +  vv)  and 
l/(l  +  mV  +  v'v').    The  equations  (298)  and  (296)  become 

r  sin  ^  =  sin  ^j  +  ^  ^^s  ^j 
r  cos  d  COB  (t,  —  t)  =  cos  d^  —  v  sin  d^ 
r  COB  ^  sin  (t^  —  t)  =  w 

and 

r'  sin  d'  =  sin  ^i  +  t/  cos  ^, 
r'  COB  ^'  COB  (t,  —  r')  =  cos  d^  —  v'  sin  ^, 
r'  cos  d'  Bin  (tj  —  t')  =  w' 
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These,  combined  with  (297),  give 

r  sin  }  «  sin;?  =  —  cos  ^,sin  (fo— Tj)—  u  cos  (t,,— T,)-f-  v  sin  ^,  sin  (r^—r^) 
r  sin  J 5  cosjt>  = — sin  ^^cos  d^-\-  cos  ^jSin  ^,,cos  (t^—  Tj)—  u  sin d^ sin  (Jq—t^ 
— V  [cos  d^  cos  d^  +  sin  d^  sin  d^cos  (t^ — Tj)] 
r  cos  J  3  =     sin  ^^sin  d^+  cos  ^jCos  ^^,co8  (t^—t^)— u  cos  d^ sin  (t^— Tj) 
-|- 1?  [cos  ^j  sin  d^ —  sin  d^  cos  d^  cos  (t^ — Tj)]  (298) 
and 

r'sin  i8smp= cos  ^,  sin  (to— r,)  + 1<'  cos  (r^ — t^) — r'  sin  d^  si  d  (t^^ — t^) 
r'sin  J  8  cosp = sin  d^  cos  d^ —  cos  ^,  sin  d^  cos  (t,—  r^)  +  u'  sin  ^^ sin  (t^ — r^) 
+ 1/  [cos  dj  cos  5^  +  sin  d^  sin  ^^  cos  (to —  r J] 
/cos  }  3 = sin  ^  sin  ^o+  cos  \  cos  ^o  cos  (t^  —  t J — v'  cos  ^o  sin  (to —  t^) 
+1?'  [cos  ^j  sin  ^0 —  sin  d^  cos  3.  cos  (tq — t^)]  (299) 

These  equations  not  only  determine  5  and  p,  but  also  give  a 
relation  between  d^,  r^^and  8^^  r^  To  find  this  relation,  multiply 
the  first  two  equations  of  (298)  by  r\  and  the  first  two  of  (299) 
by  r,  and  subtract  the  former  products  from  the  latter:  we  find 

0  =r  (r  4-  r')  008  dj  sin  (r^  —  Tj) -f  {r'u  -f  ru')  008  (r^  —  r,) — (r'v  -|-  rv')  sin  rfj  sin  (r^  —  r^) 
0  =-  (r  4-  r*)  [sin  6^  cos  <J|,  —  oos  S^  sin  cJ^  cos  (r^  —  t,)]  -|-  (r'w  -f  ru')  sin  rf^  sin  (r^  —  tJ 

-f  (r'v  4-  rv')  [oos  d^  oos  d^  +  sin  dj  sin  6^  cos  (r^,  —  rj] 

which,  if  we  put 


tan  ^  sm  (y  = ' 

tan  g  cos  6r  =  — 


(300) 


r  +  r' 

may  b^  #fritten  in  the  following  form : 

0  =  [cos  tfj— sin  SjUuffcosG']  sin  (tq— rj)4-tan^  AnO  oos(t^— tJ 

8ind,-|-OOv«(9itBndrC08&        r^'jr*  ^t         /  \      ^  *     ^    *    I  \ 

i-i- 4- — =  [oos  dj— sm  djtan^  oosC^J  oo8(rp--rj)— tan  ^  sin(?  sin(Tg— -J 


If  we  multiply  each  of  these  by  cos^r,  and  then  introduce  the 
auxiliaries  A  and  JT,  determined  by  the  conditions 

sin  h   =  sin  ^  sin  Q 
cos  A  sin  J2'=  sin  ^  cos  ff  ^    (301) 

cos  A  cos  H  =  cos  g 
we  shall  have 

0  =  cos  A  cos  (dj  4-  H)  sin  (to  —  r^)  +  sin  A  cofl(Tp  — tJ 

cos  A  sin  (d,  4- J)  -        /»    .    TT-N       r  N        .    T   .    , 

IJ-L — i  —  cos  A  cos  (dj  4-  JET)  cos  (r„  —  r,)  —  sm  A  sm  (t,  — rj 

tan  00 


1 
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from  which  we  deduce 

cos  A  sin  (d.  +  ff)       ,  ^  .        ,»    ,   TTx 
^^-i-i- — ^  cos  (to—  Tj)  =cos  h  cos  (d^  +  H) 


tan  ^0 


cos  A  sin  (^.  +  JT)    .     -  .  .    . 
^y — ^  sin  (t^—  Tj)  =  —  sm  a 


tan  d^ 


and  the  sum  of  the  squares  of  these  gives,  by  a  simple  reduction, 

cos  A  sin  (3^  +  H)  =■  sin  d^ 

By  the  combination  of  the  last  three  equations  we  have,  therefore, 

sin  d^  =  cos  A  sin  (^^  -|-  ff)  ^ 

cos  d^  cos  (r„  —  r J  =  cos  A  cos  (^,  +  S:)  y  (302) 

cos  d^  sin  (t,  —  Tj)  =  —  ^^^  ^  ..' 

K  we  regard  d^  and  Tj  as  given  by  the  declination  and  hour  circles 
of  the  instrument,  with  the  aid  of  (289),  we  can  employ  these 
equations  to  obtain  d^  and  r^ ;  or,  if  8^  and  r^  be  regarded  as  known, 
we  can  employ  the  same  equations  to  obtain  d^  and  Tj,  and  then 
the  reading  of  the  declination  and  hour  circles  is  altogether  dis- 
pensed with. 

The  values  of  3  and  p  will  be  derived  from  the  following  equa- 
tions, which  are  obtained  by  adding  (298)  and  (299): 

(r+f)  sin  is  sin^ = (u'—u)  cos  (r^—r^)—(iy — v)  sin  ^,  sin  (t^— Tj) 
(r+r')  sin  is  cosp  =  (u'—u)  sin  d^  sin  (t,,  —  t^) 

+  (7/ — v)  [cos  d^  cos  <3ij+8i"  ^'i  sin  ^^cos  (t^ — r^)] 
(T+^)  cos  } «        =2  [sin  d^  sin  d^  +  cos  d^  cos  d^  cos  (r^ — t^)] 

—  (u'+u)  cos  ^^  sin  (t^  —  T,) 

+  {i/+v)  [cos  ^,  sin  ^^,— sin  ^^  cos  d^  cos  (rQ— Tj)] 

In  these  rigorous  formulae,  every  thing  in  the  second  members 
is  known.  But  it  will  never  be  necessary  to  employ  them  in 
this  rigorous  form,  except  when  the  two  stars  are  so  near  to  the 
pole  that  the  quantities  m,  v,  w',  v'can  no  longer  be  regarded  as 
small  in  relation  to  the  polar  distance.  In  almost  all  cases^ 
therefore,  an  approximate  development  of  the  formulae  will 
suffice ;  and  this  I  proceed  to  consider. 

273.  The  approximate  development  of  the  equations  (303), 
when  the  terms  involving  the  third  and  higher  powers  of  m,  r,  w',  v' 
are  neglected,  is  extremely  simple,  and  would  lead  us  to  the 
formulae  usually  given  for  the  heliometer.    But  it  is  easy  to  see 


> (303) 
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that  such  a  development  is  not  sufficiently  exact,  even  for  stars 
near  the  equator,  when  their  distance  approaches  to  the  maximum 
limit  (of  about  2°)  which  the  instrument  is  capable  of  measuring, 
unless  a  special  method  of  observation  is  exclusively  employed 
by  which  the  terms  of  the  higher  orders  are  rendered  practically 
insensible.  The  nature  of  such  methods  of  observation  will  be 
seen  hereafter;  but,  in  order  to-  obtain  the  most  generally  useAil 
formulae,  which  can  afterwards  be  simplified  and  adapted  to 
special  cases,  I  shall  follow  out  the  very  precise  development, 
given  by  Bbssel,  in  which  the  terms  of  the  third  order  are 
retained. 

In  order  to  develop  the  equations  (808)  as  far  as  terms  of  the 
third  order  in  u,  v,  u\  v\  it  is  necessary  to  develop  the  factors 
by  which  w'  --  w,  i?'—  v,  w'  +  w,  i»'  +  v  are  multiplied,  as  far  as 
terms  of  the  second  order  only.  If  in  (800)  we  substitute  the 
values  of  r  =  |/(1  +  uu  +  w)  and  r'  =  |/(1  +  u^u'  -f  V  r'),  and 
develop  the  expressions,  we  shall  find  that  when  terms  of  the 
third  order  are  neglected  they  are  reduced  to 

tan  g  sinG  =  ^ («'  -f  u) 
tAn  gcoaO  =  \  (v*  +  v) 

and  consequently  we  shall  have,  with  the  same  degree  of  approxi- 
mation, 

sin  ^  sin  ff  ==  J(t<'  +  u) 

sin  y  cos  6r  =  ^  (t/  +  v) 

cosi7  =  l-j(u'  +  u)«-i(t/  +  !;)« 

The  equations  (802),  by  the  substitution  of  the  values  of  h  and  S 
according  to  (801),  become 

sin  d^  =  sin  ^,  cos  J  +  cos  ^,  sin  g  co%G 
cos  d^  cos  (t^  —  Tj)  =  cos  d^  COS  g  —  sin  d^  sin  g  cos  & 
cos  d^  sin  (t^  —  ^i)  =  —  si^  9  sIb  & 

from  which  follow,  also, 

cos  g  =  sin  9^  sin  S^  +  cos  ^^oos  ^o®o«(^o^  ''i) 
sin  g  cobG  =  cos  d^  sin  d^  —  sin  d^  cos  d,  cos  (t^  —  t^) 
sin  g  Bm&  =  —  coBd^  sin(Tp  —  t^) 

With  the  aid  of  these  equations  the  required  development  of 
(308)  is  readily  obtained.    We  find 
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(r+  f)  smis  Bin;?  =  (u'—  w)  [1  —  i(u' +  m)«  —  |(u' +  ti)Uan«  ^J 

(r  +  O  sin J5  co8;>  =  (i/—  v)  [1  —  K^  +  ^Y  —  4(^'  +  t<)Uan«  dj 
--  i  (u'—  M)  (w'  +  M)  tan  ^, 

or,  dividing  the  first  two  of  these  by  the  third, 

2tan  is  sin  j?=(tt'— «)[1— i(u'+u)«-4(t/+v)«— |(tt'+M)«tanMj\ 
+(t/_t;)[ .  (u'  +  u)  tan  ^,  -  i  (u'  +  «)  (V'  +  r)] 

2  tan  is  Qosp  =(1/— i;)[l— J(r'+  v)«— |(u'+ w)"— 4(^'+^)*  tan«  dj  ^ 
—  i(w'  — u)  (w'  +  u)  tan  ^, 

in  which  we  are  now  to  substitute  convenient  expressions  for 
m'  —  u,  v^  —  V,  v!  +  w,  r'  +  t?. 

It  is  expedient  in  practice  to  make  all  our  observations  depend 
upon  but  one  of  the  micrometer  screws  of  the  two  semi-lenses, 
since  all  the  time  that  we  may  have  to  devote  to  the  investiga- 
tion of  the  errors  of  the  screws  may  then  be  expended  upon  this 
one.  Let  us  suppose  the  micrometer  screw  of  the  semi-lens  11. 
to  be  thus  adopted,  and  let  w  denote  the  angle  between  the  lines 
of  motion  of  the  semi-lens  11.  and  of  the  ocular,  so  that 

w?  =  (n  —  A-')  —  (v  —  x) 

and  let/ and  -Pbe  determined  by  the  conditions 

^sin  jP=  tan  B  [(m— a)8in  (A'— A)+6  cos  (A'— A:)+(/i— o)  sin  \d — /Scos  «?] 
/  cos  jP=  tan  JB  [(m— a)co8(A:'— A)— *  sin  (A'— A)— (/*— a)  cos  \d — ^  sin  w\ 

(305) 

Multiplying  these  respectively  by  cos  (n  —  V)  and  sin  (n  —  A;'), 
and  also  by  —  sin  (n  —  A')  and  cos  (n  —  A'),  the  sums  of  the  pro- 
ducts are,  by  (292), 

tt=/6m(n-A'+i?')  1 

f;=/co8(n-A'+i?')  /    ^^^^^ 

from  which  it  follows  that  /  and  n  —  A'  +  -P  are  the  same  as 
tan  J  and  it. 
If  we  also  assume  S  and  E  to  be  determined  by  the  conditions 

2  tan  liSsin  ^= tan  ii  [— (m  —  a)  sin  (A'—  A)  +  V—  b  cos  (A'  —  A)] 
2  tan  i8cosE=Uin  S[(m'— a')  —(m— a)  cos  (A'— A) +6  sin  (A'— A)] 

(807) 
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we  shall  find,  by  means  of  the  multiplication  and  addition  above 
employed,  and  by  comparison  with  (292)  and  (295), 

u'-w  =  2tanJS8in(n-/:'+^)  1 

tZ  —  t;  =2tanJScoB(n  — A'+i?)  J    t^"^-' 

and  from  (806)  and  (808), 

i(u'+ii)  =  tanJfif8in(n-A'+^)+/Bin(n-A^+ J')  1 

i(i;'  +  t;)  =  tanJSco8(n  — A'+ JS7)  +  /co8(n  — A'+ J')  /    ^^^^^ 

To  facilitate  the  substitution  of  these  values  in  (804),  let  us  put 
gr  =  n-A'+^  u,=  i(u'+u)  V|  =  i(^  +  ») 

we  shall  then  have 
tan}s 


taniiS 
tan  is 

tSLUiS 


Bin  p  =  &mq  (1— w," — J  r,* — -]  w^'  tan*  d^)  +  cos  q  (u^  tan  d^ —  w,  t>,) 
co8jt>  =  cos  q  (l—Vi'—J  w,*— ^  u*  tan*  d^)  —  Bin  g .  u,  tan  d^ 


Multiplying  these  respectively  by  cos  q  and  —  sin  5,  and  again 
by  sin  q  and  cos  g,  the  sums  of  the  products  are 

^^  8in(^— gr)=iijtan  d^-^  cos  q  [2t?,(MjC08  gr—r^sin  ^)+(tii'+r,«)8in  q] 
tan  to 

tan  is 


taniiSf 


cosCi?— ^)=1  —  (m,"  +  ^i*)— 2  Wj*  tan*  ^^  +  2  ('^i  ^^^  q—v^  sin  qy 


The  square  root  of  the  sum  of  the  squares  of  these  equations, 
neglecting  terms  of  the  4th  degree  in  their  second  members,  gives 

tan  i8  =  tan  J 5  [1  —  (Ui»  -f  Vi^)  +  ^  (Uj cos  q  —  Vi  sin  gr)«] 

and  their  quotient  gives  tan  {p  —  j),  for  which  we  may  writ© 
P  —  j;  whence 

p  —  q  =  u^  tan  ^^  —  ^  cob  g  [2  Vi  (t/,  cos  g^  —  r,  sin  q)  +  (tii'  +  Ui*)  sin  q"] 

But  with  the  notation  just  adopted,  the  expressions  (809)  become 

til  =  tan  iSsmq  -\-f^in(q  -]-  F  ^  E) 
Vi  =  tan  i8  coBq  +/co8 iq  +  F  —  F) 

whence,  also, 

Vi«+  t;i«=tan«J5+  2/tanJSco8(jP— J^)4./» 
UiCos  g  —  Vi sin  q  =/  sin  (^F  —  F) 
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by  the  substitution  of  which  we  obtain 

taD}5=taniS{l— tan'i/S— 2/tan  iScosiF—JE)-^iPll+cos\  P— ^)]} 
p=q  +  [tan  J/Ssin  q  +fsm  (q  +  F-^Ey]  tan  d^ 

—  ico8g[tan'}S8in  q  +  2/ tan  }iS  sin  (gr  +  i?*  —  E) 

+/« sin  (g  +  2  jP  —  2  Ey\  (810) 

In  the  terms  of  the  order  of  tan' JS,  we  may  putjf)  for  q;  but 
in  those  of  the  order  of  tan  J  5,  in  the  first  line  of  the  value  of  p, 
we  shall  employ  the  more  accurate  value 

3  =  ;)  —  [tan  \8  sin  ;>  +  /  sin  (;>  +  J'  —  Ey\  tan  d^ 

Dividing  the  first  equation  of  (810)  by  1  —  tan*  JaS^,  the  first  mem- 
ber becomes  J  tan  5,  within  the  degree  of  approximation  hero 
adopted,  and  in  the  small  terms  we  miay  put  J  5  for  tan  \  S.  The 
equations  thus  become 

tan  5  =  2  tan  iS {1  — /?  cos  (^F  —  E)  —  J  /«  [1  +  cos'  (F—  E)'\] 
p  =  n—k'+E+l^ssmp+fB\n(p+  F—  E)'\  tan  d^ 

—  l^8^Bmp+^f8sin(p+F—E)+^PB\n(p  +  2F—2E)'icmp 

—  [|5«8in2p+^/5sin(2;?+i?'— ^)+i/«Bin(2;)+2i^— 2^)]tan«^o 

These  may,  however,  be  still  further  simplified.  The  angle  E  is, 
in  general,  either  very  small  or  very  nearly  180°,  according  as 
m'  —  a'  —  (m  —  a)  is  a  positive  or  negative  quantity  in  (307).. 
The  case  must  be  excepted  in  which  the  distance  s  is  itself  so 
small  as  to  be  regarded  as  of  the  same  order  as  k'  —  k  and  6'  —  6 ; 
but  in  this  case  the  terms  involving  E  are  themselves  so  small 
that  they  can  be  wholly  neglected.  Putting,  therefore,  in  the 
small  terms,  E=  0  or  =  180°,  and  also  substituting  the  value 
of  k'  =  n/  —  Xj  and  of  X  by  (290),  we  have,  finally, 

tan«  =  2tani/S[l  =h /5  cos  i^  —  ^ /» (1  +  cos»i^)] 
p  =  n  —  n^'  +  E  +  [jr  Hm(T^  —  »^)  +  i{]  sec  9^ 
-f  [^  3 sin^  db /sin  {p  -\-  F)  —  c  —  e  cos  ^  sin  tJ  tan  d^     \    (311) 

—  [J  5«  sin;?  zt  hfs  sin  (^p+F)  +  ^/'sin  (p-\-2F)^  coBp 
^lis^Bin2p±ifsB\n(2p+F)+^PBin(2p+2F);\iSLn^3^^ 

in  which  the  upper  or  the  lower  sign  is  to  be  taken  according  as 
m' — a' — (m  —  a)  is  positive  or  negative.     In  the  value  of  X 
(290),  we  have  here  substituted  r^  and  d^  for  r,  and  5i,  which  will 
produce  no  appreciable  error. 
The  angle  p  here  expresses  the  position  angle /row  the  star 
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whose  image  is  formed  by  the  semi-lens  I.  to  the  star  whose 
image  is  formed  by  the  semi-lens  IE.  It  is  also  to  be  observed 
that  we  have  employed  the  formulse  for  the  equatorial  instrument 
as  given  for  the  case  in  which  the  declination  circle  precedes  the 
telescope:  so  that,  according  to  Arts.  248  and  250,  when  the 
declination  circle  foUoics,  Tq  will  be  the  hour  angle  increased  by 
180°,  and  d^  will  be  the  supplement  of  the  declination ;  conse- 
quently, also,  p  will  be  the  position  angle  increased  by  180°. 

274.  The  coincidence  of  the  images  of  the  two  stars  S  and  8' 
can  be  produced  at  the  point  0  (Art.  271)  in  two  different  ways, 
namely,  by  opposite  motions  of  the  semi-lens  II.  relatively  to 
the  semi-lens  I.  By  the  combination  of  the  observations  made 
in  these  two  ways,  we  shall  be  able  to  eliminate  a,  a',  6,  A',  k'  —  k^ 
and  it  will  no  longer  be  necessary  to  determine  these  quantities. 

Let  us  suppose  the  semi-lens  I.  to  remain  in  the  same  position 
as  in  the  first  observation,  and  that  the  semi-lens  II.  is  now 
moved  in  a  direction  opposite  to  that  of  its  former  motion  until 
the  second  coincidence  of  the  images  is  produced.  This  will,  in 
general,  require  a  common  revolution,  to  a  small  extent,  of  the 
two  lenses  about  the  heliometer  axis,  thus  slightly  changing  the 
reading  of  the  position  circle,  which  reading  we  shall  now  denote 
by  Tij.  Let  the  reading  of  the  micrometer  in  this  observation  be 
m/,  and  let  the  corresponding  values  of  S^  JE,  and  p  be  denoted 
by  Si,  ^1,  and  p^  The  formulae  (307)  and  (811),  with  these 
changes,  will  then  apply  to  this  second  observation,  and  (307) 
will  become 

2  tan  J  S^  Bin  E^  =  tan  Rl-.(m-^  a)  sin  (//—  *)  -f  6'—  b  cos  (A:'—  A:)] 
2tan i S^ cos  E^  =  tanB lm^'—a'—(m  —  a)  cos {kf—  k)-^b  sin  (A:'  — A)] 

Since  m/  —  a'  and  m'  —  a'  fall  upon  opposite  sides  of  m  —  a,  the 
quantities  2  tan  J  S^  cos  E^  and  2  tan  J  Scos  E  have  opposite  signs, 
but  2tanj5iSin-Ei  and  2  tanJ^Ssin^  are  equal;  from  which  it 
follows  (since  S^  and  8  can  differ  only  by  terms  of  the  3d  order) 
that  E^  differs  from  180°  —  E  only  by  terms  of  the  order  of  the 
product  of  A;'  —  k  into  5*,  and  this  difference  may  be  regarded  as 
altogether  insensible.  In  the  application  of  (311)  to  the  second 
observation,  therefore,  the  meaning  of  the  double  sign  will  be 
reversed.  We  can,  however,  avoid  all  the  difficulty  in  distin- 
guishing the  cases  in  which  E  is  to  be  taken  greater  or  less  than 
90°,  by  calling  that  observation  the  first,  for  which  E  <  90°,  and 
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applying  to  it  the  notation  m',  n.  Under  this  condition,  the 
upper  signs  of  (311)  will  be  used  for  the  first  observation  and 
the  lower  signs  for  the  second ;  and  the  value  ofp^  for  the  second 
observation  will  be  180°  +  p. 

The  formulse  for  the  two  observations  may,  therefore,  be 
expressed  as  follows,  where  we  introduce  the  value  of  2  tan  J  5 
given  by  the  second  equation  of  (307)  after  neglecting  the  insen- 
sible terms  (which  terms,  however,  even  if  they  were  sensible, 
would  be  eliminated  by  the  subsequent  combination  of  the  two 
observations) : 

Ist  Observation. 

ton  3  =  tan^  ^^  "~^  ~^  +  ^^  [1  —fscosF—  i/«(l +  coB«i^)] 

J}  =  n  —  n/  +  ^  +  |>  sin  (t„  —  *)  -f  ij  sec  d^ 
-f-  [^8  Binp  -^fB\n{p  -\-  F)  —  c  —  e  cos  ^  sin  rj  tan  9^ 

—  [4  «*  sin  p  +  1/8  sin  (p -\- F)  +  ^P  sin  {p  +  2F)]  cos  p 

—  [^  5*  sin  2p  +  lf$  sin  (2;)  +  F)  +  ^p  sin  (2;)  +  2^)]  tan«  d^ 

2d  Observation. 

tan  ^  =  tan  i?  ^^  "^  ^  ~  ^^'  +  ^'^  [1  +/«  cos  i?'— A/«(l +  co8*i^)l 

COS^  *-  ^^     V       I  /J 

1>  =  n^  —  n^'  —  j&  +  [r  sin  (r^  —  *)  +  ^J  sec  d^ 

+  [—  ^  «  sin  I?  +/  sin  (^  +  i?')  —  c  —  e  cos  f»  sin  tJ  tan  d^ 

—  K  a« sin;?  --  ^/5  sin  (;>  +  F)  +  J/«  sin  (;?  +  2i?')]  cos^ 

—  \l  s*  sin  2p  —  i/5  sin  (2;)  -[.F)  +  }^p  sin  (2^  +  22?*)]  tan«  9^ 


From  the  mean  of  the  two  observations,  we  have 

m!  —  m,' 
2  cos  E 


tan  «  =  teni^  ^^ J^  [1  -  IP  (1  +  co8*i?')] 


1>  =  ^\^'  —  <  +  0  sin  (t,  —  T>)  +  iJ  sec  d^  .    ^g^ 

-[-  [/  sin  (;)  +  i^)  —  c  —  6  cos  ^  sin  rj  tan  ^^ 

—  yig  ««  sin  2;)  (1  +  2  tan»  ^J 

—  i  /'  [sin  (;>  +  2i^)  cos  ;?  +  sin  (2^  +  2F)  tan»  ^J 

The  value  of  E^  obtained  from  the  difierence  of  the  two  values 
of  Pj  is 

JPrrr  -^ J^sin^tan^o 

^      +  i/«  [sin  (i)  +  F)  cos  ;?  +  sin  (2p  +  J*)  tan»  ^J  (313) 

But  it  will  not  usually  be  necessary  to  regard  the  divisor  cos  E  in 
the  formula  for  tan  9,  for  it  can  difier  sensibly  from  unity  only  in 
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those  casekj  in  which  s  is  an  extremely  small  quantity,  and  in 
these  cases  we  may  take  -&  =  J  (w,  —  n). 

The  method  of  observation  with  the  heliometer,  in  which  two 
corresponding  observations  in  opposite  positions  of  the  semi- 
lenses  are  combined,  may  be  regarded  as  fundamental  and  essen- 
tial. The  same  degree  of  accuracy  which  it  affords  cannot  be 
attained  by  single  observations,  the  reduction  of  which  requires 
an  accurate  determination  of  the  quantities  «,  a',  A,  6',  /j'  —  k ; 
for,  in  addition  to  the  uncertainty  of  such  determinations  foi 
any  given  position  of  the  instrument,  it  is  not  certain  that  the 
values  of  these  quantities  are  really  constant  for  all  positions  of 
the  telescope  with  respect  to  the  horizon.  It  is  true  that  our 
formulae  still  involve /and  F^  which  depend  upon  a,  a',  &c. ;  but 
a  precise  determination  of  these  quantities  is  no  longer  necessary, 
since  they  enter  only  into  the  small  terms  of  the  formulae. 
Moreover,  by  a  proper  method  of  observation, /and  F  may  be 
dispensed  with  altogether,  as  I  next  proceed  to  show. 

275.  Assuming  that  a  complete  obsen'ation  always  consists  of 
two  corresponding  observations,  as  in  the  preceding  article, 
there  are  yet  three  different  methods  of  making  such  an  obser- 
vation, each  of  which  offers  some  advantage  over  the  others. 
These  I  propose  to  consider  separately. 

First  Method  of  Observation. — Let  the  semi-lens  which  is  to 
remain  fixed  during  the  observation  be  set  so  that  its  sight  lino 
shall  be  parallel  to  the  heliometer  axis.  This  will  be  effected  by 
making  m  —a  =  /i  —  a,  and  at  the  same  time  n  —  k  =  p  —  x,  or, 
in  the  most  simple  manner,  by  making  m  —  d  =  /i  —  a  =  0. 
We  shall  then  have  /  =  0,  and  the  formulae  (312)  become 

tan  8  =  tan  R ^ 

2C0S-E? 

—  (c  +  e  cos  f»  sin  r^  tan  d^  —  J^ s*sin  2j!)(l  +  2  tan'  d^j 

This  method  recommends  itself  by  the  symmetry  which  it  gives 
to  the  obsei'vations,  as  well  as  by  the  simplicity  of  their  reduction 
Second  Method. — In  this  method,  we  make  the  lines  of  motion 
of  the  objective  and  ocular  parallel,  or  lo  =  0,  and  also  make 
m  =^  a;  but  the  ocular  is  moved  between  the  two  observations, 
being  set  for  one  observation  so  that  /£  —  a  =  J  (m'  —  a'),  and 
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for  the  other  so  that  yti  —  a  =  J  (m,'  —  a').  We  then  have 
f=  ^3  and  F=  180°  for  one  observation,  but  -F=  0  for  the 
other.  These  changes  must  be  made  in  the  two  sets  of  formula 
from  which  (312)  were  obtained;  for  in  the  combination  expressed 
by  (312)  the  ocular  was  supposed  to  have  the  same  position  in 
both  observations.  Here,  however,  we  must  put  F  =  180°  in 
the  first  and  -F  =  0  in  the  second,  at  the  same  time  substituting 
^3  for/,  and  then  make  the  combination :  we  thus  obtain 

tan  s  =  tan  E -^  ] 

2  cos  ^  /    .«,  r 

n  +  n  )    (815) 

P  =      2     '  —^o+Jir  sin  (r,  — ^)  +  ij  sec  9^  i 

—  (c  +  «  cos  f>  sId  t^)  tan  d^  J 

In  this  method,  the  rays  from  the  two  stars  make  the  same  angle 
(=  J  s)  with  the  optical  axis  of  each  semi-lens ;  whereas  in  the 
first  method  the  rays  from  one  star  make  the  angle  s  with  this 
axis  and  those  from  the  other  star  are  parallel  to  the  axis.  The 
second  method,  therefore,  offers  the  advantage  of  bringing  both 
images  at  equal  distances  from  the  axis,  thereby  producing  equal 
distinctness  and  accuracy  of  definition  in  them,  and  avoiding  the 
defects  of  the  lens,  which  appear  more  prominently  as  the  rays 
fall  more  obliquely.  The  greater  simplicity  of  the  first  method 
in  the  observation  will,  however,  give  it  the  preference  so  long 
as  the  distance  to  be  measured  is  not  so  great  as  to  carry  one  of 
the  objects  beyond  the  limits  of  distinct  vision. 

Third  Method. — This  combines  the  advantage  of  the  second 
method  with  the  simplicity  of  the  first.  We  place  the  ocular 
permanently  in  the  heliometer  axis,  and  make  each  observation 
with  the  semi-lenses  at  equal  distances  from  that  axis  and  on 
opposite  sides  of  it.  The  chief  objection  to  this  method  is  that, 
since  both  lenses  are  moved,  it  becomes  necessary  to  know  the 
value  of  a  revolution  of  the  screws  of  both ;  but,  as  has  been 
already  remarked  in  Art.  273,  it  is  expedient  to  devote  all  our 
attention  to  the  investigation  of  the  errors  of  but  one  screw.  It 
may  also  be  objected  to  this  method  that,  when  the  distance  to 
be  measured  is  rapidly  changing,  time  will  be  lost  in  effecting 
the  requisite  symmetrical  arrangement  of  the  observations.  This 
objection,  however,  may  be  made  with  even  greater  force  against 
the  second  method ;  but  the  first  method  is  free  from  it. 

With  any  of  these  methods,  if  we  wish  to  free  the  results  from 
the  effSects  of  flexure  of  the  declination  axis  and  from  the  incli- 
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nation  of  this  axis  to  the  hour  axis,  without  supposing  ^  and 
<?  to  be  known,  we  take  two  complete  observations  {i.e.  pairs  of 
observations)  in  the  two  positions  of  the  declination  circle,  pre- 
ceding and  following;  for  we  see  by  (814)  and  (316)  that  i^  and  c 
will  vanish  from  the  mean  of  these  two  observations. 

In  Art.  263,  we  have  seen  that  tV^sin  2/>(l  +  2tan'd^,)  is  the 
correction  to  be  added  to  the  position  an^le  at  the  middle  point 
between  the  two  stars  to  reduce  it  to  the  mean  (=  p^)  of  the 
position  angles  at  the  two  stars :  consequently,  if  we  neglect  this 
term  in  the  first  method  of  observation  above  given,  the  result- 
ing position  angle  will  be  at  once  the  mean  position  angle  j?^ 
with  which  and  the  distance  s  we  find  the  differences  of  decli- 
nation and  right  ascension  of  the  stars,  by  Art.  264.  The  results 
are  yet  to  be  freed  from  the  effect  of  refraction,  by  the  methods 
hereafter  to  be  given. 

276.  I  have  thus  far  assumed  that  the  contact  of  the  images  is 
always  produced  at  a  certain  known  point  (o)  of  the  plane  of 
motion  of  the  ocular.  It  will  be  well  always  to  make  the  con- 
tacts at  the  middle  point  of  the  field,  but  the  position  of  this 
point  will  usually  be  estimated  only,  unless  it  is  indicated  by  a 
square  formed  of  intersecting  threads  or  some  equivalent  con- 
trivance, which,  however,  involves  the  necessity  of  illuminating 
the  field  or  the  threads.  Let  us  inquire,  therefore,  to  what 
extent  an  erroneous  estimate  of  the  position  of  the  middle  of 
the  field  will  affect  the  observed  measures. 

The  quantities  /  and  F^  determined  by  (305),  express  the  actual 
position  of  the  middle  of  the  field  (o);  but  if  the  point  of  con- 
tact is  a  different  point  (o'),  the  values  given  by  the  formula? 
require  a  correction. 

Let  h  denote  the  angular  distance  of  o'  from  o,  and  H  the 
angle  which  oo'  makes  with  the  observed  arc  SS',  H  and  w  being 
reckoned  in  the  same  direction.  The  quantities  tan  R.  (ji—d)  sin  w 
and  taniZ.  (ji  —  a)  cosm?,  which  express  the  angular  distances  of 
the  point  o  from  SS\  and  from  a  perpendicular  to  SS^  drawn 
through  the  heliometer  axis,  must  be  increased  by  h  sin  fl"  and 
hcosH  respectively.  Consequently,  /sinJP  and  /cos  JP  will  re- 
quire the  corrections  h  sin  H  and  — -  h  cos  H:  hence,  if  we  suppose 
A  to  be  so  small  that  its  square  may  be  neglected,  the  effect  upon 
tan^willbe,  by  (311), 

±  hs^  cos  jB:+  fi8f(2  cos  -Fees  IT—  sis  Jf^'sin  H) 
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and  the  effect  upon  the  position  angle  will  he 

qp  AsinCi?  —  IT)  tan  ^,  ±  J  As  [sin  (p  —  H)oo&p  +  sin  (2p  —  IT)  tan*  ^J 
+  A/[8in  (^p+F—M)coQp  +  sin  (2;?  +  jf?'  —  H)  tan* 4] 

Since  h  will  he  hut  a  few  minutes  in  any  case,  it  follows  that  the 
effect  upon  the  distance  will  he  usually  inappreciahle  even  for 
the  greatest  values  of  s  and/.  The  first  and  principal  term  of 
the  effect  upon  the  position  angle  is  proportional  to  the  tangent 
of  the  declination;  but  it  vanishes  when  sin(;p  —  H)  =  0,  that 
is,  when  H=  p^  or  H=^p  +  180®,  or  when  the  point  at  which 
the  contact  is  made  lies  in  the  declination  circle  which  passes 
through  the  centre  of  the  field.  When  the  telescope  follows  the 
diurnal  motion  accurately,  and  a  contact  has  once  been  made  in 
the  centre  of  the  field,  the  subsequent  observations  will  all  be 
very  near  this  point.  The  greater  the  declination,  the  more 
careful  must  we  be  to  make  the  contacts  near  the  declination 
circle  of  the  centre  of  the  field ;  but  it  is  evident  from  the  pre- 
ceding discussion  that  we  shall  probably  always  be  able  to  effect 
this  with  sufficient  accuracy  by  estimating  the  position  of  this 
centre,  without  resorting  to  the  use  of  illuminated  threads. 

DETERMINATION   OF   THE   CONSTANTS   OF   THE   HELIOMETER. 

277.  To  find  a,  a',  a. — Direct  the  telescope  to  any  fixed  point, 
and,  having  brought  the  centre  of  the  semi-lens  I.  nearly  into  the 
heliometer  axis  (by  estimation),  revolve  the  lens  180°  about  the 
axis.  If  the  image  of  the  point  appears  still  in  the  same  point 
of  the  field  of  view,  the  reading  m  of  the  micrometer  is  then 
evidently  =  a.  If  the  image  has  moved,  we  have  only  to  move 
the  semi-lens  by  its  micrometer  screw  until  the  image  has  been 
carried  to  the  middle  point  between  its  first  and  second  positions, 
and,  if  this  middle  point  has  been  correctly  estimated,  the  semi- 
revolution  will  no  longer  affect  the  apparent  position  of  the 
image.  By  repeating  this  process,  we  shall  very  quickly  find 
the  exact  position  of  the  semi-lens  when  its  centre  is  at  the 
minimum  distance  from  the  heliometer  axis,  for  which  m  =  a. 
In  the  same  manner,  a'  will  be  found  for  the  semi-lens  IE. ;  and, 
by  a  similar  process,  revolving  the  ocular  180°,  a  will  be  found. 

278.  To  find  k'  —  A:,  6'  —  6. — These  quantities  produce  the 
greater  influence  upon  the  readings  of  the  position  circle,  the 
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smaller  the  distance  between  two  points  whose  images  are 
brought  into  coincidence.  They  will,  therefore,  be  most  accu- 
rately determined  by  complete  observations  (Art.  275)  of  the  dis- 
tance and  position  angle  of  the  components  of  a  double  star. 
Since  s  is  in  this  case  extremely  small,  we  shall  have  E=i{n^—n)y 
and,  neglecting  the  insensible  terms  in  (307),  the  single  observa- 
tions will  give 

8  sin  1(^1  —  n)  =  R  [(m  —  a)  (k  —  A:')  +  ft'  —  J] 
8  cos  }  (n^  —  n)  =  R[m'  —  a'  —  m  +  fl] 

and  (since  in  the  second  observation  we  put  180°  —  JF  for  JE) 

8  sin }(nj  ^n)  =  R  [(m  —  a)  (k  —  k')  +  6'—  6] 
8  008 1  (n^  —  n)  =  E[m  —  a  —  m^'  +  a'] 

from  the  combination  of  which  we  derive 

(m  ~  a)  (/:  —  A-')  +  y  —  6  =  ^(m'  ~  m/)  tan  ^  (n,  —  n)   (316) 

in  which  the  second  member  and  also  the  coefficient  of  k  —  A'  are 
known  from  the  observation.  By  setting  the  semi-lens  I.  at  various 
readings  m,  and  making  the  contacts  by  moving  the  semi-lens 
n.,  we  shall  thus  for  each  complete  observation  have  an  equa- 
tion of  condition  of  the  form  (316) ;  and  since  the  coefficients  of 
k  —  A'  in  these  equations  may  be  made  to  have  very  different 
values,  the  combination  by  the  method  of  least  squares  will  give 
a  very  accurate  determination  of  both  k  —  A'  and  6'  —  6. 

We  may  here  observe  that  it  is  not  necessary,  nor  is  it  advan* 
tageous,  to  bring  the  images  of  the  stars  into  coincidence.  It 
will  be  better  to  bring  the  image  of  one  of  the  components 
formed  by  one  semi-lens  to  the  middle  point  between  the  two 
images  of  the  two  components  formed  by  the  other  semi-lens. 
Thus,  if  a  and  b  are  the  images  of  the  two  components  formed 
by  the  semi-lens  L,  a'  and  6'  those  formed  by  the  semi-lens  II., 
in  the  first  observation  the  images  will  stand  thus : 

a'   a     V   h 
nt     itt     *     * 

and  in  the  second  observation  thus: 

a    a'   b     V 

»    *    *     « 
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As  the  components  are  supposed  very  close  together,  the  hisec- 
tion  of  their  distance  will  be  more  accurately  estimated  than  a 
coincidence  of  superposed  images.  This  method  of  observation 
is  always  advisable  when  the  distance  to  be  measured  is  but  a 
few  seconds. 

I  should  have  remarked  before  that  the  quantity  A  —  A'  is  the 
difference  of  the  index  errors  of  the  position  circle  for  the  two 
semi-lenses,  since  from  the  values  of  k  and  k'  (291)  and  (294) 
we  have 

279.  To  find  the  index  error  (n^')  of  the  position  circle. — This  is  the 
index  error  for  the  semi-lens  IL,  with  which  we  suppose  all  our 
observations  to  be  made.  Let  the  semi-lenses  be  separated  to 
any  assumed  distance  (by  setting  m  —  a  and  m'  —  a'  to  different 
readings),  direct  the  telescope  upon  a  fixed  point,  and  revolve 
the  objective  until  a  motion  of  the  telescope  upon  the  hour  axis 
(the  declination  circle  being  clamped)  causes  the  two  images  of 
the  fixed  point  to  come  successively  into  the  sight  line,  that  is, 
into  the  centre  of  the  field  of  the  ocular.  The  position  angle  of 
the  line  joining  the  two  images  is  then  nearly  ±:  90° ;  but  it  will 
vary  with  the  distance  by  which  the  semi-lenses  are  separated. 

If  the  hour  circle  is  clamped  and  the  objective  is  revolved 
until  a  motion  of  the  telescope,  upon  the  declination  axis  only, 
causes  the  images  to  come  successively  into  the  centre  of  the 
field,  the  position  angle  of  the  images  will  be  nearly  0°  or  180°, 
but  will  also  vary  with  the  distance  of  the  centres  of  the  semi- 
lenses.  The  relation  between  the  reading  (w)  of  the  position 
circle  and  the  distance  of  the  lenses  will  be  investigated  for 
each  of  these  methods. 

In  either  method,  I  shall  suppose  that  the  sight  line  of  the 
semi-lens  I.  is  made  to  coincide  with  the  heliometer  axis,  which 
will  be  effected  by  setting  the  micrometers  so  that  m  —  a  =  0 
and  fx  —  a  =  0. 

1st.  When  the  telescope  is  revolved  upon  the  hour  axis. — ^It  is  ob- 
viously unnecessary  to  consider  the  position  of  the  instrument 
with  respect  to  the  pole  of  the  heavens,  and  we  may  therefore 
express  the  position  of  the  heliometer  axis  by  formulae  which 
give  the  instrumental  hour  angle  and  declination  of  the  axis.  In 
order  to  show  the  effect  of  flexure,  let  us  return  to  the  general 
formulce  (258),  which,  by  omitting  the  terms  f  cos  (r  —  z>)  and 
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f  sin  fr  -  ?>)  tan  <J,  will  express  the  declination  S^  and  hour  angle 
Ti  of  th(5  heliometer  axis  referred  to  the  pole  of  the  instrument. 
Putting  D  for  d  +  ^d  and  7"  for  (  +  a^  and  ^  =  i  —  e  sin  y,  we 
shall  put 

d^  =  D  —  e  (sin  f)  cos  i>  —  cos  ^  sin  2>  cos  T)  =i>-f-  aD 

T,==T+cseci> — ijtani>+eco8f»co8r  +  ccosf  secDsin  T==iT+  aT 

in  which  ^  will  now  denote  the  latitude  of  the  instrument.  The 
equations  (293),  under  the  form  given  to  them  in  Art  272,  will 
now  become 

r  sin  ^  =  sin  2>  +  i?  cos  D  +  r  cos  d  cos  (  T  —  r)  .  aD 
rco8^co8(r — T)=co8i> — t;8ini> — rsin  J.A2>  +  rco8^8in(r — t).^T 
rcos  Jsin(T — T)=tt  — rcos^Jcos  (T— tj.aT 

(317) 

in  which  d  and  r  are  the  declination  and  hour  angle  of  the  fixed 
point. 

In  the  revolution  about  the  hour  axis,  D  remains  constant 
If  the  preceding  equations  are  assumed  for  the  case  in  which  the 
image  produced  by  the  semi-lens  I.  is  in  the  sight  line,  and  we 
distinguish  by  accents  those  quantities  which  vary  when  the 
second  image  is  brought  into  the  sight  line,  we  shall  have,  since 
d  is  fixed, 

sin  J  ==  —  sin  i>  H cos  i>  +  cos  ^  cos  (T  —  r) .  aD 

1  t/ 

=  --  sin  i>  +  --  COB  i>  +  cos  d  cos  {T-^T).£kiy 

T  T 

as  the  expression  of  the  condition  that  the  two  images  of  the 
same  point  are  successively  brought  into  the  sight  line.  But,  as 
we  may  neglect  the  products  of  the  small  quantities  (?,  i„  e,  c,  by 
the  squares  and  products  of  w,  v,  w',  ?/,  we  can  in  the  last  terms 
put  co8(r—  r)  ■=  cos(r' —  r)  =  1,  and  then  give  the  equation 
the  form 

/■^—  -jcos  D  =1 Ijsin  D  +  cos  ^(a2)  —  aI^) 

=  ( —  |8ini)  +  eco8f»8ini)co8^(co8T — cosT') 

From  the  second  and  third  equations  of  (317)  we  have,  with  tl*** 
degree  of  approximation  here  required, 

cos  <J  cos  T  =  cos  J)  cos  T  —  t?  sin  2>  cos  r  —  u  sin  r 
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and,  therefore,  also 

cos  d  cos  jT'  =  COB  D  COB  T  —  t/  BUI  i>  COB  T  —  tf'  sin  T 
by  means  of  which  our  equation  becomes 

— =1 JtanD+ecosf  tan2>[(t/— i;)Bin2>cosr+(u'— u)BmT] 

The  mode  of  observation  above  proposed,  by  which  we  have 
m  —  a  =  0  and  ;i  —  a  =  0,  leads  to  a  simplification  of  this  equa- 
tion; for  these  conditions  give  also/=  0,  and  consequently,  by 
(306),  u  =  v  =  Oy  and  r  =  \/{l  +  uu  +  vv)  =  1.  We  have  also, 
by  (308),  under  the  same  conditions, 

w'=2tani/g8in  (n -^  k' +  E) 
t/=  2  tan  JS COB  (n  —  k!  +  E) 

and,  consequently, 

r'=  1  +  i (wV+  t/i/)  =  1  +  2  tan'Jflf 

Substituting  these  values,  and  neglecting  terms  of  the  order  oi 
e  tan'  J  S,  we  deduce 

C0B(n — A:'+^)=tanJ/Sitani>+eco8f»tan2>[8in2)cosTC08(n— A:'+^) 

+  sin  T  sin  (n  —  A'  +  -&)] 

from  which  it  follows  that  cos  (n  —  A'  +  E)  is  of  the  same  ordei 
as  tan  J 5,  and  n  —  A'  +  ^  is  nearly  =  ±  90°.  We  may,  there- 
fore, in  the  last  term,  put  cos  (n  —  k'  +  E)  =  0  and  sin  (n  —  A' 
+  E)  =  itly  and  write  the  equation  in  the  following  form : 

Bin  [90^  =F  (n  —  A''+  E)]  =  tan  J  /Stan  D  db  e  cos  f  tan  D  sin  r  (318) 

We  shall  here  have  to  distinguish  between  the  cases  in  which 
n  —  A'  is  nearly  =  90®  or  nearly  =  — -  90°.  The  angle  JE^ia  nearly 
=  0  or  nearly  equal  180°,  according  as  m'  —  a'  is  positive  or 
negative  in  (307).  When  n  —  k'  is  nearly  =  +  90°  and  E  is 
nearly  =  0,  we  have  n  —  k'  +  E  nearly  —  +  90°,  and  the  upper 
sign  in-  the  second  member  must  be  used.  Under  the  same 
conditions,  the  upper  sign  in  the  first  member  makes  90°  — 
(n  —  A'  +  E)  nearly  =  0,  and  the  angle  may  be  put  for  its  sine. 
When  w  —  A'  is  nearly  =  +  90°  and  E  is  nearly  =  180°,  the 
lower  signs  must  be  used.  Hence,  if  we  write  sin  E  for  E  or 
for  180°  —  E,  we  shall  have,  when  w  —  A'  is  nearly  =  +  90°, 

q=  (n  —  A-'  — 90°)  —  sin  ^=  tan  }  Stan  2)  die  cos  f  tan  D  sin  t    (318a) 
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and  similarly,  when  w  —  A:'  is  nearly  =  —  90®, 

^(n  — A'+90®)  +  8injB=tani5tan2>qreco8f»tani>slnT  (3185) 

The  value  of  A',  according  to  (294)  and  (290),  when  we  refer  X  to 
the  pole  of  the  instrument,  is 

//  =  n„'  —  ij  sec  ^1  +  <?  tan  ^^  +  e  cos  ^  tan  d^  sin  t, 

where  the  last  term  is  equivalent  to  the  last  term  of  (318).  If, 
therefore,  we  neglect  this  term  in  (318),  the  value  of  A',  which 
the  equations  then  determine,  will  be 

=  n^'  —  tj  sec  ^1+  c  tan  S^ 

If  we  suppose  A'  —  k  and  6'  —  6  to  be  known,  we  shall  know 
JE  from  (307),  and  a  single  observation  will  determine  A'  by  (318). 
But  it  will  be  preferable  always  to  combine  two  corresponding 
observations  in  which  m'  —  a'  —  m-\-  a  and  w/  —  a'  —  m  +  a  are 
numerically  equal  but  have  opposite  signs ;  then,  n  and  n^  being 
the  readings  of  the  position  circle  in  the  two  observations,  we 
shall  have  from  their  mean 

V  ~  h  s®c  ^j  +  <^  ^a°  ^1  =  2  C^i  +  '*)=♦=  90®  (319) 

If  we  set  the  micrometer  at  various  readings  in  making  these 
pairs  of  observations,  and  assume  that  the  weight  of  the  resulting 
determinations  is  proportional  to  J  (w/  —  m'),  and  if  we  denote 
the  several  values  of  J  (rw^'  —  m')  by  My  M\  -3f ",  &c.,  and  of 
J(Wi  +  n)  q:  90®  by  JV,  N\  N'\  &c.,  we  shall  have  the  final  mean 
by  the  formula  (see  Appendix,  Method  of  Least  Squares) 

and  then 

n/  —  i\  sec  \  +  c  tan  ^i  =  (JV^ 

To  eliminate  the  terms  involving  i^  and  c,  we  take  observations 
in  the  two  opposite  positions  of  the  declination  axis, — circle  pre- 
ceding and  circle  following, — and  if  {N)  and  {N')  are  the  general 
means  found  in  the  two  positions,  we  shall  have 

<=U(^  +  (^)]  (320) 

We  see  that  the  index  error  will  be  found  independently  of  all 
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Other  quantities,  by  taking  the  mean  of  the  readings  in  four 
observations,  two  in  each  position  of  the  declination  axis. 

2d.  When  the  telescope  is  revolved  upon  the  declination  axis. — ^In 
this  case  T  is  constant  and  D  varies.  The  condition  that  the 
two  images  are  successively  brought  into  the  centre  of  the  field 
will  be  expressed  by  equating  the  two  values  of  cos<Jsin(2'  —  r) 
given  by  the  last  equation  of  (317).  Putting  cos  (T—  t)  =  1  in 
the  last  term  of  this  equation,  we  find 

—  —  coB^.A!r=  — —  cos^.aT' 
r  r' 

or,  by  the  same  method  of  observation  as  we  employed  above, 
making /=  0,  and,  consequently,  also  w  =  v  =  0,  and  r  =  1, 

u'=r'co8^(A!r'— aT) 
=  r' cos  ^  [i\  (tan  2)  —  tan  2/)  —  (c  +  g  cos  f>  sin  T)  (sec  2>—  secIX)] 

which,  with  the  same  degree  of  approximation  as  was  observed 
above,  may  be  reduced  to 

tt'  =  r't/  [tj  sec  ^  —  (c  +  6  cos  ^  sin  T)  tan  d'\ 

u' 
Substituting  tan  {n  —  k'  +  E)  for  -,,  and  r'  =  1  (which  involves 

only  errors  of  the  order  of  tan*  J  S  multiplied  by  ^,  c,  c),  we 
have 

tan  (n  —  k  '\-  E)  =^  I'l  sec  d  —  (c  +  e  cos  ^  sin  T)  tan  9 

Hence  n  —  A'  +  -&  is  very  small  or  very  nearly  =  180°.  When 
n  —  A:'  is  nearly  =  0,  we  shall  have,  for  the  two  cases  of  Ey 

n  —  A:'  dr  sin  JE7  =  I'l  sec  ^  —  (<?  +  ^  cos  f>  sin  T)  tan  d      (321a) 

and,  when  n  —  A'  is  nearly  =  180°, 

n  —  //  =H  sin  J^  =  ij  sec  ^  —  (^  +  «  cos  <p  sin  T)  tan  d    (3216) 

If  we  omit  all  the  terms  in  the  second  member,  the  value  of  k' 
which  these  equations  determine  will  be  that  of  t?^'  itself.  If, 
then,  two  observations  are  taken  in  which  m'  —  a'  —  m  +  a  and 
m^'  —  a'  —  m  -{-a  are  numerically  equal  but  have  opposite  signs, 
and  if  n  and  n^  are  the  two  readings  of  the  position  circle,  we  shall 
have 

<=i(w.  +  n) 
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Regarding  the  weights  of  the  several  determinations  thus  made 
as  proportional  to  the  values  of  J  (m/  —  m'),  a  general  mean  (JV) 
will  be  found  as  above,  and  then  we  shall  have  n^'  =  (N). 

280.  From  the  preceding  article  it  appears  that  by  revolving 
the  telescope  upon  the  declination  axis  the  index  error  of  the 
position  circle  is  found  independently  of  all  other  quantities, 
and  without  reversing  the  declination  axis.  We  should  expect, 
therefore,  that  when  this  method  is  followed  in  both  positions  of 
that  axis — ^that  is,  both  with  circle  preceding  and  with  circle 
following — the  same  value  of  w/  will  be  obtained.  Bessel 
found,  however,  that  this  was  by  no  means  the  case  with  the 
Konigsberg  heliometer :  for  the  diflference  of  the  resulting  values 
was  sometimes  as  great  as  4',  which  is  too  great  a  diflference  to 
be  ascribed  wholly  to  errors  of  observation.  He  explains  the 
discrepancy  by  supposing  the  telescope  to  have  a  tendency  to 
revolve  (so  far  as  the  elasticity  of  its  materials  will  permit) 
about  the  point  at  which  it  is  secured  to  the  declination  axis ;  a 
revolution  which  has  the  same  effect  upon  the  position  angles  as 
a  revolution  of  the  tube  about  the  heliometer  axis,  and  which  is 
clearly  to  be  distinguished  from  a  fliexure  of  the  declination 
axis.  Supposing  the  amount  of  the  revolution  to  be  proportional 
to  the  force  which  tends  to  produce  it,  the  law  which  it  follows 
in  all  positions  of  the  instrument  is  easily  assigned ;  for  this 
force  is  merely  that  part  of  the  weight  of  the  telescope  which 
acts  at  right  angles  to  a  plane  passing  through  the  declination 
axis  and  the  heliometer  axis,  and  is,  consequently,  proportional 
to  the  cosine  of  the  zenith  distance  of  the  point  of  the  heavens 
towards  which  the  perpendicular  to  this  plane  is  directed.  The 
hour  angle  of  this  point  is  the  same  as  that  of  the  heliometer 
axis  =  Tj,  and  its  declination  differs  90°  from  that  of  the  helio- 
meter axis  =  90°  +  ^i-  Denoting  the  zenith  distance  of  the 
point  by  {^,  we  shall  have 

cos  C  =  sin  ^  cos  ^,  —  cos  ^  sin  d^  cos  r^ 

and  the  amount  of  revolution  will  be  expressed  by  -v^  cos  f ,  in 
which  '^  is  its  maximum.  The  observed  position  angles  must  be 
corrected  by  adding  this  quantity,  or 

4  (sin  f  cos  Si  —  cos  ^  sin  ^i  cos  Tj)  (822) 
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which  term  must,  therefore,  be  annexed  to  the  formulae  for  p  in 
(314)  and  (816).* 

281.  To  find  the  index  error  (x)  of  the  position  circle  of  the  ocular.— 
Set  the  semi-lens  11.  at  any  assumed  distance  z=:m'  —  a'  from 
the  heliometer  axis,  and  the  ocular  at  an  equal  distance  =  /£  —  a 
from  that  axis.  Revolve  the  ocular  about  its  axis  until  the  image 
of  a  fixed  point  is  seen  in  the  centre  of  the  field.  Let  n  and  v 
be  the  readings  of  the  position  circles  of  the  objective  and  ocular. 
Without  moving  the  telescope  or  changing  n,  repeat  the  obser- 
vation with  the  distance  —  (m'  —  a')  =  —  (/«  —  a),  and  let  v'  be 
the  new  reading  of  the  position  circle  of  the  ocular.  Then, 
n  —  7i/  being  the  true  direction  of  the  line  of  motion  of  the 
semi-lens  11.,  we  have  x  =  J  (v  +  i/')  —  (n  —  r?/).  It  will  be  well 
to  adjust  the  index  of  this  circle  so  that  its  readings  will  agree 
with  those  of  the  position  circle  of  the  objective. 

For  the  fixed  point  in  the  preceding  methods  of  determining 
the  index  error  of  the  position  circles,  it  will  be  expedient  to 
employ  the  intersection  of  a  cross  thread  in  the  focus  of  an 
auxiliary  telescope,  mounted  in  the  observing  room,  with  its 
objective  turned  towards  the  heliometer ;  the  two  threads  of  the 
cross  making  an  angle  of  45°  with  a  declination  circle. 

282.  To  find  the  distance  (^)  of  the  line  of  motion  of  the  ocular  from 
the  heUometer  axis. — Set  the  ocular  at  an  assumed  distance  fx  —  a 
from  the  axis,  and  bring  the  image  of  a  fixed  point  into  the  centre 
of  the  field.  Keeping  the  telescope  fixed,  set  the  ocular  at  a 
reading  fx'  such  that  /£'  —  a  =  —  (/£  —  a),  and  revolve  it  until 
the  image  is  again  seen  in  the  centre  of  the  field.  Let  v  and  v' 
be  the  readings  of  its  position  circle  in  the  two  positions ;  then 
we  evidently  have 

±P  =  ^^-^  tan  }  (ISO*'  —  V  +  »/)  (323) 

It  will  be  easy  to  adjust  the  ocular,  by  means  of  the  proper 
adjusting  screws,  so  that  its  line  of  motion  passes  through  the 
heliometer  axis,  and  thus  make  ^  =  0.  A  small  error  in  this 
adjustment  will  have  no  sensible  eflfect  upon  the  observations,  as 
our  formulse  show. 

*  See  Bb88BL*8  Attron.  Untertuch.,  Vol.  I.  pp.  45,  72.  In  the  latter  place  he  finds 
for  the  Konigsberg  heUometer  4  (which  he  there  denotes  by  /i)  =  1'.914. 
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283.  Finally,  the  value  of  a  revolution  of  the  micrometer 
screw  (=  J8)  is  to  be  determined  with  the  utmost  precision.  Of 
the  methods  given  in  Chapter  11.  for  the  filar  micrometer,  we 
may  regard  the  following  as  the  most  suitable  for  the  heliometer: 

1st.  By  the  measurement  of  the  focal  length  of  the  lens  and 
of  the  distance  between  two  successive  threads  of  the  micrometer 
screw. 

2d.  By  the  Gaussian  process,  or  the  observation  of  a  thread  in 
the  focus  of  the  lens  with  a  theodolite. 

8d.  By  the  measurement  of  a  distance  otherwise  known,  as, 
for  example,  the  distance  of  two  stars  in  the  group  Pleiades  de- 
termined by  meridian  observations. 

By  the  third  method,  however,  we  cannot  expect  to  reach  the 
degree  of  accuracy  which  is  necessary  to  give  the  heliometer  all 
the  advantage  which  it  should  possess  as  a  micrometer.  Thi« 
objection  is  obviated  in  a  degree  by  measuring  the  successive 
distances  between  a  number  of  stars  which  arc  nearly  in  the 
same  great  circle,  and,  having  reduced  these  distances  to  the 
great  circle  joining  the  extreme  stars,  comparing  the  total  reduced 
distance  with  the  distance  of  the  extreme  stars  as  determined  by 
meridian  observations. 

Bessel,  after  a  careful  trial  of  all  these  methods  with  the 
Konigsberg  heliometer,  gave  the  preference  to  the  first.  I  must 
refer  the  reader  to  his  elaborate  researches  upon  this  instrument 
(already  referred  to)  for  his  very  precise  method  of  determining 
the  focal  length  of  the  lens.  These  researches  include  also  some 
optical  investigations  of  great  elegance  and  importance. 

OBSERVATIONS  UPON  THE  CUSPS  OF  THE  SUN  IN  A  SOLAR  ECLIPSE. 

284.  In  the  general  discussion  of  eclipses  in  Vol.  L,  I  omitted 
to  speak  of  the  use  that  may  be  made  of  these  observations  in 
determining  the  corrections  of  the  elements  of  the  eclipse.   The 

omission  may  be  appropriately  supplied  here 
in  connection  with  the  heliometer,  with  which 
the  observations  are  most  accurately  made. 

Let  Msiud  S  (Fig.  60)  be  the  apparent  places 
of  the  centres  of  the  moon  and  sun,  CC  the 
common  chord  of  the  intersecting  discs.  The 
observation  consists  in  measuring  the  distance  of  the  cusps  Q  C. 
and  the  position  angle  of  CC  with  reference  to  the  circle  of 
declination  drawn  to  its  middle  point.     This  distance,  as  well  as 


CUSPS  IN  A  SOLAR  EOLIPSE.  433 

the  position  angle,  will  be  affected  by  refraction,  the  correction 
for  which  will  be  investigated  hereafter.  Let  s  and  p  here  denote 
the  distance  and  position  angle  deduced  from  the  observation  by 
the  formulsB  above  given  for  the  heliometer,  and  also  corrected 
for  refraction. 

The  local  time  of  each  measure  must  be  accurately  known. 
For  this  time,  let  the  parallaxes  of  the  two  bodies  in  right  ascen- 
sion and  declination  be  computed  (by  Vol.  I.  Art.  98),  and  let  a 
and  a'  denote  the  resulting  apparent  right  ascensions  of  the 
moon  and  sun  respectively,  3  and  5'  their  apparent  declinations. 
Let  tr  denote  the  apparent  distance  of  the  centres  =  SM^  and  n 
the  position  angle  of  SM  with  reference  to  a  circle  of  declination 
drawn  through  its  middle  point,  reckoning  this  angle  from  the 
moon  towards  the  sun.     We  have,  with  sufficient  accuracy, 


<r  sin  ff  =  (a'  —  a)  COS  i  (<5'  +  S) 
ff  cos  ff  =    d'  —  d 


I    (324:i 

which  determine  a  and  ;r. 

For  the  same  time,  the  apparent  semidiameters  of  the  moon 
and  sun,  which  we  shall  denote  by  S  and  S'  respectively,  will 
be  computed  by  Vol.  L  Art.  131.  We  then  have  given  the 
three  sides  of  the  triangle  SCM^  and,  denoting  the  angles  at  M 
and  Shy  /JL  and  /i',  we  may  find  these  angles  by  the  usual  formulae 
of  plane  trigonometry,  or  by  the  following  formulse,  which  in 
the  present  case  are  somewhat  more  convenient : 

^  (fif  cos  fl  +  S'  cos  //)  =  ^tT  ^ 

I/O  o/         fN       (S  +  S')(iS  —  S')        .      \    (325) 

i  (S  cos  II  —  S'  cos  ;*')  =  ^^ ■ -^ <■  =  A        [      ^"   "'>' 

2  <r  J 

^th  either  of  these  angles  and  the  value  of  S  or  S\  we  can 
compute  the  value  of  CC.  Let  this  computed  value  of  CC  be 
denoted  by  s' ;  we  have 

sf=28  sin  /I  =  2ASf'  sin  fi'  f 326) 

The  difference  between  this  computed  value  and  the  observed 
value  8  will  determine  the  corrections  which  the  elements  of  the 
eclipse  require  in  order  to  satisfy  the  observation.  Put  8  =  8' 
+  d8'.     Differentiating  (326),  we  find 

d£  =  28  cos  fi  dfi  -{■  2  Bin  ft,  dS 
Vol.  n.— 28 
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and  firom  the  formula 

2SiroospL  =  ^  +  8*  —  S'« 
we  find 

—  S^  Bin  /t  d;t  =  (tf  —  <S  cos  ;t)  Ar  +  (iS—  tf  cos  p)  dS  —  S'dS' 

whence,  with  the  aid  of  the  known  relations  between  the  parts 
of  the  plane  triaDgle^  we  readily  find 

_!^  d5  + -M- dS'- 2^i2i.e d, « . _  <^ 

tf  tan  ft'  ff  tan  fi  c  tan  y! 

But,  since  da  varies  with  n^  we  must  replace  it  by  corrections 
which  will  have  the  same  value  in  all  the  equations  of  condition 
thus  formed.    By  putting 

tf  sin  «  =  (a'  —  •)  cos  1  (^'  +  3)  =3=  j: 
9  cos  r  =   ^'  —  ^  =  y 


we  shall  find 
in  which 


<2^  =  dx .  sin  r  4-  c2y .  cos  x 

(ir  =  cos  J  ((J'  +  ^)  .  <f  (a'  —  •) 
dy  =  d{p'--^ 


and  we  may  regard  rf(a'—  a)  and  rf(^'—  S)y  and,  ccHiflequently, 
also  dx  and  dy^  as  constant  for  the  duration  of  the  eclipse.  We 
then  have 

* dS  H d8* 9-  sm  «rfx 9*  cos«dy  =«  —fl 

etanpf  tftan;t  ^tan/  ^tan;t' 

(327) 

This  will  be  the  final  form  of  our  equations  of  conditicm  if  the 
distance  s  is  fully  corrected  for  the  instrumental  errors.  If,  how- 
ever, the  zero  of  the  micrometer  is  uncertain,  we  should  make 
observations  on  opposite  sides  of  the  zero,  (with  the  heliometer, 
by  placing  the  movable  semi-lens  alternately  in  opposite  positions 
with  respect  to  the  stationary  one,)  and  if  c  is  the  unknown  error 
of  the  micrometer  zero,  we  must  write  s  dz  c  for  8  in  the  above 
equation,  taking  5  +  e  for  one  series  of  observations  and  s  —  c 
for  the  other.  The  resolution  of  all  the  equations  of  condition 
by  the  method  of  least  squares  will  tiien  determine  dS,  dS\  dx^ 
dy^  and  e. 
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It  wUl  usually,  however,  be  inexpedient  to  retain  (iS',  as  its 
coefficient  will  differ  very  little  from  that  of  dS.  The  value  of 
the  sun's  semidiameter  is  now  so  well  determined  that  in  dis- 
cussions of  this  kind  it  will  be  quite  allowable  to  put  dS'  =  0. 

We  may  also  form  equations  of  condition  from  the  position 
angles.  The  angle  n  is  formed  by  SM  and  a  circle  of  declina- 
tion drawn  to  the  middle  point  of  SM^  while  p  is  formed  at  the 
point  JD.  Denoting  the  middle  point  of  SM  by  jE,  we  have  DE 
^  ia  —  S'  cob/jl'=  ^{ScoBfi  —  S'cos/i')  =A;  and  we  can  now 
compute  the  position  angle  of  CC  at  the  point  D  from  the 
known  parts  of  the  triangle  formed  by  the  points  D,  J&,  and  the 
pole.    Letp'  denote  this  computed  value;  we  readily  find 

p'  =  TT  —  90°  +  A  sin  7c  tan  J  (d'  +  d)  (328) 

Putting  the  observed  value  p  =p'  +  dp'^  we  have,  by  neglecting 
the  insensible  variations  of  the  last  term  of  (328),  dp'  =  djty  and, 
consequently, 

where  e£r,  dt/y  and  a  are  expressed  in  seconds  and  dp'  in  minutes. 
From  all  the  equations  thus  formed,  we  can  find  dx  and  dy;  or 
we  can  combine  all  the  equations  of  the  forms  (327)  and  (329)  in 
a  single  discussion.  We  see  that  the  corrections  of  the  semi- 
diameters  cannot  be  determined  from  the  position  angles  alone. 
When  the  observations  are  made  with  the  heliometer,  each 
must  be  a  single  observation,  for  the  chord  s  changes  so  rapidly 
that  we  cannot  combine  two  opposite  observations,  as  has  been 
supposed  in  Art  275.  We  must,  therefore,  reduce  each  obser- 
vation by  the  general  formula  (311),  in  which,  however,  we  may 
make/=  0,  by  making  all  the  contacts  in  the  heliometer  axis 
or  middle  of  the  field.  The  angle  -B  in  these  formulae  must  then 
be  known ;  but  if  it  has  not  been  determined  with  certainty,  we 
may  introduce  it  into  our  equations  of  condition  as  an  additional 
unknown  quantity.  For  one  series  of  observations,  we  must 
write  ^  +  ^  in  the  place  of  p  in  (329),  and  for  the  other  series, 
in  opposite  positions  of  the  semi-lenses,  we  must  write  p  —  J&  in 
the  place  of  jE.  But,  as  E  varies  inversely  with  the  distance  «, 
it  will  be  necessary  to  put 

^.sinl' 
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in  which  y  is  a  constant  which  will  be  expressed  in  seconds, 
since  8  is  in  seconds  and  E  in  minutes.  The  equation  (329)  may 
then  be  put  under  the  form* 

-  coBicdx sin  ff  rfy  q:  y  =  5  sin  {p  — p')  (329*) 

For  some  observations  of  the  cusps  of  the  solar  eclipse  of  July 
28,  1851,  made  with  the  heliometer  of  the  Konigsberg  Observa- 
tory and  reduced  by  the  preceding  method  by  the  Director 
WiCHMANN,  see  Astron.  Nach.j  Vol.  XXXTTT.  p.  309. 

THE   RING   MICROMETER. 

286.  This  is  simply  a  thin  metallic  ring,  exactly  circular, 
placed  in  the  focus  of  the  objective,  with  its  plane  at  right  angles 
to  the  optical  axis.  From  the  times  of  transit  of  two  stars  across 
its  edge,  the  telescope  remaining  fixed  throughout  the  observa- 
tion, we  can  find  both  the  difference  of  right  ascension  and  the 
diflference  of  declination  of  the  stars.  Although  inferior  in 
accuracy  to  the  filar  micrometer  and  the  heliometer,  it  possesses 
the  advantage  over  the  former  of  not  requiring  illumination,  and 
over  both  in  not  requiring  an  equatorial  mounting  of  the  telescope. 
Let  ABB' A'  represent  the  inner  edge  of  the  ring.  Denote  by 
<i  and  t^  the  observed  sidereal  times  of  ingress 
and  egress  of  a  star  at  the  points-4  and  B;  by 
i/  and  t^'  the  same  for  a  star  observed  at 
A'  and  B'.  Upon  the  supposition  that  the 
paths  of  the  stars  across  the  field  are  recti- 
linear, the  straight  line  CMM'^  drawn  from 
the  centre  C  of  the  ring  perpendicular  to  the 
chords  AB  and  -4'-B',  will  coincide  with  the 
declination  circle  of  the  point  C.  The  time 
of  the  transit  of  the  first  star  over  this  circle  is  the  arithmetical 
mean  of  the  times  ty^  and  ^  =  J  (^  +  '2)  5  ^^^  ^^  the  transit  of  the 
second  star  over  the  same  circle  is  J(^/  + 1^')]  and,  hence,  if  a  and 
a'  are  the  right  ascensions  of  the  stars,  we  have 

a'-  a  =  ^  («/+  V)  -  I  (Si+U)  (330) 

*  By  (807),  we  peroeiye  that  y  is  here  the  value  of  the  quantity  («t  —  o)  {h  —  V) 
-\-  h' —  b  expressed  in  seconds ;  and  by  putting  its  value  found  from  the  discussion 
of  the  equations  (829)  in  the  second  member  of  (316),  and  also  the  true  value  of 
m  —  a  found  from  the  value  of  e  by  (827),  we  shaU  have  an  equation  for  determining 
fc-^Jfandi'— i. 
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Let  r  denote  the  radius  of  the  ring  expressed  in  seconds  of 
arc,  d  and  d'  the  declinations  of  the  stars,  and  put 


r  =  t,-t. 

/=«;-«/ 

r  =  BCM 

^=£'0^ 

d=MG 

d'=M'C 

then  we  have  • 

m'=  B'W 

15 
2 

m'  = 

=  15  t' cos  a' 

2 

fi 
amy  =  - 

Bin 

''=f 

(381) 

^  =  r  cos  7^  d'  =  r  cos  / 

and  hence  the  difference  of  declination  of  the  stars : 

^'— ^  =  d'  — d  (332) 

The  signs  of  cos  y  and  cos  f  are  not  determined  by  the  second 
equations  of  (331) ;  consequently,  either  sign  may  be  used  in 
computing  d  or  d'.  To  remove  the  ambiguity,  it  is  necessary 
that  the  observer  note  the  positions  of  the  stars  with  respect  to 
the  centre  of  the  ring :  then  d  or  d'  will  be  positive  when  the  star 
passes  north  and  negative  when  soiUh  of  the  centre. 

Example.  "*" — On  the  11th  of  April,  1848,  at  the  Observatory  of 
Bilk,  the  planet  Flora  and  a  neighboring  star  were  compared  by 
a  ring  micrometer  of  a  six  feet  refractor.  The  observed  sidereal 
times  were  as  follows: 

Flora  (N.  of  centre).  Star  (N.  of  centre), 

fi'  =  11*  16-  35*.0  t,  =  11*  17-  53*.0 

f;==ll  17    25.5  *,=  11   19    46.5 

t'  =  50.5  T=  1    53.5 

The  approximate  declination  of  Flora  was  5'  =  +  24®  6'.4.  The 
apparent  place  of  the  star  was 

a=        6*  4- 51*  .93 
^  ==  4.  240  1'    9".01 

The  radius  of  the  ring  was  r  -=  1126".25;  and  hence 

*  Bbunnow'8  Spharische  Astronomie,  p.  646. 
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logr"  1.70329  logr  2.05600 

log  COS  d'  9.96043  log  cos  d  9.96067 

log;*'  2.53878  log  m  2.89073 

log  Bin  •/  9.48715  log  sin  r  9.83910 

log  cos  Y  9.97850  log  cos;'  9.85940 

log<2'  3.03013  logd  2.91103 

d'  =r  +  \r  5r.9  4  =  + 13'  34".8 

The  planet  and  star  being  both  observed  on  the  north  side  of  the 
centre  of  the  field,  df  and  d  are  both  positive,  and  hence 

^'  —  ^  =  (f' —  (i=  +  4'  17".l 

For  the  times  of  transit  over  the  declination  circle  of  the  middle 
of  the  field,  we  have 

Flora,  i  {tl  +  tl)  =  11»  17-   0'.25 

Star,    \{t^  +f,)  =  ll  18    49.76 

tt'— a=—    1    49.50 

Hence  we  have  for  the  planet 

a'=        6»  3-  2*.48 
d'=  +  24«5'26".l 

which  values  express  the  planet's  apparent  place  at  the  liroe  of  its 
passage  over  the  declination  circle  of  the  middle  of  the  field,  that 
is,  at  the  sidereal  time  11*  17*  0'.26.  But  the  eflfect  of  refraction 
has  not  yet  been  allowed  for.     Bee  Art.  800. 

286.  OorrtcHxm  for  curw.twre. — The  correction  which  the  pre- 
ceding method  requires,  in  consequence  of  the  curvature  of  the 
paths  of  the  stars,  may  be  found  as  follows.  In  the  spherical 
triangle  of  which  the  three  angular  points  are  the  pole,  the  centre 
of  the  ring,  and  the  point  where  the  star  enters  or  leaves  the  ring, 
we  have 

sin  ^  =  sin  i>  cos  r  +  ^^^  -^  sin  r  cos  y 

where  D  is  the  declination  of  the  centre  of  the  ring.  For  the 
second  star,  we  have 

gin  ^'=  sin  D  cos  r  +  cos  Z>  sin  r  cos  / 

and  the  difference  of  these  equations  gives 

2  sin  \{p'  —6)00^1  (d'  +  ')  =  (sin  r  cos /  —  sin  r  cos r) eos 2> 
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or,  very  nearly, 

(d'  —  d)  cos  }  (^'  +  ^  =  (r  cos  /  —  r  cos  r)  cos  2> 
.     =(rf'  — (i)cos2> 

in  whicli  rf'  —  rf  is  the  approximate  difference  found  by  the  pre 
ceding  article.    But  we  have,  very  nearly, 

the  mean  of  which  is 

and  we  may,  therefore,  put 

cos  D  =  cos  i  {d'  4-  d)  +  ^  ((f'  +  d)  sin  1"  sin  }  (^'  +  S) 

BO  that  we  obtain 

d'  —  d  =  d'--d  +  l(d*-{-d){d'^d)%vi  rtan  J(d'  +  d)   (338) 

Hence,  the  correction  of  the  difference  of  declination  found  upon 
the  supposition  that  the  path  of  the  star  is  rectilinear,  is 

+  K^'  +  ^  (e?'—  d)  sin  1"  taa  i  (<J'  +  (J) 

The  correction  disappears  when  d'  and  d  are  numerically  equal, 
that  is,  when  the  stars  are  observed  at  equal  distances  from  the 
centre  of  the  ring. 

In  the  example  of  the  preceding  article,  this  correction 
amounts  to  +  0^^62,  and  the  corrected  difference  of  declination  ii 

a'— ^  =  +  4'ir.62 

287.  If  the  outer  edge  of  the  ring  is  also  an  exact  circle,  it  may 
be  used  in  the  same  manner  as  the  inner  edge.  Let  the  four 
transits  of  a  star  over  the  edges  of  both  rings  be  observed  at  the 
times  ^,  i^  t^  <4 ;  then,  if  r  is  the  radius  of  the  outer  ring,  Vy^  that 
of  the  inner  ring,  we  put 

sm  y  =  —  sm  y.  =  ^ 

r  ri 

BO  that  with  the  outer  ring  we  find 

d  =  r  cos  / 
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and  with  the  inner  ring, 

i  =  fi  COS  xi 

and  the  mean  of  these  values  will  be  taken  as  the  true  value  of 
d.  In  the  same  manner  rf'  for  the  second  star  will  be  found, 
after  which  S'  —  d  =  d'  —  d. 

But  when  the  four  obsei-vations  have  been  obtained,  the  pro- 
cess of  reduction  may  be  slightly  abridged,  as  follows  :* 

The  sum  and  difference  of  the  values  oi  d^  give 


Putting 


we  find 


2 

2a  2a 

-=  2a  sin  A  sin  B 
2a 


(334) 


r«+  Tj"  =  2  a*  (1  +  8in»  A  sin'  B) 
fi^+  /£,»  =  2a«  (8in«  A  +  sin*  B) 

which,  substituted  in  the  above  value  of  d",  give 

cf*  =  a'  cos* -4  cos*  B 
or 

d  =a  cos  A  cos B  (885) 

BO  that,  A  and  B  being  found  by  (834),  d  is  found  by  (835).  The 
formulae  (334)  for  determining  A  and  B  may  also  be  written  as 
follows: 

.       .         16(t  +  t,)C08^  .      -.        15  (r — T.)C08^ 

sm  A  =  — ^ — ■ — ^ Bm  B  =z  — ^^ ^ 

4a  4a 

In  which  r  =  t^  —  /^and  ri=  t^—  (^ 

Example. — On  the  24th  of  June,  1850,  at  the  Observatory  of 
Bilk,  Petersen's  comet  and  a  star  were  observed  with  a  double- 
ring  micrometer,  as  follows: 


Comet  (N.  of  centre). 

Star  (8.  of  eentre). 

V    18*  16- 54*. 

«,    18»18-55'.8 

t,'          16   20 

*,          19    13. 

V          17   21 

t,          21   20.6 

C          17   48 

t^         21   37.5 

*  Beunnow'8  Sph&riflohe  Astronomie,  p.  649. 
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The  approximate  declination  of  the  comet  was  ^'  =  +  59°  20', 
and  the  apparent  place  of  the  star  was 

a  =  14*  53-  30'.75  ^  =  +  59^  V  12'M9 

The  radii  of  the  rings  were — 

Outer,    r  =  11'  21".09 
Inner,     r^=    9  26  .29 


whence 

a  =  \ 

0  23  .69 

Then  we  find: 

Comet 

StH-. 

r' 

1-  54'.0 

r 

2-  42'.2 

< 

1      1.0 

n 

2      7.5 

log(r'  +  r,') 

2.24804 

l0g(T+T,) 

2.46195 

log(r'-r/) 

1.72428 

log(r  — T,) 

1.54038 

,      15  cos  d' 

log — 

4a 

7.48667 

,      15  cos  d 
''^      4a 

7.48938 

log  sin  A' 

9.72971 

log  sin  .^ 

9.95138 

log  sin  B' 

9.21095 

log  sin  B 

9.02971 

log  cos  A' 

9.92623 

log  cos  A 

9.65137 

log  cos  B' 

9.99419 

log  cos  B 

9.99750 

logd' 

2.71539 

logd 

2.44384 

d'  = 

+  8'  39".27 

d  = 

—4'  37".87 

and  for  the  difference  of  right  ascension, 
a'— a  =  — 3-25*.83 

288.  To  find  the  correction  for  the  proper  motion  of  one  of  the  objects, 
^-The  most  common  application  of  the  ring  micrometer  is  to  the 
determination  of  the  difference  of  right  ascensions  and  declina- 
tions of  a  star,  and  a  planet,  or  comet.  But  since  a  planet  (or 
comet)  changes  both  its  right  ascension  and  declination  during 
the  time  of  an  observation,  its  path  will  not 
be  at  right  angles  to  the  declination  circle 
drawn  through  the  centre  of  the  ring:  so 
that  the  differences  found  by  the  preceding 
methods  will  require  a  correction. 

Let  Aby  Pig.  62,  be  the  path  of  the  planet 
across  the  ring;  Cm  the  declination  circle 
through  Cj  the  centre  of  the  ring.  Draw 
AB  perpendicular  to  Oi,  On  perpendicular 
to  Ab,  bp  perpendicular  to  AB.    Put 


Fig.  62. 
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A«'  =  the  increase  of  the  planet's  right  asoeDsion 

in  one  sidereal  second, 
Ad'  =  the  increase  of  the  declination  in  one  sid. 

second, 
ti,  f/  ==  the  sid.  times  of  ingress  and  egress  of  the 

planet  at  A  and  b, 

r' =  *;-*/, 

X  =  the  correction  of  the  mean  of  ti  and  ^/,  or 
of  the  right  ascension  of  the  planet  found 
by  the  preceding  methods, 
I  (^'  +  O  +  ^  =  the  sid.  time  of  the  planet's  transit  at  nii 

fi  =  the  angle  BAb  =  mOn, 

The  arc  hp  may  be  regarded  as  a  portion  of  the  declination  circle 
drawn  through  b.  The  angle  at  the  pole  included  by  this  circle 
and  the  declination  circle  of  A  is  the  hour  angle  described  by  the 
planet  in  the  time  r',  which  hour  angle  is  r'  —  r' .  Aa'=r'  (1 — Aa'). 
Hence  we  have,  very  nearly, 

4p  ==  15t'(1  —  A»')  cos  y 
We  have,  also, 

6p  ==  t'.  a^' 
whence 

taniJ  = ^ 

16  cos  d'  (1  —  Aa') 

or,  since  the  squares  of  a^^  and  La'  or  their  product  may  be 
neglected, 

A^' 

tan  p  = 


15  cos  d' 

The  correction  x  is  the  time  in  which  the  planet  describes  the 
line  Tim,  and  this  time  is  found  by  the  proportion 

r'lx  =  Abinm=zAb:Cniw[ifi 

for  which  we  can  take 

t'  :  X  =  15  t'  cos  (J ' :  <£ '  tan  i? 

whence,  substituting  the  value  of  tan  ^, 

d'.  A<J' 

Since  Ab  =  Ap  sec  j9,  and  sec  fi  differs  from  unity  only  by 
terms  involving  (a5')',  we  may  take  Ab  =  Apj  and  hence 
,   .         ISt'cos^'  ,-  ,^        ,  „  ^ 

An  =  iAp  = (1  —  Aa')  ==  /t'  (1  —  Aa') 
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BO  that  to  compute  rf' =Oi  in  thifl  case  we  have 

flmr'=^(l  — A«')  d'  =  rooA/  (887) 


that  is,  the  computation  by  the  preceding  methods  will  give  the 
value  of  d\  corrected  for  the  proper  motion,  if  we  employ 
pf{l  —  Aa')  instead  of  ^i'.  In  the  method  of  Article  287,  with  a 
double-ring  micrometer,  the  logarithm  of  1  —  ^a'  may  be  added 

to  the  logarithm  of  — 7 • 

Example. — ^In  the  example  of  the  preceding  article  the  comet's 
motion  in  one  mean  day  was,  in  right  ascension  —  5*  0*,  and  in 
declination  —  1®  IV ;  and  therefore,  since  one  mean  day  contains 
86686  sidereal  seconds,  * 

Aa'  =  — -?!??1  log(l  — Aa')=   0.00160 

86636  ^  ^  ^ 

A^'=  —  ^!.  log  A^'  =  n8.726M 

86636  ^ 

Hence,  in  the  computation  of  d'  we  have 


,        16 COB  »'  ,.                ^ 
log (1  — AaO 

4a 

7.48817 

log  sin  A' 

9.73121 

log  Bin  B' 

9.21245 

log  cos  A' 

9.92568 

log  cos  B' 

9.99415 

logd' 

2.71475 

d'  = 

=  +  8'  38".50 

*  The  logarithm  of  1  —  La'  may  be  found  at  once  from  the  change  of  right  ascen^ 
lion  in  48  hoars,  as  follows.  Let  this  change  be  expressed  in  minutu  of  are,  and 
denoted  by  (Aa'),  then  we  have 

16  X  ^  X  ^^^    ^^^^ 

But  if  Jf  is  the  modulus  of  common  logarithms,  we  have  from  the  development  of 
log  (1  —  La*)  in  teries,  by  neglecting  the  second  and  higher  powers  of  La', 

1/1       A  /\            M-A  .           0.48429  (Ao') 
log(l^La')=^MLa'= ^^ 

or,  very  nearly, 

log  (1  —  La')  =  —  0.00001  (La') 

Hence,  to  correct  for  the  proper  motion  in  the  computation  of  d,  subtract  from  the 
logarithm  of  fi'  as  many  units  of  the  6th  decimal  place  as  there  are  minutes  of  arc  in 
the  48  hoar  increase  of  right  ascension. 


444  MICBOMETRIO   OBSEBVATIONS. 

and,  therefore, 

d'— d  =  +  18'16".87 
By  (886)  we  find 

x=      —    0'.47 
whence 

tt'— a  =  —   3-26*.30 

The  correction  of  df—  d  for  the  curvature  of  the  path  is,  in  this 
case,  by  (888),  +  0'',78;  whence 

^'— d  =  +  18'17'M5 

80  that  the  corrections  for  curvature  and  proper  motion  here, 
accidentally,  almost  destroy  each  other. 

The  apparent  place  of  the  comet  (still  afiected,  however,  by 
parallax  and  planetary  aberration,  as  well  as  the  differential 
refraction)  is,  tiierefore, 

tt'=      14*50-   4*.45 

at  the  sidereal  time  18*  16*  60'.76. 

289.  It  is  yet  to  be  shown  under  what  conditions  errors  of 
observation  or  of  the  data  will  have  the  least  effect  upon  the 
results  obtained  with  the  ring  micrometer.  For  the  effect  of  an 
error  at  in  the  observed  interval,  we  have,  by  differentiating  (881), 

15  cos  d .  Ar 
^r  =  —^ 

2r  cosy 

A(f  =  —  r  sin  y .  Ay  =  —  */  cos  ^  tan  y .  Ar 

which  shows  that  the  error  in  the  observed  time  produces  the 
least  effect  upon  d  when  tan  y  is  least,  and,  therefore,  for  the  most 
accurate  determination  of  the  declination,  the  chords  described 
by  the  two  stars  should  be  as  far  from  the  centre  of  the  ring  as 
possible,  or  the  difference  of  declination  should  be  but  little  less 
than  the  diameter  of  the  ring.  If  d  is  not  much  less  than  r,  it 
will  be  advisable  to  let  the  stars  pass  across  the  field  on  opposite 
sides  of  the  centre,  at  nearly  equal  distances  from  it.  But  if  d  is 
very  small,  both  stars  should  pass  as  far  from  the  centre  aa 
possible,  on  the  same  side  of  it. 
For  the  effect  of  an  error  in  r,  we  have 

A^  =  —  Ar  =  Ar .  sec  y 
d 
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which  is  also  least  when  the  star  is  farthest  from  the  centre  of 
the  field. 
For  the  second  star,  we  have  also  ^d'  =  Ar  sec  f^  and  hence 

A((/'—  d)  =  Ar(Bec  /^ —  sec  y) 

so  that  if  the  stars  are  on  the  same  parallel  of  declination  (when 
T  =  rO  ^^  error  in  r  has  no  effect  upon  the  computed  difference 
of  declination,  as,  indeed,  is  otherwise  evident. 

For  the  accurate  determination  of  the  difference  of  right 
ascension,  it  is  plain  that  the  stars  should  pass  as  near  to  the 
centre  of  the  field  as  possible,  since  the  immersions  and  emer- 
sions can  then  be  most  accurately  observed. 

290.  To  find  the  radius  of  the  ring. — Firat  Method. — Observe  the 
transits  of  the  sun's  limb  over  the 
edge  of  the  ring.     Four  contacts  **' 

will  be  observed,  the  sun's  centre 
being  at  the  points  a,  6,  e,  d  (Fig. 
63)  at  the  times  ^,  t^,  t^,  t^.  If  the 
radius  of  the  ring  is  denoted  by  r 
and  the  sun's  semidiameter  by  -R, 
we  see  that  the  external  contacts 
(at  a  and  d)  are  observed  at  the 
times  at  which  the  transit  of  the 
sun's  centre  would  be  observed 
over  a  ring  whose  radius  was  r  +  R;  while  the  internal  contacts 
(at  b  and  c)  are  observed  at  the  times  at  which  the  transit  of  the 
sun's  centre  would  be  observed  over  a  ring  whose  radius  was 
r  —  B.    Hence,  putting  8  =  sun's  declination,  and 

r  =  t^-t^  r'=t,-t, 

we  have,  by  Art.  285,  from  the  external  contacts, 

2  (r  +  -B)  sin  y  =  16  r  cos  ^ 
2(r  +  B)co&r  =  2d 

and  from  the  inner  contacts, 

2  (r  —  i?)  sin  /^  =  1 5  t'  cos  a 
2(r  —  jB)co8r'=2d 
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Eliminating  y  and  7*',  we  have 

4  (r  +  2?)«  =  (15  r  cos  d)«  +  4<? 
4 (r  —  jB)«  =  (16 1' COB  ^)«  +  4<? 

and  eliminating  cP,  we  obtain 

(15cO8^)»(r+O(r-T0 

16  i? 


(338) 


In  order  to  take  into  account  the  sun's  motion  in  right  ascension, 
the  intervals  r  and  x'  should  be  expressed  in  apparent  time. 

It  is  easy  to  see  that  the  formula  (388)  will  still  be  applicable 
when  the  sun's  diameter  is  greater  than  that  of  the  ring. 

Example.* — The  sun  was  observed  with  a  ring  micrometer  at 
the  Observatory  of  Bilk  as  follows : 

External  Contacts.  Internal  Ccmtaets. 

*,  =  10*  31-    8*.2  Sid.  time  *,  =  10*  32-  SCS 

f^=10  34    47.8  <,  =  10  33    25.3 

The  sun's  declination  was  5  =  +  23*^  14'  50" ;  the  semidiameter 
jR  =  15'  45''.07 ;  and  the  sun's  motion  in  right  ascension  was 
4*  8*.  7  in  one  day. 

The  sidereal  intervals  8*  39*.8  and  54*.5  must  be  reduced  to 
intervals  of  apparent  time  by  multiplying  them  by  the  factor 

1-^^  =  0.99718 
86636 

whence 

T  =  218-.67  t'=54-.84 

and  hence,  by  (388), 

r  =  y  23".57 

Second  Method. — Observe  the  transits  of  two  stars  the  differ- 
ence of  whose  declinations  is  accurately  known.  Then,  r  and  r' 
being,  as  before,  the  intervals  between  the  ingress  and  egress  of 
the  two  stars  respectively,  we  have 

fi  =  \f  T  COB  d  =r  Bin  TT  (i  ==  ±  r  cos  ^ 

;i'  ==  y^  t'  cos  ^'  =  r  sin  7^  d'=  ±:r  cos  / 

Since  for  determining  r  it  will  always  be  advisable  to  select  a 

■    ■  —  ■        .  -      . .  » 

*  Bkunmow,  Sph&risolie  Astronomie,  p.  661. 
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pair  of  stars  whose  diflference  of  declination  is  not  mncli  less 
than  the  diameter  of  the  ring,  the  stars  will  be  observed  on 
opposite  sides  of  the  centre :  we  shall,  therefore,  have 

^d'  —  (i  =  r  (cos  /•  -f-  008  ^ 

Let  A  and^  be  assumed,  so  that 


then 


d'  —  d  =  r  [cos (A  +  3)  +  cos(A  —  J?)]  =  2r  cos^  cos  B 
fi'  +  fi  =  r  [sin  (A  +B)  +  sin  (a  —  J?)]  =  2r  sin  ^  cos  i? 
fi'  —fi  =  r  [sin  Ia+B)  —  sin  (-4  —  £)]  =  2r  cos  ^  sin  B 


Hence  we  derive 


tan^  =  ^  tani?  =  '*'- 


r  = 


2  cos  A  cos  B 
We  may  also  use  any  one  of  the  following  forms  for  r: 


r  = 


2  sin  J.  cos  ^       2  cos  A  sin  ^       Bin(A4-J5)       sin(ii  —  B) 


In  order  to  render  this  method  exact,  the  atmospheric  refrac- 
tion should  be  taken  into  account.  Its  effect  upon  micrometric 
observations  in  general  will  be  considered  hereafter,  but,  since 
for  determining  the  radius  of  the  ring  micrometer  it  will  be 
advisable  to  take  the  observations  near  the  meridian,  the  refrac- 
tion may  be  allowed  for  in  a  very  simple  manner ;  for  we  may 
then  neglect  its  effect  upon  the  right  ascensions  of  the  stars.  The 
effect  upon  the  declinations  is  found  by  the  formulse  (234)  and 
(20)  of  Vol.  I. ;  according  to  which,  if  d  and  d'  are  the  true  decli- 
nations, the  apparent  values  are 

d  +  A:' cot  (a  +  JV) 

where  tan  iV=  cot  (p  cos  r^,  p  being  the  latitude  of  the  place  of 
observation,  and  r^  the  hour  angle  of  the  centre  of  the  ring. 
Hence  the  apparent  difference  of  declination,  which  we  will 
denote  by  (3'  —  3), 

^  sin(^+JV^)Bin((5'  +  j!0 
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for  which  we  may  take 

which  is  to  be  used  for d'—  dm  (339).  It»will  here  generally 
suffice  to  take  Ar'  =  67" ;  but  it  may  be  accurately  found  by 
Column  B  of  Table  11. 

When  the  stars  are  not  very  near  the  equator,  the  correction 
for  curvature  must  be  applied.  If  r  were  given,  the  observations, 
computed  upon  the  supposition  that  the  paths  of  the  stars  are 
rectilinear,  would  give  the  approximate  difference  d'  —  d,  and 
hence  in  the  inverse  process  we  have  only  to  use  d'  —  d  instead 
of  {d'  —  d)  in  order  to  obtain  the  true  value  of  r.  Now,  by  (333), 

d'^d=  ((J'—  (J)  —j  sin  r  (d'»  —  d»)  tan  i(a'+  d) 

or,  since  d'*  —  rf*  =  —  [p!^  —  ;£«), 
d'—d  =  (Ji'—d)  +  {  sin  1" (//  +  fi)  (jl'  —  m)  tan  J  (a'  +  d)     (341) 

in  which  (3'  —  d)  is  the  difference  of  declination  corrected  for 
refraction. 

Example. — The  radius  of  the  ring  of  the  micrometer  em- 
ployed in  the  example  of  Art.  285  was  determined  by  the  stars 
Asierope  and  Merope  of  the  Pleiades^  the  declinations  of  which 

were 

d'=  +  24^  4'  24".26  a  =  +  23^  28'  6".86 

and  the  observed  intervals  were 

t'=18'.5  r  =  56'.2 

In  order  to  illustrate  the  use  of  (340),  let  us  suppose  the  hour 
angle  of  the  centre  of  the  ring  to  have  been  r,,  =  1*  =  15°  ;  then, 
the  latitude  of  Bilk  being  ^  =  +  51°  12'  25",  we  find 

N  =  37°  49'.6  log  kf  =  log  57"  1.7559 

j(^+^')  +  JV'=61    35.9  log  C08ec»[K^  +  O +  -2^01114 

d'^d  =  36'  17".41  log  sin  ((5'  —  a)  8.0235 

eorr.      —    0  .78  log  corr.  ii9.8908 

((J'  — (5)  =  36'16".63 

We  find,  in  the  next  place, 

Ai'=126".68  fi=    886".68 

log  (y+fi)  =  2.71038  log  (/i'  —  rt  ==  n2.41489 
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whence  the  correction  for  curvature  is,  by  (841),  =  —  0'M4,  and 
therefore 

d'— (i  =  86'16".48 

with  which  we  now  find,  by  (389), 

log  iAnA  =  9.37263  log  tan  £  =  9.07714 

log  sec  A  0.01175 
log  sec  B  0.00308 
log  (d'^-d)  3.33775 
log2r  3.35258 

r  =  18'  46".03 

Third  Method. — ^Direct  the  telescope  of  a  theodolite  towards 
the  objective  of  the  telescope  which  carries  the  micrometer,  and 
measure  directly  the  angular  diameter  of  the  ring  by  either  the 
vertical  or  the  horizontal  circle  of  the  theodolite,  as  in  the  case 
of  the  filar  micrometer,  Art.  46.* 

291,  The  filar  micrometer,  the  heliometer,  and  the  ring  micro^ 
meter  are  now  almost  the  only  micrometers  in  use.  I  will, 
therefore,  here  only  briefly  mention  two  or  three  others,  as  it  19 
not  within  the  plan  of  this  work  to  enter  upon  the  history  of  the 
numerous  instruments  of  this  class  which  have  been  proposed. 

The  duplication  of  the  images  of  objects,  which  is  effected  in 
the  heliometer  by  dividing  the  objective,  has  also  been  effected 
by  dividing  the  ocular,  constituting  what  has  been  known  as  the 
double-image  eye-piece  micrometer.  The  principle  of  this  instrument 
is  identical  with  that  of  Ramsden's  Dynameter,  which  is  still 
used  for  measuring  the  magnifying  power  of  telescopes  (Art.  13), 
It  is  evident  that  by  separating  the  two  halves  of  a  simple  eye- 
lens  until  the  image  of  one  star  coincides  with  that  of  another, 
the  angular  distance  of  the  stars  becomes  known  from  the  known 
angular  value  of  a  revolution  of  the  screw  by  which  the  separa- 
tion is  produced.  Amici,  of  Modena,  is  said  to  have  produced 
the  best  micrometers  of  this  kind. 

The  duplication  of  images  is  also  effected  by  the  use  of  a 
doubly  refracting  prism  of  rock  crystal,  originally  proposed  by 
RoGHON.  The  diflS^culty  of  determining  the  relation  between  th^ 
given  position  of  the  crystal  and  the  angular  distance  of  two 

*  Upon  the  ring  mioromeUr,  see  also  papers  by  Bissbl  in  the  MotuUliehM  Corr$* 
tpondent.  Vols.  XXIV.  and  XXVI. 
Vol.  XL— 29 
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objects  which  have  been  brought  into  contact,  is  a  considerable 
obstacle  to  its  general  use,  to  say  nothing  of  the  optical  difficul- 
ties in  obtaining  well  defined  images  free  from  color.* 

Struvb  has  proposed  the  use  of  a  graduated  plate  of  trans- 
parent mica  placed  in  the  focus  of  the  equatorial,  and  this  method 
has  been  employed  by  the  Messrs.  Bond  in  cataloguing  small 
stars.  Upon  a  plate  of  mica  ^^  of  an  inch  in  thickness  are 
drawn  two  sets  of  parallel  lines,  one  system  representing  decli- 
nation circles,  the  other,  at  right  angles  to  the  first,  representing 
parallels  of  declination.  The  relative  declination  of  two  stars 
which  pass  over  the  field  is  determined  by  merely  observing  the 
divisions  of  the  graduated  declination  scale  over  which  or  near 
which  they  pass;  and  their  relative  right  ascension  is  found 
from  the  observed  times  of  their  transits  over  the  lines  which 
represent  declination  circles,  these  times  being  noted  by  the  aid 
of  the  electro-chronograph. t 

An  ingenious  mode  of  employing  a  double  eye  piece  micro- 
meter (consisting  of  two  complete  eye  pieces),  apparently  giving 
very  precise  results,  is  suggested  by  Mr.  Alvan  Clark,  of  Boston, 
in  the  Proceedings  of  the  Am.  Association  for  the  Adv.  of 
Science,  10th  meeting,  p.  108. 

CORRBCTION   OF   MICROMBTRIC   OBSERVATIONS   FOR   REFRACTION. 

292.  Since  the  position  of  each  of  the  two  observed  stars  is 
affected  by  the  atmospheric  refraction,  their  relative  position,  de- 
termined by  the  micrometer,  is  also  affected  by  it.  The  object 
of  the  following  investigations  is  to  determine  the  correction  of 
the  micrometric  measures  themselves,  without  requiring  a  sepa- 
rate consideration  of  the  absolute  places  of  the  two  stars.J 

298.  To  find  the  effect  of  refraction  upon  the  observed  angular  distance 
of  two  stars  and  upon  the  angle  which  the  great  circle  joining  the  stars 
makes  with  a  vertical  circle. — This  mode  of  observation  is  indeed 
not  practised,  but  the  investigation  of  the  effect  of  refraction  in 

*  For  a  description  of  a  number  of  doable  image  micrometers,  see  Pbaksov's 
Practical  Astronomy. 

f  See  AnnaU  of  the  Astronomical  Observatory  of  Harvard  CoUege^  Vol.  I. 

}  I  hare  followed  Bbssbl's  methods  {Astron,  Unfertueh.,  Vol.  I.)  in  the  inrestiga- 
tion  of  the  greater  part  of  the  formalsB.  That  portion  of  his  article  which  relates  to 
the  ring  micrometer  is,  howeyer,  oonsiderablj  abridged  and  simplified.  * 
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this  case  is  very  simple,  and  will  serve  as  the  ground-work  of 
the  subsequent  applications.     Denote  by 

C|  C,  and  z,  2^,  the  tme  and  apparent  zenith  distances  of  the 
.   two  stars  S  and  S'; 
A,  their  difference  of  azimath; 
r,  r',  their  refractions ; 
Ij  k'y  and  2,  r,  the  true  and  apparent  angles  which  the  great 
circle  joining  the  stars  makes  with  their  re- 
spective vertical  circles,  all  reckoned  in  the 
same  direction ; 
Cy  8,  the  trae  and  apparent  distances  of  the  stars. 

We  have,  in  the  triangle  formed  by  the  zenith  and  the  appa- 
rent places  of  the  stars,  by  the  Gaussian  equations  of  spherical 
trigonometry, 

sin}«sin  J(i  +  l')  =  sin}-4  sin  J(2r  +  sf) 
sin}«cosJ(i  -(-  V)  =  cosM  sin}(2:  —  s^) 

and  in  the  triangle  formed  by  the  zenith  and  the  true  places  of 

the  stars, 

sinjtf  sin  i(X  +  X')  =  sin  M  8in}(C  +  C) 
sin  Jtf  cos  J(;i  +  ^10  =  coBiA  sin}(C  —  CO 

If  we  put 

h  =  H^  +  n      ^  =  H^  +  n      Co = j(c  +  CO 

and  also  substitute  {^  —  r  and  (^^  —  r'  for  z  and  2',  the  elimination 
of  A  from  the  above  equations  gives 

.    ,      •     ,         •    1      •    f               sin  Ca 
sm  Jtfsm  >L  =  sm}s  sm  t 

^  •8in[C,-i(r+r')] 

7             sinl(C  — CO 
sm  Jifcos^  =  sm  }«cosL ^^ ^ — -* 

^  •  8inJ[C-C'^(r-r')] 

We  may  evidently,  in  the  first  equation,  put  r^  for  \(ir  -\'  r^ 
which  is  equivalent  to  assuming  that  the  mean  of  the  refractions 
for  the  zenith  distances  {^  and  !^'  is  the  same  as  the  refraction  for 
the  mean  of  these  zenith  distances,  an  assumption  producing  here 
no  sensible  error  in  the  factor  sin  [{^^  —  J  (r  +  rO]  or  sin  {J^^  —  r^ 
We  may  also  take 

r-r'=^(C-C'A 
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in  which  the  diflterential  coefficient  -r^  expresses  the  rate  of  change 

of  the  refraction  corresponding  to  f^.    Then,  in  the  fraction 

sini(C  — O 
BinJ[C-C'-(r-r')] 

which  diflfers  hut  little  from  unity,  we  may  put  the  arcs  for  their 
sines :  so  that,  denoting  this  fraction  hy  6,  we  have 

^_  Z-V  _         1 1_ 

C-C'-(r~r')""i       r--j;^-.__^ 

If  we  also  put 

sin(C,~r,) 
and  substitute  }<r  and  j^s  for  their  sines,  our  formulae  become 

if  sin  X^  =  s,a  sin  l^ 

if  COB  X^=zS.b  COS  Z, 


From  these  we  have 


tan  ^  =  Y  **^  h 

0 


which  developed*  gives 

From  the  same  formulse  we  derive 

ff  cos  (Aq  —  Z^)  =  5  [a  +  (6  —  a)  cos*  l^"} 
and,  dividing  this  by  cos  (^  ~  ^  =  1  —  J  (^  —  ^)^  +  &c.,  we  obtain 

IT  — 5  =  «  [a  — 1+  (6  — a)cos«Zo  + J/^-=^y8in«2Z,+  &c.]    (343) 

294.  To  facilitate  the  computation  of  (342)  and  (343)  a  con- 
venient method  of  finding  a  and  b  is  necessary.  We  have,  for 
any  indeterminate  ^, 

einC  sin  f2r  +  r)  ,    sinr 

""  a  ^  ^—r- ™  — V— ^ — -  —  cos  r  + 

&]n(C  — r)  mns  taiiz 

dz  —  dr  dz  ^  dz 

Sr  the  refraction  thcs  form  (Vol.  L  Arte.  107  and 

*  By  PL  Trig,  Art.  254 
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in  which 

we  have,  putting  cos  r  =  1, 

h  —  a^=k  tan*  ^  +  -7-  tan  z 
dz 

These  quantities  may  therefore  he  found  hy  the  aid  of  Golumu 
A  of  Tahle  11.  But,  as  the  argument  is  there  the  apparent 
zenith  distance,  while  in  micrometer  ohservations  it  is  generally 
the  true  zenith  distance  that  is  given,  it  is  expedient  to  form  a 
new  tahle,  hy  which  a  quantity  x,  depending  upon  the  refraction, 
may  he  found  with  the  argument  {^,  such  that 

b  —  a  =  jc  tan*  C 

In  order  to  obtain  the  value  of  x  for  any  state  of  the  air, 
Bessel  gives  it  the  same  form  as  that  already  adopted  for  kj 
and  assumes 

in  which  the  factors  ^  and  /',  depending  on  the  barometer  and 
thermometer,  have  the  same  values  as  before. 

The  quantities  log  a",  A  ",  A",  which  are  ^ven  in  Column  C  of 
Table  II.,  must  be  determined  so  as  to  satisfy  the  above  defini« 
tion  of  X  for  all  values  of  ^  and  x*    ^e  have 

-tan»2r       dk  tKn  z       I  j    ,   dk     ^    \tan*z 

X  =  k =(  A:  +  -—  cotz) 

tan«C       <fetan«C      \         dz  /tan'C 

Taking  the  Napierian  logarithms, 

iH  =  Za"+  A'^lfi  +  ^"k  =  ^(*  +  ^  cot  2r  j+  2i(^^)    (844) 
From  the  definition  of  A,  we  have 

dz  \ja,dz  dz  dzj 


L  "^  r&  J 
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Since  fi  and  y  differ  but  little  from  unity,  l^  and  ly  are  so  small 
that  we  may  neglect  their  squares,  so  that  the  logarithm  of  the 
last  factor  of  the  above  expression,  under  the  form  /(I  +  a?)>  may 
be  put  =  X,  and  hence 


1  +  ,^ 


cot  J? 


(845) 


Now,  let  (z)  denote  tnat  value  of  z  which  corresponds  to  the 
given  (^  when  ^  =  1,  7*  =  1,  a  value  which  can  be  found  fix)m 
Column  A  of  the  table,  as  in  Art  119,  Vol.  I.  Let  the  corre- 
sponding values  of  a,  ^,  A,  as  found  from  that  column,  be  denoted 
by  (a),  (A)y  {X),  and  the  corresponding  refraction  by  (r);  then, 
a'.  A' J  X'  being  taken  from  Column  B  for  the  given  ^,  we  have, 
as  in  the  article  just  referred  to, 

(r)  =  (•)  tan  (z)  =  a'  tan  C 
z  =  lz)  —  a' tan  C(^A'lfi  +  X'lr) 

The  second  member  of  (845)  is  a  function  of  2,  which  may  be 
transformed  into  a  function  of  (z).  The  small  terms  multiplied 
by  ip  and  ly  will  not  be  sensibly  affected  by  substituting  (z)  for 
Zy  (A)  for  Aj  &c.  The  other  terms  may  be  developed  by  the 
formula 


in  which 


=/«+fi>,+. 


y  =  — .'tan  C  ^A'lfi  +  A' fy)  =  —  (a) tan (z) (.i' V  +  I'fy) 
"We  find 

(a)  rf(a) 


diz) 


tan  (2)  - 


A'lfi  +  l'lfj 


1+ 


(r)rf(.)       J 


cot  (2) 


OOBBBOTION  70B  RErBAOTIOH.  466 

We  haye,  also, 

tonj  ^  tan [(g) +  y]  ^  tan  (g)  _      J      ,^,  j»  ,  ^,.  . 
tanC  tanC  tanC        iiot?{zy        "^     " 

(.)L  C08»(g)^        '^^        ^'\ 

/tanj\  ^         _  2i(.)_  _iW_  (^,j^_^  ^,^  ^ 
\tanC/  ^         co8»(g)^      '^^      '^■' 

Hence,  sabstituting  in  (344), 

U"  +  ^" Z/9  +  r  ir  =  2ia'  -  ?(a)  +  i(  1  +  -^  ) 

(4)_^(!^A'_^tan(g)^'+i!HW li^^^'V     A^ 

^     "^       C08'(^)  dip)  ^  I    I       <<(») 


■¥1? 


+ir 


+  (r)<i(,) 


9^  ^          rfr  ^                   7^^  57^8ec'(g)>l'+^  cot  («) 
(;)_.200_i'_^tan(g)A'+i:l^^W ,7f  ^'^ - 


W-'W 


Since  this  mast  be  satisfied  for  all  values  of  ^  and  Xy  the  coefficients 
of  l^  and  Ix  in  the  two  members  must  be  equal,  respectively. 
Now,  we  have  found,  in  Vol.  I.  Art.  119, 

(^)=^'(i+5S-))=4'+^-)"^'^^^+^*""^^^] 

Substituting  these  values  in  the  above  equations,  and  comparing 
similar  terms,  we  find 

\  ^  {r)d{z)r        '      co8«(z)  ^  d(z)     ^ '  ?  (3*<y 
(n._^«_)(r-.')  =  -^^^  +  ^^ot(.)    ) 

\    ^(r)d(r)/^  ^  co8»(z)       d(z)        '^  ^^     / 

by  which  la".  A",  X"  are  computed.  The  quantities  a  and  a' 
in  Columns  A  and  B  of  the  table,  are  expressed  in  seconds,  but 
a"  in  Column  C  is  in  parts  of  the  radius,  so  that  we  must  add  to 
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the  value  found  by  the  first  of  the  equations  (346),  the  eonstanf 
log  sin  1''  =  4.685575.  In  the  second  member  of  the  other  two 
equations  we  must  also  put  (a)  sin  1"  for  (a),  and  d  {z)  sin  1'' 
for  d{z). 

295.  With  the  table  thus  prepared,  the  computation  of  x  is 
precisely  like  that  of  k  in  finding  the  refraction.  For  example, 
to  find  log  X  for  C  =  80°,  Barom.  80.85  inches.  Attached  Therm. 
40°  F.,  Ext.  Therm.  35°  F ;  we  have 

^"=       0.994  r=       1.099  logtt"=       6.3947 

log  J?  =  +  0.01092         log  r  =  +  0.01185         A"  log  ^9  =  +  0.0105 

log  r  =  —  0.00031  A"  log  r  =  +  o.oiso 

log  fi  =  +  0.01061  log  X  =       6.4182 

296.  Our  fundamental  equations  (342)  and  (343)  may  now  be 
reduced  to  a  much  more  simple  form.  It  is  evident  that  on 
account  of  the  small  value  of  x  we  may  omit  the  terms  in  (6  —  a)', 

&c.    For  the  same  reaaon,  we  may  put  — r—  for  7— — >  from 

2  b  +  a 

which  it  differs  only  by  terms  involving  x*.  In  (343)  we  may 
put  a  —  1  =  X  instead  of  its  true  value  A',  without  sensible  error; 
for  even  at  the  zenith  distance  85°  the  difference  of  x  and  k  is 
only  0.00006,  and  consequently  the  error  of  substituting  one  for 
the  other  in  this  term  will  be  less  than  s  X  0.00006,  so  that  even 
if  s  were  as  great  as  1000"  the  error  would  not  amount  to  0".06. 
We  therefore  adopt  as  fundamental  the  following  simplified 

forms: 

IT  — «  =  «jc(tan«Ccos«?.+  l)  \ 

A„— ?.==  — xtan»Ccos/.Bin^,  J     ^"^^^ 

In  these  equations  ^  is  the  mean  of  the  true  zenith  distances  of 
the  two  stars,  and  x  the  corresponding  quantity  in  the  refraction 
table.  The  quantity  l^  is  that  which  would  be  given  directly  by 
the  observation. 

The  mean  zenith  distance  ^  will  be  found,  by  a  single  com- 
putation, from  the  mean  of  the  hour  angles  of  the  two  stars  and 
the  mean  of  their  declinations.  Denoting  these  by  r^  and  S^j  and 
the  latitude  of  the  place  of  observation  by  ^,  we  have,  by  equa- 
tions (20),  Vol.  L, 

tan  JV  =  cot  ^  cos  r^ 

^    .  tanr.siniV' 

tan  C  sm  AT  = « — -  )    /848) 

^       Bin  (a^+  N)  ^    ^ 

tan  C  cos  gr  =  cot  (d^  +  If) 
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The  parallactic  angle  q  which  these  formulse  give  at  the  same 
time  with  (^  will  be  required  in  the  subsequent  problems.  In 
the  observatory  the  computation  is  facilitated  by  a  table,  com- 
puted for  the  given  latitude,  which  gives  the  value  of  JV,  and  of 
log  n  =  log  (tan  r^  sin  N\  for  every  minute  of  the  hour  angle  r. 
We  then  have  only  to  compute  the  equations 

tan  C  sin  jT  =  n  oosec  {\  +  N)  )  r348*'i 

tan  C  cos  jT  =  cot  (^o  +  -^V)  J  ^        "^ 

297.  Correction  for  refraction  of  micromeiric  observations  of  the 
distance  and  position  angle  between  two  stars.— The  observed  position 
angle  p  is  the  position  angle  at  the  middle  point  of  the  arc  joining 
the  two  stars  (Art.  260).  Let  tt  denote  the  true  value  of  this 
angle,  q  the  true  parallactic  angle  found  by  (348) ;  then  we  have 

X^=7c  —  q 

and  if  q'  is  the  apparent  parallactic  angle,  we  have 

From  the  differential  formula  (47)  of  Vol.  L  we  find  that  if  (^ 
varies  by  df  =  r,  the  angle  q  varies  by  the  quantity 

^  —  q  =  r  sin  q  tan  d^ 

and  if  we  take  for  r  the  form  (Vol.  L  Art.  119) 

r  =  A:'  tan  C 
we  have 

j'  =  jT  -f  A:'  tan  C  sin  q  tan  8^ 

and,  consequently, 

lf^  =  p  —  q  —  A:' tan  C  sin  q  tan  d^ 

This  value  of  l^  is  to  be  substituted  in  (347) ;  but  in  the  terms 
abeady  multiplied  by  5  x  we  may  take  Iq  =  p  —  q.  Hence  we 
have 

ff  —  8  =8x  [tan'C  C08'(jp  —  ?)  +  1] 

«  —  p  =  —  X  tan'  C  cos  (j>  —  q)sin(j>  —  q)  —  k!  tan  C  sin  q  tan  d^ 

Since  the  position  angle  cannot  be  determined  within  a  num- 
ber of  seconds,  the  error  of  putting  x  for  k'  in  the  last  term  of 
the  formula  for  ;r  —  j?  will  be  of  no  practical  importance ;  and, 
moreover,  since  the  terms  of  the  series  (342)  have  to  be  reduced 
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to  soconds  by  multiplying  by  the  radius  in  seconds  (=  cosec  1"), 
we  have,  finally, 

<r  — «=«jc[taD«Cco8»(jp  — sr)  +  l]  (349) 

IT -— |)  =  —  jc  cosec  1"  [tan*  C  cos  Q)  —  gr)  Bin  Q)  —  j)  +  tan  C  Bin  J  tan  aj 

Having  obtained  a  and  it  by  adding  these  corrections  to  s  and;), 
the  true  difference  of  right  ascension  and  declination  of  the  stars 
may  then  be  computed  by  Art.  264,  employing  a  and  n  for  5  and 
p;  that  is,  by  the  formulae 

sin  J  (a'  —  a)  =  sin  ^  tf  sin  -k  sec  H^  \ 

sin  J  ((5'  —  a)  =  sin  ^  <r  cos  tt  sec  k  (a'  —  a)  I    ^^^ 

or  by  the  approximate  formulae 

}(350*) 


a'  —  a  =  tf  sin  ff  sec  ^^ 
H* —  b  =  tf  cos  W 


298.  K  the  apparent  differences  of  right  ascension  and  decli- 
nation have  already  been  computed  from  5  and  -p  by  Art  264, 
and  we  wish  to  correct  them  for  refraction,  we  have,  by  comparing 
the  formulsB  (284)  and  (350*),  and  denoting  the  corrections  which 
the  apparent  values  of  a'  —  a  and  b'  —  b  require  by  the  symbol  ^ 

A(a'  —  tt)  =  (<r  sin  TT  —  a  sin  f)  sec  ^^ 
tk(Ji'  —  d)  =  ff  cos  ic  —  8  cos  p 
or, 

A(a'  —  a)  =  [(if  —  s)  sin  p  +  tf  (sin  r  —  sinp)]  sec  d^ 

A(^'  —  ^)  =    (ff    —  8)  C08j>  -[-  <r  (COSff  —  cos^) 

or,  again,  with  sufficient  accuracy, 

A(a'  —  a)  =  l(f  —  8)smp  +  8(7c  —  p) ftin  1" cos p"]  sec  d^ 
A(d'  —  d)=    (<T  —  8)  cosp  —  a  (jT  —  j))  sin  1"  sin  p 

and,  substituting  the  values  of  <t  —  s  and  tt  —  p  from  (849), 

A(tt' — o)==a  X  [tan*  C  cos  (p— ^)  sin  gr — tan  C  sin  gr  tan  d^  cos  jo-fsinp]  sec  *, 
A(^' — d)=a  jc  [tan*  C  co&(p — q)  cos  gr-f  tan  C  sin  q  tan  d^  sin  p+oosp'] 

(851) 

These  formulae  are  somewhat  abridged  by  introducing  an 
auxiliary  u  such  that 

tan  tf  =  tan  C  sin  q  tan  ^^ 
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by  which  they  become 

A(a'  —  a)  =  «  X  [tan*  C  cos  (jp — q)  sin  j+sec  u  sin  (p—u)]  sec  8^  ") 

A(*'  —  J)  =  « X  [tan*  C  cos  (j>—q)  cos  gr-J-sec  u  cos  (j> — u)]  /  C  ^*  -) 

Example. — ^In  the  example,  Art.  264,  we  had  the  observed 
quantities  s  =  816''.998,  p  =  169°  5V.1.  The  latitude  of  the 
place  of  observation  was  f  =  88°  53^7,  and  the  sidereal  time 
was  0*  17*  52*.  The  right  ascension  and  declination  of  the 
middle  point  between  the  stars  were,  approximately, 

a.  =  21»  61*  62*  ^0  =  —  13°  28'.5 

The  corrections  for  refraction  being  exceedingly  small  in  the 
case  of  so  small  a  value  of  Sj  the  observer  did  not  think  it 
necessary  to  record  the  state  of  the  atmosphere ;  but,  for  the 
sake  of  illustration,  I  shall  assume  Barometer  80.29  inches,  Att. 
Therm.  49°,  Ext.  Therm.  41°  Fahr. 

We  have,  first,  the  hour  angle  of  the  middle  point  between  the 
observed  bodies,  Tq=2^  26*  =  86°  80',  with  wWch  and  the  above 
values  of  f  and  d^  we  find,  by  (848), 

iVr  =  44°  53'.9  C  =  62°  28'.6  q  =  31°  28'.2 

and  by  Column  C  of  Table  IL, 

log  X  =  6.4555 
Then,  by  (849),  we  find 

tf  —  a=  +  r.277  TT  —  jp  ==  +  2^  IM 

and  hence 

ff  =  317".270  ^  =  169°  59'.73 

Prom  these,  by  (850*),  the  true  diflference  of  right  ascension  and 
declination  are  found  to  be 

(a'  —  a)  =  +  56".68  ((5'  —  a)  =  —  5'  12".45 

But,  supposing  the  apparent  differences  to  have  been  already 
computed  as  in  Art  264,  namely, 

tt'  —  a  =  +  56".82  ^'  —  a  =  —  5'  12".14 

we  should  compute  the  corrections  of  these  quantities  by  (851*), 
which  give 

A(»'  —  a)  =  —  0'M36  aC^'  —  J)  =  —  0".306 
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which  added  to  a'  —  a  and  y  —  d  give  the  same  values  of 
(a'  —  a)  and  {d'  —  d)  as  above  found. 

299.  Cdrrection  for  refraction  of  micrometer  observations  in  which 
the  difference  of  right  ascension  has  been  obtained  from  the  difference  of 
the  times  of  transit  of  the  stars  over  threads  lying  in  the  direction  of 
circles  of  declination^  and  the  difference  of  declination  has  been  direcUy 
meamred.    (2d  Method,  Art  266.) 

Let  t  and  f  denote  the  observed  sidereal  times  of  transit  of  the 
two  stars  over  the  same  declination  circle.  A  star  upon  the 
same  parallel  of  declination  as  the  second  star,  but  having  the 
right  ascension  a'  —  {V  —  Q,  would  have  been  observed  simul- 
taneously with  the  first  star,  and  would,  therefore,  have  had  the 
same  apparent  right  ascension.  The  effect  of  refraction  upon 
the  time  of  transit  of  this  supposed  star  is  evidently  the  same  as 
in  the  case  of  the  real  star;  and  the  effect  upon  the  difference 
of  declination  is  also  the  same :  so  that  this  case  is  reduced  to 
the  preceding  by  supposing  the  stars  to  have  been  observed  with 
an  apparent  position  angle  p  ^  0,  and  apparent  distance  s  = 
3' —  8.   These  substitutions  in  (351)  give  the  required  corrections 

A(tt'—  tt)  =  x(S'  —  d)  [tan* C cos 9 sin jT  —  tan C sin  j^ tan ^J sec ^^ 
A(a'—  d)  =  jc((5'—  d)  [tan»C  cos'jr  +  1] 

These  formula  are  simplified  by  introducing  the  auxiliary  N 
already  used  in  the  computation  of  f .  Substituting  the  values  of 
tan  (^  sin  q  and  tan  (^  cos  q  from  (348)  and  (348*),  they  are  readily 
reduced  to  the  following  : 


^/.      ^.^    x(^^-J)     ncos(2^,+J0 


(352) 


An\d^+N) 


ExAMPLB. — ^In  the  example.  Art.  266,  we  have  the  observed 
difference  of  right  ascension  and  declination  of  Neptune  and  a 
known  star, 

•'  —  tt  =  +  1-  45'.80  d'—d=z^r  28''.22 

and  the  place  of  the  star, 

»  =  21»  50-  8*.99  a  =  —  18<>  28'  85'Ml 
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The  sidereal  time  of  the  star's  transit  being  28*  26"  43*.4,  the 
common  hour  angle  at  which  the  objects  were  observed  was 

T^=  1*  86-  34'.4  =  24°  8'.6 
with  which  and  y  =  88°  53'.7,  *o  =  — 13°  27'.3,  we  find,  by  (848), 

4/  =  48°  8r.o  log  n  ==  log  (tan  r.  sin  N)  =  9.5261 

C  =  67     0.1 

and  assuming  Barom.  80.29  inches,  Att.  Therm.  49°,  Ext  Therm. 
41°  Fahr.,  we  find,  by  Column  C  of  Table  11., 

log  X  =  6.4577 
Hence,  by  (852), 

A(a'—  a)  =  —  0'M28  =  —  0'.009  A((5'  —  ^)  =  —  0".889 

The  differences  corrected  for  refraction  are,  therefore, 

•'  —  a  =  +  1-  45'.29  d'-^d  =  —  r  28".61 

and  hence  the  apparent  place  of  Neptune^  affected  now  only  by 
parallax,  was 

a'  =  21*  51-  54'.28  d'  =  —  13^  81'  8".72 

on  November  29, 1846,  at  28*  28*  28'.7  sidereal  tune  at  Wash- 
ington. 

800.  Correction  far  refraction  of  observations  made  with  the  ring 
micrometer. — At  each  transit  of  a  star  over  the  edge  of  the  ring, 
its  apparent  distance  from  the  centre,  C,  of  the  ring  is  equal  to  the 
radius  r.  If  at  the  time  t^  of  its  first  transit  its  true  distance  is 
cFp  we  shall  have,  by  (349),  putting  r  for  5, 

tfj  =  r  [1  +  X  +  X  tan«  C  cos*  {p  —  gr)]  (353) 

in  which  p  is  the  position  angle  of  the  star  referred  to  C. 
The  zenith  distance  (^  and  the  parallactic  angle  q  belong  to  the 
middle  point  between  the  star  and  C;  but  it  is  easily  seen  that 
it  will  produce  no  important  error  to  assume  them  either  for  the 
point  G  or  for  a  mean  point  between  the  stars  compared.  "We 
shall,  therefore,  here  suppose  ^  and  q  to  have  the  same  values  for 
all  observations  made  in  the  same  position  of  the  ring.  At  the 
time  ^  of  the  star's  second  transit,  the  position  angle,  reckoned 
in  the  same  direction  as  for  the  first  transit  from  the  declination 
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circle  throngh  C,  will  be  860®  —  p;  so  that,  if  ^r,  is  then  the  true 
distance  of  the  star  from  C,  we  have 

<f,  =  r  [1  +  X  +  )c  tan«Cco8«0?  +  j)]  (354) 

Now,  let 

t^  =  the  time  of  the  star's  transit  over  the  true  declina- 
tion circle  of  C, 

Tj,  r^  =  the  true  hour  augles  of  the  star,  reckoned  from  the 
declination  circle  of  C,  at  the  two  observed  transits^ 

S,  D  =  the  declination  of  the  star  and  of  C; 

then  we  have 

and  in  the  two  triangles  formed  by  the  pole,  the  point  Q  and  the 
two  true  places  of  the  stars  at  the  two  observations,  we  have 

cos  <r^  =  sin  D  sin  ^  -f  cos  Dcos  d  cos  ti 
cos  <r^  =  sin  D  Bin  d  +  cos  i)cos  d  cos  r^ 

From  the  difference  of  these  equations,  namely, 

2sin}(<rj  +  <r,)sin  i{<r^  — (t J  =  2  cos  2>  cos  d  sin  }  (t^  +  tJ  sin  }  (tj — r,) 

we  derive,  approximately, 

2  secD  sec  d 


,(..-.^=(ifi)(^)^ 


+  r. 


To  reduce  this  expression  to  a  practical  form,  we  have  first,  from 
(S58)  and  (354), 

i  (<r,  —  tf,)  =  r  jc  tan"  C  sin  |>  cos  |>  sin  2  ; 

in  which  we  may  use  the  approximate  values  of  sinp  and  cos; 
given  by  (331),  where  y  is  the  same  as  j?;  namely, 

CU  —  t.)  cos  d  d 

smf>  =  ^ cosi>  =  — 

^  2r  ^       r 

where  d  is  the  approximate  value  of  ^  —  D  found  by  neglecting 
the  refraction. 

For  J  (<y,  +  <^i)  we  may  here  use  r ;  for,  being  only  a  multiplier 
of  ^  (tf I  —  c^y  the  remaining  terms  would  give  only  terms  in  x' 
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in  the  product.  For  r^  +  r,  we  put  ^—  ^.  These  substitutions 
being  made  in  the  value  of  J  (tj  —  r^,  we  have 

I  (Tj  —  t,)  =  4  X  tan«  C  sin  2qeeoD  (356) 

which  is  the  correction  to  be  added  to  the  mean  of  the  observed 
limes,  in  order  to  obtain  the  true  time  t^  of  the  star's  transit  over 
the  declination  circle  of  the  centre  of  the  ring ;  for  we  have 

%  =  i(t,  +  U)  +  i(T,^rO 

To  find  the  correction  of  d  for  refraction,  we  observe  that  if 
Tj  and  r,  were  known,  the  true  value  of  the  difference  d  —  2) 
would  be  found  by  the  formulae 

(a  _«  j)y  =  fft  _  (^^  eos  sy 

(a  — D)«  =  (r,«  —  (t,  cos  dy 

In  these  formulse,  indeed,  the  path  of  the  star  is  supposed  to  be 
rectilinear;  but  the  correction  for  curvature  has  already  been 
investigated,  and  is  given  by  (333).  The  mean  of  these  values 
may  be  expressed  as  follows : 

and,  consequently,  by  neglecting  terms  in  x', 
Tbe  difference  d  is  found  from  the  formula 


d'=r'-( 


^H' 


and  therefore,  observing  that  r^  +  r,=  t, —  f^ 

=  2  r'  X  [1  +  tan*  C  (sin*  q  +  cos*;?  cos  2  j)] 

Substituting  d  for  r  cos  p,  and  then  dividing  both  members  by 
(^  —  jD)  +  dy  (or  by  2cf,  since  this  will  involve  only  errors  of  the 
order  x*),  we  find 

(a  — 2>)  — (i==^(tan«CBin«5'  +  1)  +  (fx  tan'Ccos  2g    (366) 
d 

which  is  the  required  correction  to  be  added  to  d. 
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For  a  secoDd  star,  we  have,  in  like  manner, 
J  (t/  —  t/)  =  (i'  X tan* :  sin  2  g  sec  D 


I    (357) 


(a'-_i))-.d'=tJf  (tan«C8in«gr  +  1)  +  d'lctan'Ccos  2}     (358) 

CL 

The  diflference  of  right  ascension  of  the  stars  found  by  neglect- 
ing the  refraction  is 

while  the  true  value  is  //  —  <« :  so  that  the  correction  for  the 
refraction  is 

A(a'-  a)  =  K<-  O  -  K^.  -O 

or,  by  (365)  and  (857), 

A(a'  —  •)  =  ((f '  —  rf)  X  tan«  C  sin  2  gr  sec  a,  (359) 

in  which  we  have  put  ^o  =  H^  +  ^0  instead  of  D.  The  correc* 
tion  of  the  difference  of  the  declinations  of  the  stars  for  refrac* 
tion  is,  by  (866)  and  (868), 

Lip'-^S)  =  {d'  —  d)%  tan'Ccos  2  g  — ''' ^^' ~"-^. x  (tan« C  sin' q  + 1) 

^^  (360) 

The  values  of  f  and  g  to  be  used  in  these  formulse  will  be 
found  by  (848),  employing  ^^=  J  (^  +  d')  and  the  hour  angle  r, 
of  the  centre  of  the  ring,  which  will  be  found  from  the  transit 
of  one  of  the  stars  by  the  formula 

^o  =  i(*i  +  *.)-* 

Example. — To  correct  the  results  in  the  example  of  Art  285 
for  refraction. — ^We  have  there  found 

d'=+  17'  5r'.9  ^  =  +  61o  12'.4 

d  =  +  13  34  .8  a,  =  +  24     3.3 

rf'—  rf  =  +    4  17  .1  T„  =        5»  13«  58-. 

a'  —  a  =  —    1«  49*.50  r  =       1126^25 

We  find,  by  (848), 

iV'=   90    6'.7  log  n  =  9.89088 

}  =  42    68.7  C  =  64<>25'.0 
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The  indications  of  the  barometer  and  thermometer  are  not  giver ; 
but,  assuming  a  mean  state  of  the  air,  the  refraction  table  gives 
for  this  zenith  distance  log  x  =  6.4882,  with  which  we  proceed 
to  compute  (359)  and  (860)  as  follows : 

\og(d'  —  d)  2.4101 
log  X  6.4882 
log  tan»  C  0.6398  log  sec  S^   0.0395 

9.4881 9.4881 

log  cos  2  q  8.8658  log  sin  2  q  9.9988 


Ist  term  of  (360)  =  +  0".02         log  A(a'  —  a)  9.5264 

A(»'  —  a)  =  +  0".34  =  +  0-.05^ 
log  sin' g  9.6658 

log  ftan'C  sin'gr  +  1)  0.4802 

log(d'— (i)x  8.8483 

log  r«  6.1032 

5.4317 

log  dd'  5.9412  The  corrected  values  are  then 
2d  term  of  (360)  =  +  0".31  »'  _  a  =  —  1-  49'.48 

A(a'  _  ^)  =  —  0".29  ^'  _  ^  =  +  4'  16".81 

The  corrections  for  refraction  itre  in  this  instance  less  than  the 
probable  errors  of  observation.  Indeed,  with  the  ring  micro- 
meter,  it  will  seldom  be  worth  while  to  consider  the  refiraction 
unless  the  zenith  distance  is  over  60°  and  the  diflference  of 
declination  over  10'. 

CORRECTION   OF   MICROMETRIC   OBSERVATIONS   POR   PRECESSION, 
NUTATION,    AND   ABERRATION. 

801.  In  most  cases,  micrometer  observations  of  the  diflference 
of  position  of  two  celestial  bodies  have  for  their  object  the 
determination  of  the  apparent  place  of  one  of  these  bodies  from 
that  of  the  other  supposed  to  be  given.  The  apparent  place  thus 
found  is  then  usually  to  be  reduced  to  the  mean  place  for  the 
beginning  of  the  year,  or  any  adopted  epoch,  by  applying  the 
corrections  for  precession,  nutation,  and  aberration  with  reversed 
sign.  Sometimes,  also,  it  is  desirable  to  reduce  the  data  fur- 
nished by  the  micrometer  on  different  dates  to  a  common  date. 
The  only  case  of  interest,  however,  is  that  in  which  the  distance 
and  position  angle  have  been  observed.  I  shall  consider  first 
the  eSect  of  aberration. 

Vou  II.-SO 
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802.  To  find  the  effect  of  aberration  upon  the  angular  distance  of 
two  stars. — ^Let  us  denote  by  E  the  point  of  the  ecliptic  from 
which  the  earth  is  moving  (as  in  Art.  887  of  Vol.  I.) ;  by  i?^,  i>^ 
the  true  angular  distances  of  the  stars  from  E;  by  i?/,  «?,',  the 
apparent  distances  from  E  affected  by  aberration ;  by  a  and  «, 
the  true  and  apparent  distances  of  the  stars  from  each  other ;  by 
T-p  7-,,  the  angles  formed  by  4r  with  &^  and  t?, ;  by  7-/,  7-,',  the  angles 
formed  by  s  with  the  same  arcs.  Then,  since  the  aberration  acts 
only  in  the  great  circle  joining  the  star  and  the  point  £Jj  the 
angle  SktE  between  the  arcs  ^^  and  t?,  remains  unchanged,  and 
we  have,  precisely  as  in  the  investigation  of  the  differential 
refraction  in  Art.  298, 

sinjcrsin  }(r,  +  r,)  =  8m  i^sin  }(r/+r/)  ''\^?;|!'?, 

BinitrcoBi(r,  +  r.)  =  sin  is  cos  }(r/+  r/)  -7-7777 — TR 

If  we  write  Yo  and  7*^'  for  |  (7-,  +  Tt)  and  |  (7'/  +  7*/),  we  may  put 
these  equations  under  the  form 

(T  Bmy^  =  as  sin  j^^^ 
ff  co&Yo  =^bs  COS;'^' 

In  which  we  have  put 

sin^/  8inJ(^/-— ^j') 

Now,  we  have  (Art.  385,  Vol.  I.) 

V-*o  =  ^8»n*, 
in  which  k  =  20".4451 ;  and  hence 
a  =  1  —  A:  COB  t9^j 

b  = ; =  1  ~  A:  cos  ^.  +  A:"  cos*  ^^  —  Ac. 

1  +  A:  cos  t?,, 

so  that  if  we  neglect  A:^,  as  we  may,  we  have  a  =  6,  and  hence 
our  equations  give,  simply, 

n  =  To 
ff  =as 

Hence  it  follows,  1st,  that  the  angle  which  a  makes  with  the  arc 
&Q  is  not  sensibly  changed  by  the  aberration ;  2d,  that  the  effect 
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of  aberration  upon  the  distance  a  is  the  same  in  whatever  direc- 
ikfa  the  arc  a  may  lie,  and  depends  only  on  the  distance  {p^  of 
its  middle  point  from  the  point  J?,  or,  in  general,  upon  the  right 
ascension  and  declination  of  this  middle  point.  This  latter 
principle  suggests  the  most  simple  means  of  investigating  a  for- 
mula for  computing  the  aberration  in  distance ;  we  have  only  to 
assume  the  distance  a  to  coincide  in  direction  with  a  declination 
circle,  so  that  a  may  be  treated  as  the  diiference  of  declination 
of  the  stars.  Then  the  effect  of  aberration  upon  a  will  be  found 
by  diflferentiating  the  expression  Gd  +  -D^',  which  expresses  the 
correction  for  aberration  (Art.  402,  Vol.  I.) ;  thus. 


A<r 


L      dH  dt\ 


Taking  the  values  of  a'  and  V  for  the  middle  point  of  <r,  or 
for  the  right  ascension  a^  and  declination  5o,  we  put 

7^  =  <T =  —  ff  (tan  e  sin  ^^  -{-  sin  o^  cos  H^ 

dd 

dd' 
d=  ff-  — —  =  <r .  cos  oq  cos  3^ 
dd 

and  then  for  computing  A<r  we  have  the  simple  formula 

^tT==+  Or  +  Dd  (361) 

for  which  C  and  D  can  be  taken  from  the  Ephemeris  for  the 
given  date.  The  correction  thus  found  is  to  be  added  to  the 
true  distance  to  obtain  the  apparent  distance. 

The  position  angle  p^  at  the  middle  point  of  a  is  composed  of 
the  angle  y^  and  of  the  angle  which  the  declination  circle  makes 
with  the  arc  ??p :  so  that  the  change  in  p^  is  the  same  as  that  in 
the  latter  angle,  that  is,  it  is  the  difference  of  directions  of  the 
declination  circles  drawn  through  the  true  and  apparent  places 
of  the  stars.  This  difference  will  be  obtained  at  the  same  time 
with  that  produced  by  precession  and  nutation  in  the  next  article. 

808.  To  find  the  effect  of  precession^  nutation^  and  aberration  upon 
the  position  angle  of  two  stars, — ^Let  a^,  S^,  be  the  right  ascension 
and  declination  of  the  middle  point  between  the  two  stars.  The 
change  Ap^  in  the  position  angle  is  simply  the  change  of  direction 


468  MIOROMKTBIC  0B81RVATI0NS. 

of  the  declination  circle  drawn  through  this  point :  so  that  we 
have 


tan  Aj)o  z=i  Apoz= 


d». 


OTj  taking  a^=  (a^)  +  Aa  +  Bb  +  Cc  +  Dd  as  the  expression  of 
the  apparent  right  ascension  at  any  time,  where  (Oq)  is  its  meau 
value  at  the  beginning  of  the  given  year  (Vol.  L  Art  402),  we 
have 

^{ A   ^    ^    -a  ^b    ^   ^  dc    ^    ^  dd'\ 

AJ>.r=COS^U.— +  ^.— +  0— +  i).— 
L      aoo  ^^0  ^^f  ^^oJ 

s=  ii.n  sin  •„  sec  d^  +  B.cos  a,^  sec  d^  +  Ccos  o,,  tan  d^  4-  D.sin  a^,  tan  ^, 

Hence,  putting 


}    (862) 


a'  =  n  Bin  Oj  Bee  \  -/  =  cos  a^  tan  d^ 

§f  =  cos  o„  sec  <Jj  ^  =  sin  o^,  tan  H^ 

in  which,  for  a  given  year  1800  +  i  (Vol.  I.  p.  617), 

n  =  20".0607  —  0".0000863 1 
we  have 

A;>e  =  ila'  +  JJ/S'  +  Cy  +  i)^'  (363) 

The  annual  increase  of  j)o  is  ^  sin  0^  sec  i^  If  we  wish  to  reduce 
the  mean  value  of  j)o  from  one  given  year  1800  +  i  to  another 
1800 + i\  we  must,  therefore,  add  the  quantity  {i! — i)n  sin cxo sec  i^ 
in  which  0^  and  i^  should  be  taken  for  the  date  1800  +  i  (^  +  i*\ 
The  mean  value  of  |?o  being  thus  reduced  to  the  beginning  of  the 
year  1800  +  /',  its  apparent  value  for  the  day  of  the  year  will 
then  be  found  by  adding  the  correction  a^q  given  by  (868),  A^ 
JB,  C,  and  D  being  taken  for  the  day  from  the  annual  Ephemeria 
or  the  TahvUfB  BegiomontamB. 

The  precession  and  nutation,  evidently,  do  not  affect  the  appa* 
lent  angular  distance  of  two  stars. 
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METHOD  OP  LEAST  SQUARES.* 

1.  A  NUMBER  of  observations  being  taken  for  the  purpose  of 
determining  one  or  more  unknown  quantities,  and  these  obser- 
vations giving  discordant  results,  it  is  an  important  problem  to 
determine  the  most  probable  values  of  the  unknown  quantities. 
The  method  of  least  squares  may  be  defined  to  be  that  method 
of  treating  this  general  problem  which  takes  as  its  fundamental 
principle,  that  the  most  probable  values  are  those  which  make  the  sum 
of  the  squares  of  the  residual  errors  a  minimum.  But,  to  understand 
this  definition,  some  degree  of  acquaintance  with  the  method 
itself  is  necessary. 

*  The  first  publislied  application  of  the  method  is  to  be  found  in  Lkqindbk,  NouvdU* 
miihodes  jnntr  la  (Utermmation  den  orlntet  det  eornktUy  Paris,  1806.  The  doTelopmeni^ 
howeyer,  from  fundamental  principles  is  due  to  Gauss,  who  declared  that  he  had 
used  the  method  as  early  as  1795.  See  his  Theoria  Mottu  Corporum  CaeletHum,  1809, 
lib.  II.  Sec.  III.;  Diaquiiitio  de  tUmtntU  elUpticis  Palladu,  1811;  Betiimmung  der 
OenauigkeU  der  Beohaehtufigen  (t.  Lindknau  und  Bohnknbibgbb's  Zeittehrift,  1816, 1. 
••  186) ;  Theoria  e&mlrinatumia  observationum  erraribtu  minimis  obnoxim,  1828 ;  SuppU^ 
mentium  theorim  cambinationit,  &c.,  1826 :  aU  of  which  have  been  rendered  quite  accesa- 
ible  through  a  French  translation  by  J.  Bbbtband,  Mithode  de»  moindret  carries.  Jf^ 
matres  sur  la  eombinaison  dee  observations^  par  Ch.  Fb.  Gauss,  Paris,  1855. 

For  a  digest  of  the  preceding,  together  with  the  results  of  the  labors  of  Bsssn. 
and  Habsbb,  see  Enckb,  Ueber  die  Meihode  der  kleinsten  Quadrate^  Berliner  Astron. 
Jahrbnch  for  1884,  1885,  1886 ;  in  connection  with  which  must  be  mentioned  espe- 
cially the  practical  work  of  Gbblibo,  Die  AusgUiehungsreehnyngen  der  praeiisehen 
Qeometrie^  Hamburg,  1848. 

Bee  also  Laplacb,  Thiorie  analytique  des  probabUitis,  LIt.  II.  Chap.  IV. ;  Poissoir, 
StsrlaprobabiUiSdes  risultats  moyens  des  observations^  in  the  Connaissance  des  Temps  for 
1827;  Ehckb,  in  the  Berlin  Jahrbnch  for  1853;  Bbssbl,  in  Astron,  Naeh.,  Nos.  858, 
169,  899;  Hansbn,  in  Astron.  Nach.,  Nos.  192,  202  et  seq. ;  Pbibob,  in  the  Astron, 
/ommal  (Cambridge,  Mass.),  Vol  II.  No.  21 ;  Liaobb,  Oakul  des  probabilitis  et  thioris 
des  erreurs,  Bruxelles,  1852. 
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ERRORS   TO   WHICH   OBSERVATIONS  ARE  LIABLE. 

2.  Every  observation  which  is  a  measure^  however  carefully  it 
may  be  made,  is  to  be  regarded  as  subject  to  error ;  for  expe- 
rience teaches  that  repeated  measures  of  the  same  quantity,  when 
the  greatest  precision  is  sought^*  do  not  give  uniformly  the  same 
result.     Two  kinds  of  errors  are  to  be  distinguished. 

Constant  or  regular  errors  are  those  which  in  all  measures  of  the 
same  quantity,  made  under  the  same  circumstances,  obtain  the 
same  magnitude;  or  whose  magnitude  is  dependent  upon  the 
circumstances  according  to  any  determinate  law.  The  causes  of 
such  errors  must  be  the  subject  of  careful  preliminary  search  in 
all  physical  inquiries,  so  that  their  action  may  be  altogether  pre- 
vented or  their  effect  removed  by  calculation.  For  example, 
among  the  constant  errors  may  be  enumerated  refraction,  aber- 
ration, &c. ;  the  effect  of  the  temperature  of  rods  used  in  mea- 
suring a  base  line  in  a  survey ;  the  error  of  division  of  a  graduated 
instrument  when  the  same  division  is  used  in  all  the  measures ; 
any  peculiarity  of  an  instrument  which  affects  a  particular  mea- 
surement always  by  the  same  amount,  such  as  inequality  of  the 
pivots  of  a  transit  instrument,  defective  adjustment  of  the  colli- 
mation,  imperfections  of  lenses,  defects  of  micrometer  screws,  &c., 
to  which  must  be  added  constant  peculiarities  of  the  observer, 
who,  for  example,  may  always  note  the  passage  of  a  star  over  a 
thread  of  a  transit  instrument  too  soon,  or  too  late,  by  a  constant 
quantity,  or  who,  in  attempting  to  bisect  a  star  with  a  micrometer 
thread,  constantly  makes  the  upper  or  the  lower  portion  the 
greater;  or  who,  in  observing  the  contact  of  two  images  (in 
sextant  measures,  for  instance),  assumes  for  a  contact  a  position 
in  which  the  images  are  really  at  some  constant  small  distance, 
or  a  position  in  which  the  images  are  really  overlapped,  &c.  &c. 
Thus,  we  have  three  kinds  of  constant  errors : 
1st.  Theoretical^  such  as  refraction,  aberration,  &c.,  whose  effects, 
when  their  causes  are  once  thoroughly  understood,  may  be  cal- 
culated a  priori,  and  which  thenceforth  cease  to  exist  as  errors. 

*  The  qualification,  "  when  the  greatest  precision  is  sought,'*  is  important ;  for  if, 
e.^.,  we  were  to  determine  the  latitude  of  a  place  by  repeated  measures  of  the  meri- 
dian altitude  of  the  same  fixed  star  with  a  sextant  divided  only  to  whole  degrees,  all 
our  measures  might  give  the  same  degree.  The  accordance  of  obserrations  is,  there- 
fore, not  to  be  taken  as  an  infallible  eyidence  of  their  accuracy.  It  is  especially 
when  we  approach  the  litniu  of  our  meiuurmg  powert  that  we  become  aensible  of  the 
discrepancies  of  observations. 
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The  detection  of  a  constant  error  in  a  certain  class  of  observa- 
tions very  commonly  leads  to  investigations  by  which  its  cause 
is  revealed,  and  thus  our  physical  theories  are  improved. 

2d.  Instrumental^  which  are  discovered  by  an  examination  of 
our  instruments,  or  from  a  discussion  of  the  observations  made 
with  them.  These  may  also  be  removed  when  their  causes  are 
fully  understood,  either  by  a  proper  mode  of  using  the  instru- 
ment, or  by  subsequent  computation. 

8d.  Personal^  which  depend  upon  peculiarities  of  the  observer, 
and  in  delicate  inquiries  become  the  subject  of  special  investiga- 
tion under  the  name  of  "personal  equations.** 

We  are  to  assume  that,  in  any  inquiry,  all  the  sources  of  con- 
stant error  have  been  carefully  investigated,  and  their  effects 
eliminated  as  far  as  practicable.  When  this  has  been  done, 
however,  we  find  by  experience  that  there  still  remain  discrepan- 
cies, which  must  be  referred  to  the  next  following  class. 

Irregular  or  accidental  errors  are  those  which  have  irregular 
causes,  or  whose  effects  upon  individual  observations  are  gov- 
erned by  no  fixed  law  connecting  them  with  the  circumstances 
of  the  observations,  and,  therefore,  can  never  be  subjected 
a  priori  to  computation.  Such,  for  example,  are  errors  arising 
from  tremors  of  a  telescope  produced  by  the  wind ;  errors  in  the 
refraction  produced  by  anomalous  changes  of  density  of  the 
strata  of  the  atmosphere;  from  unavoidable  changes  in  the 
several  parts  of  an  instrument  produced  by  anomalous  variations 
of  temperature,  or  anomalous  contraction  and  expansion  of  the 
parts  of  an  instrument  even  at  known  temperatures ;  but,  more 
especially,  errors  arising  from  the  imperfection  of  the  senses,  as 
the  imperfection  of  the  eye  in  measuring  very  small  spaces,  of 
the  ear  in  estimating  small  intervals  of  time,  of  the  touch  in  the 
delicate  handling  of  an  instrument,  &c. 

This  distinction  between  constant  and  irregular  errors  is, 
indeed,  to  a  certain  extent,  rather  relative  than  absolute,  and 
depends  upon  the  sense,  more  or  less  restricted,  in  which  we 
consider  observations  to  be  of  the  same  nature  or  made  under  the 
same  circumstances.  For  example,  the  errors  of  division  of  an 
instrument  may  be  regarded  as  constant  errors  when  the  same 
division  comes  into  all  measures  of  the  same  quantity,  but  as 
irregular  when  in  every  measure  a  different  division  is  used,  or 
when  the  same  quantity  is  measured  repeatedly  with  different 
instruments. 
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After  a  full  investigation  of  the  constant  or  regular  errors,  it 
is  the  neict  business  of  the  observer  to  diminish  as  much  as  pos- 
sible the  irregular  errors  by  the  greatest  care  in  the  observations ; 
and  finally,  when  the  observations  are  completed,  there  remains 
the  important  operation  of  combining  them,  so  that  the  outstand- 
ing, unavoidable,  irregular  errors  may  have  the  least  probable 
effect  upon  the  results.  For  this  combination  we  invoke  the 
aid  of  the  method  of  least  squares,  which  may  be  said  to  have 
for  its  object  the  restriction  of  the  effect  of  irregular  errors  within 
the  narrowest  limits  according  to  the  theory  of  probabilities,  and, 
at  the  same  time,  to  determine  from  the  observations  themselves 
the  errors  to  which  our  results  are  probably  liable.  It  is  proper 
to  observe  here,  however,  to  guard  against  fallacious  applications, 
that  the  theory  of  the  method  is  grounded  upon  the  hypothesis 
that  we  have  taken  a  large  number  of  observations,  or,  at  least,  a 
number  sufficiently  large  to  determine  the  errors  to  which  the 
observations  are  liable. 

CORRECTION   OF   THE   OBSERVATIONS. 

3.  When  no  more  observations  are  taken  than  are  sufficient 
to  determine  one  value  of  each  of  the  unknown  quantities 
sought,  we  have  no  means  of  judging  of  the  correctness  of  the 
results,  and,  in  the  absence  of  other  information,  are  compelled 
to  accept  these  results  as  true,  or,  at  least,  as  the  most  probable. 
But  when  additional  observations  are  taken,  leading  to  different 
results,  we  can  no  longer  unconditionally  accept  any  one  result 
as  true,  since  each  must  be  regarded  as  contradicting  the  others. 
The  results  cannot  all  be  true,  and  are  all  probably,  in  a  strict 
sense,  false.  The  absolutely  true  value  of  the  quantity  sought  by 
observation  must,  in  general,  be  regarded  as  beyond  our  reach ; 
and  instead  of  it  we  must  accept  a  value  which  may  or  may  not 
agree  with  any  one  of  the  observations,  but  which  is  rendered 
most  probable  by  the  existence  of  these  observations. 

The  condition  under  which  such  a  probable  value  is  to  be 
determined,  is  that  all  contradiction  among  the  observations  is  to  be 
removed.  This  is  a  logical  necessity,  since  we  cannot  accept  for 
truth  that  which  is  contradictory  or  leads  to  contradictory  results. 

The  contradiction  is  obviously  to  be  removed  by  applying  to 
the  several  observations  (or  conceiving  to  be  applied)  probable 
corrections,  which  shall  make  them  agree  with  each  other,  and 
which  we  have  reason  to  suppose  to  be  equivalent  in  amount  to 


METHOD   OF  LBAST  SQUABBS.  478 

ihe  accidental  errors  severally.  But  let  us  here  remark  that  we 
do  not  in  this  statement  by  any  means  imply  that  an  observer  is 
to  arbitrarily  assume  a  system  of  corrections  which  will  produce 
accordance :  on  the  contrary,  the  method  we  are  about  to  con- 
sider is  designed  to  remove,  as  far  as  possible,  every  arbitrary 
consideration,  and  to  furnish  a  set  of  principles  which  shall 
always  guide  us  to  the  most  probable  results.  The  conscientious 
observer,  having  taken  every  care  in  his  observation,  will  set  it 
down,  however  discrepant  it  may  appear  to  him,  as  a  portion  of 
the  testimony  collected,  out  of  which  the  truth,  or  the  nearest 
approximation  to  it,  is  to  be  sifted. 

Admitting,  therefore,  that  the  observations  give  us  the  best, 
as  indeed  the  only,  information  we  can  obtain  respecting  the 
desired  quantities,  we  must  find  a  system  of  corrections  which 
shall  not  only  produce  the  desired  accordance,  but  which  shall 
also  be  the  moat  probable  corrections,  and  further  be  rendered  most 
probable  by  these  observations  themselves. 

THE  ARITHMETICAL   MEAN. 

4.  In  order  to  discover  a  principle  which  may  serve  as  a  basis 
for  the  investigation,  let  us  examine  first  the  case  of  direct  ob- 
servations made  for  the  purpose  of  determining  a  single  unknown 
quantity. 

Let  the  quantity  to  be  determined  by  direct  observation  be 
denoted  by  x.  (Suppose,  for  example,  to  fix  our  ideas,  that  this 
quantity  is  the  linear  distance  between  two  fixed  terrestrial 
points.)  K  but  one  measure  of  x  is  taken  and  the  result  is  a, 
we  must  accept  as  the  only  and,  therefore,  the  most  probable 
value,  x  =  a.  Let  a  second  observation,  taken  under  the  same 
or  precisely  equivalent  circumstances,  and  with  the  same  degree 
of  care,  so  that  there  is  no  reason  for  supposing  it  to  be  more  in 
error  than  the  first,  give  the  value  b.  Then,  since  there  is  no 
reason  for  preferring  one  observation  to  the  other,  the  value  of 
z  must  be  so  taken  that  the  diflferences  x  —  a,  x  —  6  shall  be 
numerically  equal ;  and  this  gives 

x  =  i(^a  +  b^ 

This  result  must  be  regarded  as  the  only  one  that  can  be  inferred 
from  the  two  observations  consistently  with  our  definition  of 
Accidental  errors ;  for  positive  and  negative  accidental  errors  of 


474  APPENDIX. 

equal  absolute  magnitude  are  to  be  regarded  as  equal  errors  and 
as  equally  probable,  since,  from  the  care  bestowed  on  the  obser- 
vations and  the  supposed  similarity  of  the  circumstances  under 
which  they  are  made,  there  is  no  reason  a  priori  for  assuming 
either  a  positive  or  a  negative  error  to  be  the  more  probable. 

Now  let  a  third  observation  be  added,  giving  the  value  c. 
Since  the  three  observations  are  of  equal  reliability,  or,  as  we 
shall  hereafter  say,  of  equal  weighty  we  must  so  combine  a,  6,  and 
c  that  each  shall  have  a  like  influence  upon  the  result ;  in  other 
words,  X  must  be  a  symmetrical  function  of  a,  6,  and  e.  If  we 
first  consider  a  and  b  alone,  then  a  and  c,  then  b  and  c,  we  8hal« 
find  the  values 

Hci  +  b),  i(a  +  c),  J(ft  +  c), 

with  each  of  which  the  additional  observation  c,  6,  or  a  is  to  be 
combined.  Each  combination  must  result  in  the  same  sym- 
metrical function,  which,  whatever  it  may  be,  can  be  denoted  by 
the  functional  symbol  i^.     We  must,  therefore,  have 

x  =  ^li(a  +  b),c-] 

=  ^[Hb  +  c),  a] 
Introducing  the  sum  of  a,  &,  and  e,  or  putting 

«  =  a  +  6  +  c 

these  become 

re  =  4,  [}  («  —  c),  c]  =  4  [5,  c] 

=  ^lHs-b),b']=^l8,b-] 

=  4-  [i  («  —  «), «]  =  4'  Is,  a] 

But  s  is  already  a  symmetrical  function  of  a,  6,  and  t?,  and  there- 
fore these  equations  cannot  all  result  in  the  same  symmetrical 
function  unless  c,  6,  a,  in  the  respective  developments  of  the 
functions,  disappear  and  leave  only  s.    Hence  we  must  have 

Now,  to  determine  i^,  we  observe  that,  as  it  must  be  general, 
its  nature  may  be  learned  from  any  special  but  known  case. 
Such  a  case  is  that  in  which  the  three  observations  give  tiiree 
equal  values,  or  a  =  b  =  c;  and  in  thai  case  we  have,  as  the 
only  value,  x  =  a,  or 

a  =  4/  (3  tf) 
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and,  consequently,  the  symbol  i^  signifies  here  the  division  by  8. 
Hence,  generally, 

a  +  b  +  c 

In  the  same  manner,  if  it  had  been  previously  shown  that  for 
m  equally  good  observations  the  most  probable  value  is 

^^a  +  b+c+  ..,.  +  n 
m 

it  would  follow  that  for  an  additional  observation  p  we  must 

have 

^a  +  b  +  c  +  ....  +  n  +p 

m  +  1 
for,  putting  s  =  a  +  b  +  c  +  ...  +  n  +  pyWe  shall  have 

x  =  4'  I  —  (5  ~l>), i>J  =  4-  [s,;?]  =  4  (5),  &c. 

But  we  have  shown  that  the  form  is  true  for  three  observed 
values :  hence,  it  is  true  for  four ;  and  since  it  is  true  for  four 
values  it  is  true  for  five ;  and  thus  generally  for  any  number.* 

The  principle  here  demonstrated,  that  the  arithmetical  mean 
of  a  number  of  equally  good  observations  is  the  most  probable 
value  of  the  observed  quantity,  is  that  which  has  been  universally 
adopted  as  the  most  simple  and  obvious,  and  might  well  be 
received  as  axiomatic.  The  above  demonstration  is  chiefly 
valuable  as  exhibiting  somewhat  more  clearly  the  nature  of  the 
assumption  that  underlies  the  principle,  which  is  that,  under 
strictly  similar  circumstances,  positive  and  negative  errors  of  the 
same  absolute  amount  are  equally  probable. 

5.  K  now  n',  w",  n'" n^"*^  are  the  m  observed  values  of  a 

required  quantity  z,  and  if  Xq  denotes  their  arithmetical  mean, 
the  assumption  of  x^  as  the  most  probable  value  of  x  gives 
n'—  x^  n"  ~  z^,  n'"  —  x^,  &c.,  as  the  most  probable  system  of  cor- 
rections (subtractive  from  the  observed  values)  which  produce 
the  required  accordance.    But  the  equation 

X^  =  ! ! ^ '■ (1) 

*  Enckb,  Berliner  Astron.  Jahrbach  for  1884,  p.  262. 
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may  also  be  put  under  the  form 

(n'-Xo)  +  (n"^Xo)  +  (n'"-Xo)  + (n^«>  -Xo)  =0 

that  is,  ihe  cdgebrcdc  sum  of  the  corrections  is  zero. 

This  is,  however,  not  the  only  characteristic  of  the  system  of 
corrections  resulting  from  the  use  of  the  arithmetical  mean.  Let 
us  examine  the  sum  of  the  squares  of  the  corrections.  For 
brevity,  let  us  denote  the  corrections,  or,  as  they  will  be  here- 
after called,  the  residuals^  by  the  symbol  v:  so  that 

t/=  n'  —  ar«,        t/'=  »"—  a:„        t/"=  n"'  —  x^  &c. 

and  also  denote  the  sums  of  quantities  of  the  same  kind  by 
enclosing  the  common  symbol  in  rectangular  brackets :  so  that 

[t;]  =  t;'+i/'+i/"  +  &c. 

\vv]  =  1/1/+  t/'i;"  4-  v" V"  +  Ac. 

a  notation  usually  employed  throughout  the  method  of  least 
squares.    We  have 

W  =  0  (2) 

and 

[t;i;]  =  (n'^x^y  +  (n"  ^  x.y  +  (n!'' -^  x,y  + 

==  \nn\  —  2  [n]  Xq  +  mx^ 

But  since  we  have  also 

m 
this  equation  becomes 

[w]  =  [nri]  —  2  [n]  ^  +  m  ^ 


(8) 


TO  TO' 

^    ■*         m 
Let  x^  be  any  assumed  value  of  z,  giving  the  residuals 

rj=n'  — Xj  t;.=  n"-— a?j  v,=  n'"  — Xj,  &c. 

then,  as  above, 

[^i^J  =  i^^^  —  2  [n]  a?j  +  wuTj* 
Substituting  in  this  the  value  of  [nn]  given  by  (8),  we  find 

[ViV J  ==  [rr]  +  i^'  —  2  [n]  Xi  +  mx^^ 
m 


=  [»w]  +  TO  (ar, —  a;0* 
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This  equation  determines  the  sum  of  the  squares  of  the  residuals 
for  any  assumed  value  of  x.  Since  the  last  term  is  always  posi- 
tive, we  see  that  this  sum  for  any  value  of  x  differing  from  the 
arithmetical  mean  Xq  is  always  greater  than  [in;].  Hence  it  is  a 
second  characteristic  of  the  arithmetical  mean,  that  it  makes  iht 
zma  of  the  squares  of  the  residuals  a  minimum. 

6.  Observations  may  be  not  only  directy  that  is,  made  directly 
upon  the  quantity  to  be  determined,  but  also  indireeiy  that  is,  made 
upon  some  quantity  which  is  a  function  of  one  or  more  quanti- 
ties to  be  determined.  Indeed,  the  greater  part  of  the  observa- 
tions in  astronomy,  and  in  physical  science  generally,  belong  to 
the  latter  class.  Thus,  let  x,  y,  2: .....  be  the  quantities  to  be 
determined,  and  M  a  function  of  them  denoted  by/,  or 

M=fix,y,z..,,)  (5) 

and  let  us  suppose  an  observation  to  be  made  upon  the  value  of 

M.  "We  then  have  but  a  single  equation  between  x^y^z and 

the  observed  quantity  JlSf,  and  the  problem  is  as  yet  indetermi- 
nate. Various  systems  of  values  may  be  found  to  satisfy  the 
equation,  either  exactly  or  approximately.  Let  us,  however,  sup- 
pose that  the  most  probable  system  (as  yet  unknown)  is  expressed 
by  x  =  y,  y  =  J,  ^  =  r . . . . ,  and  let  the  value  of  the  function, 
when  these  values  are  substituted  in  it,  be  denoted  by  V,  or  put 

F=/(i?,3,r....)  (6) 

then  M —  Vis  the  residual  error  of  the  observation.  In  like 
manner,  if  a  number  of  observations  of  the  same  kind  be  taken, 
in  which  the  observed  quantities  -Jf ',  M"^  M'" ...  are  functions 
determined  by  the  same  elements  p,  y,  r, . . . . ,  and  if  V,  V', 
V" ....  are  the  values  of  these  functions  when  p,  5,  r . . . .  are 
substituted  in  them,  then  M'  —  V,  M''^V'\  M"' --¥'".... 
are  the  residual  errors  of  the  observations.  If  there  are  /i 
unknown  quantities  and  also  fi  observations,  and  no  more,  there 
will  be  ft  equations  between  the  known  and  unknown  quantities, 
which  will  fully  determine  the  values  of  these  unknown  quanti- 
ties: so  that  the  probable  values  />,  y,  r....are,  in  that  case, 
those  determinate  values  which  exactly  satisfy  all  the  equations, 
and,  consequently,  reduce  every  one  of  the  residuals  M^  —  V'^ 
M"  —  V"i  &c.  to  zero.  But,  if  there  are  more  than  fi  observations, 
the  determinate  values  found  from  fi  equations  alone  will  not 
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necessarily  satisfy  the  remaining  equations,  in  consequence  of 
accidental  errors  in  the  observations.  The  problem,  then,  is  to 
determine  from  all  the  observaiionSy  or  from  aU  the  equations,  the 
most  probable  system  of  values  of  the  unknown  quantities,  or,  which  is 
the  same  thing,  the  most  probable  system  of  residual  errors.  In  the 
case  of  direct  observations,  we  have  seen  that  the  most  probable 
value  of  the  unknown  quantity  was  that  which  made  the  alge- 
braic sum  of  the  residuals  zero;  but  this  principle  followed  from 
taking  the  arithmetical  mean  of  the  same  quantity,  and  is  ob- 
viously inapplicable  in  the  present  case.  The  second  principle, 
that  the  most  probable  value  is  that  which  makes  the  sum  of  the 
squares  of  the  residuals  a  minimum,  is  of  a  more  general 
character,  and  might  be  assumed  at  once,  as  at  least  a  plausible 
principle,  to  serve  as  the  basis  of  the  solution  of  our  problem ; 
but  it  will  be  more  satisfactory  to  justify  its  adoption  by  the 
calculus  of  probabilities. 

THB   PROBABILITY   CURVE. 

7.  Although  accidental  errors  would  seem  at  first  sight  to  be 
of  a  capricious  and  irregular  nature  which  would  exclude  them 
from  the  domain  of  mathematics,  yet,  upon  examination  from 
theoretical  considerations,  confirmed,  as  will  be  shown,  by  expe- 
rience, we  shall  find  that  they  are  subject  to  remarkably  precise 
laws.  In  the  first  place,  we  remark  that  they  are  subject  to  the 
following  fundamental  laws :  1st.  Errors  in  excess  and  in  defect 
— i.e,  positive  and  negative,  but  of  equal  absolute  value— are 
equally  probable,  and  in  a  large  number  of  observations  are 
equally  frequent.  2d.  In  every  species  of  observations,  there  is 
a  limit  of  error  which  the  greatest  accidental  errors  do  not 
exceed :  thus,  if  I  denotes  the  absolute  magnitude  of  this  limit, 
all  the  positive  errors  are  comprised  between  0  and  +  l,  and  all 
the  negative  errors  between  0  and  —  i,  and,  consequently,  all  the 
errors  are  distributed  over  the  interval  21.  3d.  The  errors  are 
not  distributed  uniformly  over  this  interval  2Z,  but  the  smaller 
errors  are  more  frequent  than  the  larger  ones. 

Thus  the  frequency  of  an  error  of  a  given  magnitude  may  be 
regarded  as  a  function  of  the  error  itself:  so  that,  if  we  denote 
an  error  of  a  certain  magnitude  by  J,  and  its  relative  frequency 
in  a  given  large  number  of  observations  by  f  J,  this  function 
should  obtain  its  maximum  value  for  J  =  0,  and  become  zero 
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when  J  =  ±  L  If,  then,  we  denote  the  probability*  of  an  error 
^  by  y,  or  put 

y  =  ^  J  (7) 

we  may  regard  this  as  the  equation  of  a  curve,  taking  J  as  the 
abscissa  and  y  as  the  ordinate.  The  nature  of  this  curve  will  he 
accurately  defined  when  we  have  discovered  the  form  of  the 
function  y  J,  but  we  can  see  in  advance  that  a  curve  such  as 
Fig.  A  is  required  to  satisfy  the  conditions  already  imposed  upon 


this  function.  For  its  maximum  ordinate  must  correspond  to 
J  =  0 ;  it  must  be  symmetrical  with  reference  to  the  axis  of  y, 
since  equal  errors  with  opposite  signs  have  equal  probabilities; 
and  it  must  approach  very  near  to  the  axis  of  abscissae  for  values 
of  J  near  the  extreme  limits,  although  the  impossibility  of  as- 
signing such  extreme  limits  of  error  with  precision  must  prevent 
us  from  fixing  the  point  at  which  the  curve  will  finally  meet  the 
axis. 

8.  The  number  of  possible  errors  in  any  class  of  observations 
is,  strictly  speaking,  finite ;  for  there  is  always  a  limit  of  accuracy 
to  the  observations,  even  when  we  employ  the  most  refined 
instruments,  in  consequence  of  which  there  is  a  numerical  suc- 
cession in  our  results.     Thus,  if  1"  is  the  smallest  measure  in  a 


*  That  IS,  if  the  error  J  ooours  ft  times  in  m  obBerrations,  y  =  ^  J  r=  — 
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given  case,  the  possible  errors,  arranged  in  their  order  of  magni« 
tude,  can  only  differ  by  1"  or  an  integral  nnmber  of  seconds. 
Hence,  our  geometrical  representation  should  strictly  consist  of 
a  number  of  isolated  points ;  but,  as  these  points  will  be  more 
and  more  nearly  represented  by  a  continuous  curve  as  we  increase 
the  accuracy  of  the  observations,  and  thus  diminish  the  intervals 
between  the  successive  ordinates,  we  may,  without  hesitation, 
adopt  such  a  continuous  curve  as  expressing  the  law  of  error. 
We  shall,  therefore,  regard  J  as  a  continuous  variable,  and  tpA 
as  a  continuous  function  of  it. 

Now,  by  the  theory  of  probabilities,  if  y  J,  f  J',  tpA" 

are  the  respective  probabilities  of  all  the  possible  errors  J,  J', 
A" we  have* 

f  J  +  f  J'  -I-  f  J"  + =  1 

when  the  number  of  possible  errors  is  finite.  But  the  assumed 
continuity  of  our  curve  requires  that  we  consider  the  difference 
between  successive  values  of  J  as  infinitesimal,  and  thus  the 
number  of  values  of  ipA  is  infinite,  and  the  probability  of  any 
one  of  these  errors  is  an  infinitesimal.     To  meet  this  difficulty, 

let  us  observe  that  if  a  finite  series  of  errors  J,  J',  J" be  ex- 

pressed  in  the  smallest  unit  employed  in  the  observations,  these 
errors,  arranged  in  the  order  of  their  magnitude,  will  be  a  series 
of  consecutive  integral  numbers ;  the  probability  of  the  error  J 
may  be  regarded  as  the  same  as  the  probability  that  the  error 
falls  between  J  and  A  ■\-\\  and  the  probability  of  an  error  T>e- 
tween  J  and  J  +  t  will  be  the  sum  of  the  probabilities  of  the 
errors  J,  J  +  1,  J  +  2, J  +  (t  —  1).  If  i  is  small,  the  pro- 
bability of  each  of  the  errors  from  J  to  J  +  i  will  be  nearly  the 
same  as  that  of  J :  so  that  their  sum  will  differ  but  little  from 
tf  J.  As  the  interval  between  the  successive  errors  diminishes, 
this  expression  becomes  more  accurate ;  and  hence  when  we  take 
dJj  the  infinitesimal,  instead  of  i,  we  have  yJ  .dJ  bs  the  rigorous 
egression  of  the  probability  that  an  error  falls  between  J  and 
J  +  dJ,  Hence,  it  follows,  in  general,  that  the  probability  that 
an  error  falls  between  any  given  limits  a  and  b  is  the  sum  of  all 


*  For  if  there  are  n  errors  equal  to  J,  n'  equal  to  J\  fte.,  mad  the  whole  number 
itbilities  of  th( 
and  the  sum  of  these  is  --^ — "*""*'  ss  ^  =s  1. 


of  errors  is  m,  the  probabilities  of  the  errors  are  respectiyely  ^J  =  — »  ^J'=  — ,  &c.» 
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the  elements  of  the  form  fJ .  dJ  between  these  limits,  or  the 
integral 


/> 


dJ 


and  this  integral,  taken  between  the  extreme  limits  of  error,  and 
thus  embracing  all  the  possible  errors,  will  be 

We  have  heretofore  assumed  that  the  function  fJ  is  to  be  zero 
for  J  =  ±:  L  It  must  also  be  added  that,  since  the  probability 
of  any  error  greater  than  ±:  I  is  also  zero,  we  should  have  to 
determine  this  function  in  such  a  manner  that  it  would  be  zero 
for  all  values  of  J  from  +  i  to  +  oo  and  from  —  Z  to  —  oo.  The 
obvious  impossibility  of  determining  such  a  function  leads  us 
to  extend  the  limits  d;  i  to  ±  oo,  and  to  take 

This  will  evidently  be  allowable  if  the  integral  taken  from 
±  Zto  ±  00  is  so  small  as  to  be  practically  insignificant.  Besides, 
the  extreme  limits  of  error  can  never  be  fixed  with  precision,  and 
it  will  suffice  if  the  ftmction  ^J  is  such  that  it  becomes  very  small 
for  those  errors  which  are  regarded  as  very  large. 

9.  Returning  now  to  the  general  case  of  indirect  observations, 

Art.  6,  in  which  we  suppose  a  quantity  M = f  (x^  j/j  Zy )  to  be 

observed,  let  J,  J',  J" ....  be  the  errors  of  the  several  observed 
values  of  My  and  ^  J,  f>  J',  f  J" ....  their  respective  probabilities ; 
then,  the  probability  that  these  errors  occur  at  the  same  time  in 
the  given  series  being  denoted  by  P,  we  have,  by  a  theorem  of 
the  calculus  of  probabilities,'*' 

P  ==  f  J .  f  J',  p  J" (9) 

The  most  probable  system  of  values  of  the  unknown  quantities 

*  If  a  single  action  of  a  cause  can  produce  the  eflfects  a,  a\  a'%  ....  with  the  re- 
spectiTe  probabilities  p^  p\  /?",....  the  probability  that  two  successiTe  independent 
aetioDS  ef  the  cause  will  produce  the  effects  a  and  a'  is  /»/>';  and  similarly  for  any 
noxnber  of  effects.  Thus,  if  an  urn  contains  2  white  balls,  3  red  ones,  and  5  black 
ones,  the  probability  that  in  two  successiye  drawings  (the  original  number  of  balli 
being  the  same  at  each  drawing)  one  ball  will  be  white  and  the  other  red  10  ^  X  iV- 
Vol.  II.— 31 
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x^y^z....  will  be  that  which  makes  the  probability  P a  maxi- 
mum. Consequently,  since  x^y^z....  are  here  supposed  to  be 
independent,*  the  derivative  of  P  relatively  to  each  of  these 
variables  must  be  equal  to  zero ;  or,  since  log  P  varies  with  P, 
the  derivatives  of  log  P  must  satisfy  this  condition,  and  we  shall 
have 

•=:-T-=0,  —.-—  =  0,  &C. 

P  <te         '  P  dy         ' 

which,  since 

log  P  =  log  f  J  +  log  f  J'  +  log  f>  J"  + 

give  the  equations 

f    A       ^^         i  f    At     ^^       .  f    Ait     ^^'       .  A 

^p'j        4.^'j'       +^'j".^ — |. —  0 

ox  ao;  <&r 

^      dy^^      dy^^       dy     ^  )     (10) 

&c.  &c. 

in  which  we  have  put 

The  number  of  equations  in  (10)  being  the  same  as  that  of  the 
unknown  quantities,  these  equations  will  serve  to  determine  the 
unknown  quantities  when  we  have  discovered  the  value  of  the 
function  f '  J,  as  will  be  shown  hereafter. 

Since  Ihe  functions  fd  and  f '  J  are  supposed  to  be  general,  and 
therefore  applicable  whatever  the  number  of  unknown  quanti- 
ties, we  may  determine  them  by  an  examination  of  the  special 
case  in  which  there  is  but  one  unknown  quantity,  or  that  in 
which  the  observed  values  -Sf,  JIf' ,  JIf ". . . .  belong  to  the  same 
quantity.  In  that  case,  the  hypothesis  that  x  is  the  value  of  this 
quantity  gives  the  errors 

J  =  Jf  — a;,         J'=Jf'  — a:,  A"  =  M"-^x 

*  That  is,  subject  to  no  restrictions  except  that  they  shall  satisfy  the  obserratlons, 
or  the  equations  Jf  =/(z,  y,  s, . . . .).  For  the  case  of  <'  conditioned'*  obserrations^ 
see  Art  68  of  this  Appendix. 
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whence 

dx      dx        dx 
aad  the  first  equation  of  (10)  becomes 

^  (M  —  x)+  ^  iW  ^  X)  +  ^  iM"^  x)-\^ =  0     (12) 

This  being  general  for  any  number  m  of  observations,  and  for 
any  observed  values  -Jf,  JIf ',  M". . . .,  let  us  suppose  the  special 
case 

jr=Jf" =  M  —  mN 

Since  the  arithmetical  mean  of  the  observed  quantities  is  here 
the  most  probable  value  of  x,  we  have 

x  =  l(Jtf-H-Jlf'H-Jtf"  + ) 

=  i[Jlf+(m-l)(lf-mJO] 


whence 


=  Jf— (m  — 1)  JT 

M—x  =  (m  —  l)ir 

M'—x  =  M"  —  x =  —  N 


and,  consequentiy,  (12)  becomes 

f'Km  -  1)  JTI  +  (»»  -  1)  f'C- Jn  =  0 

y'[(m-l)jy]  ^  y.'(-.aO 
(m  — l)iV  —N 

That  is,  for  all  values  of  tto,  and  therefore  for  all  values  of  (m — V)N^ 

.         /[(m  — l).flr|  ,^      ^,  /(_J^ 

we  have      ^^  _  i-v  V     ®^'**^  ***   *"®  ^'"*  quantity      ^    „   • 

Hence  we  have  generally  ^  equal  to  a  constant  quantity,  and* 
denoting  this  constant  by  i,  we  have 


or,  by  (11), 


^^^=U,dA 


Integrating, 

log  f  J  =  }  A:J»  +  log  X 
whence 

in  which  t  is  the  base  of  the  Napierian  system  of  logarithnuu 


4H 
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Since  f  J  must  decrease  as  J  increases,  ^k  most  be  essentially 
negative :  representing  it,  therefore,  by  —  A*,  our  function  becomes 


=  K«-MAA 


^J  =  xe 

To  determine  the  constant  x,  let  this  value  be  substituted  in  (8), 
which  gives 

•/  —  OB 

Putting 

t  =  hA  (13) 

this  integral  becomes 

The  known  value  of  the  definite  integral  in  the  first  member  is 
|/;r  (see  Vol.  L  p.  163) ;  whence 

A 

y/iz 

and  the  complete  expression  of  fJ  becomes 


(14) 


The  constant  h  must  depend  upon  the  nature  of  the  observa- 
tions, and  will  be  particularly  examined  hereafter.  If  we  here 
take  it  as  the  unit  of  abscissae  in  the  curve  of  probability,  the 
equation  (7)  becomes 

by  which  the  curve  may  be  constructed.     The  values  of  y  for  a 
few  values  of  J  are  as  follows : 


J 

» 

0.0 

0.6642 

0.2 

0.6421 

0.4 

0.4808 

0.6 

0.8936 

0.8 

0.2975 

1.0 

0.2076 

1.2 

0.1837 

1.4 

0.0796 

1.6 

0.0486 

Diff. 


.0221 
.0618 
.0872 
.0961 
.0809 
.0789 
.0542 
.0859 


J 

y 

Diff. 

1.6 
1.8 
2.0 
2.2 
2.4 
2.6 
2.8 
8.0 

CO 

0.0486 
0.0221 
0.0108 
0.0045 
0.0018 
0.0007 
0.0002 
0.0001 
0.0000 

—  .0216 

—  .0118 

—  .0068 

—  .0027 

—  .0011 

—  .0006 

—  .0001 
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fhe  curve,  Pig.  A,  in  Art.  7,  is  constructed  from  this  table ;  but, 
to  exhibit  its  character  more  distinctly,  the  scale  of  the  ordinate! 
is  four  times  that  of  the  abscissae  (which,  indeed,  corresponds  to 
the  case  of  A  =  2).  We  see  that  the  curve  approaches  very  near 
to  the  axis  for  moderate  values  of  J,  and  that  the  assumption  of 
±:  00  instead  of  finite  limits  of  J  can  involve  no  practical  error. 
It  is  evident  that  the  axis  ^^  is  an  asymptote  to  the  curve. 

The  differences  in  the  above  table  indicate  that  the  curve 
approaches  the  axis  most  rapidly  at  a  point  whose  abscissa  is 
between  0.6  and  0.8.  The  exact  position  of  this  point,  which 
is  a  point  of  inflexion,  is  found  by  putting  the  second  differen- 
tial coefficient  of  ^  equal  to  zero,  which  gives 

whence 

J  =  4o  =  0-7071 

The  ordinate  Mm  is  drawn  at  this  point.  We  shall  have  occa- 
sion to  refer  to  it  again  hereafter. 


THE   MEASURE  OV  PRBCISIOK. 

10.  The  constant  h  requires  special  consideration.  Since  the 
exponent  of  e  in  (14)  must  be  an  abstract  number,  j-  must  be  a 
concrete  quantity  of  the  same  kind  as  J.  In  a  class  of  observa- 
tions in  which  J  is  small  for  a  given  probability  fJj  -r  will  be 

small,  and  h  will  be  large.  Thus,  h  will  be  the  greater  the  more 
precise  the  nature  of  the  observations,  and  is,  therefore,  called  by 
Gauss  the  measure  of  precision.  If  in  one  system  of  observa- 
tions the  probability  of  an  error  J  is  expressed  by 

and  in  another,  more  or  less  precise,  by 

the  probability  that  in  one  observation  of  the  first  system  the 
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error  committed  will  be  comprised  between  the  limits  —  d  aad 
+  i  will  be  expressed  by  the  integral 


X 


and)  in  like  manner,  the  probability  that  the  error  of  an  observa- 
tion in  the  second  system  will  be  comprised  between  —  d'  and 
+  i'  will  be  expressed  by 

These  integrals  are  evidently  equal  when  we  have  hi  =  Wd'.  I^ 
for  example,  we  have  h'  =  2A,  the  integrals  will  be  equal  when 
i  =  2d';  that  is,  the  double  error  will  be  committed  in  the  first 
system  with  the  same  probability  as  the  simple  error  in  the 
second,  or,  in  the  usual  mode  of  expression,  the  second  system 
will  be  twice  as  precise  as  the  first.  We  shall  presently  see  how 
the  value  of  h  can  be  found  for  any  ^ven  observations. 

THE  METHOD   OF   LEAST  SQUABES. 

11.  The  preceding  discussion  leads  directly  to  important  prac- 
tical results.  We  have  seen  (Art.  9)  that  to  find  the  most  probable 
values  of  x,y,  z . .  • .  from  the  observed  values  of  JIf =/(a:,y,  z, . . . .) 
we  are  to  render  the  probability P=  ^ J. ^ J'. ^J'^...  a  maxi- 
mum, that  is,  by  (14), 

must  be  a  maximum;  and  this  requires  that  the  quantity 
J  J  +  J' J'  +  J'' J"  + . . . .  should  be  a  minimum.  Thus,  the  prin- 
ciple that  the  most  probable  values  of  the  vnknoion  quantities  are  those 
which  make  the  sum  of  the  squares  of  the  residual  errors  a  minimum,  is 
not  limited  to  the  case  of  direct  observations,  but  is  entirely 
general. 

The  principle  is  readily  extended  to  observations  of  unequal 
precision.    For  if  the  degree  of  precision  of  the  observations 

Mj  JIf' ,  JIf'' be  respectively  A,  A',  A". . . .,  and  we  compare 

these  observed  quantities  with  the  values  F,  V\  V". . . .,  computed 
with  the  most  probable  values  of  x,y,2. . . ., whereby  we  obtain 

the  residual  errors  -Sf—  F=  J,  M'  —  F'  =  J' ,  it  is  the  same 

thing  as  if  we  had  taken  observations  of  equal  precision  (repre- 
sented by  1)  upon  the  quantities  A-Jf,  A' Jf ',  h^'M". . . .,  and  had 
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compared  them  with  the  computed  quantities  h  F,  A'  F',  hf'  V". . . ., 
whereby  we  should  have  found  the   errors  hM ^  hV  =  hJ^ 

h'M'  —  A'  F'  =  A' J' ,  in  which  case  we  should  have  to  reduce 

to  a  minimum  the  quantity 

A«J«+ A'«J'«+  A'"J"«  +  .... 

that  is,  each  error  being  multiplied  hy  its  measure  of  precisiorij  and 
therein/  reduced  to  the  same  degree  of  precisian^  the  sum  of  the  squares 
of  the  reduced  errors  must  be  a  minimum. 

In  what  precedes  is  involved  the  whole  theory  of  the  method 
of  least  squares.    I  proceed  to  develop  its  practical  features. 

THE   PROBABLE   ERROR. 

12.  From  the  preceding  articles  it  follows  that  the  probability 
that  the  error  of  an  observation  falls  between  A  and  J  +  dJ'm 
expressed  by 

A.  e-**^  dJ 

and  the  probability  that  it  falls  between  the  limits  0  and  a  is 
expressed  by 

h   r^-« 


and  this  integral  expresses  the  number  of  errors  that  we  should 
expect  to  find  between  the  limits  0  and  a  when  the  whole  num-> 
ber  of  errors  is  put  =  1  [equation  (8)].  If  we  put  t  =  AJ,  the 
integral  takes  the  form 

—  I  e-^dt 


The  whole  number  of  errors,  both  positive  and  negative,  whose 
numerical  magnitude  falls  between  the  given  limits  is  twice  this 
integral,  or 

■^dt  (16) 


2       /•tt^ah 


The  value  of  this  integral  (which  may  be  computed  by  the 
methods  of  Vol.  I.  Art  118)  is  given  in  Table  IX.  The  number 
of  errors  between  any  two  given  limits  will  be  found  by  taking 
the  difference  between  the  tabular  numbers  corresponding  to 
these  limits.  Since  the  total  number  of  errors  is  taken  as  unity 
in  the  table,  the  required  number  of  errors  in  any  particular  case 
is  to  be  found  by  multiplying  the  tabular  numbers  by  the  actual 
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naniber  of  observations.    Thus,  if  there  are  1000  observations, 
we  find  that 


between 

u 
u 

4( 

u 


=  0     and  t  =  0.5  there  are  520  errors. 
=  0.5    «    t  =  1.0     «      "    822      « 
=  1.0    "    t  =  l.b     *'      "    123      « 
=  1.5    "    t  =  2.0      *<      «      29     " 
=  2.0    "    /=  00      "      «        5     « 


18.  The  degrees  of  precision  of  different  series  of  observations 
may  be  compared  together  either  by  comparing  the  values  of  A, 
or  by  comparing  the  errors  which  are  committed  with  equal 
facility  in  the  two  systems.  The  errors  to  be  compared  must 
occupy  in  the  two  systems  a  like  position  in  relation  to  the  ex- 
treme errors,  and  we  may  select  for  this  purpose  in  each  system 
the  error  which  occupies  the  middle  place  in  the  series  of  errors  arranged 
in  the  order  of  their  magnitude^  so  that  the  number  of  errors  which  art 
less  than  this  assumed  error  is  the  same  as  the  number  of  errors  which 
exceed  it.  The  error  which  satisfies  this  condition  is  that  for 
which  the  value  of  the  integral  (16)  is  0,5.  Denoting  the  cor- 
responding value  of  t  by  />,  we  find,  by  interpolation  from  Table 

IX., 

p  =  0.47694 
and  we  have 

2    r^  1 

If  then  we  denote  by  r  the  error  which,  in  any  system  of  obser- 
vations whose  degree  of  precision  is  A,  corresponds  to  the  value 
(  =  /),  or  put 

P  =  hr  h  =  ^  (18) 

there  will  be  a  probability  of  J  that  the  error  of  any  single  obser- 
vation in  that  system  will  be  less  than  r,  and  the  same  proba- 
bility that  it  will  be  greater  than  r;  which  is  sometimes  expressed 
by  saying  that  it  is  an  even  wager  that  the  error  will  be  less  than  r. 
Hence  r  is  called  the  probable  error. 

"We  may,  therefore,  compare  different  series  of  observations 
by  comparing  their  probable  errors,  their  degrees  of  precision 
being,  by  (18),  inversely  proportional  to  these  errors. 

14.  In  order  to  apply  Table  IX.  in  determining  the  number 
ftf  errors  in  a  given  class  of  observations,  we  must  know  the 
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measure  of  precision  A,  or  the  probable  error  r:  thus,  if  we 
wish  the  number  of  errors  less  than  a,  we  enter  the  table  with 

the  argument  i  =  ah^  or  t  =  -^ 

For  greater  convenience,  we  can  employ  Table  IX.A,  which 

gives  the  same  function  with  the  argument  -  .    For  example,  if 

there  are  1000  observations  whose  probable  error  is  r  =  2", 
and  we  wish  to  know  the  number  of  errors  less  than  a  =  1",  we 

take  from  Table  IX.A,  with  the  argument  -  =  0.6,  the  number 

0.26407,  which  multiplied  by  1000  gives  264  as  the  required 
number. 

The  following  example  from  the  Fundamenia  Astronomm  of 
Bessbl  will  serve  to  show  how  far  the  preceding  theory  is  sus- 
tained by  experience.  In  470  observations  made  by  Bradley 
upon  the  right  ascension  of  Sirius  and  AltaiVj  Bessel  found  the 
probable  error  of  a  single  observation  to  be 

r  =  0".2637 

Hence^  for  the  number  of  errors  less  than  O'M  the  argument  of 
Table  IX. A  will  be  r^^  =  0.3792;  and  for  0.''2,  O'^S,  &c.,  the 
successive  multiples  of  0.3792.     Thus,  we  find  from  the  table 

for  CM  with  arg.  0.3792  the  number  0.20187 


0  .2 

it 

0.7584 

(( 

0.39102 

0  .3 

U 

1.1876 

a 

0.55710 

0  .4 

a 

1.5168 

u 

0.69372 

0  .6 

<( 

1.8960 

a 

0.79904 

0  .6 

« 

2.2752 

u 

0.87511 

0  .7 

ii 

2.6544 

a 

0.92661 

0  .8 

a 

8.0336 

u 

0.95926 

0  .9 

a 

3.4128 

li 

0.97866 

1  .0 

C( 

3.7920 

(( 

0.98946 

00 

u 

1.00000 

Subtracting  each  number  from  the  following  one,  and  multiply- 
ing tbA  remainder  by  470,  the  number  of  observations,  there  were 
found 
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Between 

Ko.  of  erron 
hj  the  theory. 

No.  of  erron  by 
ezperienoe. 

0".0  and  0".l 

96 

94 

0  .1    «    0  .2 

89 

88 

0  .2    «    0  .8 

78 

78 

0  .8    "    0  .4 

64 

68 

0  .4   «    0  .6 

60 

51 

0  .5    «    0  .6 

86 

86 

0  .6    «    0  .7 

24 

26 

0  .7    «    0  .8 

15 

14 

0  .8    "    0  .9 

9 

10 

0  .9    "    1  .0 

5 

7 

over  1  .0 

5 

8 

The  agreement  between  the  theory  and  experience,  thongb 
not  absolute,  is  remarkably  close.  The  number  of  large  errors 
by  experience  exceeds  that  given  by  the  theory,  and  this  has 
been  found  in  other  cases  of  a  similar  kind;  which  shows  at  least 
that  the  extension  of  the  limits  of  error  to  ±  oo  has  not  intro- 
duced any  error.  The  discrepancy  rather  indicates  a  source  of 
error  of  an  abnormal  character,  and  calls  for  some  criterion  by 
which  such  abnormal  observations  may  be  excluded  from  out 
discussions  and  not  permitted  to  vitiate  our  results.  Such  a 
criterion  has  been  proposed  by  Prof.  Peirce,  and  will  be  con- 
sidered hereafter. 


THE  MEAN  OF  THE  ERRORS,  AND  THE  MEAN  ERROR. 

15.  The  selection  of  the  probable  error  as  the  term  of  com- 
parison between  different  series  of  observations  is  arbitrary, 
although  it  seems  to  be  naturally  designated  by  its  middle  posi- 
tion in  the  series  of  errors.  There  are  two  other  errors  which 
have  been  used  for  the  same  purpose. 

The  first  is  the  m£an  of  the  errors,  these  being  all  taken  with 
the  positive  sign.  In  order  to  find  its  relation  to  the  probable 
error,  let  us  first  consider  a  finite  series  of  errors 

^,^',^", 

with  the  respective  probabilities 

2a  2a'  2a" 

191  171  m 
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BO  tliat  in  m  obBervations  there  will  be  2  a  errors  (humerically) 
equal  to  J,  2  a'  equal  to  A\  &;c.y  the  probability  of  a  positive  error 

J  being  --.    The  mean  of  all  these  errors,  each  being  repeated 

a  number  of  times  proportional  to  its  probability,  is 

m  m  m  m 

When  the  number  of  errors  is  infinite,  the  probability  of  an 
error  J  is  to  be  understood  as  the  probability  that  it  falls 
between  A  and  A  +  dA^  which  is  (pA .  dA  (Art.  8),  and  the  above 
formula  for  the  mean  of  the  errors  becomes  the  sum  of  an  infi. 
nite  number  of  terms  of  the  form  2AipA .  dA.    Hence,  putting 

II  ==  the  mean  of  the  errors, 
we  have 

or,  by  (18), 


ij  =  — ^  =  1.1829  r 


} 


—^  =  ...o..r  .       (20) 

r  =  0.8463 19 

Another  error,  very  commonly  employed  in  expressing  the 
precision  of  observations,  is  that  which  has  received  the  appella- 
tion of  the  mean  error  {der  mitilere  Fehler  of  the  Germans),  which 
is  not  to  be  confounded  with  the  above  mean  of  the  errors.  Its 
definition  is,  the  error  the  square  of  which  is  the  mean  of  the  squares  of 
all  the  errors.    Hence,  putting 


we  have 


or,  by  (18), 


e  =  the  mean  error, 


:-L.  =  lAS26r  .      ^22) 

r==  0.6746.  ' 


} 


When  we  put  A  =  1,  we  have  e  =  i/J.  The  mean  error  is, 
therefore,  the  abscissa  of  the  point  of  inflection  of  the  curve  of 
probability  (Art  9).  In  the  figure,  p.  479,  OM  is  the  mean  error, 
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OP  the  probable  error,  OE  the  mean  of  the  errors^  and  Mm^  Pp^ 
Ikf  their  respective  probabilities. 

THE  PROBABLB  ERROR  OF  THE  ARITHMETICAL   MEAN. 

16.  The  error  above  denoted  by  r  is  the  probable  error  of  any 
one  of  the  observed  values  of  the  unknown  quantity  x.  We  are 
next  to  determine  the  relation  between  this  and  the  probable 
error  r^  of  the  arithmetical  mean  of  these  values. 

If  J,  J',  J" are   the  errors  of  the  observed  values,  the 

most  probable  value  of  x  is  that  which  renders  the  probability 

a  maximum  (Art.  11),  and,  consequently,  the  sum  J  J  +  d'd' 
+ . .  •  •  a  minimum.  But  this  sum  is  rendered  a  minimum  by 
the  assumption  of  the  arithmetical  mean  x^  as  the  most  probable 
value  (Art.  5),  and  hence  the  quantity  P  expresses  the  probability 
of  the  arithmetical  mean  if  J,  A\  d" ,,.. are  the  errors  of  the 
observations  when  compared  with  this  mean.  The  probability 
of  any  other  value  of  x,  as  ar^^  +  J,  will  be 

Since  [J]  =  J  +  J'  +  J"  +  ....  =  0  (Art.  5),  and  [4 J]  =  mu 
(Art.  15),  this  expression  may  be  put  under  the  form 

p/__  ^»„-J»g-«i*A(w  +  M) 

and  at  the  same  time  we  have 

so  that 

P:P'  =  l:e— •**« 

that  is,  the  probability  of  the  error  zero  in  the  arithmetical  mean 
is  to  that  of  the  error  i  as  1 :  e— "•**".  For  a  single  observation, 
the  probability  of  the  error  zero  is  to  that  of  the  error  8  as 
l:e-**^.  Hence  the  measure  of  precision  (Art  10)  of  the 
single  observation  being  A,  that  of  the  arithmetical  mean  of  m 
such  observations  is  ky/m;  from  which  follows  the  important 
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theorem  that  the  precision  of  the  mean  of  a  number  of  observations 
increases  as  the  square  root  of  their  number.* 

If,  then,  r  is  the  probable  error  of  a  single  observation,  and  r, 
that  of  the  arithmetical  mean  of  several  observations,  we  must  have 

and  fh)m  the  constant  relation  between  the  mean  and  the  proba- 
ble error  (22), 

e.  =  -i-  (24) 

DETERMINATION  OF  THE  MEAN  AND   PROBABLE  ERRORS  OF  GIVEN 

OBSERVATIONS. 

17.  The  principles  now  explained  will  enable  us  to  determine 
the  mean  errors  of  any  given  series  of  directly  observed  quanti* 
ties.  Let  n,  n',  n" ....  be  the  observed  values ;  Xq  their  arith- 
metical mean ;  v,  v',  »" the  residuals  found  by  subtracting 

Xq  from  each  observed  value :  so  that 

V  =  n  —  x^j        if  =n'  —  x^^        v"  =  n"  —  x^j  &c. 

If  Xo  were  certainly  the  true  value  of  x,  so  that  r,  r',  v" ....  were 
the  actual  or  (as  we  may  say)  the  true  errors,  and,  consequently, 
identical  with  J,  J',  J" . . . .,  we  should  have,  according  to  the 
above,  mn  =  [ JJ]  =  [rv],  and  hence 


=m) 


and  this  must  always  give  a  close  approximation  to  the  value  of  e. 
But  the  relation  nue  =  [JJ]  was  deduced  from  a  consideration 
of  an  infinite  series  of  errors  which  would  reduce  the  mean 
error  of  a:o  to  an  infinitesimal,  according  to  the  principles  assumed, 
and  thus  make  t?,  t?',  v" ....  identical  with  J,  J',  J" . . .  A  better 
approximation  to  the  value  of  e,  where  the  series  is  limited,  is  to 
be  obtained  by  considering  the  mean  error  of  x^  itself,  and  conse- 
quently, also,  the  mean  errors  of  the  residuals  v,  i;',  r" If 

then  we  suppose  the  true  value  of  x  to  be  Xq  +  5,  we  shall  have 
the  true  errors 

J  =  r  —  <J,        J'  =  v'  —  <J,        J"  =  u"  —  <J,  &c. 

*  See,  in  oonneotioo,  Arts.  21  and  26. 
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whence,  observing  that  [r]  =  0, 

l^J"]  =  mrr  =  [w]  —  2  [r]  *  +  ma* 
=  [tw]  +  m^' 

Thus  the  approximate  value  nue  =  [vv]  requires  the  correction 
md\  the  value  of  which  depends  upon  the  value  we  may  ascribe 
to  d.  As  the  best  approximation,  we  may  assume  it  to  be  the 
mean  error  Cq:  so  that,  by  (24), 

m<J*  =  nuj  =  m  —  =  f» 

which  gives 

mcc  =  [w]  +  «« 
whence 

and  consequently,  also,  by  (22), 


Thus  from  the  actual  residuals  the  mean  and  the  probable  error 
of  a  single  observed  value  are  found.  Hence,  by  (28)  and  (24), 
the  mean  and  probable  errors  of  the  arithmetical  mean  will  be 
found  by  the  formulae 

Example. — ^Let  us  take  the  following  measures  of  the  outer 
diameter  of  Saturn's  ring  observed  by  Bessel  at  the  Konigsberg 
Observatory  with  the  heliometer,  in  the  years  1829-1881.*  The 
measures,  denoted  by  n,  are  all  reduced  to  the  mean  distance  of 
Saturn  fix)m  the  sun,  and  are  here  assumed  to  have  the  same 
degree  of  precision. 

•  AttroH.  Haeh,,  Vol.  XII.  p.  169. 
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» 

V 

m 

n 

V 

vv 

88".91 

—  0".40 

0.1600 

89".41 

+  0*  .10 

0.0100 

89  .82 

+  0 

.01 

.0001 

89  .40 

+  0  .09 

.0081 

88  .98 

-0 

.38 

.1444 

89  .86 

+  0  .06 

.0026 

39  .31 

0 

.00 

.0000 

89  .20 

-0  .11 

.0121 

39  .17 

—  0 

.14 

.0196 

89  .42 

+  0  .11 

.0121 

39  .04 

—  0 

.27 

.0729 

89  .80 

—  0  .01 

.0001 

39  .57 

+  0 

.26 

.0676 

89  .41 

+  0  .10 

.0100 

39  .46 

+  0 

.16 

.0225 

89  .48 

+  0  .12 

.0144 

39  .80 

-0 

.01 

.0001 

89  .48 

+  0  .12 

.0144 

39  .08 

—  0 

.28 

.0784 

89  .86 

+  0  .05 

.0025 

39  .85 

+  0 

.04 

.0016 

89  .02 

—  0  .29 

.0841 

89  .25 

—  0 

.06 

.0036 

89  .01 

—  0  .80 

.0900 

89  .14 

—  0 

.17 

.0289 

88  .86 

—  0  .45 

.2026 

89  .47 

+  0 

.16 

.0256 

89  .51 

+  0  .20 

.0400 

89  .29 

-0 

.02 

.0004 

89  .21 

—  0  .10 

.0100 

89  .82 

+  0 

.01 

.0001 

89  .17 

—  0  .14 

.0196 

89  .40 

+  0 

.09 

.0081 

89  .60 

+  0  .29 

.0841 

89  .83 

+  0 

.02 

.0004 

89  .54 

+  0  .23 

.0529 

89  .28 

-0 

.08 

.0009 

89  .45 

+  0  .14 

.0196 

39  .62 

+  0 

.81 

.0961 

89  .72 

+  0  .41 
[vr]  = 

.1681 

«.= 

=  39  .308 

=  1.6884 

Hence,  since  m  =  40,  we  have,  by  (25)  and  (26), 

r  =  0".202  X  0.6745  =  0'M86 
and  consequently,  by  (23)  and  (24),  or  (27), 


eo=?:::?^=o".o82, 


1/(40) 


r.  =  ?:::2^=0".022 


V(40) 


That  is,  the  probable  error  of  a  single  observation  was  0'M36, 
and  that  of  the  final  result  x^  =  39''.308  was  only  0".022. 

18.  The  preceding  method  of  finding  the  probable  error  from 
the  squares  of  the  residuals  is  that  which  is  most  commonly 
employed ;  but  when  the  number  of  observations  is  very  great, 
it  is  desirable  to  abridge  the  labor,  if  possible.  A  sufficient 
approximation  can  be  obtained  by  the  use  of  the  first  powers  of 
the  residuals  as  follows. 

The  number  of  observations  being  very  great,  we  shall  pro- 
bably have  as  many  positive  as  negative  residuals.     If  r^,  v"^ 
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v'" . . .  are  the  positive  and  r^,  v^  v^. . .  the  negative  residuals, 
and  if  the  true  value  of  x  is  x^  +  ^,  the  true  errors  will  be 

v'  —  *,  r"  —  *,  v'"  —  J  . . . .,  and  —  t?i  —  *,  — - r,  —  J,  — Vj—  *, 

If  they  are  all  taken  with  the  positive  sign  onli/y  the  errors  are,  there- 
fore, 

t/  —  <J,  t/'  —  ^,  i/"  —  ^, and    v^  +  SfV^  +  dyV^  +  d, 


the  mean  of  which,  upon  the  hypothesis  of  an  equal  number  of 
positive  and  negative  residuals,  is  the  same  as  that  of  the  series 

t/,  i/',  i/" . . . .  u,,  v,,  v, . . . . 

Hence,  denoting  the  sum  of  the  numerical  values  of  the  residuals 
by  [r],  and  the  mean  of  the  actual  errors  by  37,  as  in  Art  15,  we 
have 


and  hence,  by  (20), 


r  =  0.8458  ^  (28) 


m 


and  consequently,  also,  by  (22), 


€  =  1.2533  ^^^  (29) 

In  the  example  of  the  preceding  article  we  find  the  mean  of  the 
residuals  taken  with  the  positive  sign  to  be  0'M556,  which  by 
(28)  gives  r  =  0'M656  X  0.8453  =  O'MSl,  which  is  perhaps  a 
suflicient  approximation  to  the  value  found  above.  In  this 
example,  however,  we  have  22  positive  residuals,  17  negative 
ones,  and  1  zero:  so  that  the  hypothesis  upon  which  the  formula 
(28)  was  founded  is  not  strictly  applicable.  In  a  larger  number 
of  observations  we  should  expect  a  closer  agreement  with  the 
hypothesis,  and  more  accordant  results. 

We  may,  however,  employ  the  first  powers  of  the  residuals 
more  strictly  according  to  the  theory  of  probabilities.  In  a 
limited  series  each  residual  is  to  be  regarded  as  liable  to  a  pro- 
bable error  r',  and  their  mean  is  to  be  regarded  as  the  mean  of 
the  errors  of  the  residuals  themselves,  rather  than  as  the  mean 
of  the  errors  of  the  observations.     Hence  the  formula 

r'=  0.8453  £3 
m 
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^ves  the  probable  error  of  a  residual.  The  relation  between 
r'  and  r  (=  the  probable  error  of  an  observed  quantity  n)  may  be 
found  as  follows.  Each  observed  n  may  be  supposed  to  be  the 
result  of  observing  the  mean  quantity  x^  increased  by  an  ob- 
served error  v.  The  probable  error  of  n  =  Xq  +  v  is,  therefore 
(by  a  principle  hereafter  to  be  proved), 


whenoe 


or 


=  v^(ro'  +  o  =  V(;^  +  ^') 


r^r" 


\ii^ 


r  =  0.8463 ^ (80) 

which  agrees  with  the  formula  given  by  C.  A.  F.  Peters.*    Ac- 
cording to  this  formula,  we  find  in  the  above  example  r  =  0".188. 

determination  of  the  mean  and  probable  errors  of  function? 
OF  independent  observed  quantities. 

19.  Suppose,  first,  the  most  simple  function  of  two  independ- 
ent observed  quantities  x  and  x^,  namely,  their  sum  or  difference 

JT  =  a:  ±  a:, 

and  let  the  given  mean  errors  of  x  and  x^  be  e  and  Sy    Although 

the  number  of  observations  by  which  x  and  Xj  have  been  found 

may  not  be  given,  we  may  assume  it  to  have  been  any  large 

number  m,  and  the  same  for  each  of  the  quantities ;  the  degrees 

of  precision  of  the  two  series  being  inversely  proportional  to  e 

and  ej.     The  true  errors  of  the  assumed  observations  may  be 

assumed  to  be — 

for  x,    A,A\A** 

forx,,   J„J/,J/' 

and  the  errors  of  -f,  consequently, 

J  ±  ^i,        ^'  ±  J/,        ^"  ±  J,", 

Denoting  the  mean  error  of  X  by  E^  we  have,  by  the  definition, 


mE^  =  (J  ±  J,)*  +  (J'  ±  J/)'  +  (^"  ±  ^i")"  + 
=  [JJ]  ±  2  lAA,^  +  [J,JJ 

♦  ilf <ron.  NacK,  Vol.  XLIV.  p.  82. 
Vol.  II.-32 
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In  a  great  number  of  observations  there  must  be  as  many  posi- 
tive  as  negative  products  of  the  form  Ad^y  and  such  that  we  shall 
probably  have  [^i JJ  =  0 ;  and  since  we  also  have  ww*  =  [JJ], 
wifj*  =  [Ji^i],  this  equation  gives 

£•  =  f «  +  f  i«  (81) 

If  we  have 

J[  ^=1  X  ±  ^1  ±  ^9 

and  the  mean  errors  of  x,  Xj,  x,  are  e,  fj,  e,,  we  have  by  the  pre- 
ceding equation  the  mean  error  of  x  ±  Xj  =  \/(f  +  Cj*),  and  by 
a  second  application  of  the  same  equation,  considering  x  +  x,  as 
a  single  quantity,  the  mean  error  of  Xwill  be  found  by  the 
formula 

2?«  =  .«  +  .,'  +  r/  (31*) 

and  the  same  principle  may  be  thus  extended  to  the  algebraic 
sum  of  any  number  of  observed  quantities. 
In  consequence  of  the  constant  relation  (22),  if  r,  Tj,  r, . . . . 

are  the  probable  errors  of  x,  x^  x, and  It  the  probable  error 

of  X  =  X  ±  X,  ±  x^ ,  we  shall  have 

ii«  =  r«  +  r,«  +  r,«  +  ....  (32) 

Example  1. — ^The  zenith  distance  of  a  star  observed  in  the 
meridian  is 

C  =  21^  ir  20".8    with  the  mean  error  t  =  2".8 

and  the  declination  of  the  star  is  given 

9  =  19**  80'  14".8    with  the  mean  error  t ,  =  0".8 

Required  the  mean  error  E  of  the  latitude  of  the  place  of  obser- 
vation, found  by  the  formula  f  =  Z  +  8.    We  have,  by  (81), 

E  =  i/[(2.8)«  +  (0.8)«]  =  2".44 
Hence 

f>  =  40O  47'  85".l    with  the  mean  error  E  =  2".44 

Example  2. — The  latitude  of  a  place  has  been  found  with  the 
mean  error  e  =  0".25,  and  the  meridian  zenith  distance  of  stars 
observed  at  that  place  with  a  certain  instrument  has  been  found 
to  be  subject  to  the  mean  error  Cj  =  0".62 :  what  is  the  mean 
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error  E  of  the  declinatioiis  of  the  stars  dedaced  by  the  formnla 
J  =  f  — C?    We  have 

E  =  i/[(0.26)«  +  (0.62)*]  =  0".67 

20.  Let  us  next  consider  the  function 

J[z=ax 

and  suppose  x  has  been  observed  with  the  mean  error  e,  and  a  is 
a  given  constant  Every  observation  of  x  with  the  error  ±  J 
gives  X  with  the  error  ±  a  J :  so  that  the  mean  error  of  Xmust  be 

E  =  (u 

In  general,  by  combining  this  with  the  preceding  principle,  if 

we  have 

J[  =  ax  -|-  (iiXi  -|-  tfjXs  -|- . . . . 

and  if  the  mean  errors  of  x,  Xp  x, .  • . .  are  e,  e^,  ^  •  • . .,  and  E 
that  of  JCy  we  shall  have 

E*  =  aV  +  ai«c,»  +  a^W  +....  =  [aV«]  (83) 

and  the  same  form  may  be  nsed  for  probable  errors. 

Example. — ^As  an  example  illnstrating  the  application  of  both 
the  preceding  principles,  suppose  that  in  order  to  find  the  rate 
of  a  chronometer  we  find  at  the  time  t  its  correction  +  12*  18*.2 
with  the  mean  error  O'.S,  and  at  the  time  f  the  correction 
+  12*  21*.4  with  the  same  mean  error  0*.8,  and  the  interval  t'  —  t 
G  10  days.    The  rate  in  the  whole  interval  is 

12-  2VA  —  12-  18*.2  =  +  S\2 

with  the  mean  error,  according  to  Art  19, 

l/[(0.3)«  +  (0.8)*]  =  0*.42 

The  mean  daily  rate  is  then 

+  ^  =  +  0..82 
with  the  mean  error,  according  to  Art  20, 

10 


000  APPSNDIX. 

21.  If  x,  X|,  Xj . .  • .  are  the  eeveral  observed  valaes  of  the 
same  quantity,  their  arithmetical  mean  being 

^0=—  (^  +  ^i  +  ^*  +  "•) 
ffi 

and  if  r  is  the  probable  error  of  each  observation,  what  is  the 
probable  error  r^  of  Xq  ?  By  Art.  19,  the  probable  error  of  the 
sum  z  +  z^  +  x^  +  , . .  .18 

v/(r"  +  r"  +  r"  +  . . .)  =  i/(mr«)  =  r  y/m 
and  the  probable  error  of  --th  of  the  sum  is,  by  Art  20, 

1  r 

ro  =  - X  ri/m=:— - 

as  has  been  otherwise  proved  in  Art.  16. 

22.  Let  us  now  take  the  general  case  in  which  JT  is  any  func 
tion  whatever  of  the  observed  quantities  Zy  x^,  x^  . . . .  expressed 

by 

jr=r/(x,  Xi,  X|,  .  .  .  .) 

Let  the  variables  be  expressed  in  the  form 

X  =  a  -{-  sff       Xi  =  fli  4"  ^li       X,  =  a,  -|-  x/, .... 

a,  a^,  a, . . .  being  arbitrarily  assumed  very  nearly  equal  to 

X,  Xj,  Xj . . .  respectively,  and  such  that  x',  x/,  x,' may 

be  so  small  that  their  squares  will  be  insensible.  The  given 
mean  errors  c,  e^,  e, . . .  may  then  be  regarded  as  the  mean 
errors  of  x',  x/,  x/  . . . .  The  function  JT  developed  by  Taylob's 
theorem  is 

J[=f{a,  a„  a, ....)  +  — x'  +  — x/  +  — x/  +  .... 
and  the  mean  error  of  X  will  be  that  of  the  quantity 

or,  by  (88), 
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or,  if  r,  Tj,  r^ ...  are  the  probable  errors  of  x,  x^^  x^*. .,  and  R 
that  of -Z, 

This  formula  is,  indeed,  but  approximative,  since  we  have 
neglected  the  terms  involving  the  higher  powers  in  the  develop- 
ment of  JT;  but  the  mean  errors  of  these  small  terms  will  be  in^ 
sensible  if  we  suppose  that  the  errors  e,  e^,  e, . . .  are  so  small 
that  the  differences  between  the  observed  values  Xy  24,  x^  ..% 
and  the  true  values  are  of  the  same  order  as  the  quantities 
x'y  x/,  a:,'  . . .,  which  will  always  be  the  case  where  proper  care 
has  been  taken  to  reduce  the  accidental  errors  of  observation  to 
their  smallest  amount    If  the  given  function  is  implicit,  as 

0=f{X,x,x^,x^...) 

we  should  still  by  differentiation  obtain  the  differential  coefi-k 
cients,  and  then  find  the  mean  error  of  JC  by  (84). 

Example.— The  local  apparent  time  at  a  place  in  latitude 
f  =  88°  68'  53"  was  found  (Vol.  L  Art  145)  from  the  sun's 
zenith  distance  f  =  73°  12'  25",  when  the  declination  was 
4  =  —  22°  50'  27",  to  be  <  =  2*  47*  89'.4.  What  is  the  probable 
error  of  this  result,  supposing  the  probable  errors  of  the  data 
to  be — 


Probable 

error 

off 

=  r 

=  0".5 

(( 

(( 

d 

='•1 

=  0 

.6 

tt 

« 

C 

=>•. 

=  8 

.6 

The  formula 

0  =  —  008  C  +  B>ii  f  B^Q  ^  +  ^B 9  ^^^  ^  ^^^ 

expresses  ^  as  an  implicit  function  of  ^ ,  dy  and  (^.    We  find 
(Vol.  L  Art  85) 

dt  _  1 

d^  cos  ^  tau  A 

dt^_  1 

dd  cos  d  tan  q 

dt__  1 

<2C  eos  f  sin  J. 
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where  A  is  the  azimuth  and  q  the  parallactic  angle.  We  find 
from  the  data  -A  =  +  40^  1',  q  =  82°  61',  whence 

^  =  —  1.682,        -^  =  1.680,        —  =  +  2.001 
df  '        dd  *        dZ       ^ 

and  the  probable  error  of  t  is,  by  (84*) 

S  =  v^[(0.5  X  1.582)'  +  (0.6  X  1.680)«  +  (8.6  X  2.001)T  =  7'M2 

or,  in  seconds  of  time, 

M  =  0-.47 

28.  To  complete  this  branch  of  our  subject,  it  is  to  be  observed 
that  the  preceding  demonstrations  apply  only  to  the  case  where 
the  quantities  entering  into  combination  are  independent ;  but 
when  they  are  merely  different  functions  of  the  same  observed 
quantities,  the  above  formulsB  are  incomplete.  Let  us  suppose 
that  we  have  ^and  JT',  different  functions  of  the  same  observed 
quantities  z^t^^z^... .,  or 

X  =f  {x,x^,x^ ) 

X'==f'(x,x^,x^, ) 

the  mean  errors  of  Xy  X|,  x, . . .  being  c,  e^  e, . . . . ;  and  that  we 
wish  to  find  the  mean  error  E  of  the  function. 

If  any  single  observation  of  x,  Xp  a:^ . . . .  is  affected  by  an  error 
dy  d^y  d„  ....  respectively,  the  corresponding  errors  in  JTand  X' 
will  be — 

Error  in  -JT,   A  =  ad  +  a^3^  +  a,*,  + 

in  which  Oy  a^y  a^...,  are  the  differential  coefficients  of  X,  and 
a'y  a/,  a^' ....  the  differential  coefficients  of  X'y  with  reference 
to  Zy  z^y  z^  ....    The  corresponding  error  in  Y  will  be 

J"=AA  +  A'J' 

in  which  A  and  A'  are  the  differential  coefficients  of  F  with  re- 
ference to  X  and  X\    The  square  of  the  mean  error  E  will  be 
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the  mean  of  the  squares  of  all  the  values  of  A^'  which  result 
fi-om  all  the  possible  values  of  J,  iy,  d,-  •  •  • 
Substituting  the  values  of  A  and  d\  we  have 

A"  =  {Aa  +  il'a')d  +  (Aa^  +  .I'a/)  ^^  + . .  ^ 

which  we  may  briefly  express  as  follows: 

If  the  number  of  values  of  A"  is  denoted  by  m,  the  mean  of  all 
the  values  of  J"*  will  be 

In  consequence  of  the  various  signs  of  Wj,  ii^  &c.,  the  mean 
value  of  each  of  these  quantities  will  be  zero ;  and  the  mean 
values  of  ^,  i^^  &c.  are  «*,  t^^  &c.  Hence  the  formula  becomes 
simply 

B^  =  iAa  +  MdJ  e  +  (ila,  +  A'a/)"  «i*  +  •  •  •  • 

or 

To  illustrate  by  a  very  simple  example,  let 

and  suppose  e  =  0.1 ;  then,  to  find  the  mean  error  E  of 

we  cannot  take  E  =  i/[(0.2)*  +  (0.8)^  za  we  should  if  JTand  X* 
were  independent,  but  by  the  above  formula  we  must  take 

B  =  i/[(0.2)«  +  (0.8)»  +  2  X  2  X  3  X  (O.l)T  =  0.5 

as  in  fact  we  find  directly,  in  this  simple  case,  by  first  substi-^ 
tuting  in  Y  the  values  of  Xand  X',    * 
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WEIQHT  OF  OBSERVATIONS. 

24.  Observations  of  the  same  kind  are  said  to  have  the  same 
or  different  weight  according  as  they  have  the  same  or  different 
mean  (or  probable)  errors.  We  assume  a  priori  that  observations 
will  have  the  same  weight  when  they  are  made  under  precisely 
the  same  circumstances^  including  under  this  designation  eveiy 
thing  that  can  affect  the  observations ;  but  whether  this  condi- 
tion has  in  any  case  been  realized  can  only  be  learned,  a  pos- 
teriori^ from  the  mean  errors  revealed  by  the  observations  them- 
selves. 

In  order  to  obtain  a  numerical  expression  of  the  weight,  let 
us  suppose  all  our  observations  to  be  compared  with  a  standard 
fictitious  observation  the  mean  error  of  which  is  any  assumed 
quantity  e|.  Let  the  actual  observations  be  subject  to  the  mean 
error  e.  Let  it  require  a  number  p  of  standard  observations  to 
be  combined  in  order  to  reduce  the  mean  error  of  their  arith- 
metical mean  to  that  of  an  actual  observation,  that  is,  to  c ;  or, 
according  to  (24),  let 

then  one  of  our  actual  observations  is  as  good,  that  is,  has  the 
same  weight,  as  p  standard  observations,  and  the  number  p  may 
be  used  to  denote  that  weight.  If,  in  like  manner,  other  obser- 
vations of  the  same  kind  are  subject  to  the  mean  error  e',  and 
we  have 

one  of  these  observations  has  the  weight  of  p'  standard  observa- 
tions, and  the  weights  of  the  observations  of  the  two  actual 
series  may  be  compared  by  means  of  the  numbers  p  and  p\ 
The  weight  of  the  fictitious  observation  is  here  the  unit  of 
weight;  but  this  unit  is  altogether  arbitrary,  since  it  is  only  the 
relative  weights  of  actual  determinations  that  are  to  be  con- 
sidered. 
It  follows  immediately,  since  we  have 

or 

P         e*" 
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tliat  the  weiffhis  of  two  observations  are  reciprocaJtly  proportional  to  the 
squares  of  their  mean  errors. 

The  measure  of  precision  (Art.  10)  and  the  weight  are  to  be 
distinguished  from  each  other:  the  former  varies  inversely  as 
the  mean  error,  the  latter  inversely  as  the  square  of  this  error. 

25.  To  find  the  most  probable  mean  of  a  number  of  observations  of 
different  weights. — Let  n\  n'\  n"' ....  be  the  given  observed 
values;  />',  p",  p'"  ....  their  respective  weights.  By  the  pre- 
ceding definition  of  the  weight,  the  quantity  n'  may  be  considered 
as  the  mean  of  p'  observations  of  the  weight  unity,  n"  as  the 
mean  oi  p"  observations  of  the  weight  unity,  &c.  We  may, 
therefore,  conceive  the  given  series  of  observed  quantities  re- 
solved into  a  series  of  standard  observations,  all  of  equal  weight, 
and  then  apply  to  the  latter  series  the  principle  of  the  arithme- 
tical mean.  The  whole  number  of  equivalent  standard  observa- 
tions will  be  p'  +  p"  +  p^"  +....;  the  sum  of  the  p'  standard 
observations  will  be  p'n'\  the  sum  of  the  />"  standard  observa- 
tions will  be  p"n"  ^  &c. :  hence  the  desired  mean  x^  will  be 

or,  diore  briefly, 

a..  =  [^  (88*) 

This  formula  shows  that  although  the  above  demonstration 
implies  that  />',  />",  p'"  ....  are  whole  numbers,  yet  any  numbers, 
whole  or  fractional,  may  be  used  which  are  in  the  same  propor- 
tion ;  for  /  being  any  arbitrary  factor,  whole  or  fractional,  we 
may  write  for  (38)  the  following  : 

a?o= 


/y+/y '+//"  + 


and  then^',^",^'" ....  may  be  regarded  as  the  weights. 

The  value  of  x^  is  here  an  arithmetical  mean  only  in  the  con- 
ventional sense  implied  in  the  substitution  of  fictitious  observa- 
tions with  uniform  weights  for  the  given  observations.  It  may 
be  called  the  general  mean^  the  probable  mean  or  the  mean  by  weights. 

The  weight  of  this  general  mean,  referred  to  the  unit  of  p\ 
//',....  is  =p'  +  p"  +  f  +  . . . . 
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The  mean  error  of  the  general  mean  will  be  expressed  bj 


!l- 


where  e^  is  the  mean  error  corresponding  to  the  unit  of  weight. 
If  fi  is  not  given,  we  shall  have  to  find  it  from  the  observations 
themselves.    Taking  the  difference  between  z^^  and  each  of  the 
given  quantities,  we  have  the  residuals 

i/=  n'  —  a:„,  i/'==  n"—  x^  t/''=  n'"  —  x^  ... 

IT  e',  e",  e'" . . .  are  respectively  the  mean  errors  of  n',  n",  n'",  •  • . . 
we  shall  have,  as  in  Art.  17, 

whence 

and,  in  like  manner, 

The  number  of  given  values  w', n"  ...  being  =  m,  the  sum  of 
these  equations  is 

which  combined  with  the  above  value  of  e^  gives 

•.=V(S)  « 

and  consequently,  also. 

Example. — ^Let  us  suppose  that  the  observations  of  Saturn's 
ring  in  Art.  17  had  been  given  as  in  the  following  table,  where 
the  mean  of  the  first  seven  observations  of  Art  17  is  given 
=  89'M79  with  the  weight  =  7,  the  mean  of  the  next  following 
four  =  89''.285  with  the  weight  =  4,  &c. 
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SOT 


f 

« 

• 

«v 

fvf, 

7 

89".179 

—  0".129 

.016641 

.1166 

4 

.285 

—  0  .028 

529 

21 

5 

.294 

—  0  .014 

196 

10 

4 

.407 

+  0  .099 

9801 

892 

1 

.410 

+  0  .102 

10404 

104 

8 

.820 

+  0  .012 

144 

4 

8 

.877 

+  0  .069 

4761 

148 

4 

.810 

+  0  .002 

4 

0 

8 

.127 

—  0  .181 

82761 

988 

6 

.448 

+  0  .140 

19600 

1176 

[i']  = 

40 

x,=  89  .808 

[|>w]  =  .8998 

Here  the  general  mean  x^  found  by  (38)  of  course  agrees  with 
that  found  before.  For  the  mean  error  corresponding  to  the 
unit  of  weight  (which  in  this  case  is  that  of  an  observation  as 
given  in  Art  17),  we  have,  by  (89),  since  m  =  10, 


..=V( 


.8998 
9 


)=0".211 


and  for  the  mean  error  of  x^  by  (40), 

.8998 


•.=V(ir^)=- 


9  X40J 

which  agree  sufficiently  well  with  the  former  values.  A  perfect 
agreement  in  the  mean  errors  is  not  to  be  expected,  since  our 
formulee  are  based  upon  the  supposition  that  we  have  taken  a 
sufficient  number  of  observations  to  exhibit  the  several  errors 
to  which  they  are  subject  in  the  proportion  of  their  respective 
probabilities ;  and  this  would  require  a  very  large  number  of 
observations. 

26.  In  the  application  of  the  preceding  formulae,  it  must  be 
observed  that  when  the  weights  of  different  determinations  of 
the  same  quantity  are  inferred  from  their  mean  errors,  we  must 
be  certain  that  there  are  no  constant  errors  (that  is,  constant 
during  the  observations  which  compose  a  single  determination) 
before  we  can  combine  them  together  according  to  these  weights, 
unless  the  constant  errors  are  known  to  affect  all  the  determina^ 
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tions  equally  and  with  the  same  sign.  For  example,  if  ten 
measures  of  "the  zenith  distance  of  a  star  are  made  at  one  cul- 
mination, giving  a  mean  error  of  0'^4,  and  five  measures  at 
another,  giving  a  mean  error  of  0".8,  the  weights  according  to 
these  errors  would  be  as  4  to  1.  But  if  it  is  known  that  the 
errors  peculiar  to  a  cidminaHon  (and  affecting  equally  all  the  indi- 
vidual observations  at  that  culmination)  exceed  1",  it  would  be 
better  to  regard  the  observations  as  of  the  same  weight,  since 
there  would  be  a  greater  probability  of  eliminating  such  peculiar 
errors  by  taking  the  simple  arithmetical  mean.  If,  however,  the 
observer,  from  considerations  independent  of  the  observations, 
can  estimate  the  weight  of  determinations  made  under  different 
circumstances,  then  it  is  evident  that  these  weights  will  serve 
for  the  combination,  if  the  mean  accidental  errors  of  the  several 
determinations  are  sensibly  equal. 

But  if  from  the  different  circumstances  we  have  deduced 
weights  for  the  several  determinations,  and  at  the  same  time  the 
mean  errors  (deduced  from  a  discussion  of  the  discrepancies  of 
the  observations  composing  each  determination)  are  widely  dif- 
ferent, it  is  not  easy  to  assign  any  general  rule  for  reducing  the 
weights  which  shall  not  be  subject  to  some  exceptions.  In  such 
cases,  practical  observers  and  computers  have  resorted  to  em- 
pirical formulae,  involving  some  arbitrary  considerationB,  more  or 
less  plausible. 

In  many  cases  we  can  proceed  satisfactorily  as  follows.    Let 

$  =  the  mean  accidental  error  of  a  single  observation, 

1^  =  the  mean  error  peculiar  to  a  determination  which  rests 

upon  m  such  observations, 
e  =  the  total  mean  error  of  such  a  determination, 

then,  e  and  ij  being  supposed  to  be  independent,  we  shall  have 

€«  =  ^  +  iy>  (41) 

tn 

If  then  ij  can  be  obtained  from  independent  considerations,  this 
formula  will  give  the  value  of  e,  and,  consequently,  the  weight 
for  each  determination,  and  the  combination  may  then  be  made 
by  (88).  For  an  example  of  a  discussion  according  to  these 
principles,  see  Vol.  I.  Art.  286. 
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INDIRECT   OBSEBVATIONS. 

27.  I  proceed  now  to  the  application  of  the  method  of  least 
aquares  to  the  solution  of  the  general  problem  of  determining 
the  most  probable  values  of  any  number  of  unknown  quantities 
of  which  the  observed  quantities  are  functions.  The  observa- 
tions are  then  said  to  be  indirect  The  particular  case  of  direct 
observations,  already  considered,  is,  however,  included  in  this 
general  problem ;  being  the  case  in  which  the  number  of  un- 
known quantities  is  reduced  to  one,  and  this  one  is  directly 
observed. 

The  general  problem  embraces  two  classes  of  problems,  which 
must  be  distinguished  from  each  other.  In  the  first  class,  the 
unknown  quantities  are  indeperidmty  in  the  sense  that  they  are 
subject  to  no  conditions  except  those  established  by  the  observa* 
tions :  so  that,  before  taking  (tie  observations^  any  assumed  system 
of  values  of  these  quantities  has  the  same  probability  as  any 
other  system.  In  the  second  class,  there  are  assigned,  a  priori, 
certain  conditions  which  the  unknown  quantities  must  satisfy  at  the 
same  time  that  they  satisfy  (as  nearly  as  possible)  the  conditions 
established  by  the  observations.  Thus,  for  example,  if  the  three 
angles  of  a  plane  triangle  are  to  be  determined  from  observations 
of  any  kind,  we  have,  apriorij  the  condition  that  the  sum  of 
these  angles  must  be  equal  to  two  right  angles,  and  all  the 
systems  of  values  which  do  not  satisfy  this  condition  are  excluded 
at  the  outset.  This  class  will  be  briefly  considered  hereafter, 
under  the  head  of  "  conditioned  observations ;"  but  our  attention 
frill  be  chiefly  directed  to  the  first  class,  which  includes  most  of 
the  problems  occurring  in  astronomical  inquiries. 

Again,  the  equations  which  the  observations  are  to  satisfy  may 
be  linear  or  non-linear;  the  observed  quantities  may  be  explicit  or 
implicit  functions  of  the  required  quantities ;  but,  for  simplicity, 
we  consider  first  the  case  of  linear  equations,  to  which  all  the 
others  may  always  be  reduced. 

EQUATIONS  OF  OONDITION  FROM  LINEAB  FUNCTIONS. 

28.  Let  us  suppose  the  equations  between  the  known  and 
unknown  quantities  are  of  the  form 

ax  +  by  +  C2+ +  l  =  V 
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in  which  a,  6,  (?,....  /  are  known  quantities  given  by  theory  foi 
each  observation,  Fis  the  quantity  observed,  and  x,  y,  z-  • . .  are 
the  quantities  to  be  determined.  For  each  observation,  we  have 
a  similar  equation,  and  thus  a  system  such  as  the  following : 

dx  ^Vy    +(f2    + +  V  =r'  \ 

a''x  +b"y  +(f'z  + +  r=F"  / 

a!"x+b'"y  +  (f''z  + +  r'  =  V'"  [      (^^) 

&o.  &c.  j 

the  number  of  these  equations  being  greater  than  that  of  the 
unknown  quantities  (Art.  6).  If  our  observations  were  perfect, 
all  these  equations  would  be  satisfied  by  the  same  system  of 
values  of  X,  y,  z . . . ;  but,  being  imperfect,  let  M%  Jlf ",  Jkf' 
denote  the  values  obtained  by  observation  for  V%  V",  V 
When  these  values  are  substituted  in  the  second  members  of  (42), 
there  will,  in  general,  be  no  system  of  values  of  x,  y,  z . . . .  which 
satisfies  all  the  equations  at  the  same  time,  and  we  can  only 
determine  that  system  which  is  rendered  most  probable  by  the 
observations.  Let  us  therefore  denote  by  iV',  N"y  N'" ....  the 
values  which  the  first  members  of  our  equations  obtidn  when 
any  hypothetical  or  assumed  system  of  values  of  x,  y,  z . . . .  is 
substituted  in  them ;  and  put 

1/=  -AT—  Jf',        v"=  iV^"—  Jf",        1/"=  iVT"'  — JT", .... 

then  t?',  v'\  v'" ....  are  the  errors  of  the  observations  according 
to  this  hypothesis.    Finally,  let  us  put 

n'=  r—  JT,      w"=  r'— jf",      n'"=  r"  —  jf'", .... 

then  our  equations  may  be  thus  expressed : 

a'a:   +  6'y    +  (/z   +....  +  n'  =  t/  \ 

a"x  +  6"y  +  c"z  +....+  n"  =  v"  ( 

a'"x  +  V"y  +  (f''z  +  ....  +  n"'  =  t/"  J      (*^^ 

&c.  &c.  I 

If  our  observations  were  perfect,  we  should  be  able  to  find 
values  of  X,  y,  z . . . .  which  would  reduce  all  the  quantities  r',  r", 
v'" ....  to  zero.  It  is  usual,  therefore,  to  write  zero  in  the  second 

members : 

a'x   +  6'y    +  <?''2^    +••••+»»'=  0  \ 

a"x  +  6"y  +  c"z  +....  +  n"  =  0  / 

a'"x  +  V"y  +  (/"z  +  ....  +  n'"=::  0  j    (***) 

&o.  &c.  J 
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and  these  are  called  the  equations  of  conditioUy  since  they  express 
the  conditions  which  the  unknown  quantities  are  required  to 
satisfy  as  nearly  as  possible. '  We  may,  however,  with  more  rigor 
regard  (43)  as  our  equations  of  condition,  and  treat  them  as 
expressing  the  general  condition  that  the  unknown  quantities 
shall  be  sucli  as  to  give  the  most  probable  system  of  errors 

Now,  according  to  Art.  11,  the  most  probable  system  of  values 
of  x,  y,  2: . . . .  (and,  consequently,  the  most  probable  system  of 
errors)  is  that  which  makes  the  sum  of  the  squares  of  the  errors 
a  minimum :  thus,  we  are  to  reduce  to  a  minimum  the  function 

[tw]  =  7/1/+  v  V  +  1/ V"  +  . . . . 

Regarding  [vv]  as  a  function  of  the  variables  x^y^z...  (which  we 
must  remember  are  here  independent),  the  condition  of  minimum 
requires  that  its  derivatives  taken  with  reference  to  each  variable 
shall  each  be  zero ;  that  is, 

or 

dx  dx  dx 

dy    '       dy      '         dy    ^  }     (44) 

(which  we  might  have  obtained  directly  from  (10)  by  substituting 
y'J  =  kJ  =  kvy  and  dividing  by  the  constant  k).  But,  by  differ- 
entiating the  equations  (48)  with  reference  to  a:,  y,  2: ...  •  succes- 
sively, we  have 


dt/ 

dv'       ., 

dv'        . 

5^=''' 

dy-'' 

dz   -'^''•' 

dx 

dy 

dz  -'^'"' 

&c. 

&c. 

&c 

so  that  (44)  are  the  same  as  the  following : 
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aV  +  a' V  +  a' V"  +....  =  0 

6V+  yV  +  6"V"  +  ....  =  0 

c'i/  +  c'V'  +  c'V"  +  ....=0  (    (^*) 

&c. 

% 

The  number  of  these  equations  is  the  same  as  that  of  the  un- 
known quantities ;  and  if  we  now  substitute  in  them  the  values 
of  v\  t?'',  r'" . . .  from  (43),  we  have  the  final  or,  as  we  shall  call 
them,  the  narmal  equations,  which  determine  the  most  probable 
values  of  X,  y,  2: ... . 

NORMAL  EQUATIONS. 

29.  We  see  by  (44*)  that  to  form  the  first  normal  equation  we 
multiply  each  of  the  equations  of  condition  (43)  or  (43*)  by  the 
coefficient  of  x  in  that  equation,  anti  then  form  the  sum  of  all 
the  equations  thus  multiplied.  The  resulting  equation  is  called 
the  normal  equation  in  x.*  The  sum  of  the  equations  of  condi- 
tion severally  multiplied  by  the  coefficients  of  y  is  the  normal 
equation  in  y,  &c.  To  abbreviate  the  expression  of  these  sumsi 
we  put 

[aa-]  =  aW  +  a"  a''  +  a!*' a'"  +  . . . . 

[ah]  =  a'y  +  a"6"  +  a'"6'"  +  . . . . 

[ac]  =  aV  +  «'V'  +  a' V"  +  . . . . 

&c.  &c. 

then  the  normal  equations  are 

[aa]  X  +  [a6]  y  +  \ac\  z  -\-  —  -f  \an\  =  0 
[a6]  X  +  [66]  y  +  [6c]  ^  +  ....  +  [6n]  =  0 
\(K^  a;  +  [6o]  y  +  [cc]  2  +  . . . .  +  [en]  =  0        i      ^*^^ 
&c.  &c. 

80.  The  formation  of  such  normal  equations  is  one  of  the 
most  laborious  parts  of  the  computations  involved  in  the  method 
of  least  squares,  especially  when  the  number  of  equations  is  very 
greatf  It  is  important  to  have  a  means  of  verification,  or 
"  control,"  to  insure  their  accuracy',  before  proceeding  with  the 
next  important  process  of  elimination.  A  very  simple  and 
effective  control  is  the  following. 

*  The  "  normal  equation  in  x"  is  bo  oaUed  because  it  is  the  equation  which  deter- 
mines the  most  probable  value  of  x  when  the  other  Tariables  are  reduced  to  sero,  ot 
when  X  is  the  only  unknown  quantity ;  and  bo  of  the  others. 

t  This  labor  may  be  abridged  by  the  nse  of  Dr.  Cbbu.b's  itecAenta^etn,  Berlin, 


ci  -i-y  +C'  +... 

.  =  «' 

a"  +  6"  +  c"  +  ... 

.  =«" 

a"'4.y"+c"'+... 

.  =  «"' 

&o. 
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Form  the  sums  of  the  coefficients  of  the  unknown  quantities 
in  the  seyeral  equations,  namely. 


(46) 


If  we  multiply  each  of  these  by  its  n,  and  add  the  products,  we 
have 

\an\  +  [H  +  [^]  +  ...  =  M  (47) 

Also,  multiplying  each  of  (46)  by  its  a,  and  adding,  then  each 
by  its  6,  and  adding,  and  so  on,  we  have 

\aa\  +  \ah'\  +  \ac\  +  —  =  [as] 
\ah-\  +[W]+[6c]  +....==[65] 
[ac]  +  \bc\  +  \cc\  +....  =  [c.*]  /      C48) 

&c. 

The  equations  (47)  must  be  satisfied  when  the  absolute  terms  of 
the  normal  equations  are  correct,  and  (48)  when  the  coefficients 
of  the  unknown  quantities  are  correct. 

81.  The  normal  equations  will  give  determinate  values  of 
a:,  y,  2: .  • . .,  provided  they  are  really  independent.  If,  however; 
any  two  of  them  become  identical  by  the  multiplication  of  either 
of  them  by  a  constant,  the  number  of  independent  equations  i8^, 
in  fact,  one  less  than  that  of  the  unknown  quantities,  and  the 
problem  becomes  indeterminate.  This  difficulty  does  not  arise 
from  the  method  by  which  the  normal  equations  are  formed,  but 
from  the  nature  of  the  given  equations  of  condition.  In  any 
such  case,  additional  observations  are  necessary,  for  which  the 
coefficients  have  such  varied  values  as  to  lead  to  independent 
equations.  Even  when  two  equations  cannot  be  reduced  pre- 
cisely to  a  single  one  by  the  introduction  of  a  constant  factor,  if 
they  can  be  made  very  nearly  identical,  the  problem  is  still  prac- 
tically indeterminate.  The  indetermination  will  become  evident 
in  the  actual  elimination  in  practice  when  any  one  of  the  un- 
known quantities  comes  out  with  so  small  a  coefficient  that  small 
errors  in  the  observations  would  greatly  change  this  coefficient. 
(See  Art.  62.) 

Vol.  IL—aa 
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S2.  By  whfttevei*  method  the  elimination  is  performed,  we 
shall  necessarily  arrive  at  the  same  final  values  of  the  unknown 
quantities ;  but,  when  the  number  of  equations  is  considerable, 
tiie  method  of  substitution,  with  Gauss's  convenient  notation,  is 
imivertfally  followed;  but,  for  the  present,  leaving  the  reader  to 
choose  his  method,  1  proceed  to  escplain  the  principles  by  which 
the  mean  errors  of  the  values  of  x,  y,  2 . . . .  are  determined. 

MEAN   EBBOBS  AND   WEIGHTS   OF  THE   UNKNOWN   QUANTITIES. 

88.  Since  we  have  put  w'  =  V  -M\  n"  =  V'—M",  &c.  (Art  28), 

the  mean  error  of  n',  n",  w'" —  is  also  that  of  Jlf' ,  Jf ",  M"\ ; 

that  is,  the  mean  error  of  n',  n'',  n'" is  to  be  regarded  as  the 

mean  error  of  an  observation.  If  the  elimination  of  the  normal 
equations  were  fully  carried  out,  each  unknown  quantity  would 
be  finally  expressed  as  a  linear  function  of  n',  n'\  w'",  — ,  and  the 
kHean  errors  of  the  latter  being  given,  those  of  the  unknown 
quantities  would  follow  by  the  principle  of  Art.  20.  It  results, 
however,  from  the  symmetry  of  the  normal  equations  that  several 
forms  may  be  obtained  for  computing  directly  the  weights  of  the 
tmknown  quantities,  and  from  these  weights  the  mean  errors 
can  afterwards  be  found. 

84.  First  method  of  computing  the  weights  of  the  imknoum  quantities. 
—For  simplicity,  let  us  first  suppose  all  the  observations  to  bo 
of  equal  weight,  or  the  mean  errors  of  n\  n'\  n'*'  to  be  equal. 

Let 

f  =  the  mean  error  of  an  observation, 

t^=  the  mean  error  of  the  value  of  x  found  from  the  normal 
equations, 

|)^=  the  weight  of  the  value  of  x^  the  weight  of  an  observa- 
tion being  unity; 

then  (Art  24) 

Kow,  let  us  suppose  the  elimination  to  be  performed  by  the 
Ddeihod  of  indeterminate  coefficients.  Let  the  first  equation  of 
(46)  be  multiplied  by  $,  the  second  by  ^,  the  third  by  §",  &c., 
and  the  products  added.  Then  let  the  factors  ^,  ^,  §".... 
(whose  number  is  the  same  as  that  of  the  unknown  quantities) 
be  supposed  to  be  determined  so  that  in  this  final  equation  the 
coefficients  of  all  the  unknown  quantities  shall  be  zero,  esccept 
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that  of  Xf  which  shall  be  unity.    The  oonditionB  for  determining 
these  factors  are,  therefore, 

[aa]C+[a6]g+[ac]e'  +  ....=-l  ) 

&c.  &c.  ] 

and  the  final  equation  in  x  is 

^  +  [««]  Q  +  M  e  +  [^]  «"  +  •...  =  0  (50) 

Comparing  (45)  and  (49),  we  see  that  the  coefficients  of 
Qj  Q^j  Q''....  are  the  same  as  those  of  z^y^z....^  but  that  the 
absolute  terms  are  —  1  in  (49)  instead  of  [an]  in  (45),  and  zero 
instead  of  [6n],  [c7i\j  &c.  Hence,  if  the  elimination  of  (45)  were 
carried  out,  and  the  values  of  x, ^,  ^. . . .  determined  in  terms  of 
n',  n",  n'". . . .,  the  values  of  §,  §',  Q^'. . . .  would  be  found  from 
these  by  merely  putting  [an]  =  —  1,  and  [6n]  =  [en],  &c.  =  0. 
This  is  also  evident  from  (50).  I  shall  now  show  that  Q  is  the 
reciprocal  of  the  required  weight  of  x. 

The  final  value  of  x  being  a  linear  function  of  n',  n",  n"\ . . ., 
the  equation  (50)  may  be  supposed  to  be  developed  in  the  form 

X  4-  a'n'  +  a"n"  +  a'"n'"  +  ....  =  0  (51) 

in  which  a',  a",  a'", are  functions  of  a',  6', . . . .,  a",  6", . . . .,  fcc. ; 

and  these  fanctions  are  immediately  found  by  developing  [6En], 

[An],  &c.,  in  (50);  for  we  then  have,  by  comparing  the  coefficients 

of  (60)  and  (51), 

a'=a'  C  +  6'  e+^  e'  +  ...-  ) 

."  =  a"C  +  A"e  +  o"e'  +  ....  ,5o^ 

a'"=  a"'C  +  A'"e  +  ^^"'C"  +  ••  • .  I     ^"^^^ 

&c.  &c.  ) 

Multiplying  each  of  these  equations  by  its  a,  and  adding  all  the 
products,  we  obtain,  by  (49), 

a!  a!  +  a"a"  +  a!'' a!"  +  ....=  1 

Multiplying  each  of  (52)  by  its  &,  and  adding,  we  obtain,  by  (49), 

ya' +  6V+ 6"V"  + . . .  .  =  0 

and  so  on  for  as  many  equations  as  there  are  unknown  quantities* 
These  relations  are  briefly  expressed  thus: 

[ii»]  =  l  [6«]  =  0  [C(»]  =  0,&c.        (68) 
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If,  then,  each  of  (52)  is  multiplied  by  its  a,  and  the  results  are 
added,  we  find,  by  (58),  ^ 

[oa]  =  •'«+•"'+•"'«+....=  C  (54) 

But,  by  Art,  20,  when  «  is  the  mean  error  of  each  of  the  quan« 
titles  n',  n",  n'", . . .  •,  the  mean  error  of  x  found  by  (51)  is 

e,=  f  |/[aa] 

Hence 

^•=.7  =  M  =  «  ^^^ 

ad  was  to  be  proved. 

Hence  we  have  a  first  method  of  finding  the  weights.  In  the 
first  normal  equation  write  —  1  for  the  absolute  term  \an\  and  in  the 
other  equations  zero  for  each  of  the  absolute  terms  [ftw],  [crn],  &c. ;  the 
value  of  X  then  found  from  these  equations  wUl  be  the  rec^ocal  of  the 
weight  of  the  value  of  x  found  by  the  general  elimination. 

This  rule  is  to  be  applied  to  each  of  the  unknown  quantities 
in  succession,  so  that  the  reciprocal  of  the  weight  of  y  is  that 
value  of  y  which  will  be  found  by  putting  [An]  =  —  1,  and 
[an\  =  [en]  =  &c.  =  0;  the  reciprocal  of  the  weight  of  ^  is  that 
value  of  z  which  will  be  found  by  putting  [en]  =  —  1,  and 
\an']  =  [6n],  &c.  =  0 ;  &c. 

It  is  evident,  moreover,  that  although  we  have  deduced  the 
rule  by  the  use  of  indeterminate  multipliers,  it  must  hold  good 
whatever  method  of  elimination  is  adopted. 

85.  Second  method  of  computing  the  weights  of  the  unknoum  quan- 
tities.— ^If  we  write  the  normal  equations  thus, 

laa"]  X  +  [a*]  y  +  [ac]  2:  -f  —  +  [an\  =  A 
\ab]  a:  +  [W]  y  +  [6c]  2:  + . . . .  +  [6n]  =  B 
[ac\  x  +  [6c]  y  +  [cc]  2:  + . . . .  +  {<m\  =  C 
&o.  &c. 

and  perform  the  elimination,  we  shall  obtain  a:,y,^....  in  terms 
of  [aa],  [aft],  &c.,  and  of  J.,  -B,  (7,  &c. ;  and  if  in  the  general  values 
thus  found  we  make  J.  =  -B  =  C,  &c.  =  0,  these  values  will  be 
reduced  to  those  which  would  be  found  by  carrying  out  the 
elimination  with  zero  in  the  second  members  of  the  normal 
equations.    If  we  suppose  the  elimination  performed  by  means 
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of  the  indeterminate  factors  Q,  Q^y  Q". . . .  already  employed,  th^ 
final  equation  for  determining  z  will  be 

where  the  coefficient  of  A  is  the  reciprocal  of  the  required  weight 
of  X.  But,  whatever  method  of  elimination  is  employed,  the 
coefficient  of  A  in  this  general  value  of  x  will  necessarily  be  the 
same;  and  hence  we  derive  the  second  method  of  determining 
the  weights :  Write  -4,  By  C,  &c.,  instead  of  0,  in  the  second  members 
of  the  normal  equationSy  and  carry  out  the  elimination  (by  any  method 

at  pleasure) ;  then  the  final  values  of  Xyy^z are  those  terms  in  the 

general  values  which  are  independent  of  Ay  By  C.  •  ♦ . ;  the  weight  of  x 
is  the  reciprocal  of  the  coefficient  of  A  in  the  general  value  of  x;  the 
weight  of  y  is  the  reciprocal  of  the  coefficient  of  B  in  the  general  value 
ofy;  &c. 

36.  Third  method  of  compudng  the  weights  of  the  unknown  quantities. 
'—Let  us  suppose  the  elimination  to  be  performed  by  the  method 
of  substitution,  still  retaining  Ay  By  C...  in  the  second  members, 
as  in  the  preceding  article.  The  final  equation  in  Xy  according 
to  this  method,  is  found  by  substituting  in  the  first  normal  equah 
tion  the  values  of  y,  2:. . . .  given  by  the  other  equations.  These 
substitutions  do  not  afifect  the  coefficient  of  A^  which  remains 
unity,  so  long  as  no  reduction  is  made  after  the  substitutiondf 
Thus,  the  final  equation  in  x  is  of  the  form 

Bx=  T+  A  +  terms  in  B,  C, 

in  which  T  is  the  sum  of  all  the  absolute  quantities  resulting 
from  the  substitution,  and  is  a  function  of  [aa],  [06], ....  [cm]. 
Hence  the  value  of  x  is 

T      A 

a:  =  -5  -f  -=  +  terms  in  B,  C,.,.* 

T 

in  which  ^  is  the  final  value  of  x  which  results  when  A  =  B 

=  (7. . . .  =  0,  and  -^  is  necessarily  the  quantity  denoted  by  Q  in 

the  preceding  articles.  Therefore  JR  is  the  weight  of  x,  and 
hence  we  have  a  third  method  of  finding  the  weights :  Let  the  first 
normal  equation  (the  equation  in  x,  Art.  29)  he  taken  as  the  final 
equation  for  determining  x,  and  substitute  in  it  the  values  o/y,  z....  in 
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terms  ofx  as  found  Jrom  the  remaining  equations;  then,  before  freeing 
the  equation  of  fractions  or  introducing  any  reduction  factory  the  coegl^ 
dent  ofxin  this  equation  is  the  weight  of  the  value  of  x.  In  the  same 
manner,  substitute  in  the  second  normal  equation  (the  equation  in  y) 
the  values  of  x,  z....  in  terms  of  y  as  found  from  the  other  equa- 
tions; ike  coefficient  of  y  is  then  the  weight  of  the  value  of  y;  and  so 
proceed  for  each  unknown  quantity. 

According  to  this  method  we  determine  each  unknown  quan- 
tity, together  with  its  toeight,  by  a  separate  elimination  carried 
through  all  the  equations,  in  each  case  changing  the  order  of 
elimination,  until  every  unknown  quantity  has  been  made  to 
4^ome  out  the  last  The  algorithm  of  this  process,  with  Gauss's 
oonvenient  system  of  notation,  will  be  given  hereafter  (Art.  45). 

87.  To  find  the  mean  error  of  observation.— The  weight  ofx  being 
/ound,  we  have  the  ratio  of  e,  to  e,  but  we  have  yet  to  determine 
Sj  which,  in  general,  cannot  be  assigned  a  priori^  but  must  be 
deduced  a  posteriori^  that  is,  from  the  observations,  and  conse* 
((aently  from  the  equations  of  condition.  The  residuals  l;^t/',r''^..., 
fai  (43),  are  those  which  result  when  the  most  probable  values  of 
Xyy^z....  (namely,  those  resulting  from  the  normal  equations) 
are  substituted  in  the  first  members.  The  actual  or  true  errors 
(Art  17)  of  observation  are,  however,  those  values  of  the  first 
ittembers  of  (48)  which  result  when  the  true  values  of  x,  y,  ^, . . . . 
are  substituted. 

Let  x  +  i^,  y  +  Ay,  z  +  Ae, . . . .  be  the  true  values  which,  sub- 
stituted in  the  equations  of  condition,  give  the  true  residuals 
k',  u'\  w'".  . . . ;  so  that  we  have 

a*  (X  +  Ajc)  +  y  (y  +  Ay)  +  <f  (z  +  liz)  + .  ...n'  =ti'  \ 
€!*{x  +  AX)  +  6"(y  +  Ay)  +  (/'(z  +  a^)  +....n"  =  tt''(  ^ 

a'"(x  +  ^)  +  ^'\y  +  Ay)  +  e"{z  +  A2)  f . . . .  n'"=  u'"[     (^^ 

If  these  equations  be  multiplied  by  a',  a",  ^'". . . .,  respectively, 
the  sum  of  the  products  is 

\aa\x    +[a*]y    +  [«^]  ^    +•••+[«»]   \^Tau\ 
+  \aa'\  AX  +  [a6]  Ay  +  [ac]  a^  + )       ^    ^ 

which  by  the  first  of  (46)  is  reduced  to 

[oa]  AX  +  [aft]  Ay  +  \ae\  AiT  +  —  —  \a%\  =*=  0 
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In  the  same  manner,  multiplying  each  of  the  equations  (56)  by 
its  by  Cy  kCy  successively,  we  form  the  other  equations  of  the 
following  group : 

[aa\  AX  -f  [ah']  Ay  -f  [ac]  az  + —  [au]  =  0 

iab-]  &.X -\- [bbl  t^y  +  \bc\  A^ +....  — [6w]  =rO  ,        ^. 
[ac\  AX+  [^]  Ay +  [cc]  a? +...  .^  [««]  =0  »       ^  ^ 

These  being  of  the  same  form  as  the  normal  equations  (45),  we 
see  that  the  value  of  ao:  resulting  fix)m  them  will  be  of  the  same 
form  afi  that  of  x  resulting  from  (46),  with  only  the  substitution 
of  —  M  for  n:  hence,  by  (51), 

AO;  —  aV—  a'V—  a"V"  — ....=  0  (58) 

Again,  multiplying  (56)  by  t?', »",  ^''. . . .,  respectively,  the  sum 
of  the  products  is,  by  (44*),  reduced  to 

[yn\  =  [vu\ 

and  in  the  same  manner,  from  (48), 

[rn]  =  [rv] 
whence 

[wi]  =  [w]  ==  [tm]  (69) 

The  sum  of  the  products  obtained  by  multiplying  the  equations 
(48)  respectively  by  m',  w",  w'".  ...  is 

\au\  ^  +  pw]  y  +  [«<]  XT  + . . . .  +  [nt<]  =  [ru]  =  [w] 

and  from  (56),  in  the  same  manner, 

\au]x    +{hu]y    +\cu\z    +....+ [nu])       r^^, 
+  [au]  AX  +  [6u]  Ay  +  [cu]  a?  + J       '■    -^ 

which  two  equations  give 

[ttu]  =  [w]  +  [aw]  AX  +  [6ti]  Ay  +  [cu]  A2r  + (60) 

Now,  \uu\  being  the  sum  of  the  squares  of  the  true  errors  of  the 
observations,  its  value  is,  as  in  Art.  17,  »  me«,  if  we  put 

m  =  the  number  of  observations, 

=  the  number  of  equations  of  condition. 
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Consequently,  if  we  could  assume  AZy^y.. .  •  tovanish,  we  should 
have 

[w] 
ft  =  - — - 
m 

and  this  will  usually  give  a  close  approximation  to  the  value  of 
$,  but  it  will  give  the  true  value  only  in  the  exceedingly  impro- 
bable ease  in  which  the  values  of  x,  y,  2:. . .  •  are  absolutely  true, 
whereas  they  are  to  be  regarded  only  as  the  most  probable  ones 
furnished  by  the  observations.  This  formula,  then,  must  always 
give  too  small  a  value  of  e,  since  it  ascribes  too  high  a  degree  of 
precision  to  the  observations.  We  must,  therefore,  add  to  [rt?] 
the  quantities  [au]  ax,  \bu]  a^,  &c.,  as  in  (60) ;  but,  as  we  cannot 
assign  any  other  than  approximate  values  of  these  quantities,  let 
us  assume  for  them  their  mean  values  as  found  by  the  theory  of 
mean  errors.  The  mean  value  of  \au]  ax  will  be  found  by  mul- 
tiplying together 

[aw]  =  a  V  +  a  V  +  a"  V"  + . . . . 
and  AX  =  aV  +  a V  +  a" V"  + . . . . 

observing  that  the  errors  m',  m",  t/'".  • . .,  when  we  consider  only 
their  mean  values,  are  to  be  regarded  as  having  the  double  sign 
±: ;  so  that  tlie  mean  value  of  the  product  will  contain  only  the 
terms  a'  a'  u'  m',  a"  a"  u"  m",  &c.    Hence  we  take 

[au]  AX  =  a'a'u'u'  +  aV W  +  a"'J*'u'"vl"  + , . . . 

and  substituting  in  this  the  mean  value  of  w'm',  w' V,  &c.,  which 
in  each  case  is  ee,  we  have 

[au\  AX  =  (a!  J  +  a"a"  +  a'"a'"  +  ....)«* 

or,  finally,  by  (53), 

[au\  AX  =  ft 

In  the  same  manner,  it  must  follow  that  u  is  the  mean  value  of 
each  of  the  terms  \bu\  Ay,  [cii]  az,  &c.    If  then  we  put 

II  =  the  number  of  unknown  quantities, 

the  equation  (60)  becomes 

nu9  =  [tw]  -|-  ptMt 
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whence 


m  —  fi  \m  —  fi 


=  Vsa  w 


It  is  to  be  observed  that  when  there  is  but  one  unknown 
quantity,  or  /u  =  1,  this  general  form  is  reduced  to  the  simple 
one  (26),  already  given  for  direct  observations. 

Finally,  p^,  p^,  p,,  —  denoting  the  weights  of  x,  y,  ^. . .  found 
by  any  of  the  preceding  methods,  we  have 

».  =  -7—  K  =  -7— >  *<5-  (62) 

88.  Example. — ^Let  us  suppose  the  following  very  simple  equa- 
tions of  condition  to  be  given  :* 

X—-   y  +  2z—  3  =  0 

8a:  +  2y  —  5^  —   5  =  0 

^  +    y  +  4^—  21=0 

—   a:  +  8y  +  32:  — 14  =  0 

If  but  the  first  three  of  these  equations  had  been  given,  the 
problem  would  have  been  determinate.    We  should  find  from 

18  23  13        ,         ,.1^1.. 

them  a:  =  — ,y  =  Y,2  =  — -,  and  we  should  have  to  accept  these 

values  as  final  ones,  with  no  means  of  judging  of  their  accuracy, 
or  of  that  of  the  observations  upon  which  the  equations  are  sup- 
posed  to  depend.  A  fourth  observation  having  given  us  our 
fourth  equation,  we  find  that  the  values  of  x,y,  z  derived  from 
the  first  three  will  not  satisfy  it,  for  when  they  are  substituted  in 

Q 

it  the  first  member  becomes  —  ;;,  instead  of  zero.    If  we  deter- 

7 

tnine  the  values  of  x,  y,  and  z  from  any  three  of  the  equations, 
and  substitute  these  values  in  the  fourth,  we  shall  find  a  residual. 
Each  one  of  the  four  systems  of  values  of  the  unknown  quantities 
thus  found  satisfies  three  equations  exactly,  and  the  fourth 
approximately;  but,  all  the  observations  being  subject  to  error, 
the  most  probable  system  of  values  can  seldom  satisfy  any  one 
of  the  equations  exactly.  Hence  the  necessity  of  a  principle  of 
computation  which  shall  lead  as  directly  as  possible  to  such  a 
probable  system  of  values;  and  this  principle  is  furnished  by  the 
method  of  least  squares. 

*  Qajjbb,  Theoria  MotuM,  Art  184. 
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We  are,  then,  by  Art.  29,  to  deduce  from  these  foar  equatiom 
three  normal  equations,  and  the  values  of  x,  y,  z  which  exactly 
satisfy  these  are  to  be  regarded  as  the  most  probable  values. 

To  form  the  first  normal  equation,  we  multiply  the  first  of  the 
above  equations  of  condition  by  1  (=  a'),  the  second  by  3  (=  af'\ 
the  third  by  4  {=a'"\  and  the  fourth  by  —  1  {=<^%  and  add  the 
products.  We  thus  find  [oa]  =  27,  [oft]  =  6,  \ae]  =  0,  and 
\an\  =  —  88. 

To  form  the  second  normal  equation,  we  multiply  the  firrt 
equation  of  condition  by  —  1  (=  b'\  the  second  by  2  (=  6"),  the 
third  by  1  (=  V'%  and  the  fourth  by  8  (=  U%  and  add  the  pro- 
ducts.   We  thus  find  [aft]  =  6,  [W]  =  16,  [6c]  =  1,  \bn\  =  —  70. 

The  third  normal  equation  is  formed  by  multiplying  the  first 
equation  of  condition  by  2  (=  c'),  the  second  by  —  6  (=  c"),  the 
third  by  4  (=  c'"),  and  the  fourth  by  8  (=  &%  and  adding  the 
products.     We  find  [ae]  =  0,  \hc\  =  1,  \cc\  =  54,  [cw]  =  —  107. 

Hence  our  normal  equations  are 

27a:  +    6y  —   88  =  0 

ftr  +  16y  +     £r  —    70  =  0 

y  +  542r  —  107  =  0 

the  solution  of  which  gives,  as  the  most  probable  values, 

49154 
x  = 


In  order  to  determine  the  mean,  and  hence  also  the  probable* 
errors  of  these  values,  let  us  first  determine  their  weights  accord- 
ing to  the  preceding  methods. 

Ft^i.  By  the  method  of  Art.  84,  we  first  write  —  1, 0, 0 ,  for 
the  absolute  terms  of  the  three  normal  equations,  and  we  have 
the  three  equations  for  determining  the  weight  of  2, 

27a/+   %^—      1=0 

&r'+15y'+     r'  =  0 

y  +  54/=:0 

in  which  accents  are  employed  to  distinguish  the  particular 
values  from  the  above  general  ones.     These  give 
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19899 

wUch  is  the  reciprocal  of  the  required  weight    Hence, 

19899      ^^  ^^^ 
^'       809 

In  a  similar  manner,  to  find  the  weight  of  y,  we  take  the 
equations 

27x"+    6y"  =0 

&c/'+15jr+     /'— 1  =  0 
y"  +  54/ '         =0 


and  find 


whence 


*        787 


J,  =  ?f  =  13.648 


64 
And  to  find  the  weight  of  z,  the  equations 


which  giro 
and 


27x"'4-    6y"'  =0 

6x"'+15y"'+     /"         =0 

y"'  +  Ms"'— 1=0 


/"=      « 


2211 


«  =  —  =  53.927 
^'       41 


Seecmdly.  "Rj  the  method  of  Art  85,  we  write  our  nonnal 
equations  thus: 

27a:  +   «y  —   88  =  ^ 

6x  +  15y  +     z—   19  =  B 

y  +  64«  —  107  =  C 

and,  carrying  out  the  elimination  as  if  A,  .B,  and  C  were  known 
quantities,  we  find 

19899  a;  =  49154  +  (809)4  —  324  B  +       6   C 

737y  =   2617  —     12  il  +  (54)5  —  C 

6633^=12707+       24—    9  fi  +  (128)  C 
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and,  therefore, 

49154     .,.  ,.         .  ,  ^  19899 

X  = with  the  weight  p.  =  — -— - 

19899  ^     '^'        809 

_  2617  „       „         „         ^787 

^        787  ^'       54 

12707  „       „         „  6638 

6638  ^'        123 

the  same  as  by  the  first  method. 

Thirdly.  By  the  method  of  Art  36,  to  find  x  and  its  weight 
we  eliminate  y  and  z  from  the  equation  in  x  (the  first  normal 
equation)  by  means  of  the  other  equations,  employing  successive 
substitutions.    The  last  normal  equation  gives 

=  —  1     4-  — 
^~      54^"^  54 

which  being  substituted  in  the  second  gives 

^      ,   809  3673      ^ 

6a;  A y =  0 

^  54  ^         54 

The  value  of  y  from  this,  namely, 

__324  8673 

*""       809^"*"   809 

being  substituted  in  the  first  normal  equation,  and  no  redaction 

being  made,  gives 

19899    49154  _ 

809  ^    809  "" 

where  the  coefficient  of  x  is  the  weight,  and  the  value  of  x  is  the 
same  as  before  found. 

To  find  y  and  its  weight,  we  make  the  second  the  final  equa- 
tion.   From  the  first  and  third  we  find 

6       .  88 
^  =  -27^  +  27 

1       ,   107 
"  =  -64y  +  -5¥ 

which  sabstitated  in  the  second  give 

787         2617      - 

-54-y--M-=* 

where  the  coefficient  of  y  is  its  weight. 
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Finally,  to  find  z  with  its  weight,  we  make  the  third  normal 
equation  the  final  one.    From  the  first  two  we  find 


which  substituted  in  the  third  gives 


6633 
123 


12707 
128 


454 
128 


=  0 


where  the  coefficient  of  z  is  its  weight,  and  its  value  is  the  same 
as  was  before  found. 

By  a  little  attention,  it  will  be  perceived  that  the  three  methods 
involve  essentially  the  same  numerical  operations. 

We  are  next  to  find  the  mean  errors  of  x,  y,  and  z\  for  which 
purpose  we  must  first  find  the  mean  error  of  an  observation^ 
assuming  here,  for  the  sake  of  illustration,  that  the  absolute  terms 
of  the  given  equations  of  condition  are  the  observed  quantities, 
and  that  they  are  subject  to  the  same  mean  error.  Substituting 
in  these  equations  the  above  found  values  of  x,  y,  and  z^  we 
obtain  the  residuals  as  follows : 


No. 

V 

ee 

1 

—  0.249 

0.0620 

2 

-0.068 

.0046 

8 

+  0.095 

.0090 

4 

—  0.069 

.0048 

m=i4,  A  =  8,      [»»]  =  0.0804 

-£^=0.0804 
m  —  p. 

Hence,  by  (61),  

e  ==  i/0,0804  =  0.284 

which  is  the  mean  error  of  an  observation,  so  far  as  this  error 
can  be  inferred  from  so  small  a  number  of  observations.  (^See 
the  next  article.)  Consequently,  the  mean  errors  of  a:,  y,  and  z 
are  as  follows: 

"Vp. 


=  0.057 
=  0.077 
=  0.089 


a 

i€ 

ti 

ii 

a 

it 
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Mnltipljing  these  errors  by  the  constant  0.6745,  we  shall  have 
(Art  16)  the  probable  errors  as  follows  : 

Probable  error  of  an  observation  =  0.192 
X  =  0.038 

y  =  0.052 

2  =  0.026 

39.  It  has  already  been  remarked  in  the  foregoing  pages,  and 
the  remark  is  especially  important  in  the  present  connection, 
that  the  method  of  least  squares  supposes  in  general  a  great 
number  of  observations  to  have  been  taken,  or  a  number  sufGl- 
ciently  great  to  determine  approximately  the  errors  to  which  the 
observations  are  liable.  Theoretically,  the  greater  the  number 
of  observations  the  more  nearly  will  the  series  of  residuals  ex- 
press the  series  of  actual  errors,  and,  consequently,  the  more 
correct  will  be  the  value  of  e  inferred  from  these  residuals.  In 
practice,  therefore,  no  dependence  should  be  placed  upon  the 
mean  or  probable  errors  deduced  from  so  small  a  number  of 
observations  as  we  have  employed,  for  the  sake  of  brevity  and 
clearness,  in  the  preceding  example.  Nevertheless,  the  method 
is,  even  in  this  case,  the  best  adapted  for  determining  the  most 
probable  values  of  the  unknown  quantities  deducible  from  the 
given  observations,  and  also  their  relative  degree  of  precision. 
Thus,  in  this  example,  the  degrees  of  precision  (denoted  by  A, 
Art.  10)  of  X,  y,  and  z,  being  inversely  proportional  to  the  mean 
errors,  or  directly  proportional  to  the  square  roots  of  the  weights, 
are  nearly  as  the  numbers  5,  3.7,  and  7.3,  so  that  from  the  four 
given  observations  z  is  about  twice  as  accurately  found  as  y, 
while  the  precision  of  z  falls  between  that  of  y  and  z.  But  we 
can  place  but  little  dependence  upon  the  result  which  assigns 
0.284  as  the  mean  error  of  observation,  and  0.067,  0.077,  0.039 
as  the  mean  errors  of  x,  y,  and  z,  because  this  result  is  derived 
from  too  small  a  number  of  observations. 

BQUATIONS  OF  CONDITION  FROM  NON-LINBAR  FUNCTIONS. 

40.  Let  the  relation  between  the  observed  quantities  V'j  V'V 
V\ . . .  and  the  unknown  quantities  JT,  F,  Z, . .  •  be,  for  the  ob- 
servations severally, 

/'  (F',  jr,r.^, )  =  0  \ 

r(F",  x,r,i^, )  =  o 

/'"(F",  X,  y,  z, )  =  0  j    (^^ 
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L6t  the  values  of  F',  F",  F'" . . . .,  found  by  observation,  be 
M\  M",  M"' ....  These  values  bemg  substituted,  we  shall 
have  the  equations 

r  (Jir,  jr,F,^,....)==0  /      _ 

&c.  ) 

from  which  the  values  of  JT,  F,  ^. . . .  are  to  be  found.  But,  as 
we  cannot  effect  the  direct  solution  of  these  equations  according 
to  the  method  of  least  squares  so  long  as  they  are  not  linear,  we 
resort  to  the  following  indirect  process,  by  which  linear  equations 
of  condition  are  formed.  Let  approximate  values  of  X,  F,  ^. . . .  be 
found,  either  by  some  hidependent  method  or  from  a  sufficient 
number  of  the  equations  (64)  treated  by  any  suitable  process,  and 
denote  these  approximate  values  by  JT©,  F©,  -2}, . . . .  Let  the  most 
probable  values  be 

jr=jr,  +  x,      r==  F,  +  y,      z=z,  +  z, 


then  x,  y,  ^ . . . .  are  the  corrections  required  to  reduce  our  ap- 
proximate values  to  the  most  probable  values ;  in  other  words, 
x,  y,  ^ . . . .  are  the  most  probable  corrections  of  the  approximate 
values,  and  the  method  of  least  squares  is  now  to  be  applied  in 
finding  these  corrections. 

Substitute  the  approximate  values  Xo,  I^  ^ . . .  in  (63),  and 
find,  by  resolving  the  equations,  the  corresponding  values  of 
V\  V" which  denote  by  7o',  Vf!' These  will  be  func- 
tions which  may  be  thus  generally  expressed : 


r;=j"(^^r,.^,. 

••) 

7-,"=2?"'(X„r„2;. 

•••) 

&c. 

ITow,  the  values  of  V\  V" which  result  when  the  most  pro- 
bable values  Xq+  x^  Yo+  y,  Zo+  z  are  substituted,  and  which 
are  yet  unknown,  being  denoted  by  iV',  iV"  ....  we  have 

N'  =F'  (JTo  +  x,  Fo  +  y,2ro  +  2r,.../, 

N"==F"iJr,  +  x,  F,  +  y,^o  +  ^,....) 

&o. 

and  by  Tatlor's  Theorem,  when  we  neglect  the  higher  powers 
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of  a;,  y,  z . . . .  which  are  supposed  to  be  very*  small  quantities,  we 
have 

^,      ^,   ,  dVi       ,   dVi      ,    dVi      , 

dV"  dV"  dV" 

where  -ttt'  -r;r-'  »<5'j  t^  TTr-»  *c.  are  simply  the  values  of  the 
dJi^  dX^  diQ   dio 

derivatives  of  F',  F"  . . . .  found  by  diflferentiating  (68)  with 

reference  to  each  of  the  variables,  and  afterwards  substituting 

J^Q,  Yi,  &c.  for  JT,  F, . . . .  &c. 

If  now  we  denote  the  derivatives  of  F',  F" with  reference 

to  JT  by  a',  a"  .... ;  their  derivatives  with  reference  to  Fby  6', 

6"  . . . .  &c. :  so  that 

N'  =Vi  +  a'x  +  h'y  +  dz  +  .... 

N"  =  V;'+a"x  +  6"y  +  d'z  +  .... 

&c.  &c. 

and  then  also  put 

t/  =  iV'  —  M\  v"  =  JV^"  —  Jf ",  Ac. 

n'  =  F;  —  Jf' ,  n"  =  Fo"  —  JIf ",  4c. 

our  equations  become 

a'x   +  ft'y   -^  (fz   +  . . .  +  n'  =  i/ 
a"a:  +  V'y  +  c"-  +  ...  +  n"  =  t;" 
a'"x  +  6'"y  +  c^'z  +  . . .  +  »'"  =  v"' 
&c.  Ac. 

in  which  a',  h' ...  a'\  V ...  n\  n" ...  are  all  known  quantities ; 
and  I?',  v'' ....  are  the  residual  errors  of  observation.  These 
equations  of  condition  are  precisely  like  those  already  treated, 
and,  being  solved  by  the  same  method,  give  the  most  probable 
values  of  a:,  y,  z  . . . .,  and  hence,  also,  the  most  probable  values 

of  -^r,  Yj  z . . . . 

This  process  rests  upon  the  assumption  that  the  approximate 
values  J[^,  Yq^Zq  ...  are  already  so  nearly  correct  that  the  squares 
of  x,  y,  ^  . . .  may  be  neglected.  But  should  the  values  found 
for  Xjjfy  z  ...  show  that  this  assumption  was  not  admissible,  the 
computation  is  to  be  repeated,  starting  with  the  last  found  values 
JTo  +  X,  Fo  +  y,  ^  +  «  . . .  as  the  approximate  values ;  and  then 
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the  correctionB  which  these  laat  require  will  generally  be  so  small 
that  their  higher  powers  may  be  neglected  without  sensible  error. 
However,  should  this  still  not  be  the  case,  successive  approxima- 
tions, commencing  always  with  the  last  found  values,  will  at 
length  lead  to  values  which  require  only  corrections  suitably 
small. 

Even  when  the  given  function  is  already  linear,  it  is  mostly 
expedient  to  follow  the  general  method  just  given:  namely,  to 
substitute  approximate  values  and  form  equations  of  condition 
to  determine  their  corrections.  This  reduces  x,  y,  z  . . .  to  small 
quantities,  greatly  simplifies  the  computations,  and  diminishcR 
the  chance  of  error. 


TREATMENT   OP   EQUATIONS   OP   CONDITION  WHEN   THE   OBSERVATIONS 
HAVE   DIFFERENT   WEIGHTS. 

41.  The  process  above  explained  assumes  that  all  the  observa 
tions  are  subject  to  the  same  mean  error,  and  hence  are  all  of 
the  same  weight.  The  more  general  case,  in  which  the  obser- 
vations are  of  different  weights,  is  easily  reduced  to  this  simple 
case.    For,  let 

a'x  +  yy  +  Cz  +....  +  n'  =  ?/ 

be  an  equation  of  condition  of  the  weight  p' ;  that  is,  one  formed 
for  an  observation  of  the  weight  p\  The  mean  error  of  an  ob- 
servation of  the  weight  unity  being  e^  the  mean  error  of  the 

actual  observation,  and,  therefore,  also  of  w',  is  e'  =  — '-•   Hence 

the  mean  error  of  n'\/p'  is,  by  Art.  20,  equal  to  t'-\/p\  that  is, 
equal  to  e^  H,  therefore,  we  multiply  the  equation  by  yp'^  so 
that  we  have 

a'l/p'  .X  +  Vx/p\y  +  (fx/p\2  +  . . .  +  nV/=  vV/ 

it  becomes  an  equation  in  which  the  mean  error  of  the  absolute 
term  is  the  mean  error  of  an  observation  of  the  weight  unity. 
Hence  we  have  only  to  multiply  each  equation  of  condition  by 
the  square  root  of  its  weight  in  order  to  reduce  them  all  to  the 
same  unit  of  weight ;  after  which  the  normal  equations  will  be 
found  as  in  other  cases. 

The  mean  error  of  observation,  found  by  (61)  from  the  equa- 
tions of  condition  thus  transformed,  will  be  that  of  an  observa- 

VoL.  II.— 34 
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ti<m  of  the  weight  unity,  and  the  weights  of  the  unknown  qnan- 
titieB  will  come  out  with  reference  to  the  same  unit. 


BLIMIKATION  OF  THB  UNKNOWN  QUANTITIBS  FROM  THB  NORKAl. 
BQUATIONS  BY  THB  HBTHOD  OF  SUBSTITUTION,  ACCORDING  TO 
GAUSS. 

42.  By  means  of  a  peculiar  notation  proposed  by  Gauss,  the 
elimination  by  substitution  is  carried  on  so  as  to  preserve 
throughout  the  symmetry  which  exists  in  the  normal  equations. 
In  order  to  explain  this  method,  it  will  be  expedient  to  suppose 
a  limited  number  of  unknown  quantities.  I  shall  take  but/o2£r, 
but  shall  give  the  process  in  so  general  a  form  that  it  may  readily 
be  extended  to  any  number. 

The  unknown  quantities  will  be  denoted  by 

and  their  coefficients  in  the  equations  of  condition  by 

a,  6,  {?,  dy 

respectively,  with  sub-numerals  denoting  the  number  of  the 
equation  or  observation  upon  which  it  depends,  and  by 

'^ij  f^tt  f^v  &c- 

ihe  absolute  terms  of  the  1st,  2d,  3d,  &c.  equations  respectively: 
so  that  the  m  equations  of  condition  (here  supposed  to  be 
reduced  to  the  same  weight  by  Art  41)  will  be 

«i^  +  \y  +  V  +  djW  +  n^  =0 
ajc  +  ^gy  +  V  +  djiD  -|-  n,  =  0 
fl^  +  6^  +  c^  +  <f  ,tt?  -f  n,  =  0  \     (65) 

ajc  +  hjf  +  cjs  +  4^w  +  n^  ==  0 
and  the  four  normal  equations  formed  from  these  are 


[aa]  X  +  [aft]  y  -\-{ac]z  +  [a^f]  w  +  [an]  =  0 
[a6]  X  +  [W]  y'\'\hc']z  +  \bd]w  +  [6n]  =  0 
[cx']x  +  \bc^y  +  \cc']z  +  [cd]  to  +  [en]  =  0 
[ad]x  +  [M]  y  +  [erf]  ^  +  [(W]  w  +  [rfn]  =  0 


(68) 
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The  yalae  of  z  from  the  first  equation  is 


581 


X  =  — J  tf 

[aay 


^,_C£3„      ^ 


laa]        laa^ 


10 


iad] 


If  this  ifl  substituted  in  the  other  three  equations,  we  shall  pre- 
serve the  symmetiy  of  the  result  by  the  following  notation : 


CM]-[£][a«q  =  [W.l] 
laa] 


i.'^-^i<"^  =  l<^-^l 


[6n] 


[06] 


[a«] 


[on]  =  [6n.l] 


[««]-^[«n]  =  [cn.l] 
idn]-^lan}  =  idn.l] 


The  three  equations  thus  become 

[66.1]y+[6c.l]z+[M.l]«>  +  [6n.l]  =  0     ^ 
[6(?.l]yH-[cc.l]z  +  [cd.l]w  +  [cn.l]  =  0     l     (67) 
[M.l]y  +  [af.l]«  +  [<M.l]w4-[dn.l]  =  0     j 

The  presence  of  the  numeral  1  is  all  that  distinguishes  these 
from  original  normal  equations  in  y,  z,  and  w.  The  elimination 
of  y  will,  therefore,  be  effected  in  the  same  manner  as  that  of  x. 
Thus,  from  the  first,  we  have 

^  [W.l]  [».l]  [W.l] 

the  substitution  of  wUch  in  the  other  two  equations  leads  to  the 
£[dlowing  notation : 


[«.l] 


Pel] 
[W.l] 


[6c.  1]  ==[«?.  2] 


[«il]-^^[Ml]  =  ^<i-2] 

C««i]-^73l[Wi]=[<«.2] 
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and  the  resulting  equations  are 


[cc.  2]  £r  +  [cd  .  2]  t<?  +  [en  .  2]  =  0 
lcd,2]z  +  [(W .  2]  t(7  +  [dn . 2]  ==  0 


(68) 


From  the  first  of  these  we  have 


,^       [^^-2]^       [en. 2] 
[cc.2]  [ec.2] 

which,  substituted  in  the  second,  leads  to  the  following  notation : 

[cin.2]-g^[cn.2]  =  [(in.3] 


[(W.2]-I^[cd.2]  =  [rf(i.8] 


and  the  resulting  equation  is 

[(W.8]tu+  [<£n.8]  =  0  (69) 


whence 


Idd.S} 


Having  thus  found  w,  we  substitute  its  value  in  the  first  of  (68), 
and  deduce  z.  Then  the  values  of  z  and  w  being  substituted  in 
the  first  of  (67),  we  deduce  y  ;  and  finally,  substituting  the  values 
^,  e,  and  w  in  the  first  of  {QQ)^  we  deduce  x.  These  latter  substi- 
tutions are  made  in  the  numerical  computation,  but  it  is  not 
necessary  to  write  out  here  the  formulae  which  result  from  the 
literal  substitutions,  as  it  would  not  facilitate  the  computation. 

It  may  be  observed  that  all  the  auxiliaries  \bh .  1],  \bc .  1],  {cc .  2], 
&c.,  may  be  expressed  by  the  general  formula 

[A'.M]  -  ^4  [•^•'^3  =  [ft',  (m  +  1)] 
[oa.A*] 

a,  )9,  Y  denoting  any  three  letters,  and  /i  any  numeral. 

For  the  convenience  of  reference,  the  final  equations  employed 
in  the  actual  computation  are  brought  together  as  follows,  the 
coefficient  of  that  unknown  quantity  which  is  found  from  each 
after  the  substitution  of  the  values  of  the  others  being  reduced 
to  unity : 
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^  laa]  *  ^ 

y  + 


[aa]     ^ 


W  + 


[66.1] 


«  + 


«  + 


[aa] 
[6d.l] 
[66.1] 

[CC.2]      ^[cc 


[a«] 
"'+[563]  =  ^ 


(70) 


2] 
^[dd.8] 

Ab  the  number  of  unknown  quantities  increases,  the  number  of 
auxiliaries  to  be  found  increases  veiy  rapidly.  If  we  include  the 
coefficients  and  absolute  terms  of  the  normal  equations,  the 
whole  nimiber  of  auxiliaries  is  shown  in  the  following  scheme  :* 


No.  of  unknown  quantities 

1 

2 

8 

4 

5 

6 

7 

8 

No.  of  auxiliaries 

2 

7 

16 

30 

50 

77 

112 

156 

43.  For  the  purpose  of  verification,  it  is  expedient  to  repeat 
the  elimination  in  inverse  order,  commencing  with  the  last 
normal  equation  and  ending  with  tiie  first,  which  will  bring  out  z. 
It  will  not  be  necessary  to  write  out  the  formulsB  for  this  inverse 
elimination,  since  when  the  form  for  computation  has  been  once 
prepared,  it  suflices  to  place  in  it  the  coeflicients  of  the  normal 
equations  in  inverse  order,  and  then  to  proceed  with  the  numeri- 
cal operations  precisely  as  in  the  first  elimination.  The  unknown 
quantities  coming  out  in  the  first  elimination  in  the  order  Wj  Zy 
y,  Xj  they  will  in  the  second  come  out  in  the  order  x,  y,  2:,  w. 

This  inversion  has  also  the  advantage  of  giving  the  weights  of 
all  the  unknown  quantities  with  the  greatest  facility,  as  will 
hereafter  be  shown. 

44.  A  very  complete  final  verification,  or  "  control,"  is  obtained 
as  follows.  Substitute  the  values  of  x,  y,  z,  w  in  the  equations  of 
condition,  and  thus  find  the  residuals  v^,  v„  t?, . . . .  r^,  or  the 
values  which  the  first  members  assume.    Form  the  sum 

[vr]  =  Vj  +  v^v,  +  r,r,  +  . . . .  +  vjo^ 


*  The  number  of  auxiliaries  will  be,  in  general, 

«(» +  !)(«  + 6) 
2.8 

where  t  denotes  the  number  of  unknown  quantities. 
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which  Ib  alBO  required  in  finding  the  mean  error  of  observation 
by  (61).    AIbo  form  the  following  new  auxiliaries : 

Inn}  =  n,iij  +  n^^  +  nj^  + +  nji^ 


r      1  [j^^Y  r  1-1 


tiieiiy  if  the  whole  computation,  both  of  the  normal  equations 
themselves  and  of  the  subsequent  elimination,  is  correct,  we 
must  have 

[tn;]  =  [nn.4]  (71) 

To  demonstrate  this,  we  observe  first  that  we  have  already,  by  (59), 

[w]  =  [im] 

K  now  we  go  back  to  the  equations  of  condition,  and  multiply 
each  by  its  n,  the  sum  of  the  products  is 

Ian"}  X  +  [6n]  y  +  {en}  z  +  [dn]  w  +  [»w]  =  [tm]  =  [w] 

If  this  equation  be  annexed  as  a  fifth  normal  equation  to  the 
group  (66),  and  the  successive  substitutions  are  made  in  it  as  in 
the  others,  beginning  with  a:,  it  evidently  becomes,  successively, 

[»n.l]y+  \m,V]zJ^[dn.\]w+  [nn.l]  =  [tw] 

[en. 2]  2:  +  [<in.2]ir  +  [nn.2]  =  [w] 

[<in.8]  w  +  [nn.3]  ==  [w] 

[nii.4]  =  [tw] 

which  last  is  the  same  as  (71), 

DETERMINATION    OF    THE  WEIGHTS    OF    THE    UNKNOWN   QUANTTCIIS 
WHEN  THE  ELIMINATION  HAS  BEEN  EFFECTED  BT  THE  METHOD  OF 

SUBSTITUTION. 

45.  By  the  general  method  explained  in  Art.  86,  the  elimina- 
tion would  have  to  be  performed  as  many  times  as  there  are 
unknown  quantities.  It  is  desirable  to  have  more  direct  methods. 
When  there  are  but  four  unknown  quantities,  we  can  find  their 
weights  from  the  auxiliaries  occurring  in  two  successive  elimina- 
tions in  inverse  order.  In  the  first  elimination,  according  to  the 
order  a,  6,  c,  dy  we  find  w  by  substitution  in  the  last  normal 
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equation,  and,  the  coeflEicient  of  w  being  then  [dd.  8],  it  foUowa, 
by  Art  86,  that  the  weight  of  the  value  of  w  is 

In  the  inverse  elimination,  in  the  order  d^  c,  b,  a,  the  coefficient 
of  X  in  the  final  equation,  which  would  be  denoted  bj  [aa .  8], 
will  be  the  weight  of  x,  or 

l>.  =  [aa.8] 

Now,  if  a  third  elimination  were  carried  out  in  the  order  x,  y,  W7,  z, 
or  a,  bj  dj  e  (the  third  normal  equation  now  taking  the  last  place), 
we  should  have  the  same  auxiliaries  as  in  the  first  elimination, 
so  figtr  as  those  denoted  by  the  numerals  1  and  2 ;  and  the  equa- 
tions (68)  would  still  be  the  same,  but  in  the  following  order: 

Idd.Z]  w  +  lcd.2']  z  4-  [<fn.2]  =  0 
[cd.2]w+  [cc.2]2:  +  [cn.2]=0 

The  value  of  w  given  by  the  first  of  these  is 

^ef.2]  [(fn.2] 

[d4.2]  [^.2] 

which,  substituted  in  the  second,  gives  for  the  coefficient  of  z^ 
Therefore  we  have 


l>.  =  [cc.2] 


[^.2] 


In  the  fourth  supposed  elimination,  in  the  order  d^  c,  a,  b^  th^. 
auxiliaries  denoted  by  1  and  2  would  be  the  same  as  in  our 
actually  performed  second  elimination ;  but  in  the  final  equation 
in  y  we  should  have  for  the  coefficient  of  y  the  quantity 

[W.3]  =  [66.2]  -  Mlg.  [a6.2]  =  [aa.8]  X  ^ 
[aa.2j  \aa,  2j 

and,  therefore, 

'--^'^■^'^ 

Thus,  when  the  elimination  has  been  once  inverted,  we  have 
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found  the  weights  of  two  of  the  unknown  quantities  directly, 
and  the  weights  of  the  other  two  in  terms  of  the  auxiliaries  pre- 
viously used,  and  in  a  form  adapted  for  logarithmic  computation. 

46.  In  order  to  give  the  above  method  greater  generality,  so 
that  the  reader  may  be  enabled  to  extend  it  to  a  greater  number 
of  unknown  quantities,  we  remark  that  the  product  of  the  form 


P=laa]  [W.  1]  [cc.2]  [rfd.8] 


has  the  same  value  whatever  order  may  be  followed  in  the  elimi- 
nation. This  is  the  same  as  saying  that  it  is  a  symmetrical  func- 
tion of  a,  6,  (?,  d . . .  which  is,  consequently,  not  affected  in  value 
by  the  permutation  of  these  letters.*  Suppose,  then,  four  orders 
of  elimination,  in  which  each  unknown  quantity  in  turn  becomes 
the  last,  while  the  order  of  the  remaining  three  quantities 
remains  the  same ;  and,  to  distinguish  the  auxiliaries  which  occur 
in  each  elimination,  let  the  letter  which  occurs  in  the  last  auxiliary 
be  annexed  to  each  of  the  others ;  the  above  constant  product 
may  thus  be  expressed  in  the  following  four  forms : 

=  laallhbAlldd.2llcc.S'] 
=  [^«]»  {.cc .  1]^  Idd .  2]^  Ibb .  3] 
=  U>^la  ^^•l].[<^<^-2].  [aa.3] 

Now,  it  is  evident  that  each  time  a  new  unknown  quantity  Is 
made  the  last,  we  do  not  change  aU  the  auxiliaries,  but  only 
those  which  involve  the  letter  which  has  become  the  last  in  the 
new  order.  It  is  readily  seen,  therefore,  that  if  we  annex  a  letter 
to  those  auxiliaries  only  which  have  a  different  value  from  that 
which  is  denoted  by  the  same  symbol  in  the  first  elimination,  we 
shall  have,  simply, 

P=[aa][W.l]  [cc.2]  [dd.S^ 
=  laa]  [66.1]  Idd. 2^  [cc  .8] 
=  lad]  [ccA]  [(W.2]j[W.8] 
=  [66][cc.l].[(M.2].[aa.3] 

*  The  quantity  P  is,  in  fact,  nothing  more  than  the  common  denominator  of  the 
▼alues  of  z,  y,  Xi  to,  when  these  Yaluee  are  reduced  to  functions  of  the  known  quan- 
tities and  in  the  form  of  simple  fractions ;  and  this  common  denominator  must  tJi* 
dently  have  the  same  value  whatever  order  of  elimination  is  foUowed. 
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from  which  we  deduce 


ldd,2} 


p  =[66.3]  =  [W.l].t^^.C^^:a  >     (72) 

'^^       *■         J       «■        J  j.^^  j^    ldd,2\  ' 

r       Q-i       r     -.    [**•!]    [^^-2]    [rf(i.3] 
^-       *■         ■■       ^    ■*      [^^]      [eel].  [^.2]. 

If  this  method  is  applied  in  the  ease  of  six  unknown  quantities, 
we  shall  in  each  of  two  eliminations  have  the  weights  of  three 
of  the  unknown  quantities  by  computing  each  time  but  one  new 
auxiliary,  and,  therefore,  the  weights  of  all  six  when  the  second 
elimination  is  the  inverse  of  the  first.  In  the  case  of  but  four 
unknown  quantities,  by  inverting  the  elimination  we  can  find 
the  weights  of  z  and  y  twice,  and  thus  verify  our  work. 

47.  If  we  have  but  three  unknown  quantities,  the  weights  are 
determined  at  the  same  time  with  x,  y,  and  z  themselves,  by  a 
single  elimination  in  the  order  a,  ft,  ^,  in  which  z  comes  out  first 
with  the  weight 

p,  =  lcc,2] 

and  then  y  and  2:,  with  the  weights 

Ice,  2] 


p^  =  [aa.2]=  [aa]. 


[oc.l] 
[66.1]   [gg.2] 
[66]   '[cc.l]. 
in  which 

[cc.l].  =  [cc]-M[;^] 

INDEPENDENT   DETERMINATION   OF  EACH    UNKNOWN   QUANTITY  AND 
ITS  WEIGHT,   ACCORDING  TO  GAUSS. 

48.  Let  the  four  equations  (70)  be  multiplied  respectively 
by  1,  -4',  -4.",  ^'",  and  let  these  factors  be  determined  by  the 
condition  that  in  the  sum  of  the  products  the  coefiScients  of  y, 
Zj  and  to  shall  be  zero.  Also,  let  the  last  three  equations  of  (70) 
be  multiplied  respectively  by  1,  5",  5'",  and  let  these  factors 
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be  determined  by  the  condition  that  in  the  sum  of  the  products 
the  coefficients  of  z  and  to  shall  be  zero.  Finally,  let  the  last 
two  equations  of  (70)  be  multiplied  respectively  by  1,  C",  and 
let  C"  be  determined  by  the  condition  that  in  the  sum  of  the 
products  the  coefficient  of  w  shall  be  zero.  The  conditions 
which  determine  these  factors  are  then 

0  =  [?*2     +  A' 

[oa] 

[aa]     ^[W.l]      ^ 

[W.l]  ^ 

[66.1]  ^[cc. 2]        ^ 

[^^ 

[cc.2]^ 

and  the  final  values  of  z,  y,  2,  w,  in  tenns  of  these  factors,  are 
given  as  follows : 


\m\  [6n.l]  [en.  2]  [dn.8] 

[aa]     "^[66.1]       "^  [cc.2]       "^  [<W.8] 


(7*) 


^       [66.1]  "^[00.2]       "^[dd.S] 

_     ^[cn.2]       [dn.8] 
[cc.2]  """  [dd.8] 

■-^[<^»8] 
[<W.8] 

49.  As  the  equations  (73)  are  above  arranged,  all  the  factors 
A  are  determined  from  the  first  system  of  three  equations ;  the 
factors  B  from  the  second  system  of  two  equations,  &c. ;  in  each 
case,  by  successive  substitution.  This  method  then  enables  oa 
to  find  each  unknown  quantity  independently  of  the  others. 

Another  form  may  be  ^ven  to  the  computation  of  the  auxiliary 
fiictors.  Since  in  the  formation  of  the  equations  (74)  we  have 
regarded  \an\,  [6n],  [en],  &c.  as  independent,  we  must  still  sa 
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regard  them  when  we  invert  the  process  and  recompose  the 
equations  (70)  from  (74).   If,  then,  we  multiply  the  equations  (74) 

respectively  by  1,  ^ — ^»  ^ — ^>  7 — h  and  add  the  products  in  order 
^  ^    ^     ^  [ad]  lad]  [ad]  ^  ^ 

to  recompose  the  first  of  (70),  the  coefficient  of  [aw]  will  be  - — ^ 

but  the  coefficients  of  [bn .  1],  [en .  2],  &c.  must  severally  be  equal 
to  zero.  The  same  principle  will  apply  when  we  recompose  the 
second  equation  of  (70)  from  the  last  three  of  (74),  &c.  Hence 
we  have 

C«a] 
^  [aa]         ^  lad] 

^[W.l] 

[W.l]        ^[W.l] 

According  to  this  scheme,  we  first  find  A\  B",  C"  from  the 
equations  in  which  they  occur  singly ;  then,  with  these  factors, 
we  find  the  values  of  A"^  B'",  from  the  equations  involving  two 
factors,  &c. 

50.  Again,  let  us  write  the  8d,  5th,  and  6th  equations  of  (75) 
In  the  following  order : 

j^m  ,S£^ 2"' 4.^^C"    -|-£^     =  0 
[««]  [««]  [««] 

^[cc.2] 

Comparing  these  with  the  first  three  of  (70),  we  at  once  infer 
that  A'",  B'",  C"  are  those  values  of  x,  y,  z,  respectively,  which 
we  should  obtain  from  our  first  three  normal  equations  by  putting 
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10=^1  and  omitting  the  terms  in  n  ;  or,  going  back  to  (66),  that 
A"'y  jB'",  C"  may  be  determined  by  the  following  conditions : 

[aa]  A'"  +  [a6]  P'"  +  [ac]  C"  +  [a^  =  0 

[ab]  A!"  +  [66]  B'"  +  [6c]  C"  +  [6d]  =  0 

[ac]  A'"  +  [6c]  B*"  +  [cc]  C"  +  [c(i]  =  0 

K  now  we  multiply  the  normal  equationo  (66)  by  ^'",  J5"',  C", 
and  1,  respectively,  and  add  the  products,  the  conditions  just 
given  will  cause  x,  y,  and  z  to  disappear,  and  the  resulting  equa- 
tion in  w  must  be  identical*  with  (69) :  so  that  A'",  5'",  C" 
must  also  satisfy  the  following  condition : 

[an]  ^"'  +  [6n]  J?'"  +  [en]  C"  4-  \dn\  =  [<fn .  3]  (76) 

The  second  and  fourth  equations  of  (76)  being  written  as  follows, 

^  [66.1] 

and  compared  with  the  first  two  of  (70),  we  infer  that  A"^  B" 
are  those  values  of  x  and  y  which  we  obtain  from  the  first  two 
normal  equations  by  putting  ^  =  1,  t(7  =  0,  and  omitting  the 
terms  in  n;  that  is.  A''  and  B''  must  satisfy  the  conditions 

[aa]  A"  +  [a6]  B"  +  \axi]  =  0 
[a6]  A"  +  [66]  B"  +  [6c]  =  0 

Therefore,  if  we  multiply  the'  first  three  normal  equations  (66)  by 
A"y  JB",  1,  respectively,  and  add  the  products,  x  and  y  will  dis- 
appear, and,  the  resulting  equation  being  identical  with  the  first 
of  (68),  we  must  also  have 

[an\  A"  +  [6n]  B"  +  [en]  =  [en .  2]  (77) 

Lastly,  it  is  evident  that  A'  must  also  satisfy  the  condition 

[an]  A'  +  [fcn]  =  [6n .  1]  (78) 

From  these  relations  we  readily  infer  general  formulae  for  the 
weights  of  the  unknown  quantities. 

*  The  equation  (69)  ia  the  last  normal  equation,  unchanged  except  by  the  subBtitn- 
tion  of  equivaUntt  for  x,  y,  and  z  ;  and  in  the  present  article  we  eliminate  z,  y,  and  t 
by  the  use  of  factors,  but  do  not  change  the  last  normal  equation,  since  we  multiply 
it  by  unity. 
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According  to  Art.  34,  the  reciprocal  of  the  weight  of  x  is  that 
value  which  we  obtain  for  x  if  we  put  [aw]  =  —  1  and  [6n]  =  [en] 
=  \dn\  =  0.  But,  under  these  conditions,  the  equations  (76), 
(77),  (78)  give 

[(i».8]  =  — A'",        [cn.2]  =--^",        [6n.l]  =  — ^' 
In  order,  therefore,  that  the  value  of  x  given  by  the  first  equa- 
tion of  (74)  may  become  — ,  we  have  only  to  substitute  —  A'"^ 

—  A",  —  A\  —  1,  respectively,  for  \dn .  8],  [en .  2],  \hn .  1],  [an]. 
In  the  same  manner,  the  weight  of  y  being  found  by  putting 
[bn]  =  —  1  and  [ari]  =  [en]  =  [dn]  =  0,  we  have  to  put 

[(in. 3]  =  —  JB'",        [en. 2]  =  —B',        [6n.l]  =  —  1 

in  the  second  equation  of  (74),  in  order  that  we  may  put  —  fory 
For  the  weight  of  z  we  have  to  put 

[(fn.3]  =  —  C",  [en. 2]  =  —  1 

in  the  third  equation  of  (74),  and  —  for  ^. 

Pa 

For  the  weight  of  w,  we  have  to  put 

[dn.3]  =  — 1 
in  the  last  equation  of  (74),  and  change  w  to  — - 
The  final  formulae  for  the  weights  are,  therefore, 
11  A'A'        A'A"       A"  A'' 


(79) 


P.      [aa]  ibb.Y]   '   [cc.2]    '   [dd.8] 

_1^_^^ B"B"       B"'B" 

J»,~  [66.1]"*"  [cc.2]  "^  [dd.8] 

Jl  =  1  ,  C"'0"' 
i>.~  [cc.2]  "•"[<«.  8] 
1  1 

i>.~[<W.8] 

MEAN  BBBOB  OF  A  LINEAR  FUNCTION  OF  THE  QUANTITIES  X,  y,  Z,  W. 

60.  To  find  the  mean  error  of  the  function 

Z=fx-{-gy +  hz-lriw-\.l  (80) 

when  X,  y,  z,  w  are  dependent  upon  the  same  oba&vations. 
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The  quantities  x,  y,  z,  w  not  being  directly  observed,  their 
mean  errors  cannot  be  treated  as  independent,  as  was  done  in 
the  case  of  directly  observed  quantities  in  Art  22.  We  might 
proceed  by  the  method  of  Art  23;  but,  as  we  here  suppose 
X,  y,  ZjW  to  have  been  determined  from  the  normal  equations 
(66),  we  can  obtain  a  more  convenient  method  by  the  aid  of  the 
auxiliaries  which  have  been  introduced  in  the  general  elimina- 
tion. The  quantities  z,  y,  z,  w  being  functions  of  the  directly 
observed  quantities  n',  n",  n'",  . . .  the  mean  error  of  X  can  be 
readily  obtained  by  the  principles  of  Art  22,  if  we  first  reduce 
X  to  a  function  of  these  observed  quantities.  For  this  purpose, 
if  the  values  of  a:,  y,  r,  w  deduced  from  (70)  be  substituted  in  X, 
we  shall  have  an  expression  of  the  form 

Jr=  k^  {an\  +  *,  [^11.1]  +  Ar,  [en. 2]  +  A,  [dn.  3]  +  I      (81) 

in  which  the  coefficients  k^  A^j,  Ar,,  k^  are  functions  of  [aa],  [oft], 
&c.  In  order  to  determine  these  coefficients,  let  us  substitute  in 
this  expression  the  values  of  [an\f  [6n.  1],  &c.  given  by  (70).  We 
find 

X=  —  \aa\kjc--      [«^]*ay—     MV—     [ad:\kj^ '\-l 
—  [66. 1]  A^y  —  [6c.  1]  V—  [6d.  1]  k^w 
—  [cc .  2]  A:^  —  [cd .  2]  kjio 
—  [(W.8]A,w 

which  becomes  identical  with  (80)  by  assuming 

lah^k,+  \bb.r\k,  =  -g 

[a<j]it^+ [6c.l]Aj  +  [cc.2]A,  =  — *  (    C»^J 

[a^*o  +  P^l]*i+[^^-2]*,+  [<W.8]Ar,  =  — t     ) 

These  equations  fully  determine  the  coefficients.  We  find  k^ 
directly  from  the  first,  and  then  A^,  k^  A,,  by  successive  substitu- 
tions in  the  others. 

Now,  to  find  the  mean  error  of  X  under  the  form  (81),  let  the 
mean  error  of  each  of  the  observed  quantities  n',  n",  n'"  ....  be 
denoted  by  e  (these  observed  quantities  being  supposed  of  equal 
weight,  or,  rather,  the  equations  of  condition  being  supposed  to 
have  been  reduced  to  the  same  weight),  and  let  the  correspond- 
ing mean  errors  of 

[an],        [611.1],        [en.  2],        [in.  8],        X, 
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be  denoted  by 

E^       E^       M^       E^        C*-^* 
Since  we  have 

[an]  =  aV+  a'V+  a"V"+  .... 

we  have,  by  Art  22, 

^/  =  [aa]«« 
^gain,  we  have 

and  hence 

=  [66.1]f« 

In  a  similar  manner,  we  have,  also, 

E^  =  [cc.  2]  c«,  J&,«  =  [rf(f  .8]c« 

The  quantities  x,  y,  2:,  w,  being  determined  from  the  eqnationa 
(70),  their  mean  errors  involve  those  of  the  quantities  [an],  [6n.  1], 
[en. 2],  [rfn.8],  precisely  as  if  the  latter  had  been  independently 
observed  quantities  affected  by  the  mean  errors  just  determined. 
Hence  also  in  (81)  we  regard  [an],  [6n.l],  &c.  as  independent; 
and  it  then  follows  directly  from  tiie  principles  of  Art  22  that 

(tX)«  =  V^.'  +  K^i  +  K'^M+  V-^t" 
or 

(cjr)«=  (V[aa]  +  VP^.l]  +  K'{cc.2'\  +  V[^-3])  t«  (83) 

61.  Prom  the  preceding  article  we  may  easily  find  the  for- 
mulae (74)  and  (79).  The  function  X  becomes  x  when  we  assume 
/=1,  ^  =  A  =  2  =  i  =  0;  and  then  (81)  gives  x  while  (83)  gives 

t^y  and  hence  the  weight  =  — .     This  hypothesis  gives  in  (82) 

[aa]  i^j  =  — - 1 ;  and  the  remaining  equations  of  (82)  are  identical 
with  the  first  three  of  (73)  if  we  put  \bb .  1]  k^  =  —A',  [ec.  2]  *, 
=  —  A"y  [dd .  8]  A:,  =  —  -4.'";  and  then  (81)  becomes  identical  with 
the  first  of  (74),  and  (83)  with  the  first  of  (79).  In  a  similar 
manner  we  may  deduce  the  remaining  equations  of  (74)  and  (79). 
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Example. — In  order  to  exhibit  the  numerical  operations  which 
the  preceding  method  requires,  in  their  proper  order  and  within 
the  limits  of  the  page,  I  select  an  example  involving  but  three 
unknown  quantities.  The  following  equations  of  condition  were 
proposed  by  Gauss  {Theoria  Mollis  Corp,  Cod.^  Art.  184)  to  illus- 
trate his  method: 

(1)  a:  —    y  +  2^  =    3 

(2)  Zx  -\-2y  —  f>z=  5 
(8)  4a:  4-  y  +  4z  =  21 
(4)    —  2x  +  6y  +  62r  =  28 

of  which  the  first  three  are  supposed  to  have  the  weight  unity, 
while  the  last  has  the  weight  J.  Multiplying  the  last  by  v^  J  =  } 
(Art.  41),  the  equations  of  condition,  reduced  to  the  same  weight, 
are — 

(1)  a;  —    y  4-  2^  —    3  =  0 

(2)  8a:+2y  — 5^—    5  =  0 

(3)  4x  +    y  +  4z  —  21  =  0 

(4)  —  a;  +  3y  +  32r  —  14  =  0 

The  next  step  is  to  form  the  coefficients  \aa\  [oi],  &c.,  of  the 
normal  equations.  In  the  present  example  this  can  be  done  very 
easily  without  the  aid  of  logarithms;  but,  in  order  to  exhibit  the 
work  usually  required  in  practice,  I  shall  give  the  forms  for 
logarithmic  computation.  The  sums  of  the  coefficients  of  the 
unknown  quantities  will  be  employed  as  checks,  according  to 
Art.  80.  Their  logarithms,  together  with  those  of  a,  6,  c,  n,  are 
given  in  the  following  table : 


log  a 

logi 

loge 

log* 

logn 

0.00000 

nO.OOOOO 

0.80103 

0.80108 

n0.47712 

0.47712 

0.80108 

nO.69897 

—  oo 

nO.69897 

0.60206 

0.00000 

0.60206 

0.95424 

nl.32222 

nO.OOOOO 

0.47712 

0.47712 

0.69897 

nl.l4618 

(1) 

(2) 
(8) 
(4) 

It  is  important,  where  many  operations  are  to  be  performed,  to 
write  down  no  more  figures  than  are  necessary  for  the  clear  prose- 
cution of  the  work.  Hence,  in  combining  the  preceding 
logarithms  it  will  be  found  expedient  to  proceed  as  follows. 
Write  each  log  a  upon  the  lower  edge  of  a  slip  of  paper;  then, 
placing  this  slip  so  that  log  a  shall  stand  over  log  a,  log  6,  log  c, 
&c.,  of  the  same  horizontal  line,  in  succession,  add  together  the 
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two  logarithms  mentaUy^  and,  with  the  sum  in  the  heady  take  from 
the  logarithmic  tahle  the  corresponding  natural  numher  {aa^  aby 
acy  aSy  or  an),  which  place  in  a  column  appropriated  for  the  pur- 
pose. Then  write  log  b  in  the  same  manner,  and  form  bb,  bcy  bSy 
bUy  and  so  proceed  to  form  all  the  coefficients  of  the  normal 
equations,  as  in  the  following  table: 


ill 


[«a] 

[aft]       1 

[acj 

[«] 

[a«]        1 

[66] 

m        1 

+ 

+ 

— 

+ 

-- 

+ 

— 

+ 

— 

+ 

+ 

— 

1.0 

1.0 

2.0 

2.0 

8.0 

1.0 

2.0 

9.0 

6.0 

15.C 

0.0 

15.0 

4.C 

10.0 

16.0 

4.0 

16.0 

86.0 

84.0 

1.0 

4.0 

1.0 

8.0 

8.0 

6.0 

14.0 

9.C 

9.0 

10.0 

4.0 

18.0 

18.0 

88.0 

60 

14.0 

102.0 

18.0 

12.0 

+  27.0 

+  € 

.0 

0 

.0 

+  J 

W.O 

—  68.0 

+  15.0 

+ 

1.0 

M 

[6n] 

[oc] 

[«] 

[en] 

[mj 

[nn\ 

+ 

— 

+ 

— 

+ 

+ 

— 

+ 

— 

+ 

— 

+ 

2.0 

8.0 

4.0 

4.0 

6.f 

6.0 

9.0 

0.0 

10.0 

26.0 

0.0 

25.0 

0.0 

25.0 

9.0 

21.0 

16.0 

86.0 

84.C 

189.0 

441.0 

15.0 

42.0 

9.0 

15.0 

42.(. 

ia2.o 

70.C 

196.0 

24.0 

2.0 

8.0 

78.0 

55.0 

0.0 

25.0 

0.0 

265.0 

+  2 

2.0 

— 

^0.0 

+  54.0 

+  ^ 

)5.0 

-1 

07.0 

—  2 

65.0 

+  671.0 

Having  ascertained  that  the  results  satisfy  the  test  equations 
(48),  we  can  write  out  the  normal  equations  as  follows: 

27x+    6y  _    88  =  0 

6a;  +  15y-t-      z—    70  =  0 

y  4-  64^  __  107  =  0 

We  proceed  to  determine  the  values  of  x,  y,  Zy  according  to 
our  general  formulae,  still  carrying  out  the  work  with  logarithms 
for  the  sake  of  illustration.  Here,  again,  system  and  concise- 
ness are  indispensable.  The  whole  computation  is  given  below 
nearly  in  the  form  proposed  by  Encke.  This  form  corresponds 
to  the  group  of  equations  (70).  It  is  divided  into  three  principal 
compartments,  corresponding,  respectively,  to  the  first  three  equa- 
tions of  (70),  each  beginning  one  column  farther  to  the  right.  In 
the  first  compartment  the  first  line  of  numbers  contains  the  values 
of  [aa],  [a6],  &c.,  the  second  line  their  logarithms,  and  the  third 
line  the  logarithms  of  the  coeflicients  of  the  first  equation.  The 
logarithms  in  this  third  line  are  formed  by  subtracting  the  first 
iog.  in  the  second  line  from  each  of  the  subsequent  ones,  for  this 
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purpose  writing  the  first  logarithm  upon  the  lower  edge  of  a  slip 
of  paper. 

In  the  second  compartment,  the  first  line  contains  the  values 
of  [66],  [6c],  kc. ;  the  second  line,  the  quantities  subtractive  from 
these,  according  to  the  formulse  in  Art.  42.  To  form  these  sub- 
tractive  quantities,  write  the  logarithm  of  p — ^  (which  is  here 

9.84679)  upon  the  lower  edge  of  a  slip  of  paper,  and  hold  it  suc- 
cessively over  log  [a6]  and  each  of  the  subsequent  logarithms  in 
the  same  line ;  add  the  two  logarithms  mentally  in  each  case,  take 
the  corresponding  natural  number  from  the  logarithmic  table, 
and  write  it  in  its  place  below.  Subtracting  these  numbers,  we 
have  the  values  of  [66.1],  [6c.  1],  &c.  The  fourth  line  contains 
the  logarithms  of  these  quantities ;  the  fifth,  the  logarithms  of  the 
coefficients  of  our  second  equation,  formed  by  subtracting  the 
first  logarithm  of  the  preceding  line  from  each  of  the  subsequent 
ones  in  that  line. 

In  the  third  compartment  we  have — first,  the  values  of  [cc],  &c. ; 
secondly,  the  values  of  the  subtractive  quantities  formed  from 
the  last  line  of  the  first  compartment  as  before ;  thirdly,  the 
remainders  which  are  the  values  of  [cc.l],  &c.  The  fourUi  line 
contains  the  values  of  the  quantities  which  are  subtractive  from 
the  preceding  and  are  formed  from  the  last  line  of  the  second 
compartment  by  adding  the  first  logarithm  of  that  line  to  the 
logarithm  immediately  above  it  and  to  each  of  the  subsequent 
logarithms  in  the  same  line ;  the  fifth  line  contains  the  remain- 
ders which  are  the  values  of  [ec.  2],  &c. ;  the  sixth  line,  the  loga- 
rithms of  these ;  and  the  last  line,  the  logarithms  of  the  coeffi- 
cients of  our  third  equation. 

For  control,  we  carry  through  the  operations  upon  [as]j  [bs], 
&c.,  precisely  as  upon  the  other  quantities;  and  then,  according 
to  the  arrangement  of  the  scheme,  we  should  have,  if  we  have 
computed  correctly,  each  sum  containing  s  equal  to  the  sum  of 
the  quantities  on  its  left  in  the  same  line,  together  with  those  of 
the  same  order  in  a  vertical  column  over  the  first  number  in  this 
line.    Thus,  we  must  have,  in  the  present  case, 

[6«.l]  =  [66.1]  +  [6c. 1]  [«n.l]  =  [6n.l]  +  [cn.l] 

[cs.l]  =  [cc.l]  +  [6c. 1]  [5n.2]  =  [cn.2] 

[c«.2]  =  [cc.2] 

relations  easily  proved  by  means  of  the  formulae  of  Art.  42  com- 
bined with  (48). 
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The  columns  [m]  and  [pri]  are  added  to  the  third  compart- 
ment in  order  to  form  the  quantity  [wn.  3],  from  which  the  mean 
error  of  observation  is  to  be  deduced,  as  will  be  shown  hereafter. 


[aa] 

+  27.000 
1.43186 


[db] 

+  6.000 
0.77816 
9.34679 


—  88.000 

0.000 

+  21.305 


—  66.696 
nl. 82409 
logz==  0.89273 


[bb] 

+  15.000 
+    1.888 


+  18.667 
1.18666 


—  50.444 

+  2-916 

—  48:528 
nl.68599 

logy  =  0.55083 


[oc] 
0.000 

—  00 

—  oo 


[6c] 

+  1.000 
0.000 


+  1.000 
O.OOOOi. 
8. 8643  J 


[cc] 

+  54.000 
0.000 


f  64.000 
-h    0.078 


f  63.927 
1.78181 


+  88.000 
1.61861 
0.08716 


[bi] 

+  22.000 
+    7.838 


14.667 

1.16638 

0.0300 


+  55.000 
0.000 


+  56.000 
+    1.078 


+  68.927 


[an] 

—  88.000 
nl. 94448 
n0.61812 


[6n] 

70.000 
19.556 


-  50.444 
nl.70281 
fi0.567l5 


[en] 

—  107.000 
0.000 


—  107.000 

—  8.691 


-  103.309 
112.01414 


[sn] 

—  265.000 

—  107.565 
^167.445 

54.185 


—  108.810 


log  (—  z)  =  wO.28288  [nn .  8]  =  + 


[nnj 

+  671.000 
+  286.818 

+  884'.187 
+  186.191 

+197799^ 
+  197.909 
0.087 


After  z  has  been  found,  its  value  is  substituted  in  the  second 
equation  of  (70),  and  y  is  deduced.  Then,  the  values  of  y  and  z 
being  substituted  in  the  first  equation,  we  find  z.  The  numerical 
computations  are  given  above  in  the  margin. 

Then,  for  the  weights,  by  Art.  47,  we  have  first  to  find  the 
additional  auxiliary 

[c(r.l].=  [cc]-^j[6c] 
and  by  the  formulse  of  that  article  we  have — 


[66] 

[6c] 

+  15.000 

+  1.000 

1.17609 

0.00000 

8.82391 

[cc] 

+  54.000 

+    0.067 

Ice. la]  = 

:+ 68.988 

log  [66.1]    1.18566 
log  [66]         1.17609 

log[oj.2] 
log[cc.l] 
log  [cc.  1]<J 

1.78181 
1.78289 
1.78185 

1.48186 
9.95957 
9.99996 

1.18566 
9.99942 

1.78181 
logft 

1.13508 
logP, 

1.89089 
log  P. 
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The  final  result  is  then 

a:  =  +  2.4702  with  the  weight  24.597 
y  = +  3.6508     «  «       13.648 

z  =  +  1.9157     «  «       53.927 

It  only  remains  to  substitute  the  values  of  a:,  y,  and  z  in  the 
original  equations  of  condition,  to  form  the  residuals  i\  and  from 
these  to  determine  the  mean  error  of  observation.  Since  here 
there  are  but  three  unknown  quantities,  we  have,  by  (71), 

[rv]  =  [nn .  3] 

and  hence  the  mean  error  of  an  observation  of  the  weight  unity 
is,  by  (61),  m  being  the  number  of  equations  of  condition, 


=>K^)=«-' 


The  direct  computation  of  the  residuals  is,  therefore,  not  necessarj 
for  determining  e:  nevertheless,  it  is  desirable  in  most  cases  to 
resort  to  the  direct  substitution  also,  not  only  for  a  final  verifica- 
tion,  but  in  order  to  examine  the  several  observations,  and  to 
obtain  the  data  for  rejecting  any  doubtful  one  by  the  use  of 
Peirce's  Criterion,  to  be  given  hereafter.  This  direct  substitu- 
tion has  already  been  carried  out  for  this  example  on  p.  525, 
where  we  have  found  [vv]  =  0.0804,  which  agrees  with  the  above 
value  of  [n/i.  8]  as  nearly  as  can  be  expected  with  the  use  of  five- 
decimal  logarithms. 

52.  It  not  unfrequently  happens  that  one  of  the 'unknown 
quantities  is  such  that  the  given  observations  cannot  determine 
it  with  accuracy.  For  example,  in  the  reduction  of  a  number 
of  observations  of  an  eclipse,  one  of  the  unknown  quantities  is  a 
correction  of  the  moon's  parallax ;  but,  unless  the  places  of  ob- 
servation be  remote  from  each  other,  the  correction  will  be  very 
uncertain,  and  this  uncertainty  will  affect  all  the  other  quantities 
which  enter  into  the  equations  of  condition.  In  such  a  case,  this 
unknown  quantity  will  come  out  with  a  small  coefficient,  which 
of  itself  will  reveal  the  existence  of  the  uncertainty  when  it  is 
not  otherwise  anticipated.  In  order  that  this  uncertainty  may 
not  affect  those  quantities  which  are  well  defined  by  the  obser- 
vations, it  is  expedient  to  determine  all  the  latter  as  functions  of 
the  uncertain  quantity,  which  for  that  purpose  must  be  made  the 
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last  \n  the  elimination.  Thus,  with  four  unknown  quantities 
X,  y,  z,  Wj  we  proceed  only  as  far  as  the  auxiliaries  denoted  by 
the  numeral  2;  then,  having  found  the  fiaetors  A',  A'\  -4."',  ^". 
W\  C",  by  (78)  or  (75),  if  we  put 

_  [an]  [^^.1]   .,    ,    [gn,2]     , 

■"  ^  ~  [^]      +  [6671]  "^  +  p^  "^ 

^        [66.1]  ^[cc.2]  (      ^    -^ 

y_[^-2] 
^-[cc.2] 

these  will  give  the  values  of  the  unknown  quantities  which  we 

should  obtain  from  the  first  three  normal  equations  if  the  last 

unknown  quantity  were  disregarded  or  put  =  0.     Then,  by  (74), 

the  final  values  of  x,  y,  ^,  as  functions  of  the  uncertain  quantity 

u?,  will  be 

x  =  a/  +  A!"w  \ 

y=y'+^"t^  \    (85) 

The  values  of  x',  y',  z\  will  thus  be  well  determined,  and  a  sub- 
sequent independent  determination  of  w  will  enable  us  to  find 
the  final  values  of  x,  y,  2.* 

Having  found  the  weights  of  x',  y',  z*  (which  is  done  as  if  they 
were  the  only  quantities  under  consideration),  and  their  mean 
errors  c/,  t^',  e,',  then,  when  the  quantity  w  is  afterwards  found, 
the  mean  errors  of  the  final  values  will  be 

*V=C+(^"eJ'  \       (86) 

^•.=  C+(^'"0'  J 

as  we  find  from  the  equations  (79),  or  by  Art.  20. 


CONDITIONED    OBSERVATIONS. 

68.  In  all  that  precedes,  we  have  supposed  that  the  several 
quantities  to  be  found  by  observation,  either  directly  or  indirectly, 
were  independent  of  each  other.  Although  they  were  required 
to  satisfy  certain  equations  of  condition  as  nearly  as  possible,  yet 
they  were  so  far  independent  that  no  contradiction  was  involved 
in  supposing  the  values  of  one  or  more  of  them  to  be  varied  without 

*  For  an  example  in  which  three  unknown  qaantities  are  thus  determined  aa 
Amotions  of  iioo  nnoertain  quantities,  see  VoL  I.  p.  640. 
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varying  tli(^  others.  By  such  variations  we  should  obtain  sys- 
tems of  values  more  or  less  probable,  but  all  possible. 

There  is  a  second  class  of  problems,  in  which,  besides  the 
equations  of  condition  which  the  unknown  quantities  are  to 
satisfy  approximately,  there  are  also  equations  of  condition  which 
they  must  satisfy  exactly:  so  that  of  all  the  systems  of  values 
which  may  be  selected  as  approximately  satisfying  the  first  kind 
of  equations,  only  those  can  be  admitted  as  possible  which  satisfy 
exactly  the  equations  of  the  second  kind.  The  number  of  these 
rigorous  equations  of  condition  must  be  less  than  the  number  of 
unknown  quantities;  otherwise  they  would  determine  these 
quantities  independently  of  all  observations.  These  rigorous 
equations,  then,  may  be  satisfied  by  various  possible  systems  of 
values,  and  we  can  therefore  express  the  problem  here  to  be  con- 
sidered as  follows:  Of  all  the  possible  systems  of  values  which  exactlif 
satisfy  the  rigorous  equations  of  condition,  to  find  the  most  probable^  of 
that  system  which  best  satisfies  the  approximate  equations  of  condition. 

The  following  are  simple  examples  of  conditioned  observations. 
The  sum  of  the  three  angles  of  a  plane  triangle  must  be  180°:  so 
that  if  we  observe  each  angle  directly,  and  the  sum  of  the  observed 
values  differs  from  180°,  these  values  must  be  corrected  so  as  to 
satisfy  this  condition.  The  sum  of  the  angles  of  a  spherical 
triangle  must  be  180°  +  spherical  excess.  The  sum  of  all  the 
angles  around  a  point,  or  the  sum  of  all  the  differences  of  azimuth 
observed  at  a  station  upon  a  round  of  objects  in  the  horizon,  must 
be  360°. 

The  approximate  conditions  in  these  cases  are  expressed  by 
the  observations  themselves;  for  the  final  values  adopted  must 
correspond  as  nearly  as  possible  to  the  observed  values.  The 
corrections  to  be  applied  to  the  observed  values  are  to  be  re- 
garded as  residual  errors  with  their  signs  changed ;  and  the  solu- 
tion of  our  problem  is  involved  in  the  following  statement:  Of 
aU  the  systems  of  corrections  which  satisfy  the  rigorous  equations^  thai 
system  is  to  be  received  as  the  most  probable  in  which  the  sum  of  the 
squares  of  the  residuals  in  the  approximate  equations  is  a  minimum. 

54.  The  general  problem  as  above  stated  may  be  reduced  to 
that  of  unconditioned  observations,  already  considered.  For  let 
us  suppose  there  are  m'  rigorous  equations  of  condition,  and  m 
unknown  quantities.  From  these  m'  equations  let  the  values  of 
tw/  unknown  quantities  be  obtained  in  terms  of  the  remaining 
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m  —  m'  quantities,  and  let  these  values  be  substituted  in  all  the 
approximate  equations  of  condition ;  then  there  will  be  left  in  the 
latter  only  m  —  rn!  quantities,  which  may  be  treated  as  independ- 
ent, so  that,  the  approximate  equations  being  now  solved  by  the 
method  of  least  squares,  we  have  the  values  of  the  m  —  m'  quan- 
tities, with  which  we  then  find  the  values  of  the  first  m'  quan- 
tities. This  is  a  general  solution  of  the  problem;  but  it  is  not 
always  the  simplest  in  practice.  I  shall  illustrate  it  by  a  simple 
example,  before  giving  a  method  applicable  to  more  complicated 
cases. 

Example. — ^At  Pine  Mount,  a  station  of  the  U.  S.  Coast  Survey, 
the  angles  between  the  surrounding  stations  1,  2,  3,  4  were 
observed  as  follows: 


1.2 
2.3 
3.4 
4.1 


Joscelyne— Deepwater 66°  11'  62".600 

Deep  water— Deakyne 66    24  15  .653 

Deakyne- Burden 87      2  24.703 

Burden— JoBcelyne 141    21  21  .757 


weight 
3 
3 
3 
1 


There  are  here  four  unknown  quantities  subjected  to  the  single 
rigorous  condition  that  their  sura  must  be  360°.  But,  instead  of 
taking  the  angles  themselves  as  the  unknown  quantities,  we  shall 
assume  approximate  values  of  them,  and  regard  the  corrections 
which  they  require  as  the  unknown  quantities. 
We  assume 


1.2 
2.3 
3.4 
4.1 


Joscelyne— Deepwater,  65°  11'  62".5  -|-  w 
Deepwater — Deakyne,  66  24  15  .6  -|-  a: 
Deakyne— Burden,  87      2  24  .7  +  y 

Burden— Joscelyne,        141    21  21  .8  -f-  2 


the  sum  of  which  must  satisfy  the  condition 

369*^  69'  54".5  +  w?  +  a:  +  y  +  2  =  360<» 
or 

w^  +  ar  +  y  +  ^r  —  5".5  =  0 

The  difference  between  the  assumed  value  and  the  observed 
value  in  each  case  gives  us  a  residual;  and  the  approximate 
equations  of  condition  are,  therefore, 

ti?— 0  =0 
X  —  0.053  =  0 
y  —  0.003  =  0 
z  -I-  0.043  =  0 
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We  have  here  but  one  rigorous  condition  {^c  m'  =  1),  and  to 
eliminate  this  we  have  only  to  find  from  it  the  value  of  one  un- 
known quantity  in  terms  of  the  others,  and  substitute  it  in  the 
approximate  equations  of  condition:  thus,  substituting  the  value 

w  =  —  X  —  y  —  z  +  6".6 

our  equations  of  condition,  containing  now  three  independent 
unknown  quantities,  are 

weight 


—  X  —  y  —  ar  +  5".5     =  0 

X  —  0  .053  =  0 

y         —  0  .003  =  0 

z  ~  0  .043  =  0 


3 
3 
3 

1 


The  normal  equations,  applying  the  weights,  are  then 

6j:  +  3y  +  3z  —  16.659  =  0 
Sx  +  Qy  +  Sz^  16.509  =  0 
8x  +  3y  +  42:  —  16.457  =  0 


which,  being  solved,  give 


whence  also 


x=  +  0".9675 
y  ==  +  0  .9175 
z  =  +  2  .7006 

to  =  +  0.9146 


and  the  corrected  values  of  the  angles  are 


1.2 
2.8 
3.4 
4.1 


Joscelyne— Deepwater 65^  11'  58".4146 

Deepwatei>-Deakyne 66    24  16  .4675 

Deakyne — Barden 87 

Barden — Joscelyne 141 


2  25 
21  24 


6175 
5006 


360     0    0  .0000 


65.  When  the  number  of  unknown  quantities  is  great,  or  when 
there  are  several  rigorous  conditions  to  be  satisfied,  the  preceding 
method  would  lead  to  very  tedious  computations,  since  we  are 
required  to  perform  two  eliminations,  the  first  from  our  m' 
rigorous  equations  to  find  the  first  m'  quantities  in  terms  of  the 
others,  and  the  second  from  our  normal  equations  involving  all 
the  remaining  quantities.    In  order  to  obtain  the  general  form 


METHOD  OF  LBA8T  SQUARES.  553 

for  a  more  condensed  process,  let  the  most  probable  values  of  a 
number  (m)  of  directly  observed  quantities  be 

F',  F",  F'",  &c.  ...F^*' 
Let  the  observed  values  be 

Let  these  observations  have  the  weights 

Let  the  equations  which  the  most  probable  values  are  required 
to  satisfy  rigorously  be  expressed  by 

^'  =/'  (F',F",F'",...)  =  0 
9,"  =/"(F',F",F'",  ...)  =  0 
^" = /"'  (  F',  F",  F'", . . .)  =  0  (    (8"^) 

&c. 

and  let 

mf  =  the  number  of  these  conditions. 

Let  the  most  probable  corrections  of  the  observed  values  be 

t;',t/',t/",&c.  ...t;<-*> 
80  that 

r'=M'+  t/,        V"  =  M"  +  t/',        F'"  =  IT"  +  t/",  &o. 

Let  the  values  of  f>',  f>",  f>'" . . .  when  the  observed  values  are 
actually  substituted  be  n',  n",  n'"  •  • .  or 

/'  (Jf',  Jf",  Jf'",  ...)  =  n' 

/'"  (if',  if",  if'", . . .)  =  n'"  (      (*^^ 

Let  the  differential  coefficients  ^^'  t^>  &c.,  -r^»  -r^^^  &c.  be 

formed ;  substitute  in  them  the  values  if',  if",  if'" . .  •  for  V\ 
F",  V",  and  denote  the  resulting  values  by  a',  a",  &c.,  6',  6", 
&c. ;  that  is,  put 

^  =  a',      -^  =  a",       -^  =  a'",  Ac. 
dV         '       dV"  '       dF'" 

.^  —  &'  ^^''   —  b"  ^^"   —  6'"  Ac 

Tr"  '      dr' "~   '      dF'""~    ' 

dF'""    '        dF"  "    '        dF'"^^*^' 
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These  values  of  the  diflTerential  coefficients  will  generally  be  suf- 
ficiently exact ;  but  if  M'y  Jtf'",  M'"  ...  are  found  very  greatly  in 
error,  a  repetition  of  the  computation  might  be  necessary,  in 
which  the  more  exact  values  found  by  the  first  computation 
would  be  used. 

The  values  of  J!f' ,  -3f ",  M"' . . .  being  assumed  to  be  so  nearly 
correct  that  the  second  and  higher  powers  of  the  corrections  r', 
r",  1?'" . . .  may  be  neglected,  we  have  at  once,  by  Taylor's 
Theorem,  as  in  the  similar  case  of  Art  40, 


^'  =  n'  +  aV  +  a'V  +  a"V"+  . . . .  +  a^"^^^  =  0 
/'  =  n"  +  6V  +  b"v"  +  6"V"  +....  +  b^'^'v^  =  0 

&c.  &c. 


which  m'  equations  must  be  rigorously  satisfied  by  the  values  of 

V\  V'\  V'"  .... 

The  equations 

V  —  if'  =  0,        F"  —  Jf"=  0,        F'"—  if'"=  0,  Ac. 

are  the  approximate  equations  of  condition ;  or,  more  strictly, 

F  —  ilf' =  i/,        F"  — Jlf"=  r",        F"  — if'"  =  t/",&a 

are  the  equations  of  condition  which  are  to  be  satisfied  by  the 
most  probable  system  of  residuals  i?',  u",  i?"' ....  These,  reduced 
to  the  unit  of  weight  by  Art.  41,  become 

(  F'  —  M')  /p'  =  t;V/,        (  F"  —  M")  v<p"  =  i; Vp",  Ac-       W 

and  the  most  probable  residuals  v'\/p'j  v''\/p''  are  those  the  sum 
of  whose  squares  is  a  minimum,  or  we  must  have 

p't?"  +  j?"i;"«  +  p"V"«  +  Ac.  =  a  minimum. 

Putting,  then,  the  differential  of  this  quantity  equal  to  zero,  we 
have 

pV(£t/  + 1?  V'cZi;"  +  y  V'rfi;"'  +  Ac.  =  0  (91) 

K  I?',  r",  1?'" . . .  were  independent  of  each  other,  each  coeffi- 
cient of  this  equation  would  necessarily  be  zero  (as  in  Art.  28), 
and  then  the  most  probable  values  of  F',  F",  F'"  . . .  would  be 
the  directly  observed  values  M'y  J!/",  M'" . . .  But  this  minimum 
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is  here  conditioned  by  the  equations  (89).    K,  then,  we  differen 
tiate  (89),  the  equations 

a'dr'  +  a"rft/'  +  a'"(£t/"  +....  =  0 
Udif+Vd^f'  +  V"d^"  +  ....  =  0 

&c.  ^ 

must  coexist  with  (91). 

The  number  of  the  equations  (92)  is  m',  while  the  number  of 
differentials  is  m;  and  since,  by  the  nature  of  the  case,  we  must 
have  m  >  m\  we  can,  by  elimination,  find  from  (92)  the  values 
of  rn/  differentials  in  terms  of  the  remaining  m  —  m'  differentials. 
Let  us  suppose  this  elimination  to  be  performed,  and  that  the 
values  of  the  first  m'  differentials,  found  in  terms  of  the  others, 
are  then  substituted  in  (91) ;  we  shall  thus  have  an  equation  in 
which  the  remaining  m  —  m'  unknown  quantities  can  be  regarded 
as  independent,  and  the  coeflicients  of  these  m  —  m'  quantities 
in  this  final  equation  will  then  severally  be  equal  to  zero.  We 
can  arrive  directly  at  the  result  of  such  an  elimination  and  sub- 
stitution as  follows.  Multiply  the  first  equation  of  (92)  by  -4,  the 
second  by  -B,  the  third  by  C,  &c.,  and  also  the  equation  (91)  by 
—  1,  and  form  the  sum  of  all  these  products.  Then,  if  -4,  -B, 
C  . . .  are  determined  so  that  m'  differentials  shall  disappear 
from  the  sum  (and  they  can  be  so  determined,  since  it  only 
requires  m'  conditions  to  determine  m/  quantities),  the  final 
equation  obtained  will  contain  only  the  m  —  m'  remaining  differ- 
entials. But,  the  latter  being  independent,  their  coefficients  must 
also  be  severally  equal  to  zero ;  and  hence  we  have,  in  all,  the 
following  m  conditional  equations : 

flr'A  +5'5  +(/(;+ ....—pV  =0 
a''A  +  h"B  +  c"(7  +  . . . .  — yv  =  0 
a"' A  +  h'^'B  +  (/"C  +  . . . .  —  |?"V"  =  0  \    (^^) 

&c.  &c. 

a'  a" 

If  we  multiply  the  first  of  these  by  — » the  second  by  -j^*  &c.,  and 

add  the  products,  we  have,  by  comparison  with  the  first  equation 
of  (89), 

[y]^+[f]--[fi<^f  ■••+«•=« 
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in  which  the  asaal  notation  for  sums  is  followed.  In  this  way 
we  can  form  m'  normal  equations  containing  w!  quantities, 
namely, 

[f]-+[f]-H-[^]c+....  +  »."=. 

If  the  observations  are  of  equal  weight,  we  have  only  to  put 
p  =  1,  or,  in  other  words,  omit  p. 

The  factors  -4,  -B,  C, . .  are  called  by  Gauss  the  correlatives  of 
the  equations  of  condition. 

The  equations  (94)  being  resolved  by  the  usual  method  of 
elimination  (Art.  42),  the  values  of  the  correlatives  found  are 
then  to  be  substituted  in  (93),  whence  we  obtain  directly  the 
required  corrections, 

t/  =\ia'A  +b'B  +(/G  +....) 

t/'  =  i,(a"^+6"P+</'(7  +  ....)  ^      ^^^^ 

t/"=  Ij-,  («'"^  +  l/"B  +  if''C +....) 
&c.  &c. 

and  hence,  finally,  the  most  probable  values  of  the  observed 
quantities,  V'  =  M'+  v\  V  =  M"  +  v",  &c. 

The  comparative  simplicity  of  this  process  will  best  be  shown 
by  applying  it  to  the  example  of  the  preceding  article.  We 
there  have  given,  by  observation, 

Jf'  =    65°  11' 52".500,  /   =3 

M"  =   66    24  15  .553,  /'  ==  3 

Jf'"=    87      2  24  .703,  j/"=3 

M"^  =  141    21  21  .757,  f'  =  1 

with  the  condition 

V+V'  +  V'  +  V'  —  360^  =  0 
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We  have,  first, 

a*  =  a"  =  a!"  =  a*^  =  1 

and  when  Jf ',  Jf ",  &a  are  put  for  F',  V",  4;c,,  we  have  (88) 

n'  =  —  5".487 

As  we  have  but  one  condition,  we  have  also  but  one  correlative 
A;  the  equation  of  condition  is,  by  (89), 

—  5".487  +  v'  +  v"  +  t/"  +  v«-  =  0 

and  the  single  normal  equation  may  be  constructed  according  to 
the  following  form : 


aa 

p 

a 

T 

8 

1 

\ 

8 

1 

i 

8 

1 

i 

1 

1 

1 

[r]= 


and  hence,  by  (95), 

t/  =  +  0.9145 
t/'=  + 0.9145 
1/"=  +  0.9145 
v^z=  +  2.7435 


2il  — 5".487=0 
A  =  +  2".7435 


Corrected  yalaes. 
T  =  65<>  11'  53".4145 
V"=  66  24  16  .4675 
V"=  87  2  25  .6175 
r'"=141  21  24  .5005 
360      0     0 


agreeing  with  the  result  found  by  the  much  longer  process  of 
the  preceding  article. 

56.  The  further  prosecution  of  this  branch  of  the  subject 
belongs  more  especially  to  works  on  Geodesy.  For  more  ex- 
tended examples,  see  the  special  report  of  Mr.  C.  A.  Schott  in 
the  Report  of  the  Superintendent  of  the  U.  S.  Coast  Survey  for 
1854,  from  which  the  above  example  has  been  drawn.  Consult 
also  Bessbl's  Oradmessung  in  Osipreussen  in  1838 ;  Rosenbbrgbr, 
in  the  Astronomische  Nachrichteny  Nos.  121  and  122 ;  Bessel,  ibid. 
Ko.  438 ;  T.  Galloway,  Application  of  the  Method  to  a  Portion 
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of  the  Survey  of  England,  in  the  Memoirs  of  the  Royal  Asironomi- 
col  Societyy  Vol.  XV. ;  J.  J.  Bjbybr's  Kustenvermessury ;  Fischer's 
Geodcesie;  Gerling's  Ausgleichungs  Rechnungen;  Dienger's -4it5- 
glekhung  der  Beobachiungsfehler;  Liagre,  Qzlcul  des  JProbabilitis ; 
and  Gauss,  Supplementum  theorice  combinationiSy  &c. 

criterion  for  the  rejection  of  doubtful  observations. 

57.  It  has  been  already  remarked  (p.  490)  that  the  number  of 
large  errors  occurring  in  practice  usually  exceeds  that  given  by 
theory,  and  that  this  discrepancy,  instead  of  invalidating  the 
theory  of  purely  "  accidental"  errors,  rather  indicates  a  source 
or  sources  of  error  of  an  abnormal  character,  and  calls  for  a 
criterion  by  which  such  abnormal  observations  may  be  excluded. 
The  criterion  proposed  by  Prof.  Peirce*  will  be  given  here  with 
the  investigation  nearly  in  the  words  of  its  author,  and  with  only 
some  slight  changes  of  notation. 

58.  "In  almost  every  true  series  of  observations,  some  are 
found  which  differ  so  much  from  the  others  as  to  indicate  some 
abnormal  source  of  error  not  contemplated  in  the  theoretical 
discussions,  and  the  introduction  of  which  into  the  investigations 
can  only  serve,  in  the  present  state  of  science,  to  perplex  and 
mislead  the  inquirer.  Geometers  have,  therefore,  been  in  the 
habit  of  rejecting  those  observations  which  appeared  to  them 
liable  to  unusual  defects,  although  no  exact  criterion  has  been 
proposed  to  test  and  authorize  such  a  procedure,  and  this  delicate 
subject  has  been  left  to  the  arbitrary  discretion  of  individual 
computers.  The  object  of  the  present  investigation  is  to  produce 
an  exact  rule  for  the  rejection  of  observations,  which  shall  be 
legitimately  derived  from  the  principles  of  the  Calculus  of  Pro- 
babilities. 

"  It  is  proposed  to  determine  in  a  series  of  m  observations  the  limit  of 
erroTy  beyond  which  all  observations  involving  so  great  an  error  may  be 
rejected,  provided  there  are  as  many  as  n  such  observations. 

"  The  principle  upon  which  it  is  proposed  to  solve  this  problem 
is,  that  the  proposed  observations  should  be  rgected  when  the  probability 
of  the  system  of  errors  obtained  by  retaining  them  is  less  than  that  of 
the  system  of  errors  obtained  by  their  rejection  multiplied  by  the  proba- 
bility of  making  so  many^  and  no  more^  abnomud  observations. 

*  Aitrowmical  Journal  (Cambridge,  Mass.),  Vol.  II.  p.  161. 
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"  In  determining  the  probability  of  these  two  systems  of  errors, 
it  must  be  carefully  observed  that,  because  observations  are 
rejected  in  the  second  system,  the  corresponding  observations  of 
the  first  system  must  be  regarded,  not  as  being  limited  to  their 
actual  values,  but  only  as  surpassing  the  limit  of  rejection." 
Let 

/I  =  the  number  of  unknown  quantities, 
m  =  the  whole  number  of  observations, 
n  =  the  number  of  observations  proposed 

to  be  rejected, 
n'  =m  —  n,  the  number  to  be  retained, 
J,  J',  J",  . . .  J^**  =  the  system  of  errors  when  no  observa- 
tion is  rejected, 
Jj,  A^j  Jj",  . . .  Jj^"^  =  the  system  of  errors  when  n  observa- 
tions are  rejected, 
c,  e,  =  the  mean  errors  of  the  first  and  second 
system,  respectively, 
y  z=  the  probability,   supposed  unknown, 
of  such  an  abnormal  observation  that 
it  is  rejected  on  account  of  its  magni- 
tude, 
y'^  1  —  y  =  the  probability  that  an  ob- 
servation is  not  of  the  abnormal  cha- 
racter which  involves  its  rejection, 
X  =  the  ratio  of  the  required  limit  of  error 
for  the  rejection  of  n  observations  to 
the  mean   error  e,  so  that  xe   is  the 
limiting  error. 

The  probability  of  an  error  A  in  the  first  system  will  be,  by  (14) 
and  (21), 

A  1  — ^ 

ipn  ==  — —  e     2«* 

and  the  same  form  will  be  used  for  the  second  system. 

The  probability  of  an  error  which  exceeds  the  limit  xe  will  be 
expressed  by  the  integral  (Arts.  8  and  12) 


<pAdA 


or,  denoting  this  by  ^^x. 


2  xtA^on       A« 

^'X  =  z=:    I  e""2i«i    dA 
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J 

which,  by  putting  t  =  — tt>  becomes 


*9         /•• 


^"  -^ 


and  thie  may  be  found  directly  from  Table  EX.  by  subtracting 

the  tabular  number  corresponding  to  t  =  —^  from  unity. 

The  probability  of  the  first  system  of  errors,  embodying  the 
condition  that  n  observations  exceed  the  limit  xe,  is 


P  =  ^J.f>J'.SPJ". 


\H^^)) 


f(2jr)i«' 


e"      2««      (4x)* 


in  which  JJ»  =  J»  +  J'«+ (J<->)^  and  by  (61)  we  have 

IJ^  =  {m  —  fi)  e*,  whence 

c"'(27r)i"'  ^^^ 

The  probability  of  the  second  system  of  errors  is 

P  =  try'"' .  9 A, .  sP  J/,  sp A" . . .  =  — ^^"^      c-It? 
I       yy       y   I   y'   1    y   I  e,»'(2ir)*«'        ^^ 

ej"'(2w)i«' 

To  authorize  the  proposed  rejection  of  n  observations,  we 
must  have 

P<P, 
which  gives  at  once 

The  value  of  y  must  be  determined  by  the  condition  that  P^ 
is  a  maximum,  and  therefore  iry'*'  =  y"  (1  —  y)"'  is  a  maximum. 
Taking  the  logarithm  of  this  quantity,  and  putting  its  diflferential 
equal  to  zero,  we  obtain  for  the  maximum 

n       n'  W 
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whence 


n             J      1^' 

ing  then 

^•=«-^'=^' 

R   =  e*<«'-^>  (4x) 

} 


(96) 


the  limiting  value  of  x,  according  to  the  above  inequality,  must 
be  that  which  satisfies  the  equation 


(^r-= 


which  gives  the  required  criterion. 

The  relation  of  t^  to  e  must  depend  on  the  nature  of  the  equa- 
tions which  correspond  to  the  rejected  observations;  but  it  will 
give  a  sufficient  approximation  to  assume  that  the  excess  of  2* J* 
over  IJ^  is  only  equal  to  the  sum  of  the  squares  of  the  errors  of 
the  rejected  observations,  which  gives  the  equation 

(m  —  iu)  c*  —  nxV  =:  (m  —  II  —  n)  e/ 
whence 


\e/       m  —  fx  —  n 
which  combined  with  the  above  equation  gives 

-fi^nx"      IT  \.j^ 
—  fi  —  n  '^\Br'"' 


m  —  fi  —  nx^      IT\_^ 
m 

Putting,  for  brevity. 


we  find 


(y\     2n 
^)^  (97) 


.._i  =  !lziiL:zi?(i_,.)  (98) 


Table  X.A  gives  the  logarithms  of  TsluA  R,  computed  by  (96) 
with  the  aid  of  Table  IX.  We  can,  therefore,  by  successive 
approximations,  find  the  value  of  x  which  satisfies  the  equations 
(97)  and  (98).  Since  iZ  involves  x,  we  must  first  assume  an  ap- 
proximate value  of  X  (which  the  observed  residuals  will  suggest), 
with  which  /^  will  be  computed  by  (97),  and  hence  x  by  (98). 
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With  this  first  approximate  value  of  x,  a  new  value  of  log  J!  will 
be  taken  from  the  table,  with  which  a  second  approximation  to 
X  will  be  found.  Two  or  three  approximations  will  usually  be 
found  sufficient. 

In  the  application  of  this  criterion,  it  is  to  be  remembered 
that  it  must  not  be  used  to  reject  n  observations  unless  it  has 
previously  rejected  n  —  1  observations.  Hence  we  must  first  de- 
termine the  limiting  value  of  x  for  the  hypothesis  of  one  doubtfiil 
observation,  or  w  =  1,  and  if  this  rejects  one  or  more  observa* 
tions,  we  can  pass  to  the  next  hypothesis,  n  =  2,  or  w  =  3,  &c. ; 
and  so  on  until  we  arrive  at  the  limit  which  excludes  no  more 
observations. 

The  above  arrangement  of  the  tables  is  nearly  the  same  as 
that  given  by  Dr.  B.  A.  Gk)ULD,*  who  was  the  first  to  prepare 
such  tables  and  thus  render  the  criterion  available  to  practical 
computers.  The  only  difference  is  in  my  table  of  Log.  IJ  which 
I  have  found  in  practice  to  be  more  convenient  than  the  corre- 
sponding one  of  Dr.  Gould. 

Example. — "To  determine  the  limit  of  rejection  of  one  or 
two  observations  in  the  case  of  fifteen  observations  of  the  vertical 
semidiameters  of  VenuSy  made  by  Lieut.  Herndon,  with  the 
meridian  circle  at  Washington,  in  the  year  1846."  In  the  reduc- 
tion of  these  observations.  Prof.  Pbirce  assumed  two  unknown 
quantities,  and  found  the  following  residuals  {v) : 

_0".30  —  0".24  —  r'.40  +r.l8 

—  0  .44  +  0  .06  —  0  .22  +0  .39 

-f  1  .01  +  0  .63  —  0  .05  +  0  .10 

+  0  .48  —  0  .13  +0  .20 

We  have  here  m  =  15,  //  =  2,  [vv]  =  4.2545,  whence 

4.2545 


13 


=  0.3273,  c  =  0".572 


We  first  try  the  hypothesis  of  one  doubtful  observation,  or 
n  =  1.  Assuming  x  =  2,  the  successive  approximations  may 
be  made  as  follows : 

'^  Report  of  the  Superintendent  of  the  U.  S.  Coast  Survey  for  1854,  Appendix,  p. 
181*;  also  Aitron.  Journal,  Vol.  IV.  p.  81. 
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2n 
m  — 

n  *** 

1 

7 

m  — 

■A*  — 

"  n 

1st  Approz. 
Table  X.A.  log  T    8.404 
«       «      log  5    9.309 

log-    9.095 
jR 

2d  Approz. 
8.4044 
9.8062 

9.0982 

log  .l*      9.871 

9.8712 

\og(l— A«)  9.410 

9.4098 

i                   log  12    1.079 

1.0792 

log(x«  — 1)  0.489 
logx'  0.610 
X  2.02 

0.4885 
0.6106 
2.020 

=  12 


Hence  xe  =  1".16,  which  excludes  the  residual  1".40. 

"We  may  now  try  the  hypothesis  n  =  2.     Commencing  again 
with  the  assumption  x  =  2,  we  have — 


log 


_2n_ 
m — n 


13 


m  —  fi  —  n 


n 

2 


logT 
logi? 
T 
B 
log  A' 
log  (1  -  X') 

log^ 

log(x'-l) 
log  x* 


1st 
Approz. 

2d 
Approz. 

8d 
Approz. 

8.7210 

8.7210 

8.7210 

9.309 

9.3622 

9.3544 

9.412 

9.3588 

9.3666 

9.819 

9.8027 

9.8051 

9.531 

9.5624 

9.5582 

0.740 

0.7404 

0.7404 

0.271 

0.3028 

0.2986 

0.457 

0.4788 

0.4755 

1.69 

1.734 

1.729 

4th 
Approx. 

8.7210 
9.3553 

9.3657 

9.8048 
9.5587 

0.7404 

0.2991 
0.4758 
1.7295 


Hence  xe  =  0".989,  which  excludes  the  residuals  1".40  and  1".01. 
K  we  now  try  the  hypothesis  n  =  3,  we  shall  find,  in  the  same 
manner,  xe  =  0".887,  which  does  not  exclude  the  residual  0".63 : 
so  that  the  residuals  1".40  and  1".01  are  in  this  case  the  only 
abnormal  ones.  Rejecting  these  residuals,  we  shall  now  find 
e^=0".339.* 

59.  In  order  to  facilitate  the  application  of  Peirce's  Criterion 


*  For  another  example,   in  which  there  were  four  unknown  quantities,  and  in 
which  the  criterion  w  's  yery  useful,  see  p.  207  of  this  yalume. 
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in  the  cases  most  commonly  occurring  in  practice,  Table  X.  (first 
given  by  Dr.  Gould)  has  been  computed  by  the  aid  of  the  log  T 
and  log  i?,  according  to  the  preceding  method. 

The  fiirst  page  of  this  table  is  to  be  used  when  there  is  but 
one  unknown  quantity  (ji  =  1),  or  for  direct  observations.  It 
gives,  by  simple  inspection,  the  value  of  x*  for  any  number  of 
observations  from  3  to  60,  and  for  any  number  of  doubtful  obsor- 
vations  from  1  to  9. 

The  second  page  is  used  in  the  same  manner  when  there  are 
two  unknown  quantities  (ji  =  2). 

Example. — Same  as  in  the  preceding  article. — ^Having  found, 
as  above,  6^=  0.3273,  we  first  take  from  Table  X.  for  /i  =  2  the 
value  of  x^  corresponding  to  m  =  15  and  n  =  1,  and  find 

x«  =  4.080,  whence  xV  =  1.3354,        xe  =  rM6 

which  rejects  the  residual  1".40. 
Then,  with  w  =  15,  n  =  2,  we  find,  from  the  same  page, 

x«  =  2.991,  xV  =  0.9790,  xe  =  0".989 

which  rejects  the  two  residuals  1".40  and  1".01. 
Passing,  then,  to  the  hypothesis  n  =  3,  we  find 

x«  =  2.403,  xV  =  0.7865,  xe  ==  0".887 

which  does  not  exclude  any  more  residuals. 

60.  The  above  investigation  of  the  criterion  involves  some 
principles,  derived  from  the  theory  of  probabilities,  which  may 
seem  obscure  to  those  not  familiar  with  that  branch  of  science. 
Indeed,  the  possibility  of  establishing  any  criterion  whatever  for 
the  rejection  of  doubtful  observations,  by  the  aid  of  the  calculus 
of  probabilities,  has  been  questioned  even  by  so  distinguished  an 
astronomer  as  Airy.*  It  is  easy,  however,  to  derive  an  approxi- 
mate criterion  for  the  rejection  of  one  doubtful  observation^  directly 
from  the  fundamental  formula  upon  which  the  whole  theory  of 
the  method  of  least  squares  is  based. 

We  have  seen  that  the  function 

*  Remarks  upon  Pbircb's  Criterion,  Aitronomieal  Journal  (Cambridge),  Vol.  IV. 
p.  187.  ProfeBBor  Winlogk's  reply  to  the  objections  of  the  Astronomer  Boyftl  will 
be  found  in  the  same  journal,  Vol.  IV.  p.  145. 
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(the  value  of  which  is  given  in  Table  IX.  A)  represents,  in  general, 
the  number  of  errors  less  than  a  =  rV  which  may  be  expected  to 
occur  in  any  extended  series  of  observations  when  the  whole 
number  of  observations  is  taken  as  unity,  r  being  the  probable 
error  of  an  observation.  K  this  be  multiplied  by  the  number  of 
observations  =  w,  we  shall  have  the  actual  number  of  errors  less 
than  rV ;  and  hence  the  quantity 

expresses  the  number  of  errors  to  be  expected  greater  than  the 
limit  rt\  But  if  this  quantity  is  less  than  J,  it  will  follow  that 
an  error  of  the  magnitude  W  will  have  a  greater  probability 
against  it  than  for  it,  and  may  therefore  be  rejected.  The  limit 
of  rejection  o/*  a  single  doubtful  observation,  according  to  this  simple 
rule,  is,  therefore,  obtained  from  the  equation 

i  =  m  [1  -  ©0^')] 
or 

If  we  express  the  limiting  error  under  the  form  xe,  e  being  the 
mean  error  of  an  observation,  we  shall  have 

X  =  ^  =  0.6745«'  (100) 

With  the  value  of  0(/>^O  given  by  (99),  we  can  find  t'  from  Table 
IX.A.  and  hence  x  by  (100). 

Example. — To  find  the  limit  of  rejection  of  one  of  the  obser- 
vations given  on  p.  662.  We  there  have  m  =  15,  e  =  0".572 ; 
and  hence,  by  (99),  0(/><')  =  0.96667,  which  in  Table  IX.A  cor- 
responds  to  <'=  3.155,  whence,  by  (100),  x  =  2.128,  xe  =  1".22, 
which  agrees  very  nearly  with  the  limit  found  by  Peircb's 
Criterion. 

By  the  successive  application  of  this  rule  (with  the  necessary 
modifications),  it  may  be  used  for  the  rejection  of  two  or  more 
doubtful  observations,  and  I  have,  by  means  of  it,  prepared  a 
table  which  agrees  so  nearly  with  Table  X.  that,  for  practical 
purposes,  it  may  be  regarded  as  identical  with  that  table.  For 
the  general  case,  however,  when  there  are  several  unKnown 
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quantities  and  several  doubtful  observations,  the  modificationb 
which  the  rule  requires  render  it  more  troublesome  than  Peircb's 
formula,  and  I  shall,  therefore,  not  develop  it  further  in  this 
place.  What  I  have  given  may  serve  the  purpose  of  giving  the 
reader  greater  confidence  in  the  correctness  and  value  of  Peibce's 
Criterion. 


TABLES 


[Note. — The  very  complete  collection  of  tables  and  formulae  prepared 
by  Dr.  Albrecht,  of  the  Prussian  Geodetic  Institute,  may  be  consulted 
with  advantage.  The  title  of  the  work  is  Formeln  und  HUJsUiJeln  fur 
Oeographuche  Ortabestimmungen,  nebst  Kurzer  Anleitung  eur  Ausjuhrung 
derselbm.    (Leipzig,  1879,  8vo,  pp.  240.)] 

For  the  explanation  of  the  construction  and  nse  of  these  tables,  con- 
salt  the  articles  referred  to  below. 

Table     I.  Mean  Refraction.     (Explanation,  Yol.  I.  Art.  107.) 

«       II.  A,  B,  C,  D,  E,  and  F,  Bessel's  Refraction  Table.   (Vol.  I. 
Arts.  107,  117,  119;  and  Vol.  II.  Arts  294,  295.) 

"     III.  Reduction  of  Latitude   and  Logarithm  of  the  Earth's 
Radius.     (Vol.  I.  Arts.  81,  82.) 

"      IV.  Log  A  and  Log  B,  for  computing  the  Equation  of  Equal 
Altitudes.     (Vol.  I.  Arts.  140,  141.) 

"       V.  Reduction  to  the  Meridian.     Values  of 

Bin  1  Bin  1" 

(Vol.  I.  Arts.  170,  171.) 

"      VI.  Logarithms  of  m  and  n.     (Vol.  I.  Arts.  170, 171.) 

"     VII.  A  and  VII.  B.  Limits  of  Circummeridian  Altitudes.    (Vol. 
L  Art.  175.) 

"  VIII.  and  VIII.  A.  For  reducing  transits  over  several  threads 
to  a  common  instant.     (Vol.  II.  Arts.  173,  187.) 

«      IX.  and  IX.  A.  Probability  of  Errors.    (Appendix,  Arts.  12, 14.) 

"       X.  and  X.  A.  Peirce's  Criterion  for  the  Rejection  of  doubtful 
Observations.     (Appendix,  Arts.  58,  59.) 

tables  for  correcting  lunar  distances. 

«      XL  Dip  of  the  Sea  Horizon.     (Vol.  I.  Art.  124.) 

«'    XII.  Augmentation  of  the  Moon's  Semidiameter.     (Vol.  I.  Art. 
130.) 

<*  XIII.  Correction  of  the  Moon's  Equatorial  Parallax.     (Vol.  L 
Art.  97.) 
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Table  XIY.  Mean  Reduced  Refraction  for  Lunars.    (Vol.  I.  Art.  249.) 

"  IIV.  A.  Correction  of  the  Mean  Refraction  for  the  Height  of 
the  Barometer.    (Vol.  I.  Art.  249.) 

"  XIV.  B.  Correction  of  the  Mean  Refraction  for  the  Height  of 
the  Thermometer.     (Vol.  I.  Art.  249.) 

^  XV.  Logarithms  of  A,  B,  C,  D,  for  correcting  Lanar  Dis- 
tances.   (Vol.  I.  Art,  249.) 

"  XVI.  Second  Correction  of  the  Lunar  Distance.  (Vol.  I.  Art 
249.) 

"  XVII.  A  and  B.  For  finding  the  Correction  of  the  Lunar  Dis- 
tance for  the  Contraction  of  the  Moon's  Semidiameter. 
(Vol.  I.  Art.  249.) 

"  XVIII.  A  and  B.  For  finding  the  Correction  of  the  Lunar  Dis- 
tance for  the  Contraction  of  the  Sun's  Semidiameter. 
(Vol.  I.  Art.  249.) 

"  XIX.  For  finding  the  value  of  N  for  correcting  Lunar  Dis- 
tances for  the  Compression  of  the  Earth.  (Vol.  L 
Art.  249.) 

^  XX.  Correction  required  on  account  of  Second  Differences  of 
the  Moon's  Motion,  in  finding  the  Greenwich  Time 
corresponding  to  a  Corrected  Lunar  Distance.  (VoL 
L  Art.  66.} 


TABLE  I.   Mean  Befraction. 

Barometer,  80  inohes.     Fahrenheit's  Thermometer,  50^. 


Apparent 

Mean 

Apparent 

Mean 

Apparent 

Mean 

Apparent 

Mean 

Apparent 

Mean 

Zea.  Diflt. 

Refraction 

Zen.Dist. 

Refraction 

Zen.Dl8t. 

Refraction 

Zen.Dist. 

Refraction 

ZeD.Difit. 

Refraction. 

o      / 

/        w 

0       / 

/             H 

0 

/ 

/       // 

0       / 

/        // 

0       / 

/      ft 

0     0 

O      0.0 

48    0 

I         4.7 

65 

0 

2      4.4 

75     0 

lltl 

80  30 

5  351 

1     0 

o      I.O 

20 

1     J.4 
I     6.2 

10 

:  1:1 

10 

35 

5  37-9 

2     0 

O      2.0 

40 

20 

20 

3  390 

40 

5  40.7 

3     0 

o     3.1 

49    0 

I     7-0 

SO 

I  1:1 

SO 

3  416 

45 

5  4J.6 
5  46.6 

4     0 

0     4.1 

20 

I     7.8 
I     ^6 

40 

40 

IttI 

60 

5     0 

0     5.1 

40 

60 

%    9.2 

60 

66 

5  49-6 

6    0 

0     6.1 

50     0 

I     9.4 

66 

0 

2  10.2 

76     0 

3  49-5 

81     0 

5  5*6 

7     0 

0     8.2 

20 

I  10.2 

10 

2  11.2 

6 

3  509 

6 

ni:2 

0    2.0 

8     0 

40 

I  1 1.0 

20 

2  12.2 

10 

3  S»-3 

10 

0    0 

0     9.2 

51     0 

I  11.9 

80 

2  13.3 

16 

3  53-7 

15 

10     0 

0  10.3 

20 

1  12.7 

40 

2  14.3 

20 

1  1^6 

20 

6     5.2 
6     §.5 

11     0 

0  1 1.3 

40 

I  13.6 

60 

2  15.4 

26 

26 

12     0 

0  12.4 

52     0 

I  14.5 

67 

0 

2  16.4 

76  30 

3  S8i 

81  30 

6  1 1.9 

13  0 

14  0 

0  13.5 
0  I4.J 

0    I^.O 

0  16.7 
0  17.8 

20 
40 

I  IJ4 
I  10.3 

10 
20 

2  17.5 
2  1S.7 
2  19.8 

85 
40 

3  59-6 

4  1.0 

85 
40 

WW 

15     0 

53     0 

1    17.2 
I    18.2 

30 

46 

4    a.6 

46 

6  22.3 

16     0 

20 

40 

2  20.9 

60 

4    4-> 

60 

6  29.6 

17     0 

40 

I    I9.I 

60 

2  22.1 

66 

4    S-6 

65 

18     0 

0  18.9 

54     0 

I    20.1 

68 

0 

a  a3-3 

77     0 

:  2:1 

82     0 

6  33.3 

19     0 

0  20.1 

20 

I    21.0 

10 

2  24.5 

6 

6 

6  37.1 

20     0 

0  ai.2 

40 

I    22.0 

20 

2  25.7 
2  20.9 

10 

4  IO-4 

10 

6  41.0 

21     0 

0  22.A 
0  23.0 

55     0 

I    23.1 

80 

16 

4  12.0 

16 

X'^l 

22     0 

20 

I    24.1 

40 

228.? 

20 

4  13.6 

20 

23     0 

0  24.7 

40 

I    25.1 

60 

2  29.4 

26 

4  15-3 

25 

6  53.0 

24     0 

0  25.9 

56    0 

I    26.2 

69 

0 

2  30.7 

77  30 

4  17.0 
4  18.7 

82  80 

6  57.1 

25     0 

0  27.2 
0  28.4 

20 

I    27.3 
I    28.4 

10 

2  32.0 

36 

35 

7     «-4 

26    0 

40 

20 

2  33J 
2  3J.6 
2  36.0 

40 

4  20.4 

40 

7     5-7 

27     0 

0  29.7 

57     0 

I    29.5 

SO 

45 

4  22.2 

46 

7  10.1 

28     0 

0  31.0 

20 

I    30.7 
I    31.8 

40 

60 

4  ^3.9 

60 

7  146 

20     0 

0  32.3 

40 

60 

a  37-4 

66 

4  »5-7 

65 

7  I9» 

30     0 

0  33.6 

58     0 

I    33.0 

70 

0 

2  38.8 

78    0 

4  a7-5 

83     0 

7  *?•! 
7  28.6 

31     0 

0  3|.o 
0  36.A 
0  37.8 

20 

I    34.2 

10 

2  40.2 

5 

4  19-4 

5 

32     0 

40 

I    35.5 
1    36.7 

20 

2  41.6 

10 

4  3»a 

10 

7  33-5 
7  38.4 

33     0 

59    0 

SO 

»  43> 

15 

4  33» 

15 

34     0 

0  39.J 
0  40.8 

20 

I    38.0 

40 

2  4A,6 
2  46.1 

20 

4  35.0 
4  35-9 

20 

7  43-5 
7  48.7 

35     0 

40 

«  39-3 

60 

25 

26 

36     0 

0  42.3 

60    0 

I  40.6 

71 

0 

2  47.7 

78  80 

4  389 

83  30 

7  53-9 

37     0 

0  43.9 

20 

I  42.0 

10 

2  49.2 

35 

4  40.9 

35 

Pt? 

38     0 

0  45-5 

40 

I  43J 
I  46.2 

20 

a  50.8 

40 

4  4a-9 

40 

39     0 

0  47.2 
0  48.9 
0  50.6 

61     0 

SO 

2  52.4 

46 

4  44-9 

45 

8  104 

40     0 

20 

40 

2  54.1 

60 

4  47-0 

60 

8  16.2 

41     0 

40 

I  47-7 

60 

2  55.8 

65 

4  49- « 

66 

8  22.1 

42     0 

0  52.5 

62     0 

I  49.2 

72 

0 

a  57.5 

79     0 

4  Sia 

84    0 

8  28.1 

20 

0  53.1 

10 

I  50.0 

10 

2  59.2 

5 

4  53-4 
4  55.6 

5 

8  34.2 

40 

0  53-7 

20 

1   50.7 

20 

3     1.0 

10 

10 

1 :2:J 

43     0 

0  54.3 

30 

I   51.5 

SO 

3     2.8 

15 

4  57.8 

15 

20 

0  55.0 

40 

I   52.3 

40 

3     J.6 
3     6-4 

20 

5     0.0 

20 

8  53.4 

40 

0  55.6 

50 

1   53.1 

60 

25 

5     »-3 

25 

9     0.1 

44     0 

0  56.2 

63     0 

I  53-9 

73 

0 

3     8-3 

79  30 

l«:5 

84  30 

9     7-0 

20 

0  56.0 
0  57.6 
0  58.2 

10 

I   54-7 

10 

3  »o-3 

35 

35 

9  14.0 

40 

20 

1  55-5 
I  56.4 

20 

3  ia-2 

40 

5     9-3 

40 

9  21.2 

45     0 

SO 

"30 

3  IA.2 
3  »6-3 

45 

5  "7 

45 

9  28.6 

20 

0  58.9 
0  59.6 

40 

1  57.2 
I  58.1 

40 

50 

5  H-» 
5  16.7 

50 

9  36* 

40 

50 

60 

3  »8-4 

55 

65 

9  44-0 

46     0 

I     0.3 

64    0 

1  58.0 
I  59.8 

74 

0 

3  »o.c 
3  22.6 

80     0 

5  i9» 

85     0 

9  5» 

20 

I     1.0 

10 

10 

5 

5  a>-7 

86     0 

II  44 

40 

I     1.7 

20 

2    0.7 

20 

3  »4-8 

10 

5  14-3 

87     0 

WW 

47     0 

I     2.4 

30 

2     1.6 

SO 

3  a7-i 

15 

5  a7o 

88     0 

20 

1     3.2 

40 

2    2.5 

40 

3  »9-4 

20 

5  29*6 

89     0 

H  54 
36  29 

40 

I     3.9 

60 

2     3.4 

60 

3  3>-7 

25 

5  3»-4 

90     0 

48     0 

1     4.7 

65     0 

2    4.4 

75 

0 

3  34.1 

80  30 

5  35-1 

571 


TA£L£  n.   Besml'B  fiefraction  Table. 


A. 

B. 

C. 

Zen. 
Dbt. 

Aig.  App.  Z.  D. 

Arg.  Tnie  Z.  D. 

Arg.TniaZ.Ik. 

i 

Log. 

A 

A 

Log.' 

A' 

X' 

Log  a'* 

A" 

k" 

0*»  0' 

1.76156 

2 

5 
10 

1.76x43 

2 

6.4458     0 

10    0 

'.76154 

I.76141 

6.4458     I 

20    0 

1. 761 49 

'.76135 

0 

n 

6.4456 

30    0 

I.76139 

9 
II 

1. 76122 

6445*  T 

35    0 

1. 76130 

I.76112 

10 

»3 

6.4449  , 

40    0 

1.76119 

1.76099 

6.4446  ^ 

15 

19 

45    0 

1. 76104 

4 
4 
4 
5 

5 

I 

5 

I.OO18 

1.76080 

I.OOI3 

6.4441  . 

1.005 

46    0 

1. 76100 

1.0019 

1.76075 

5 

I.OOI3 

6.4439  - 

1.005  ; 

47    0 

1.76096 

I.0019 

1.76070 

5 

I.OOI4 

6.4437  , 

1.005  . 

48     0 

1.76092 

1.0020 

1.76065 

5 

I.OOI5 

64436  ^ 

1.006  , 

49    0 

1.76087 

1. 0021 

1.76059 

0 
^ 

1.0015 

6.4434 

1.006  ; 

50    0 

1.76082 

1.0023 

1.76053 

» 
^ 

I.OO16 

6.4433  - 

1.006 

51     0 

1.76077 

1.0025 

1.76047 

» 

I.OOI7 

6.443'  2 

1.007 

52    0 

1.76071 

1.0026 

1.76040 

7 
8 
8 

10 

10 

I.OOI8 

6.44*9  , 

1.007 

53    0 

1.76065 

7 
g 

1.0027 

1.76032 

1.0019 

6.44*8  " 

1.008, 

54    0 

1.76058 

1.0029 

1.76024 

I.002I 

6.44*5  ^ 

1.008 

55    0 

1.76050 

g 

1.0031 

I.76014 

1.0024 

6.4422 

1.009 

56    0 

1.76042 

9 

10 

1.0034 

1.76004 

1.0026 

6.4419  ^ 

1. 010 

57     0 

1.76033 

1.0037 

1.75993 

II 
12 

14 

1.0028 

6.44'6    I 

1. 01 1 

58     0 

1.76023 

1 J 

1.0040 

1.7598' 

1.0030 

6-44'2    I 

I.OI2 

59    0 

1.76012 

1.0043 

1.75967 

1.0032 

6.4408    * 

I.OI3 

II 

14 

60    0 

1. 76001 

'3 
'5 
16 

1.0046 

'•75953 

16 
18 

I.OC35 

6.4404 

1.014 

61     0 

1.75988 

1.0049 

'.75937 

1.0038 

6.4400    ^ 
6.4395    J 

1. 01 5 

62    0 

'•75973 

1.0054 

'.759'9 

20 

1. 0041 

1. 01 6 

63    0 

'•75957 

18 

1.0058 

1.75899 

22 

1.0044 

1.017 

64    0 

'•75939 

1.0063 

'.75877 

1.0048 

1.019 

20 

*5 

65    0 

i.759'9 

22 

1.0068 

1.75852 

28 

40 
47 

1.0052 

6.4378    8 
6.4370    I 

1.020 

66    0 

1.75897 

26 

1.0075 

1.75824 

1.0058 

1.012 

67     0 

1.7587' 

29 
33 
38 

45 
5' 

60 

1.0083 

'•75793 

1.0064 

6.4361    I 

1.024 

G8     0 

1.75842 

1.0092 

1.75757 

1.007 1 

6-435'  \l 

1.026  1 

69    0 

1.75809 

I.OIOI 

'.757'7 

1.0079 

6.4339 

1.028  1 

70    0 

'•75771 

I.OIII 

1.75670 

1.0088 

6.4326 

1.031  ' 

71     0 

1.75726 

1. 01 24 

1.75615 

55 
63 

74 
88 

1.0099 

6-43"  jI 
6.4*9*  J[ 

1.034 

72     0 

'•75675 

I.OI39 

'•7555* 

I. Olio 

'.037 

73    0 

1.75615 

72 
86 

1. 0156 

1.75478 

I.OI23 

6.4*7'  ,. 
6.4246    ^ 

6.4*18* 

1.040 

74     0 

'•75543 

I.OI75 

1-75390 

106 

«9 

20 

1. 0140 

1.043 

75    0 

'.75457 

16 

I.OI97 

1.75*84 

I.OI55 

1.047 

)        10 

'•7544' 

16 

1.0200 

1.75*65 

I.OI58 

6.4*14   I 
6.4210   ^ 

1.048 ; 

20 

'.75415 

'7 
'7 
18 

1.0204 

'•75*45 

20 
21 

I.0I6I 

1.049 

30 

1.75408 

1.0208 

1.75**5 

1.0164 

6.4205    5 
6.4200   5 
6.4194 

1.050 

40 

'■7539' 

1.0212 

1.75*04 

22 

I.OI67 

1.052 

60 

'•75373 

1.0216 

1.75182 

I.OI70 

1.053 

18 

*3 

76    0 

'•75355 

'9 

20 

1.0220 

»-75'59 

I.OI73 

6.4188 

1.054 

10 

'•75336 

1.0225 

1. 75136 

23 

*4 
*5 
27 

27 

1.0177 

6.4181    7 

1.055 

20 

i.753'6 

21 

1.0230 

'75"* 

1. 0180 

6.4'74    I 

1.057 

80 

'.75*95 

21 

1.0235 

1.75087 

I.OI84 

64167    I 

1.058 

40 

'•75*74 

22 

1. 0241 

1.75060 

I.OI88 

6.4160    ' 

1.059 

60 

1.7525* 

1.0246 

'•75033 

I.OI92 

6.4153    ^ 

1.061 

23 

28 

77     0 

1.75**9 

1.0026 

1.0252 

1.75005 

^ 

0.9975 

1.0197 

6.4145 

0.997 

1.062 

672 


TABLE  n.    Bessel's  Befraction  Table. 


Zen. 
Dint. 


77*  0' 
10 

ap 

80 
40 

60 

rs    0 

10 
20 
30 
40 
50 

79     0 

10 
20 
80 
40 
50 

!8G     0 

10 
20 
80 
40 
50 

iSl     0 

10 
20 
80 
40 
50 

.82     0 

I         ^^ 

I         20 

i         30 

i         40 

50 

'  83     0 

10 
20 
30 
40 
50 

84  0 
10 
20 

r.') 

40 

50 


A. 

Arg.  App.  Z.  D. 


Lcffa 


75"9  ^. 

75^5  J 

75180  II 

7515s  J 

75129 

75101 


28. 


7507a 

75043 
75013 

74981 
74947 
74912 

7487^ 
7483* 
7479? 
74757 
74714 
74673 

74623 
74573 
74S»» 
74468 
74412 
7435* 

74288 

74223 

74155 
74083 
74007 
73928 


73845 

73757 
73663 

73564  , 

73459 

73347 


29 

29 
30 
3» 
34 
35 
36 

37 
40 

41 
43 
44 

47 

50 
5* 
53 
56 
60 

64 

65 
68 
72 
76 
79 
83 
88 
9^ 
99 
05 
112 


118 
71229 
^    124 

73105  *^ 

71974  ,]. 

7i«3»  '*] 
72681  '5' 

7i5'9"' 

7*346  ,86 
.72160 
,7.96.  '99 

'  ^    212 

71749  „7 

'^'5"  243 
.71279  ^^j 


85  0 


. 7 1 020 


259 


.0026 
.0026 
.0027 
.0027 
.0028 
.0029 

.0030 
.0030 
.0031 
.0032 
0033 
,0034 

,0035 
0036 
,0037 
0038 
0039 
0040 

0041 
0042 
0043 
0045 
0046 
0047 

0049 
0050 
0052 
0054 
0056 
,0058 

,0060 
,0062 
.0065 

.0067 
,0070 
.0073 

.0075 
.0078 
.0081 
.0084 
,0088 
.0092 

,0096 

.0100 
.0105 
.0110 
.0115 
.0121 

1.0127 


.0252 
.0258 
.0264 
.0272 
.0281 
.0290 

.0299 
.0308 
.0318 
.0328 
.0338 
.0347 

•0357 
.0367 
.0377 
.0387 
.0398 
.0409 

.0420 

•0431 
.0442 
.0454 
.0466 
.0479 

.0493 
.0508 
.0523 
.0540 
.0559 
.0579 

.0600 
.0622 
.0646 
.0671 
.0697 
.0725 

.0754 
.0784 
.0815 
.0846 
.0879 
.0914 

.0951 
.0992 
.1036 

.1082 
.1130 

.1178 

1. 1229 


Arg.  Trno  Z.  D. 


I/>ga' 


75005 
74976 
74945 
749H 
74882 

74848 

74813 

74777 
74740 
74701 
74660 
74617 

•74573 
•745*7 
•74478 
.74428 
74376 
.74321 

•74*63  6^ 
.74*03 

74»4i  If- 
.74075  ^t 
-74005    ' 

•73933  ^ 

o  76 

•73«57  g^ 

•73777  l^ 

•7369*  ll 

.73605 ; 

73514  I 

.73417  y^ 

103 

"3314 
^^  ^  107 

12 

121 

1846*^^ 

„i35 

14* 
:8'5' 

^  '73 
18 
194 

209 

223 
239 

*55 
273 
293 

3«4 


.73207 
.73095 
.72974 

r-8.  ' 

727 

.7*569 
,7241" 

.7225. 

.72083 
T902 
1708 

1499 
1276 

037 


71 

71 

710 

.7078: 

.70509 

,70216 


0.9975 
0.9974 
0.9973 
0.9972 
0.9971 
0.9970 

0.9970 
0.9969 
0.9968 
0.9967 
09967 
0.9966 

0.9965 
0.9964 
0.9963 
0.9962 
0.9961 
0.9960 

0.9958 

0.9957 
0.9955 
0.9954 
0.9952 
0.9951 

0.9949 

0.9948 
o.  9946 
0.9944 
0.9942 
0.9940 

0.9938 
0.9936 
0.9934 
0.9931 
0.9929 
0.9926 

0.9924 
0.9920 
0.9917 
0.9913 
0.9909 
0.9905 

0.9901 
0.9897 
0.9893 


.69902 


0.9882 
0.9876 

0.9870 


0197 
.0202 
.0208 
.0213 
.0219 
,0226 

.0234 
.0241 
.0249 
.0257 
.0265 
.0273 

.0281 
.0289 
.0296 
.0304 
.0312 
.0320 

.0329 

•0337 
.0346 

.0354 
.0363 

.0372 

.0382 

0393 
.0404 
.0416 
.0429 
.0444 

0459 

.0476 

0493 

.0512 
.0531 
,0552 

■0573 
.0594 
,0617 
.0640 
.0664 
.0688 

.0715 
.0742 
.0771 

.08f2 

,0834 
.0868 

.0903 


Arg.  Trne  Z.  D. 


Log  a" 


6^4145  - 

6.4138  I 

6.4130  g 

6.4122  g 

6.4114  o 
6.4106  * 

9 
6.4097 

6.4088  9 

6.4078  *° 

6.4067" 

6.4056" 

6.4044 

12 

6.4032 

6.4019  i 

6.400s  I 

6.3991  t 
6.3976  5 

6.3962  *4 

15 
^3947, 6 
63931  ,. 
6.3914  7 

6.3895  [I 
6.3876*9 

6.3856*° 

20 

^•3836  _ 

6.3816*° 

6.3795^! 
^•3774  :i 
6.375*" 
6.3728*4 
26 
6.3702 

6.3674  *J 
6.3643  ^i 
6.3611  3» 

6.354434 

36 
6.3508 
6.346939 

6.34*7^^ 
6.338*^1 
6.3334^^ 
6.32845° 

53 
6.3*31  „ 
6.317457 

6.3052,1 
6.2987* 

6.2919 

72 
6.2847 


A" 


0.997 
0.997 
0.997 
0.996 
0.996 
0.996 

0.996 
0.996 
0.996 
0.996 
o  996 

0.995 

0.995 
0.995 

0.995 
0.995 
0.995 
0.994 

0.994 
0.994 
0.994 
0.993 
0.993 
0.993 

0.993 

0.992 
0.992 
0.992 

0.991 
0.991 

0.991 

0.99c 
0.990 
0.989 
0.989 
0.988 

0.987 
0.986 

0.985I 
0.984! 

0.983I 

0.982 

0.981 

0.980 

0.979 

0.977 

0.976 

0.974 
0.973 


,062 
,064 

.066 

,067 
,069 

,071 

073 
075 

,076 
,078 
.080 
082 

085 
087 
089 
,091 

094 

096 

.099 

I02 

105 
108 
112 
115 

119 

1*3 

127 

13* 
136 
141 

146 

151 
156 
161 
167 

172 

17? 
183 
188 

193 
199 
,204  I 

200 
214 

219 
224 
228 
232 

.*37 


673 


TABLE  n.    Bessel's  Be&action  Table. 


D.  Factor  depending  upon  the  Barometer. 


Paris 
Iln<». 

hogB 

EDiclish 
inches. 

LogU 

French 
DietrM. 

hogB 

French 
metres. 

IJ^B 

315 

—  0.02445 

27.5 

—  0.03191 

0.725 

—  0.01560 

0.760 

+  0.00488   1 

316 

—  0.02307 

27.6 

—  0.03033 

0.726 

—  0.01500 

0.761 

-f  0.00545   , 

317 

—  0.02170 

27.7 

—  0.02876 

0.727 

—  0.01440 

0.762 

-\-  0.00602 

318 

—  0.02033 

27.8 

—  0.02720 

0.728 

—  0.01380 

0.763 

4-  0.00659 1 

319 

—  0.01897 

27.9 

—  0.02564 

0.729 

—  0.01321 

0.764 

4-  0.Q0716  1 

320 

—  0.01761 

28.0 

—  0.02409 

0.730 

—  0.01261 

0.705 

-f  0.00773 1 

321 

—  0.01625 

28.1 

—  0.02254 

0.731 

—  0.01202 

0.766 

-}-  0.00830 

322 

—  0.01490 

28.2 

—  0.02099 

0.732 

—  0.01142 

0.767 

4-  0.00886 

323 

—  0.01356 

28.3 

—  0.01946 

0.733 

—  0.01083 

0.768 

-f  0.0C943 

324 

—  O.01221 

28.4 

—  0.01793 

0.734 

—  0.01024 

0.769 

-f  0.00999 

325 

—  0.01088 

28.5 

—  0.01640 

0.735 

—  0.00965 

0.770 

-j-  0.01056 

320 

—  0.00954 

28.6 

—  0.01488 

0.736 

—  0.00906 

0.771 

4-  0.01112 

327 

—  0.00821 

28.7 

—  0.01336 

0.737 

—  0.00847 

0.772 

4-  0.01168 

328 

—  0.00689 

28.8 

—  0.01185 

0.738 

—  0.00788 

0.773 

4-  0.01225 

329 

—  0.00556 

28.9 

—  0.01035 

0.739 

—  0.00729 

0.774 

4-  0.01281 

330 

—  0.00425 

29.0 

—  0.00885 

0.740 

—  0.00670 

0.775 

-f  0.01337 

331 

—  0.00293 

29.1 

—  0.00735 

0.741 

—  0.00612 

0.776 

-h  0.01393  1 

332 

—  0.00162 

29.2 

—  0.00586 

0.742 

—  0-00553 

0.777 

-1-  0.01449 

333 

—  0.00032 

29.3 

—  0.00438 

0.743 

—  0.00494 

0.778 

-f-  0.01505 

334 

-f  0.00099 

29.4 

—  0.00290 

0.744 

—  0.00436 

0.779 

4"  0.01560 

335 

-f  0.00228 

29.5 

—  0.00142 

0.745 

—  0.00378 

0.780 

4-  0.01616 

336 

+  0.00358 

29.6 

-f  0.00005 

0.746 

—  0.00319 

0.781 

4-  0.01672 

337 

+  0.00487 

29.7 

4-  0.00151 

0.747 

—  0.00261 

0.782 

4-  0.01727 

338 

-f  0.00616 

20.8 

4-  0.00297 

0.748 

—  0.00203 

0.783 

+  0.01783 

339 

+  0.00744 

20.9 

-f  0.00443 

0.749 

—  0.00145 

0.784 

4-  0.01838 

340 

-f  0.00872 

30.0 

-f  0.00588 

0.750 

—  0.00087 

0.785 

4-  0.01894 

341 

+  0  00999 

30.1 

+  0.00732 

0.751 

—  0.00029 

0.786 

-f  0.01949 

342 

-f  0.01127 

30.2 

+  0.00876 

0.752 

-f  0.00028 

0.787 

-i-  0.02004 

343 

4-  0.01253 

30.3 

4-  0.01020 

0.753 

4-  0.00086 

0.788 

4"  0.02059 

344 

4-  0.01380 

30.4 

4-  0.01163 

0.754 

4-  0.00144 

0.789 

4-  0.02114 

345 

-f  0.01506 

30.5 

4"  0.01306 

0.755 

-f  0.00201 

0.790 

4-  0.02169 

346 

4-  0.01632 

30.0 

-f  0.01448 

0.756 

4-  0.00259 

0.791 

-f  0.02224 

347 

+  0.01757 

30.7 

-f  0.01589 

0.757 

-f  0.00316 

0.792 

4-  0.02279  ' 

348 

-j-  0.01882 

30.8 

-f-  0.01731 

0.758 

+  0.00374 

0.793 

+  0.02334 

340 

4-  0.02007 

30.9 

+  0.01871 

0.759 

4-  0.00431 

0.794 

-f  0.02389 

350 

-f  0.02131 

31.0 

4-  0.02012 

0.760 

-f  0.00488 

0.795 

+  0.02443 1 

E*  Factor  depending  upon  the  Attached  Thermometer. 

(F.)  Fahrenheit.    (R.)  R^anmur.    (C.)  Centigrade. 


F. 

Logr 

R. 

Logr 

c. 

Logr 

-30** 

-f  0.00242 

—  35° 

4-  0.00308 

—  35° 

4-  0.00246 

—  20 

4-  0.00203 

—  30 

4-  0.00264 

—  30 

4-  0.00211 

—  10 

-|-  0.00164 

—  25 

4-  0.00220 

—  25 

4-  0.00176 

0 

4-  0.00125 

—  20 

4-  0.00176 

—  20 

4-  0.00140 

+  10 

-f  0.00086 

—  15 

4-  0.00132 

—  15 

4-  0.00105 

20 

+  0.00047 

—  10 

4-  0.00088 

—  10 

4-  0.00070 

30 

4-  0.00008 

—    5 

4-0.00044 

—    5 

4-  0.00035 

40 

—  0.00031 

0 

0.00000 

0 

0.00000 

50 

—  0.00070 

+    5 

—  0.00044 

+     5 

—  0.00035 

60 

—  0.00109 

10 

—  0.00088 

10 

—  0.00070 

70 

—  0.00148 

15 

—  0.00131 

15 

—  0.00105 

80 

—  0.00186 

20 

—  0.00175 

20 

—  0.00140 

90 

—  0.00225 

25 

—  0.00218 

25 

—  0.00175 

100 

—  0.00264 

30 

—  0.00262 

30 

—  0.00210 

35 

—  0.00305 

35 

—  0.00244 

Log  /?  ^  log  .»  4-  log  71 
574 


TABLE  n.   Bessel's  Befracticm  Table. 

F*   Factor  depending  vpan  the  External  Thermometer. 

(F.)  Fahrenheit.    (R.)  Rtenmor.    (C.)  Centigrade* 


F. 

Logy 

F. 

Logy 

R. 

Logy 

c. 

Logy 

^20** 

-f-  0.06279 

35*> 

4-  0.01185 

—  35« 

4-  0.08990 

—  35<» 

4-  0.07373 

—  19 

-f  0,06181 

36 

4-  0.01098 

—  30 

4  0.07829 

—  30 

4"  0.C6476 

—  18 

-j-  0.06083 

37 

4-  O.OIOII 

—  25 

4-  0.06698 

—  25 

4-  0.05596 

—  17 

4-  0.05985 

38 

4-0.00924 

—  24 

4  0.06476 

—  24 

4-  0.05423 

—  16 

-h  0.05887 

39 

4-  0.00837 

—  23 

4-  0.06254 

—  23 

4-  0.05149 

—  15 

-f  0.05790 

40 

4-  0.00750 

—  22 

4-  0.06034 

—  22 

4-  0.05077 

—  14 

-1-  0.05693 

41 

4-  0.00664 

—  21 

4-  0.05815 

—  21 

4-  0.04905 

—  13 

+  0  05596 

42 

4-  0.00578 

—  20 

4-  0.05596 

—  20 

4-  0-04734 

-12 

-\-  0.05500 

43 

4-  0.00492 

—  19 

4-  0.05379 

—  19 

4-  0.04564 

—  11 

+  0.05403 

44 

4-  0.00406 

—  18 

4-  0.05163 

—  18 

4-  0.04394 

—  10 

+  0.05307 

45 

4"  0.00320 

—  17 

4-  0.04948 

—  17 

4-  0.04115 

—    9 

-j-  0.0511 1 

46 

4-  0.00234 

—  16 

4-  0.04734 

—  16 

4-  0.04057 

—    8 

4-  0.05115 

47 

4-  0.00149 

—  15 

4-  0.04522 

—  15 

4-  0.03889 

—    7 

-f-  0.05020 

48 

4-  0.00064 

—  14 

4-  0.04310 

—  14 

4-  0.03722 

—    6 

+  0.04924 

49 

—  0.00021 

—  13 

4-  0.04099 

—  13 

4-  0.03556 

—    5 

4-  0.04829 

50 

—  0.00106 

—  12 

4-  0.03889 

—  12 

4-  0.03390 

—    4 

+  0.04734 

51 

—  0.00191 

—  11 

4-  0.03681 

—  11 

4  0.03125 

—    3 

-f  0.04640 

52 

—  0.00275 

—  10 

4-  0.03473 

—  10 

4  0.03060 

—  a 

+  0.04545 

53 

—  0.00360 

—    9 

4-  0.03266 

—    9 

-j-  0.02896 

—  1 

-f  0.04451 

54 

—  0.00444 

—    8 

4-  0.03060 

—    8 

4-  0.02733 

0 

+  0.04357 

55 

—  0.00528 

—    7 

4-  0.02855 

—    7 

4-  0.01570 

+  1 

-+-  0.04263 

56 

—  0.00612 

—    6 

-j-  0.02652 

—    6 

4-  0.01408 

2 

4-  0.04169 

57 

—  0.00696 

—    5 

4-  0.02449 

—    5 

4-  0.02247 

3 

4-  0.04076 

58 

—  0.00780 

—    4 

4-  0.02247 

—    4 

4-  0.01086 

4 

-j-  0.03981 

59 

—  0.00863 

—    3 

4-  0.02046 

—    3 

4-  0.01926 

5 

4-  0.03889 

60 

—  0.00946 

—    2 

4-  0.01846 

—    2 

4"  0.01766 

6 

-h  0.03796 

61 

—  0.01029 

—    1 

-j-  0.01646 

—    1 

4-  0.01607 

7 

-f  0.03704 

02 

—  0.01112 

0 

4-  0.01448 

0 

4-  0.01448 

8 

-f-  0.03611 

63 

—  0.01195 

+     1 

4-  0.01251 

+     1 

4"  0.01290 

9 

-f-  0.03519 

64 

—  0.01278 

2 

4-  0.01054 

2 

4-  0.01133 

10 

-f  0.03427 

65 

—  0.01360 

3 

4-  0.00859 

3 

4-  0.00976 

11 

-f  0.03335 

66 

—  0.01443 

4 

4-  0.00664 

4 

4-  0.00810 

12 

+  0.03243 

67 

—  0.01525 

5 

4-  0.00470 

5 

4  0.00664 

13 

-1-  0.03152 

08 

—  0.01607 

6 

4-  0.00277 

6 

4-  0.00509 

14 

4-  0.03060 

69 

—  0.01689 

7 

4-  0.00085 

7 

4-  0.00354 

15 

4-  0.02969 

70 

—  0.01770 

8 

—  0.00106 

8 

4-  0.00200 

16 

4-  0.02878 

71 

—  0.01852 

9 

—  0.00297 

0 

4-  0.00047 

17 

-j-  0.02787 

72 

—  0.01933 

10 

—  0.00486 

10 

—  0.00106 

18 

4"  0.02697 

73 

—  0.02015 

11 

—  0.00675 

11 

—  0.00259 

19 

4-  0.02606 

74 

—  0.02096 

12 

—  0.00863 

12 

—  0.00410 

20 

4-  0.02516 

75 

—  0.02177 

13 

—  0.01050 

13 

—  0.00562 

21 

4-  0.02426 

76 

—  0.02257 

14 

—  0.01236 

14 

—  0.00713 

22 

-j-  0.02336 

77 

—  0.02338 

15 

—  0.01422 

15 

—  0.00863 

23 

4-  0.02247 

78 

—  0.02419 

10 

—  0.01607 

16 

—  0.01013 

24 

4-  0.02157 

79 

—  0.01499 

17 

—  0.01791 

17 

—  0  01161 

25 

4-  0.02068 

80 

—  0.01579 

18 

—  0.01974 

18 

—  0.01311 

26 

4-  0.01979 

81 

—  0.01659 

19 

—  0.02156 

19 

—  0.01459 

27 

4-  0.01890 

82 

—  0.01738 

20 

-—  0.02338 

20 

—  0.01607 

28 

-j-  0.01801 

83 

—  0.01819 

21 

—  0.02519 

21 

—  0.01754 

29 

+  0.01713 

84 

—  0.01898 

22 

—  0.02699 

22 

—  0.01901 

30 

4-  0.01624 

85 

—  0.02978 

23 

—  0.02879 

23 

—  0.01047 

31 

-j-  0.01536 

80 

—  0.03057 

24 

—  0,03057 

24 

—  0.01194 

32 

4-  0.01448 

87 

—  0.03136 

25 

—  0.03235 

25 

—  0.01338 

33 

4-  0.01360 

88 

—  0.03216 

30 

—  0.041 14 

30 

—  0.03057 

34 

4-  0.01273 

89 

—  0.03294 

35 

—  0.04976 

35 

—  0.03765 

35 

4-  0.01185 

90 

—  0.03373 
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Table  HE.    Beduction  of  Latitude  and  Logaritlmi  of  the  Earth's  Badins. 

1 


Argument  p  =  Geographical  Latitude. 


Compression  : 


299.15 


O 
1 
2 
3 
4 
5 

6 

7 
8 
9 


10  0 

11  0 

12 
13 
14 
15 
10 
17 


18  0 

19  0 

20  0 

21  0 

22  0 

23  0 


24 
25 
20 
27 

28 


29  0 

30  0 

10 
20 
30 

40 
50 

31  0 

10 
20 
30 
40 
50 

32  0 

10 
20 
30 
40 
5C 

33  0 

10 
20 
30 
40 
50 

34  0 

10 
20 
30 
40 
50 

35  0 


*-*' 


o    o.oo 
o  24.02 

0  45.02 

1  11.95 

1  35.80 

»   59-54 

2  2J.I 

2  46. 5 A 

3  976 

3  3»-74 

3  55-47 

4  »7-9* 

4  40.06 

5  1-85 
5  23.28 

5  44.33 

6  4.95 
6  25.14 

44.86 
4.09 
22.80 
40.09 
58.61 


8  15.66 
8  32.10 

8  47-93 

9  3-;a 
9  17-65 
9  3»-So 
9  44.66 


9 

9 

10 


57.12 
59.12 
I. II 
3.07 
5.02 
6.94 

10  8.85 
10.73 
12.59 

18.06 

10  19.84 
21.60 

»3-34 
25.05 
26.75 
28.43 

10  30.08 
31.71 
33-3* 

36.48 
38.03 

»o  39-55 
41.06 

4*- 54 
44.00 

tin 

10  48.25 


Diff. 


24.02 
24.00 

23.^5 

»3-74 
23.58 

23.42 
23.22 
22.98 
22.73 
22.45 
22.14 

21.79 
21.43 
21.05 
20.62 
20.19 
19.72 

10.23 
18.71 
18.19 
17.62 
17.05 
16.44 

15.83 
15.19 

»4-53 
13.85 
13.16 
12.46 

2.00 
1.99 
1.96 

>-95 
1.92 
1.91 

1.88 
1.86 
1.85 
1.82 
1.80 
1.78 

1.76 

«-74 
1.71 
1.70 
1.68 
1.65 

,.63 
1.61 

1.59 
1-57 
1-55 
1.52 

*-5i 
1.48 

1.46 

1.44 

1.42 

1-39 


logp 


0.000  0000 

9-999  9996 
9982 
9961 
9930 
9891 

9.999 


97 
9721 

life 

9476 

9-999  9377 
9271 

9157 
0035 

5905 
8768 

9.999  8624 
8472 
8314 
8149 
7977 
7799 

9.999  7614 

74*4 
7228 
7027 
6820 
6608 

9.999  6392 
6355 
!3'9 
6282 

6208 
9.999  61 71 

6096 
6059 
6021 
5984 
9.999  5946 
5008 
5870 
5832 
5794 
5755 

9-999  5717 
5678 
5640 
5601 
5562 
55*3 

9.999  5484 

5445 
5406 

5367 
53*7 
5288 

9-999  5*48 


DIff. 


4 

21 
31 

II 

II 
li 

90 
99 
106 
114 
122 
130 

»37 
144 

165 

185 

190 
196 
201 

207 

212 
216 

36 

37 
37 
37 
37 

P 

3« 

ll 
It 

It 

39 
39 
39 
39 

39 
39 
39 
40 

39 

40 


35  0 

10 
20 
30 
40 
50 

36  0 

10 
20 
30 
40 
50 

37  0 

10 
20 
30 
40 
50 

38  0 

10 
20 
30 
40 
50 

39  0 

10 
20 
30 
40 
50 

40  0 

10 
20 
30 
40 
60 

41  0 

10 
20 
30 
40 
50 

42  0 

10 
20 
30 
40 
50 

43  0 

10 
20 
30 
40 
50 

44  0 

10 
20 
30 
40 
50 

45  0 


♦  -♦' 


10  48.25 
49.67 
50.98 
52.JI 
53.62 
54.90 

10  56.16 

58.83 
59.82 

11  l.oo 
2.15 

II      3.28 
4-39 

6.5A 
7.5? 
8.59 

II  9.59 
10.56 
11.51 
12.44 

"3-34 
14.22 

II  15.08 
15.92 
16.73 
17.52 
18.29 
19.04 

II  19.76 
20.46 
21.13 
21.79 
22.42 
23.02 

II  23.61 

24.17 
24.70 
25.22 
2J.71 
26.18 

II  26.62 
27.04 
27.A4 
27.82 
28.17 
28.50 

II  28.80 
29.08 
29.3A 
29.58 
29.70 
29.98 

II  30.14 
30.29 
30.41 
30.50 

30-57 
30.62 

30.65 


Di  IT. 


.42 

•-*? 
.38 

•35 
•33 
.30 

.28 
.26 
.24 
.21 

:\t 

•15 
.12 
.09 

.07 
.05 
.03 


logp 


Diff. 


9.999  5248 
5208 
5169 
5129 
5089 
5049 

9.999  5009] 
4969 

im 
4848 
4807 

9.999  4767 
4726 
4686 
4645 
4604 
4563 

9.999  4521 

4481 
4440 

4399 
4358 

43«7 
9.999  4276 

4*34, 
4193 
4152 
4110 
4069 

9.999  4027 
3985 
3944 
3902 
3860 
3819 

9-999  3777 
3735 
3693 
36511 
3609! 
35671 

9-999  35*5' 
3483: 
3441 
3399 
3357; 
33'5j 

9.999  3273 1 

3188 
3146' 
3104 
3062 

9.999  3019 

2977 

*235; 
2892! 

2850 

2808 

9.999  2766 


40 
39 
40 
40 
40 

40 

40 
40 

4« 

40 

41 
40 

41 
4<i 
4> 
41 
4" 
4» 

4" 
41 
4» 
41 
41 
4> 

4* 
4> 
4« 
41 
4« 
4* 

4a 
4« 
4* 
4> 
4' 
4> 

4» 
4a 
4* 
4* 
4> 
4> 

44 
4» 
4» 
4* 
4» 
4* 

43 
4» 
4» 
4» 
4» 
43 

4» 
4» 
43 
4» 
4» 
4» 


576 


Table  IH.    Beduction  of  Latitude  and  Logarithm  of  the  Earth's  Badins. 

^'  =.  Geooentrio  Latitude.  p  :=  Earth's  Radius. 


♦ 

♦  -♦' 

Diff. 

logp 

DifT. 

♦ 

♦  -♦' 

Diff. 

logp 

Diff. 

o   / 

/   /» 

n 

0  / 

/   n 

n 

45  0 

10 

II  30.65 
30.65 

0.00 

9.999  2766 

2723 

43 

55  0 

10 

"  'n 

1.38 

9-999  o»75 
0235 

40 

20 

30.63 
30.58 

.02 

2681 

4» 

20 

46.97 

1.39 

0195 

40 

30 

•05 

2639 

4» 

30 

45-55 

1.42 

0155 
0116 

40 

40 

30.51 

.07 

2596 

43 

40 

4411 

1.49 

39 

50 

30.42 

.09 
.11 

^554 

42 
4* 

50 

42.65 

0076 

40 
39 

4G  0 

II  30.31 

9.9992512 

50  0 

10  41.16 

9-999  0037 
9.998  9998 

10 

30.17 

•\% 

2470 

42 

10 

30.65 

36.58 

1-5" 

39 

20 

30.01 

2427 

43 

20 

1.52 

9958 

40 

30 

29.81 

.19 

2385 

42 

30 

"•55 

To 

39 

40 

29.61 

.21 

1343 

4a 

40 

35.01 

1.61 

39 

60 

29.38 

•\\ 

2300 

43 
4» 

50 

33-41 

9841 

39 
39 

38 

47  0 

II  29.12 
28.85 

9.999  2258 

57  0 

10  31.80 

1.66 

9.998  9802 

10 

.27 

2216 

42 

10 

30.16 

9764 

20 

28.54 

•3" 

2174 

42 

20 

28.50 
26.83 

%\ 

39 

30 

28.22 

•3* 

2112 
2089 

4» 

30 

1.67 

39 

40 

27.87 

•35 

43 

40 

a5-i3 

1.70 

9648 

50 

27.50 

•37 
.40 

2047 

42 
4» 

50 

2340 

"•73 
1.74 

9610 

4%  0 

11  27.10 

9.999  2005 

58  0 

10  21.66 

1.76 

9.998  9571 

SI 

ii 

iO 

26.69 

.41 

1963 

4» 

10 

10.90 
18.11 
16.31 
14.A8 
12.63 

9533 

20 
30 
40 
50 

26.24 
25.78 
25.20 
24.78 

.49 
•5« 
•54 

IQ2I 
1879 
1837 
1795 

42 
4» 
4» 
4» 
4a 

20 
30 
40 
50 

1.79 
1.80 
1.83 
1.85 
1.86 

9495 
9457 
9419 
9382 

49  0 

10 

II  24.24 
23.69 

1 
1 

.67 

9-999  "753 
1711 

4» 

59  0 

10 

'°  '%l\ 

1.89 

9.998  9344 
9307 

s 

20 

23.11 

1669 

42 

20 

6.97 

1.91 

9269 

30 
40 

22.50 
21.87 

:Si 

42 
41 

30 
40 

i:t 

1.90 

9232 
9"95 
9158 

37 
37 

50 

21.22 

1544 

4» 
4» 

50 

1. 11 

1.97 
1.99 

37 
37 

50  0 

10 

II  20. J5 
19.85 

.70 

9.999  1502 
1460 

4a 

60  0 
01  0 

9  59.12 
9  46.74 

12.38 

9.998  0121 
8902 
8688 

219 

20 

10.13 
18.59 
17.63 

.72 

1419 

41 

02  0 

9  33  65 

13.09 
13.80 
14.49 

214 

30 
40 

% 

1377 

^35 

4» 
4» 

63  0 

64  0 

9  19  8} 
0  5.36 
8  50.21 

8479 
8275 

209 

50 

16.84 

■\l 

1294 

4' 
42 

65  0 

15.15 
15.81 

8077 

190 
193 

51  0 

II  16.02 

■l\ 

.88 
.90 

9.999  1252 

66  0 

8  3440 

16.43 
17.05 
17.63 
18.21 

9.998  7884 

180 

10 
20 

15.19 
»4-33 

1211 
1170 

4' 
4" 

67  0 

68  0 

8  17.97 
8  0.92 

7697 
75"7 

30 

40 

13-45 
11.62 

1128 

1087 

4* 
41 

69  0 

70  0 

7  43-*9 
7  *5  0» 
7  6.33 

7342 
7174 

\l\ 

50 

•93 
•95 

1046 

4' 
41 

71  0 

18.75 
19.27 

7013 

161 
"54 

52  0 

10 

11  10.67 

•97 

9.999  1005 
0963 

4* 

72  0 

73  0 

6  4706 
6  27.28 

19.78 

9.998  6859 
6713 

146 

20 

•99 

0922 
0881 

4' 

74  0 

6  7.03 

20.25 

6573 

140 

30 

7.69 

1.02 

4> 

75  0 

5  4633 

20.70 

6441 

132 

40 

6.66 

1.09 

0840 

4' 

76  0 

5  25. ao 

21.13 

6317 

108 

50 

5.60 

0800 

40 
41 

77  0 

5  3.67 

21.53 
21.90 

6201 

53  0 

II  4.51 

9.999  0750 

0677 

78  0 

4  4».77 

9.998  6093 

10 
20 

3.40 

2.27 

I.I  I 
1.13 

41 
41 

79  0 

80  0 

4  "953 
3  50-90 

22.24 

5993 
5818 

100 

2^ 

30 

1. 12 

\\\ 

1.20 
1.22 

0637 

40 

81  0 

3  34- "o 

40 
50 

10  50.94 

5»-74 

0596 
0556 

4" 

40 

4' 

82  0 

83  0 

3  'o-9^ 
2  47.63 

23.12 

23-35 
23.56 

5743 
5676 

57 

54  0 

10  57.51 

9.9990515 

84  0 

2  24.07 

9.998  5619 

10 

56.28 

;::j 

0475 

40 

85  0 

2  0.33 

a3-74 
23.89 

5570 

49 

20 

55.02 

0435 

40 

80  0 

I  36.44 

5530 

40 

30 

53-73 

1.29 

0395 

40 

87  0 

I  12.43 

24.01 

5498 

32 

40 

5242 

1. 31 

0355 

40 

88  0 

0  48.3A 
0  24.18 

24.18 

5476 

22 

50 

51.09 

1.33 

»-35 

0315 

40 
40 

89  0 

5463 

"3 
5 

55  0 

10  49.74 

9.999  0275 

90  0 

0  0.00 

9.998  5458 
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TABLE  17.   Log  A  and  Log  B. 

For  ComputtDg  the  EqaAtion  of  Equal  iiiitudes. 


fSJMStoUtr>«+}        AEGUMENT  -  ELAPSED  TIME.          {£5^??!/+ 

H 

0* 

1* 

J* 

«* 

4* 

-  II 

U>gA 

hogB 

LogA 

logB 

IiOgJ 

ho^B 

h^A 

LogB 

U>gA 

LogB 

ho^A 

Log* 

m 

0 

9.4059 

9-4059 

9.4072 

9.4034 

9.4109 

9-3959 

9.4172 

9.3828 

9.4260 

9.3635 

9-4374 
•4376 

9.3369 

1 

•4059 

.4059 

.4072 

.4034 

.4110 

•3957 

.4«73 

.3825 

.4261 

.3631 

-3364 
•3358 

3 

.4059 

.4059 

.4073 

•4033 

.4111 

•3955 

.4174 

.3822 

.4*63 

.3627 

.4378 
•4380 

3 

.4059 

.4059 

.4073 

.4032 

.4112 

-3953 

.4»75 

.3820 

til 

.3624 

•3353 
.3348 

4 

.4059 

.4059 

.4074 

.4031 

.4113 

-395» 

•4*77 

.3817 

.3620 

.4383 

5 

9.4059 
.4060 

9.4059 

9.4074 

9.4030 

9.4113 

93950 

9.4178 

9.3814 

9.4268 

9.3616 

9-4385  9-3343 il 

6 

.4059 

.4074 

.4020 
.4028 

.4114 

.3948 

•4>79 
.4181 

.3811 

.4270 

•3$" 

.4387 

•3337 

7 

.4060 

•4059 

.4075 

.41 1 1 

.4116 

.3946 

:So2 

.4272 

.3608 

-4389 

•333* 

8 

.4060 

.4059 

•4075 
.4076 

.4027 

•3944 

.4182 

-4»73 

.3604 

.439» 

.33*7 

9 

.4060 

.4059 

.4026 

.4117 

•3943 

.4183 

.3803 

•4*75 

.3600 

•4393 

-33*1 

1> 

9.4060 

9.4059 

4.4076 

9.4025 

9.4118 

9.3941 

':t\lt 

9.3800 

9-4*77 

9.3596 

9.4396 

9.3316 

11 

.4000 

.4050 
.4058 

•4077 

.4024 

.4119 

•3939 

•3797 

.4279 
.4280 

•3595 
•3588 

•439« 

.3311 

12 

.4060 

.4077 
.4078 

.4023 

.4120 

•3937 

.t;l2 

•3794 

.4400 

•330: 

13 

.4060 

.4058 

.4022 

.4121 

•3935 

•379* 
.3789 

.4282 

.3584 

.440* 

.3300 

14 

.4060 

.4058 

.4078 

.4021 

.4121 

•3933 

.4190 

.4284 

.3580 

•4405 

•3*94 

15 

9.4060 

9.4058 

9,4079 

9.4020 

9.4122 

9-393  > 

9.4191 

9.3786 

9.4286 

9-3576 

9-4407 

9.3*89 

16 

.4060 

.4058 

•4079 
.4080 

.4010 
.4018 

.4123 

.3929 

•4»93 

.3783 

.4288 

•357; 

.4409 

.3281 
.3278 

iT 

.4060 

.4057 

.4124 

.39*7 

.4194 

.3780 

.4289 

.3568 

.4411 

18 

.4061 

.4057 

.4080 

.4017 

.4126 

.3915 

.4195 

•3777 

.4291 

•3564 

•44"4 
.4416 

.3272 

10 

.4061 

•4057 

.4081 

.4016 

.3923 

.4197 

•3774 

•4*93 

•3559 

.3266 

90 

9.4061 

9-4057 

9.4081 

9.4015 

9.4127 
.4128 

9.3921 

9.4198 

9-3771 

9.4295 

9-3555 

9-44"  8 

9.3261 

21 

.4061 

.4056 

.4082 

.4014 

•39"9 

.4199 

.3768 

•4*97 

•355" 

.4420 

•3*55 

22 

.4061 

.4056 

.4083 

.4013 

.4129 

.39>7 

.4201 

-3765 

•4*99 

•3547 

-44*3 

•3*49 

23 

.4061 

.4056 

.4083 

.4012 

.4130 

-39"  5 

.4202 

.3762 

.4300 

•354* 

.44*5 

•3*3^ 

24 

.4061 

•4055 

.4084 

.4010 

.4131 

.3913 

.4204 

•3759 

.4302 

-3538 

.44*7 

25 

9.406a 

9.4055 

9.4084 

9.4009 
.4008 

9,4132 

9.3911 

9.4205 

9-3756 

9-4304 
.4306 

9-3534 

9.4430 

9.3*32 

20 

.4062 

.4055 

-i 

•4»33 

.3909 

.4207 
.420* 

•375a 

-3530 

.443* 

•3**6 

27 

.4062 

.4054 

.4007 

•4»34 

.3907 

-374? 
-3746 

.4308 

•35*5 

•4434 

.3220  i 

28 

.4062 

-4054 

.4086 

.4006 

-413  s 
.4136 

.3905 

.4209 

•43  "o 

.3521 

.4437 

.3208 [ 

29 

.4062 

•4054 

.4087 

.4004 

.3903 

.4211 

•3743 

.4312 

.3516 

•4439 

30 

9.4062 

9-4053 

9.4087 

9.4003 

9-4137 

':IIT^ 

9.4212 

9-3740 

9-43H 

9.3512 

9-444" 

9.3x03 

31 

.4063 

.4053 

.4088 

.4002 

.4138 

.4214 

•3737 

•43 « 5 

-3508 

4440 

•3"97 

32 

.4063 

.4052 

.4089 

.4001 

•4«39 

.3896 

.4215 

•3733 

•43 '7 

•3503 

.3101 
.318J 
.3178 

33 

.4063 

.4052 

.4089 

•3999 
.3998 

.4140 

.3894 

.4217 
.4218 

.3730 

.4319 

-3499 

.4448 

34 

.4063 

.4051 

.4090 

.4141 

.3892 

•37*7 

-43*' 

-3494 

-445" 

35 

9.4064 

9.4051 

9.4091 

9-3997 

9.4142 

9.3889 

9.4220 

9-37*3 

9-43*3 

9.3400 
.3485 

9-4453 
-4450 

9.3172 

3d 

.4064 

.4050 

.4091 

•3995 

•4144 

.3887 

.4221 

.3720 

-43*5 

.3166 

37 

.4064 

.4050 

.4092 

-3994 

.4145 
.4146 

•3!!5 

.4223 

.3717 

-43*7 

.3480 

.4460 

.3160 

38 

.4064 

.4049 

.4093 

•3993 

•3?^ 

.422J 
.4226 

•3713 

•43*9 

•3476 

-3 '54 

.3148 

30 

.4065 

•4049 

.4093 

.3991 

.4147 

.3880 

.3710 

•433" 

•3471 

-4463 

40 

9.4065 

9.4048 

9.4094 

':l?ll 

9.4148 

9.3878 

9.4227 

9-3707 

9-4333 

9.3467 

9.4465 
.4468 

9.3142 

41 

.4065 

.4048 

-4095 

.4149 

-3875 

.4229 

•3703 

-4335 

.3462 

•3"35 

42 

■^l 

.4047 

.4095 
.4096 

.3987 

.4150 

•3873 

.4231 

.3700 

-4337 

-3457 

•4470 

.31x9 

43 

•4047 

.3985 

.4151 

.3871 

.4232 

.3696 

-4339 

-3453 
.3448 

-4473 

•31*3 
-3"-f 

44 

.4066 

.4046 

.4097 

.3984 

.4152 

.3868 

.4*34 

.3693 

-4341 

-4475 

45 

9.4066 

9.4045 

9.4097 

9.3982 

9-4»54 

9.3866 

9-4»35 

':ltre 

9-4343 

9-3443 
.3438 

'^11 

9.3110 

46 

.4067 

.4045 

.4098 

.3981 

.4155 
.4156 

.3863 

-4»37 
.4238 

•4345 

.31031 

47 

.4067 

.4044 

•4099 

•3979 
.3978 

.3861 

.3683 

•4347 

•3433 

.4482 

•30971 

48 

.4067 
.406S 

.4043 

.4100 

•4157 
.4158 

■s^ 

.4240 

.3679 

•4349 

-34*9 

.4485 

:i3:i 

49 

.4043 

.4100 

.3976 

.4242 

•3675 

-435" 

-34*4 

-4487 

50 

9.4068 

9.4042 

9.4101 

9-3975 

9.41  C9 
.4161 

9.3854 

9.4243 

9.3672 

9-4353 

9-34"9 

9.4490 

9.3078 ' 

51 

.4068 

.4041 

.4102 

•3973 

.3851 

•4*45 
.4246 

.3668 

.4355 

.3414 

•449* 

.305S 

52 

.4069 

.4041 

•4103 

•397» 

.4162 

•Sit 

.3665 

•4357 

.3409 

•4494 

53 

4069 

.4040 

.4103 

.3970 

.4163 

.4248 

.3661 

-4359 
.4361 

-3404 

•4497 

54 

.4069 

-4039 

.4104 

.3969 

.4164 

.3843 

.4250 

•3657 

-3399 

.4500 

.3051 

55 

9.4070 

9.4038 

9.4101 
.4106 

9.3967 

9.4165 

9-3l4i 

9.4251:  9.3654 

niii 

9-3394 
.3389 

94503 

9-3044 
-3038 

56 

.4070 

-4038 

.3965 

:t\ll 

.3838 

•4153 

.3650 

.4505 
.4508 

57 

.4071 

-4037 
.4036 

4107 

.3964 

.3836 

-4»5S 
.4256 

.3646 

.4368 

.3384 

.3031 

58 

.4071 

.4107 
.4108 

.3962 

.4169 

-3833 

-3643 

^370 

-3379 

•45  "o 

.3024 

59 

.4071 

•403s 

.3960 

.4170 

.3830 

.4258 

.3639 

-437* 

-3374 

-45"3 

•3017 

60 

9.4072 

9.4034 

9.4109 

9-3959 

9.417* 

9.3828 

9.4260  9  3635 

9-4374 

9.3369 

9-45« 5' 9-3010 1| 
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TASI£  IV.   Log  A  and  Log  B. 

For  Computing  the  Equation  of  Equal  Altitudes. 


ForMWi"ighC"-4+}                  ARGUMENT  =  ELAPSED  TIME. 

F«»r  Nooii  or 
Midnight,  B  + 

6* 

V 

8* 

9» 

ia» 

11* 

Log^ 

LogU 

hog  A 

Log*. 

l^A 

Ix«J? 

LogA 

Logs 

lM>gA 

l^^B 

lA>gA 

Log  J? 

"b 

94515 
.4518 

9.3010 

':SII 

9.2530 

'•$lt 

9.1874 

9.5115 

9.0943 

9^5379 

8.9509 
•9478 

9.5680 

8.6837 

1 

.300J 
.2906 
.2989 

.2520 

.1861 

.5119 

.0925 
.0906 
.0887 

•5384 

.5685 

.6770 

2 

.4521 

.4691 

.2511 

.4892 

.1848 

.5123 

•5389 

.9447 

.5691 

.6701 

3 

•45*3 
.4526 

.4694 

.2502 

.4895 

.1835 

.5127 

•5393 
.5398 

.9416 

.5696 

.6652 
.6560 

4 

.2982 

.4697 

.2492 

•4899 

.1822 

.5132 

.0867 

.9384 

.5701 

5 

9-45*8 

9-*975 

9.4701 

9.2483 

9.4902 

9.1809 

9.5136 

9.0848 

9'54oj 
•5408 

8.9352 

9-5707 

8.6488 

6 

•453" 

.2968 

.4704 

•*473 

.4906 

']X 

.5140 

.0828 

.9320 

•57"* 

.6414 

7 

.4534 
.4536 

.2961 

•4707 

.2463 

.4910 

•5"44 
.5148 

.0809 

.5412 

.9287 

.5718 

Hit 

8 

.2954 

.4710 

.2454 

•49 » 3 

.1769 

.0789 

•54"  7 

•9*54 

•57*3 
•57*8 

9 

.4539 

.2947 

•4713 

.2444 

•49"  7 

.1756 

.5"53 

.0769 

•54** 

.9221 

.6183 

:   lO 

9-454* 

9.2940 

9.4716 

9-*434 

9.4921 

9.1742 

9-5"57 
.5161 

9.0749 

9-54*7 

8.9187 

9-5734 

8.6103 

1    11 

•4544 

.2932 

•47  >  9 

.2425 

•+9*4 
.4928 

.1728 

.0720 

•543* 

•9"53 
.9118 

•5739 

.6021 

12 

•4547 

.292c 
.2918 

-47*3 
•47*6 

.2415 

.1715 

.5165 

•5436 

•5745 

•5937 
•5852 
.5764 

13 

.4550 

.2405 

.4932 

.1701 

.5169 

!o688 

•544" 

.9081 
.9048 

•5750 

14 

•455* 

.2911 

•47*9 

•*395 

•4935 

.1687 

.5174 

.0667 

.5446 

•5756 

15 
16 

9-4555 
.4558 
.4561 

.2888 

9473* 

-4735 

9.2385 
•*375 

9-4939 
•4943 
.4946 

9.1673 
.1659 

9.5178 
.5182 

9.0646 
.0625 

9-545" 
•5456 
.5461 

8.00x3 

•8977 

9.5761 

•5767 

8.5674 
.5488 

17 

•4738 

.2365 

.1645 

.5186 

.0604 

.8940 

•577* 

18 

itlel 

.2881 

•474* 

•*355 

.4950 

.1630 

.5191 

.0583 

.5466 

iu 

•5778 
•5783 

-539* 

19 

.2873 

•4745 

.2344 

•4954 

.1616 

.5"95 

.0561 

.5470 

•5*93 

20 

9.4569 

9.2866 

9.4748 

9^*334 

94958 
.4961 

9.1602 

95"99 

9.0540 

9-5475 
.5480 

8.8829 

9^5789 

'■.nil 

21 

•457* 

.2858 

•475' 

.2324 

.1587 

.520A 
.5208 

.0518 

.8791 

:llt^ 

22 

•4574 

.2850 

•4755 
.4758 
.4761 

.2313 

.4965 

.1573 
.1558 

.0496 

.5485 

.875* 

.4081 
.487X 

23 

•4577 

.2843 

.2303 

.4969 

.5212 

.0474 

.5490 

iV^ 

.5806 

24 

•4580 

.2835 

.2292 

•4973 

•"543 

.5217 

.0452 

•5495 

.8674 

.58x1 

.4758 

25 

9-4583 

9.2827 

':J?6J 

9.2282 

9-4977 
.4980 

9.1528 

9.5221 

9.0420 
.0406 

9.5500 

8.8634 

9.5817 

8.4641 

20 

.4588 

.2819 

.2271 

.1468 

•5**5 

.5505 

•8594 

•5?" 

•45*" 

27 

.2812 

•4771 

.2261 

::^it 

•5*30 

.0383 

.5510 

•8553 

.5828 

•4397 

28 

.4591 

.280^ 
.2796 

.4774 
•4778 

.2250 

•5*34 
.5*38 

.0360 

.55»5 

.8512 

•5834 

.4270 

29 

•4594 

.2239 

•499* 

.0337 

.5520 

.8470 

.5839 

.4138 

30 

9-4597 
.4000 

9.2788 

9.4781 

9.2228 

9.4996 

9.1453 

9-5*43 

9.0314 

9.55*5 

8.8427 

9.5845 

8.400  X 

31 

.2780 

■:^lt 

.2217 

.5000 

•"437 

•5*47 

.0290 
.0266 

•5530 

.8384 

•5|5' 

.3860 

32 

.4602 

.2772 

.2206 

.5003 

.1422 

•5*5* 

.5535 

.8341 

'! 

•37"3 

33'    .4605 

.276A 
.2756 

•479» 

.2195 
.2184 

.5007 

.1406 

.5256 
.5261 

.0242 

•5540 

.8297 

.3561 

34 

.4608 

•4794 

.5011 

.1390 

.02x8 

•5545 

.8253 

.5868 

•3403 

35 

9.46 1 1 

9^*747 

9-4798 

9.2173 

9.5015 

9."375 

9.5265 

9.0x94 

95550 

8.8208 

9.5874 

8.3219 

.3067 
.2888 

36 

.4614 

.2739 

.4801 

.2162 

.5019 

•"359 

.5269 

.0169 

•5555 
.5560 

.8162 

ffs 

37 

.4617 

.2731 

:tllt 

.2151 

.5023 

•"343 

.5*74 
.5278 
.5283 

.0x44 

!8o6l 

38 

.4620 

.2723 

.2140 

.5027 

•"3*7 

.0119 

.5565 

.5891 

.2701 

39 

.4622 

.2714 

.4811 

.2128 

.5031 

.1310 

.0094 

•5570 

.8020 

.5897 

.2505 

40 

'•$11 

9.2706 

'■& 

9.2117 

9-5035 
.5038 

9"*94 
.1278 

9.5287 

9.0069 

9.5576 

8.7972 

9.5902 

8.2209 
.2082 

41 

.2689 

.2105 

•5*9* 

.0043 

•558" 

.7023 
.7873 

.5908 

42 

.4631 

.4821 

.2004 
.2082 

.5042 

.1261 

.5296 

.0017 

•5586 

.59"4 

.1853 

43 

.4634 

.2681 

.4828 

.5046 

Mtt 

.5301 

8.9991 
.9965 

•559" 

.7823 

-59*0 

.x6ii 

44 

•4637 

.2672 

.2070 

.5050 

•5305 

.5596 

.777* 

.59*6 

"354 

45 

9.4640 

9.2664 

9.4832 

9.2059 

9-5054 
.5058 
.5062 

9.1211 

9.5310 

8.9938 

9.5601 

^•77*0 

9-593" 

8.1080 

;  40 

.4646 

:^gl 

.4835 

.2047 

•""94 

•S3"5 

s\ 

.5606 

.7668 

•5937 

.0786 

.  47 

.4839 

.2035 

.""77 

•53"9 

.5612 

.7614 

•5943 

.047c 

48 

.4649 

.2638 

.4842 

.2023 

.5066 

.""59 

•53*4 
•53*8 

.9857 

.5617 

•7560 

-5949 

.0x28 

49 

.4652 

.2629 

.4846 

.201 X 

.5070 

.1142 

.9830 

.5622 

•7505 

•5955 

7^9756 

50 

94655 

9.2620 

9.4849 

9.1909 
.1987 
•1974 

9-5074 
.5078 
.5082 

9.1125 

9^5333 

8.9802 

9.5627 

8.7449 

9.5961 

.8191 

.7817 

51 
52 

.2611 
.2602 

M 

.1107 
.1089 

•5337 
•534* 

•9774 
.9745 

:lpl 

.739* 
•7335 
.7276 

•5967 
•5973 

53 

.4664 

•*593 
.2584 

.1962 

.5086 

.1072 

.5347 

:^iJi 

:& 

•5979 
•5985 

54 

.4667 

.4863 

.1950 

.5091 

.1054 

•535" 

.72x7 

•7  "54 

55 

9.4670 

"llll 

9.4867 

9-«937 

9.5095 

9.1036 

9-5356 
.5361 

8.9659 

95654 

8.7156 

9-599" 

7.6368 

56 

•® 

.4870 

.1925 

.5099 

.1017 

.9630 

'B 

.7094 

•5997 

.5405 

57 

•*557 

•4874 

.1912 

.5103 

•0999 
.0981 

•5365 

.9600 

'l^ll 

.6003 

.4x62 

58 

till 

.2548 

.4877 

.1900 
.1887 

.5107 

•5370 

.9570 

.5669 

.6009 

.2407 

59 

•*539 

.4881 

.5111 

.0962 

.5375 

.9540 

.5675 

.6903 

.6015 

6.9591 

60 

9.4685 

9.2530 

9.4884 

9.1874 

9-5I15 

9.0943 

9.5379  8  9509 

9.5680 

8.6837 

9.602  X 

/«/. 
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TASLE  IV.   Log  A  and  Log  B. 

For  Computing  the  Equation  of  Equal  Altitudes. 


Vol  MidSght,  A  +  }                  ARGUMENT  =  ELAPSED  TIME.          {  Slin^ght?  jT- 

u 

12* 

13* 

14* 

15* 

10* 

"•   1 

Log^ 

Log/? 

Log^  1  LogJ9 

Log^ 

Logs 

Log^ 

hogB 

Log  A 

Log  2? 

LogA 

Log^ 

m 
0 

9.6021 

/«/■. 

1 
9.6406 1  8.7563 

9.6841 

9.0971 

9-7333 

9.3x62 

9-7895 

9^884 

9-8539 

1 
9.6383 

1 

.6027 

6.9603 

.64x2 

.7641 

.6848 

.10x4 

•734a 

•3»94 

.7905 

.491 X 

im 

.6407 

2 

.6033 

7.2431 

Hit 

.7718 

.6856 
.6864 

.1057 

735" 

.7360 

•3"5 
.32J6 

.3287 

-79"  5 

•4937 
.4963 

.6431 

3 

.6039 

.4198 

:?m 

.1099 

•79*5 

'l^P 

•5+55 

4 

.6045 

•5453 

.6433 

.6872 

.1x41 

.7369 

•7935 

.4990 

•8585 

.6478 : 

5 

9.6051 

7.6428 

9.6440 

8.7942 
.8015 

"^mIj 

9.1183 

9-7378 
.7386 

9-33'9 

9-7945 

9.50x6 

'i^l 

9.6502  1 

6 

til 

.7226 

.6447 

.1224 

•3350 
.3380 

.7955 
.7965 

ttl 

.6526 

7 

.7902 
.§488 

Hit 

.8087 
.8158 

.6895 

.X26C 

.1306 

-7395 

.8620 

.6550; 

8 

.6069 

.6903 

.7404 

-34" 

'7III 

•5094 

.8632 

.6573  I 

0 

.6075 

.9005 

.6467 

.8227 

.6911 

•1347 

•74"3 

.3442 

.5x20 

.8644 

•6597 

10 

o.6o8z 

'■.litl 

9.6474 

8.8296 
.8364 

9.6919 

9.1387 

9.7422 

9-347» 

nt^ 

9.5x46 

'im 

9.6621 

11 

.6088 

.6481 

.6926 

.1428 

-743 « 

•3503 

.517X 

■^n 

12 

.6094 

8.0273 

.6488 

.8432 

.6934 

.1468 

.7440 

•3533 
•35S3 

.8016 

•5"97 

.8679 

13 

.6x00 

.0627 

.6495 

;lti: 

.6942 

.1507 

-7449 
.7458 

.8o»7 

•5^^ 

.869X 

.6691 

14 

.6106 

.0955 

.6502 

.6950 

•I  547 

•3593 

.8037 

.8703 

.6715 

15 

9.6112 

8.1260 

9.6500 
.6516 

8.8628 

'iUl 

9.1586 
.1625 

9.7467 

9.3623 

.8068 

9-5»74 

9.8715 

'i'^ 

10 

.6119 

.1816 

.8692 

.7476 
.7485 

$11 

.5300 

.8727 

17 

.6125 

.6523 

.8756 

.6974 

.1664 

-53*5 

.8739 

i!^ 

18 

.6131 

.2071 

.6530 

.8818 

.6982 

.1703 

•7494 

•3713 

.8078 
.8089 

-535" 

•8763 

10 

.6137 

.2312 

.6538 

.8880 

.6990 

.1741 

-7503 

•374a 

-5376 

.6832 

20 

9.6144 

8.2541 

9.6545 

8.8941 

9.6998 

9-1779 

9.7512 

9-3771 

9.8099 

9.540X 

9^f775 

9.6856 

21 

.6150 

•1759 
.2967 

.6552 

.9002 

.7006 

.1817 

.7522 

.3801 

.8x10  .5427 

.8787 

.6879 

22 

..6156 
.6163 

•6559 

.9062 

.7014 

.1855 

•753« 

'^ih 

.8120 

•5451 

•!Z99 
.88x2 

» 

23 

.3166 

.6566 

.9121 

.7022 

.1893 

.7540 

.8131 

-5477 

24 

.6169 

•3357 

•6573 

.9x80 

.7030 

.1930 

•7549 

.3889 

.8141 

.5502 

.8824 

.6949 

25 

9.617s 

8.3540 

9-5582 

8.9238 

9.7038 

9.1967 

9-7558 
.7568 

9.3918 

'illl 

9.5528 

9-f|36 

'■& 

20 

.6182 

•3717 

.6588 

.9295 

.7047 

.2004 

-3947 

-5553 
-5578 
.5603 
.5628 

.8848 
.8861 

27 

.6188 

.3887 

illl 

•935J 

•7055 
.7063 

.2041 

•7577 
.7586 

.3976 

i\ll 

.7019 

28 

.6194 

.4051 

.9408 

.2078 

.4005 

.8873 
.8885 

•:!,^^. 

29 

.6201 

.4210 

.6609 

.9464 

.7071 

.2114 

•7595 

-4033 

.8194 

30 

9.6207 

8.4363 

9.6616 

8.9519 

'■.liii 

9.21J0 
.2186 

9.7605 

9.4062 

9.8205 
.8216 

9-5653 

9.8898 

9.7089  j 

31 

.6214 

.4512 

.4657 

.6624 

•9573 
.9627 

.7614 

.4090 

.5677 

.8910 

.7112 

32 

.6220 

.6631 

.7096 

.2222 

.7624 

.4x19 

.8227 

.5702 

.8923 

.7136' 

33 

.6226 

.4796 

.6638 

.9681 

.7104 

.2258 

-7633 

.4147 

nil 

-57*7 

nil 

.7159 
.7182 

34 

.6233 

.4932 

.6645 

•9734 

.7112 

.2293 

.7642 

.4175 

-575* 

35 

9.6239 

-8.5064 

'fell 

8.9787 
.9839 

9.7121 

9.2329 

':?el\ 

9.4204 

9.8259 

9-5777 
,5801 

9.8961 

9.720J 
.7228 

30 

.6246 

.5192 

.7129 

.2364 

.4212 
.4260 

.8270 

.8281 

illl 

37 

.6252 

.5318 

.6667 

.9891 

•7«37 

.2399 

.7671 

.5826 

-715" ! 

38 

ill] 

.5440 

•!^Z5 

.9942 

.7146 

■ilU 

.7680 

.4288 

.8292 

.5850 

.8999 

•7*75 
.7298  1 

30 

•5559 

.6682 

•9993 

•7'54 

.7690 

.43x6 

.8303 

•5875 

.9011 

40 

9.6272 

8.5675 

9.6690 

9.0043 

9.7162 

9.2503 

9.7699 

9-4343 

9.83x4 

9.5900 

9.9024 

9.7311 

41 

.6279 

.5788 

.6697 

.0093 

.7171 

.»537 

:^?? 

-437" 

p 

-59H 
•5948 

•9037 

•73^7 

42 

.6285 

til 

.6704 

.0142 

•7*79 
.7187 

.2605 

-4399 
.4426 

.90J0 
.9063 

43 

.6292 

.6712 

.0191 

.7728 

;ii?i 

•5973 

.73901 

44 

.6298 

.6114 

.67x9 

.0240 

.7196 

.2639 

-7738 

•4454 

•5997 

-9075 

•74"  3 

45 

9.6305 

8.62x8 

9.6727 

9.0288 

9.7204 

9.2675 
.2706 

9-7747 

9.4481 

9.8369 

9.6022 

9.9088 

97436 

40 

.6311 

.6320 

.6734 

.0316 
.0384 

.72x3 

•7757 
.7767 

.4509 
•4536 
.4563 

.8380 

.6046 

.9101 

•7459 
.7482 

47 

.6318 

.6419 

.6742 

.7221 

.2740 

.839X 

.6070 

.9114 

48 

.6325 

.6613 

.6749 

.0431 

.7230 

'llll 

•7776 

.8402 

.6094 

.9127 

•7505 

40 

.6331 

•6757 

.0478 

.7238 

.7786 

.4590 

.84X4 

.6119 

.9140 

.75*9 

50 

9.6338 

8.6707 

9.6764 

9.0524 

9-7»47 

9.4839 

^•??2^ 

9.4617 

'itH 

9.61A3 
.6167 

9-9154 
.9167 

9-7  5  5» 

51 

•6345 

.6799 
.6890 

.6772 

:ol?l 

.7256 
.7264 

.2872 

.4644 

•7575 
.7598 
,7621 

52 

.6351 

.6779 
.6787 

.2905 

.7815 

.4671 

.8+47 

.6x91 

.9180 

53 

.6365 

.6979 

.0662 

•7*73 
.728X 

.2937 

.7825 

.4698 

.8459 

.6215 

•9"93 
.9206 

54 

.7067 

.6795 

.0707 

.2970 

.7835 

•47*5 

.8470 

.6239 

•7644 

55 

9.6372 

8.7153 

9.6802 

9.0752 

9.7290 

9.3002 

9-7845 

9-475J 

9.8481 

9.6263 

9.9220  9.7667  1 

50 

.6378 

•7*37 

.6810 

.0796 

.7299 

.3000 
.3008 

.7875 

.4778 
.4805 
.4831 

•8493 

.6287 

.923J  .7690  1 

57 

58 

.6385 
.6392 

.7321 
.7402 

.6818 
.6825 

.0840 
.0884 
.092S 

•7307 
.7316 

:ll?t 

.63x1 
■6335 

.92i6 
.9200 

.7713 
.773* 

59 

.6399 

.7483 

.6833 

.7324,  .3130 

.7885:  .4858 

.8527 

•6359 

•9173 

•7759 

\jo 

9.6406I  8.7563 

9.6841 

9.0971 

9-7333'9-3«62 

9.7895  9.4884 

98539 

9.6383 

9.9287  97782  J 
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TABLE  IV.    Log  A  and  Log  B. 

For  Computing  the  Equation  of  Equal  Altitudes. 


f"  MwSightr^  +  }        ARGUMENT  =  ELAPSED  TIME.          {  SidnK  T- 

II 

18* 

19* 

20* 

21* 

22* 

».  ) 

Log^ 

ho^B 

Log^  1  hogB 

Log  A 

Logi; 

Log  A 

Logs 

Log^ 

Logs 

Log^ 

Logs 

0 

9.9287 

%1^ 

0.0172  9<9i67 

0.1 2A9 

.1269 

0.0625 

0.2623 

0.2279 

0.4523 

0.4372 

0.7689 

0.7652 

1 

.9300 

.0x88 

.9190 

.0650 

.2649 

.2309 

.4J62 
.4601 

.4414 

■Xi 

.7729 

2 

•9314 

.7827 

.0204 

.9213 

.1290 

.0676 

.2676 

•*339 

•4455 

3 
4 

•93»7 

.7850 

.0221 

.9257 
.9260 

.1310 

.0701 

.2702 

.2370 

-.tlfo 

•4497 

.7920 
.8000 

.7886 

.9341 

•7873 

.0237 

.1330 

.0727 

.2729 

.2401 

.4540 

.7967 

5 

'm 

9.7896 

0.0253 

9.9284 

0.1351 

0.0753 

O.27C6 
.2783 

0.24  J 1 
.2462 

0.4720 

0.4J82 
.4625 
.4668 

0.8081 

0.8049 

6 

.7919 

.0270 
.0286 

•9307 

.1371 

.0779 

■Mil 

.8x63 

il\l 

7 

.9382 

•794» 
.7988 

•933" 

•»39* 

.0805 

.2810 

.2493 

.8247 

8 

.9396 

.0303 

•9355 

•9378 

.1412 

.0830 

.2838 
.2865 

.2524 
.2556 

tin 

•47"" 

•8333 

.8305 

0 

.9410 

.0319 

•1433 

.0856 

•4755 

.8420 

.8393 

10 

9.9424 

9.801 1 

0.0336 

9.9402 

0.1454 

0.0882 

0.2893 

0.2587 
.2619 

0.4926 

0.4799 

in 

0.8508 

0.8483 

11 

•9437 

.8034 

•0353 

.9426 

•1475 
.1496 

.0909 

.2921 

.4968 

.8j99 
.8691 
.8786 
.8882 

ill', 

12 

•9451 
.9465 

til 

.0370 

•9449 

.0955 

.0961 

.2949 

.2650 
.2682 

.50x0 

13 

.0386 

•9473 

.1517 
.1538 

.2977 

•5053 

•4934 
.4980 

ili^ 

14 

•9479 

.8103 

.0403 

•9497 

.0987 

.3005 

.2714 

•5097 

.8860 

15 

9-9493 
.9508 

9.8126 

0.0420 

9.9520 

0.15C9 
.ic8i 
.1602 

0.1013 

0.3014 
.3063 

0.2746 

"■m: 

0.5026 

0.8980 

08959 

.9060 

16 

.8149 

.0437 

Vs^s 

.1040 

.1066 

.2778 

.5072 

.9080 

17 

.9522 

.8172 

.0454 

.3091 

.2811 

.5229 

.5x18 

•9'!2 

.9164 

18 
19 

•9536 
•9550 

il'A 

.0472 
.0489 

:UTe 

.1623 
.1645 

.1093 

.1119 

.3120 
.3150 

:im 

•5274 

•53"9 

.5165 
.52x3 

.928§ 
.9396 

.9270 
.9378 

20 

9.9564 

9.82A1 
.8264 

0.0506 

'fell 

0.1667 

O.II46 

0.31 70 
.3208 

0.2909 

0.5365 

0.5261 

0.9506 
.96x8 

0.9A89 
.9603 

21 

•9579 

.0523 

.1689 

•"'73 

.2942 

•54"" 

.5300 
•5358 

22 

•9593 
.9607 

.8287 

.0541 

.9687 

.1711 

.1200 

.3268 

.*975 
.3008 

.5458 

•9734 
•9853 

•97  "9 
.9819 
.9961 

23 

.8310 

.0558 

.9711 

•«733 

.1226 

.5505 

.5407 

24 

.9622 

•8333 

.0576 

•9735 

•"755 

.1253 

.3298 

.3041 

•5553 

•5457 

•9975 

25 

9.9636 

9.8356 

0.0593 
.0611 
.0628 

9.9760 

0.1777 

0.1280 

0.3328 

0.3075 

0.5601 

0.5507 

1.0100 

X.0087 

26 
27 

.96C1 
.9665 

.8379 
.8402 

.980! 

.1799 
.1821 

.1308 

."335 
.1362 

•3359 
•3389 

.3109 
•3"43 

fetl 

■.llil 

.0228 
.0361 

.0216 
.03  CO 

28 

.9680 

Zi 

.o6a6 
.0664 

.9832 

:;i^ 

.3420 

•3"77 

•5748 

.5660 

.OJ97 

29 

.9695 

.9856 

.1389 

•345" 

.3211 

.5798 

•5712 

.og3§ 

30 

9.9709 

9.8471 

0.0682 

9.9880 

0.1889 

0.1417 

0.3482 

0.32J5 
.3280 

0.5848 

0.5764 

1.0783 

1.0774 

31 

•97»4 

.8494 

.0700 

.9904 

.1912 

•"444 

•35"4 

.5899 

.5817 

•0934 
.1089 

.0925 

32 

•9739 

.8517 

.0718 

.9929 

•"935 
.i9j8 
.1981 

.1472 

•3545 

•33"5 

•595" 
.6003 
.6056 

.5871 

.1081 

33 

•9754 
.9769 

i\r^ 

.0736 

•9953 

•"499 

.3609 

•3350 
•3385 

•5925 

.1250 

.X242 

34 

.0754 

•9977 

.1527 

•5979 

.X4x6 

.X409 

35 

9.9784 

.8632 

0.0772 

0.0002 

0.2004 
.2028 
.2051 

o-"555 
.1582 
.1610 

0.3641 

0.3420 

0.6110 

0.6034 

1.1590 

X.1583 

36 

37 

.9^98 

.0790 
.0809 

.0026 
.0051 

.3674 
.3706 

•3456 
•349" 

.6164 
.6218 

.6090 
.6147 

.1770 
.1958 

.X764 
•"952 

38 

.9829 

.8655 
.8678 

.0827 

.0075 

.2075 
.2098 

.1638 
.1667 

•3739 

•3527 

.6273 

.6204 

.2154 

•2  "49 

30 

.9844 

.0845 

.0100 

•3772 

.3563 

.6329 

.6261 

•2359 

.2354 

40 

9.9859 

9.8701 

0.0864 

0.0124 

0.2122 

0.1695 

0.3805 

0.359? 

0.6386 

0.6319 
.637I 

"•2573 

1.2569 

41 

.98^9 

:l;3 

.0883 

.0149 

.2146 

.1723 

.3839 

.3636 

.6443 

•2799 

■2795 

42 

.0901 

•0173 
.0198 

.2170 

.1751 
.1780 
.1808 

•3873 

•3673 

.6501 

.6438 

■.nil 

•3033 
.3285 

43 

.9904 

.8771 

.0920 

.2I9J 

.2218 

.3907 

.3710 

.6560 
.6619 

.6498 

44 

.9920 

•8794 

.0939 

.0223 

•394" 

.3747 

.6559 

•3554 

.3552 

45 

9-9935 

9.8817 

0.0958 

0.0248 

0.22A3 
.2267 

0.1837 
.1866 

0-3975 

0.3784 

0.6679 

0.6621 

1.3837 

'■^l 

46 

.9966 

.8840 
.8863 

.0976 

.0272 

.4010 

.3822 

.6740 

.6684 

•4"4o 

•48  "5 
.5196 

47 

.0995 

.0297 

.2292 

.1895 

.40J5 
.4080 

.3859 

.6802 

.6747 
.681X 

48 

.9982 

.8887 

.1015 

.0322 

.2316 

.1924 

.3897 

.6865 
.6928 

49 

.9998 

.8910 

.1034 

.0347 

.2341 

•"953 

.4115 

.3936 

.6876 

•5"95 

50 

0.0013 

11! 

0.1053 

0.0372 

0.2366 

0.1982 

0.41  Cl 
•4"  87 

0.3974 

0.6991 
.7058 

0.6942 

1.5613 

■kit 

I.C6X2 

.6073 
.6587 

51 

.0029 

.1072 

.0397 

.2391 

.2011 

.4013 

.7008 

52 

•00A4 
.0060 

.1092 

.0422 

.2416 

.2040 

.4223 

.4052 

.7124 

.7076 

53 

.9001 
.9026 

.1111 

.0447 

.2427 

.2070 

.4260 

.4091 

.7191 

.7"44 

.7171 

.717" 

54 

.0076 

.1131 

.0473 

.2099 

.4297 

.4130 

•7259 

.72x4 

.7844 

•7843 

55 

0.0092 

9.9050 

0.1150 

0.0498 

0.2493 '  0.2129 

0.4334 

0.4170 

0.7328 

0.7284 

1.8638 

1.8638 

56 

.0108 

.9071 
.9096 

:xi7o 

.0523 
.0548 

.251« 

.21 J9 
.2189 

•437" 

.4210 

•7398 
.7469 

•7355 
.7428 

.96x0 

.9610 

57 

.0124 

.1190 

.2544 

.4408 

.4250 

2.0863 

2.0863 

58 

.0140 

.9120 

.1209 

.0574 

.2570 

.2219 

.44A6  .4291 
.4485  .433" 

•754" 
.7615 

.750X 

.2627 

.2627 

59 

.0x56 

•9H3 

.1229 

.0599 

.2596 

.2249 

.7576 

2.5640 

2.5640 

[60 

0.0172  9.9167 

0.1249 

0.0625 

0.2623  0.2279 

0.4523' 0.4372 

0.7689  0.7652 1 

/«/. 

/../. 
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Table  V.    Beduction  to  the  Meridian. 


m  = 

2  Bin*  it 
sinr 

t 

9" 

1- 

*- 

S* 

4* 

5^ 

•- 

7- 

8- 

$ 

H 

// 

ft 

ff 

ff 

n 

ir 

ft 

"     1 

0 

0.00 

1.96 

8.1a 

17.67 

i;ii 

49.09 

70.68 

96.20 

I2C.6S 
126.17 

1 

0.00 

203 

17.87 
18.07 

49.41 

71.07 

96.66 

3 

0.00 

2.10 

3«-94 

49.74 

VAl 

97.12 

126.70 

3 

o.oo 

2.16 

8.»5 

18.27 

32.20 

50.07 

97.58 
9io4 

127.12 

4 

O.OI 

2.23 

8.J9 

18.47 

3»-47 

50.40 

72.26 

127.75 

5 

O.OI 

*-5i 

S:l6 

'I'V 

3»-74 

50.73 

72.66 

9«.5o 

128.28 

6 

O.OI 

238 

1887 

33.01 

51.07 

73.06 

98.97 

128.81 

7 

0.02 

»-4S 

8.80 

19.07 
19.28 

33.»7 

51.40 

7H5 
73.86 

99^3 

119-34 
1M7  ; 

8 

003 

ITo 

9.08 

33  54 
33.81 

51.74 

99.90 

9 

0.04 

19.48 

52.07 

74.26 

100.37 

13040  1 

10 

aoc 
0.00 

2.67 

9.22 

19.69 

34.00 
3436 
34-^4 

52.41 

74.66 

100.84 

130.94 

11 

*Z5 
2.83 

9.36 

19.90 

5».75 

75.06 

101.31 

i3>-47 

13 

0.08 

9.C0 
9.64 

20.11 

53.09 

mi 

7629 

101.78 

132.01 

13 

0.09 

2.91 

20.32 

34-9  > 

53-43 

102.25 

13M5 

14 

0.11 

2.99 

9-79 

ao-53 

35.»9 

53-77 

102.72 

13309 

15 

0.1  s 

3.07 

9-94 

20.74 

35.46 

54.11 

76.69 

103.20 

133.63 

16 

O.IJ 

0.16 

3«S 

10.09 

20.95 
21.16 

35-74 
36.02 

54-46 
54.80 

77.10 

103.67 

134.17 

17 

3»3 

10.24 

77-51 

104.15 

13471 

18 

0.18 

3-3» 

10.39 

21.00 

3^32 

5515 

77-93 
78.34 

104.63 

135*5 

19 

o.ao 

3.40 

10.54 

36.58 

55-50 

105.10 

13580 

20 

0.12 

111 

3.67 

10.69 

21.82 

36.87 

55-84 
56.19 

78.75 
79.16 

106.06 

Wlit : 

31 

0.26 

10.84 

22.03 

37.15 

33 

11.00 

22.25 

37-44 

56-55 

79.58 
80.00 

106.55 

137.41    . 

137.98  : 

33 

0.28 

3.76 
3«5 

11.15 

22.47 

38.01 

56.90 

107.03 

34 

0.31 

11.31 

22.70 

57-»5 

80.42 

107.51 

138-53 ; 

35 

0.34 

3-94 

II.J7 
11.63 

22.92 

38.30 

57.60 

80.84 
81.26 

::s:^ 

139.08 

36 

0.37 

4.03 

23.14 

11:11 

5796 
58.32 
58.68 

139.67 

140.18 

37 

0.40 

4^»» 

11.79 

23.60 

81.68 

108.97 

38 

0.4J 
0.46 

4.22 

11.95 

39.'7 

82.10 

^09.46 

140.74 

39 

4-3a 

12.11 

23.82 

39.46 

59.03 

82.52 

109.95 

141*9  : 

30 

0.49 

4.42 

12.27 

24.0J 
2428 

39.76 

59-40 

ill 

110.44 

141.85 

31 

0.52 

4.p 
4.62 

12.J3 

12.60 

40.05 

59-75 
60.11 

110.93 

1424c 

3Z 

0.56 

24.51 

40.35 
40.65 

111-43 

142.96 

33 

0.59 
0.63 

4.82 

12.76 

14-74 
24.98 

ttl 

Its 

111.92 

143-51 

34 

12.93 

40.95 

112.41 

144.08 

35 

0.67 

4.92 

13.10 

25.21 

41.25 

61.20 

85.09 

112.90 

14464  i 

30 

0.71 

503 

13.27 

lltl 

41.55 
41.85 

61.57 

85.51 

113.40 

14520 

37 

0.75 

513 

13.44 
13.62 

61.94 

86.39 
86.82 

113.90 

145.76 
146.33 
146.89 

38 

0.79 

5*4 

lUl 

42.15 

62.31 
62.68 

114.40 

39 

0.83 

5-34 

«3-79 

41.45 

114.90 

40 

0.87 

545 
5.56 

5.78 

13.96 

2640 
26.64 
26.88 

42.76 

63.05 

87.26 

115.40 

147.46 

41 

0.91 

14.13 

43.06 

63.42 

Iv 

11J.90 
116.40 

148.03 

43 

0.96 

14.31 

43.68 

ttn 

!!■♦ 

148.60 

43 

I.OI 

H'49 
14.67 

27.12 

88.57 

116.90 

149,17 

44 

1.06 

5.90 

a7-37 

43-99 

64-54 

89.01 

117.41 

149-74 

45 

I.IO 

6.01 

14.85 

*7-Sj 

44-30 
4461 

64.91 

n^i 

117.92 
118.43 

150.JI 

46 

1.15 

6.J3 

15.03 

27.86 

28.10 

<Sf9 

150.8 

47 

1.20 

6.]t 

15.21 

44.9* 

UZ 

90.35 
90,78 

118.94 

15 '.45 

48 

1.26 

»5-39 

28.60 

45.»4 

119.45 
119.96 

152.03 

49 

I.3I 

6.48 

15.57 

45.55 

66.4J 

91.23 

151.61 

50 

1.36 

6.60 

15.76 

28.85 

tl-'l 

66.81 

91.68 

120.47 

153.19  ' 

51 

1.42 

6.72 

6.'9^ 

«S-95 
16.14 

29.10 

<7S* 

92.12 

120.98 

153.77 

53 

1.48 

29.36 
29.61 

thi 

9»-57 

121.49 

154-35 

53 

>-53 

16.32 

67.96 
6i.js 

93.02 

122.01 

154.93 

54 

«-59 

7.09 

16.51 

29.86 

47.14 

93.47 

122.53 

155-51 

55 

,.65 

7.21 

16.70 
16.80 
17.08 

30.12 

4746 

68.73 

93.92 

123.05 

156.09 

56 

1.71 

7.34 

30.38 
30.64 

47.79 

69.  IX 

94.J8 
94.83 

1*3-57 

156.67  ' 

57 

^r 

48.11 

69.51 

124.09 

"57.J5 ; 

58 

1.83 

17.18 

30.90 

48.43 

4?-76 

69.90 

95.29 

124.61 

157.84 
158.43 

59 

1.89 

7-7a 

«7-47 

31.16 

7ai9 

95-74 

125.13 
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Table  Y .    Bedaction  to  the  Meridian. 


*"          Binl"                                                                    II 

t 

»« 

10- 

11- 

if  : 

IS- 

14- 

15- 

10^ 

t 
O 

1 

3 

4 

159.02 
159.61 
160.10 
160.80 
161.39 

196.32 
196.97 
197.61 
198.28 
198.94 

238.26 
238.98 
239.70 
240.42 

282.68 
284.26 

»!5-24 
285.83 

331.74 
332.59 

333-44 
334.29 
335->5 

jiiiii 

ft 

441.63 
442.62 
443.60 
444.58 
445.56 

ft 

502.46 
503.50 

504-55 
50C.60 
506.65 

6 

I 

9 

161.98 
162.58 
163.17 
163.77 
164.37 

199.60 
200.26 
200.92 
201.59 
202.25 

241.14 

241.87 
242.60 

»43-33 
244.06 

286.62 

289.00 
289.79 

336.00 
336.86 
332-72 
338.58 
339-44 

389.32 
390.2^ 
391.16 
392.09 
393.01 

446.55 
447.54 
448.53 
449-51 
450.50 

507.70 
568.76 
509.81 

510.86 

511.92 

10 
11 
12 
13 
14 

164.97 

'6|.57 
166.17 
166.77 
167.37 

202.92 
203.58 
204.25 
204.92 
205.59 

444.79 
245.52 
246.25 
246.98 
247.72 

290.58 
291.38 
292.18 
292.98 
293.78 

340.30 
341.16 

3**-2! 

342.88 
843-75 

393-?4 
394.86 

395.79 
396.72 

397.65 

451.50 
452.49 
453.48 
454.48 
455-47 

512.98 
514.03 
515.09 
516.15 
517.21 

15 
10 
17 
18 
10 

168.58 

169.19 
169.80 

170.41 

206.26 
206.93 
207.60 
208.27 
208,94 

248.45 
249.19 

»49?3 
250.67 
251.41 

294.58 
29J.38 
296.18 
296.99 
297.79 

344.62 

345*49 
346.36 

347.23 
848.10 

398.58 
39952 
400.4J 
401.38 
402.32 

456.47 
457.47 
458.47 
4J9-47 
460.47 

518.27 

51934 
520.40 

521.47 
522.53 

20 
21 
22 
23 
24 

171.02 

171.63 

172.24 
172.85 

«73-47 

209.62 
210.30 
210.98 
211.66 
212.34 

252.15 
252.89 
253.63 

»54-37 
255.12 

298.60 
299.40 
300.21 
301.02 
301.83 

348.97 
349.84 
350.71 

351.58 
352.46 

403.26 
404.20 

400.08 
407.02 

<65.49 

523.60 

524.67 

iim 

527.89 

25 
20 
27 
28 
20 

174.08 
174.70 
175  3* 
17J.94 
176.56 

213.02 
213.70 
214.38 
215.07 

a'5-75 

25C.87 
256.62 

*57-37 
258.12 
258.87 

302.6^ 
303.46 
304.27 
30509 
305.90 

353-34 
354.22 

355.10 

407.96 
408.00 

409.84 
410.79 

411.73 

466.50 

46953 

470-H 

528.96 
530.03 
531.11 
532.18 
533-26 

30 
31 
!       3^ 
33 
34 

177.18 
177.80 

178.43 
179.05 
179.68 

216.44 
217.12 
217.81 
218.50 
219.19 

2C9.62 
260.37 
261.12 
261.88 
262.64 

306.72. 

l^ 

309.18 
310.00 

VsUt 

359.51 
360.30 

361.28 

412.68 
413.63 
414-59 
415.54 
416.49 

471.55 
472.57 
473.58 
474.^0 
475.62 

534.33 
535.41 
536.50 

537.58 
538.67  j 

35 
30 
37 
38 
39 

180.30 

182.19 
182.82 

219.88 
220.58 
221.27 

22I.Q7 
222.66 

263.39 
264.15 
264.91 
26C.68 
266.44 

310.82 
311.65 

312.47 
313.30 
314.12 

362.17 

364.85 
365-75 

417.44 
418.40 

419-35 
420.31 
421.27 

476.64 

477.65 
478.67 
479-70 
480.72 

539-7'J 
540.83 
541.91 
543.00 
544.09 

40 
41 
42 
43 
44 

183.46 
184.09 
184.72 
185.35 
185.99 

223.36 
224.06 
224.76 

226.16 

267.20 
267.96 
268.73 
269.49 
270.26 

3H.95 

III:?! 

3 « 7-44 
318.27 

366.64 

367.53 
368.42 
369.31 
370.21 

422.23 
423.19 
424.15 
425.11 
426.07 

481.74 
482.77 

^?3-79 
484.82 

485.85 

545.18 
546.27 
547-36 
548.45 
549-55 

45 
40 

47 
48 
40 

186.63 

187.27 

188.55 
189.19 

226.86 

227.57 
228.27 
228.98 
229.68 

271.02 
271.79 
272.56 

»73-34 
274.11 

319.10 

31994 
320.78 
321.62 
322.45 

371.11 

372.01 
372.01 
373.J2 
374.72 

427.04 
428.01 
428.97 

429.93 
430.90 

486.88 

tut 

489.97 
491.01 

550.64 

55"-Z3  1 
552.83  ! 

553-93  ! 
555-03 

50 
51 
52 
53 
54 

189.83 

190.47 

191.12 

191.76 
192.41 

230.39 
231.10 
231.81 
232.52 
233.24 

274.88 
27C.65 
276.43 
277.20 
277.98 

323.29 
324.13 

324.97 
325.81 
326.66 

37|.62 
376.52 
377.43 
378.34 
379.26 

431.87 
432.84 
433.82 
434.7? 
435.76 

492.0c 
493.08 
494.12 
495-15 
496.19 

556.13 
557.24 
558.34 
559.44 
560.55 

55 
50 
57 

58 
50 

193.06 
193.71 
194.36 
195.01 

195.66 

»33-95 
23467 
23J.38 
236.10 
236.82 

278.76 

»79.55 
280.33 

281.90 

327.50 
328.35 
329.19 
330.04 
330.89 

3^-^Z 
381.08 

381.99 
382.00 
383.82 

436.73 

♦3Z-7' 
438.69 
439.67 
440.65 

498.28 
499.3a 
500.37 
501^.1 

561. 6  c 
562.76 
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Table  V .    Beduction  to  the  Meridian. 


f»  = 

2  sinS  }  t 
sin  1" 

1 

1 

t 

n- 

IS'- 

19- 

nor 

at- 

»■ 

28- 

«4- 

as-   ; 

i 
0 

nh 

ft 

635.9 

708.4 

Ilk 

uil 

949.6 

1037.8 

II  29.9 

1225.9 

1 

f,ix 

709.7 

951.0 

IO39.J 
1040.8 

1131.4 

1227.5 

2 

569.4 

710.9 

llu 
790.1 

868.0 

95*.4 
953-8 
955.3 

1133.0 

1229.2 1 

3 

4 

570.5 
571.6 

640.6 

712.1 
7 '3-4 

I'U 

IO42.J 
1043.8 

"34-6 
1136.2 

1230.8 
1232.5 

5 

572.8 

641.7 

714.6 

791.4 

87».. 

956.7 

1046.8 

1137.8 

1234.1 

6 

573-9 

642.9 

715-9 

792:7 

«71S 

958.2 

11393 

1235.7 

7 

575.0 
576.1 

644.1 

717.1 

718-4 
719.6 

794.0 

877.6 

959-6 
961.1 

IO48.J 
1049.8 

1140.9 

1237.3 

8 

ttn 

795-4 
796.7 

1142.5 

1239.0 

0 

577.* 

962.5 

1051.3 

1144.0 

1240.6  \ 

10 

578.4 

650.0 

720.9 

798.0 

!Z9° 

963.9 

1052.8 

1145.6 

1242,3 

11 

llli 

722.1 

7»3-4 
724.6 

799-3 
800.7 

880.4 

88 1. i 

966.9 

1054.3 
1055.9 

1148.8 

1243.0 
1245.6  ; 

13 

581.7 

651.2 

802.0 

883.2 

968.J 
969.8 

1057.4 

1150.4 

1247.2 
1248.9 

14 

581.9 

652.4 

7*5-9 

803.3 

884.6 

1058.9 

1152.0 

15 

584.0 

653.6 

727.2 
728.4 
7*9-7 

804.6 
806.0 

886.0 

971.2 

1060.4 

1153.6 

1250.5 

10 
17 

lll:i 

656.0 

P,?:t 

972.7 
974-1 

1062.0 
1063.5 

wm 

1252.2 
1253.8 

18 

'il:t 

657.2 

730.9 

890.2 

975.5 

1065.0 
1066.5 

1158.3 

1255-5 

10 

658.4 

732.2 

809.9 

891.6 

977.0 

1159.9 

1257.1 

20 

589.6 

ell'.s 

733-5 

811.3 
812.6 

893.0 

978.5 

1068.1 

1161.5 

1258.8 
1260.5 

21 

590.8 

734-7 
736.0 

lltt 

979-9 
9*1.4 

1069.6 

1163.. 

22 

59'-9 

662.0 

8.3.9 

1071.1 

win 

1262.2  , 

23 

593-0 

663.2 

737.3 
738.5 

815.2 
816.6 

Uu 

982.9 

1072.6 

1263.8 

24 

594* 

664.4 

984.4 

1074.2 

1167.9 

1265.5 

25 

595-3 
596.5 
597.6 

598.7 

665.6 

666.8 
668.0 

739.8 

817.9 

900.0 

985.8 

1075.7 

1169.5 

1267.1 

20 
27 

741.1 

74»-3 
743.6 

819.2 
820.5 

901. A 
902.8 

^8^ 

1077.2 
1078.7 
1080.3 
1081.8 

1171. I 

1172.7 

1268.8 
1270.5  1 

28 

669.2 

821.9 

904.2 

990.J 
991.8 

1174.3 

1272.1 

20 

599-9 

670.4 

744-9 

823.2 

905.6 

1175-9 

1273.7 

30 

601.0 

671.6 

746.2 

824.6 

907.0 
90J.J 
909.8 

993-2 

1084.8 
1086.4 

1177-5 

1275.4 

31 

602.2 

672.8 

748.7 

825.9 

994-7 
996.2 

"11:; 

1277-1  ! 
1278.8  1 

32 

603.3 

674.1 

liu 

33 

*6o1-i 

675-3 
676.5 

750.0 

911.2 

997.6 

1087.9 

1 182.3 

1280.4 

34 

751.3 

829.9 

912.6 

999.1 

1089.5 

1183.9 

1282.1  ! 

35 

606.8 

B 

752.6 

831.2 

914.0 

1000.6 

1091.0 

1185.5 

1283.8 

30 

607.9 

753-8 

832.6 

915-5 
916.9 

1002.1 

1092.6 

1187.1 
ii8i.7 

1285.5  . 

37 

609.1 

755.1 
756.4 

833.9 

1003.5 

1094.1 

"!Zi  i 

38 

6l0.2 

681.3 
682.6 

nil 

918.3 

loos.o 
1000.5 

1095.7 

1190.3 

1288.8 

30 

611.4 

757-7 

919.7 

1097.2 

1191.9 

1290.5  1 

40 

612.5 

683.8 

759.0 
760.2 

838.0 

921.1 

1008.0 

1098.8 

1193.5 

1292.2 

41 

61^.8 
616.0 

685.0 
686.2 

839-3 

922.5 

1009.4 

1100.3 

1195.1 
1196.7 

1293.8 

42 

762.8 

840.7 

923.9 

1010.9 

IIOI.9 

1295.5 

43 

687.4 
68i.7 

842.0 

lin 

1012.4 

1103.4 

1198.3 

1297.2  , 
1298.9 

44 

617.2 

764.1 

843.4 

1013.9 

1105.0 

1199.9 

45 

618.3 

689.9 

766.7 

&? 

928.2 

1015.4 

1016.9 

1106.5 

1201.5 

1300.5  1 

40 

619.C 
620.6 

691.1 

929.6 

1108.1 

1203.1 

1 302.2 

47 

692.A 
693.6 

768.0 

847.5 

931.0 

1018.4 

1109.6 

120A.7 
1206.4 

1303.0 

48 

621.8 

769.3 
770.6 

848.9 

932.J 
933.5 

1019.9 

II11.2 

1305.6 

40 

623.0 

694.8 

850.2 

1021.4 

1112.7 

1208.0 

1307.3 

50 

624.1 

696.0 

771.9 

851.6 

935.J 
936.6 

1022.8 

III4.3 
III5.8 

1209.6 

1309.0 

51 

626.5 
627.6 

698^5 

773-1 

852.9 

1024.1 

1025.8 

1211.2 

1310.7 

52 

774.5 

854-3 

938.1 

1117.4 
1118.9 

1212.9 

1312.4 

53 

699.7 

775.7 

855.7 

939-5 

102?.1 

1214.5 
12x6.1 

1314.1  ! 

54 

628.8 

701.0 

777-1 

857.1 

940.9 

1120.5 

1315.7 

55 

630.0 

702.2 

778.4 

IP 

861.1 

94».3 
943.8 

1030.3 
1031.8 

1122.0 

1217.7 

1317.4  1 

50 

631.2 

703.5 

779.7 

1123.6 

1219.4 

1319.1 

57 

632.3 

704.7 

781.0 

945.2 
946.6 

1033.1 
103^.8 
1036.3 

XI25.I 
1126.7 

1221.0 

I32a8 

58 

633.5 

705.9 

783.6 

862.5 

1222.6 

1322.5 

50 

634-7 

707.1 

863.9 

948.1 

1128.3 

1224.2 

1324.2 

684 


Table  V. 

Bedaction  to  the  Meridian. 

2  8111 

'H 

2  ain*  1 1 

1 

fn 

n  =  — 

• 

For  rate.           il 

sin 

1" 

Bin  1" 

t 

26^ 

27« 

28"- 

29« 

t 

n 

i 

n 

RaU, 

Logfc 

i 

w 

/' 

n 

n 

m  9 

n 

m    « 

n 

s 

i     0 

1325.0 

1327.6 

1429.7 

'537-5 

1649.0 

0  0 

0.00 

20  0 

'•49 

—  30 

9.999  6985 

1 

i43'-4 

'539-3 

1650.0 
1652.8 

1  0 

0.00 

10 

1.60 

29 

'y'iU 

2 

1329.3 

1433.2 

1541.1 

2  0 

0.00 

20 

28 

3 

1331.0 

14349 
1436.7 

1542.0 
1544.8 

\\\tl 

3  0 

0.00 

30 

1.65 

27 

7286 

4 

n3»-7 

4  0 

0.00 

40 

1.70 

26 

73»7 

5 
6 

>  334-4 
1336.1 

1438.5 
1440.3 

1546.6 
1548.4 

1660.4 

5  0 

6  0 

0.01 
0.01 

50 
21  0 

1.76 
1.82 

25 
24 

7688 

1        7 

1337.8 

1442.1 

1550.2 

1652.3 

7  0 

0.02 

10 

1.87 

23 

e 

'339-5 

I443-? 
1445.6 

1552.1 

1664.2 
1666.1 

8  0 

O.OA 

0.00 

20 

'•93 

22 

7Z!9 

0 

1341.2 

'553-9 

9  0 

80 

2.12 

21 

7889 

10 

1342.9 

1344-6 
1346.3 

»447-4 

1555-8 

1668.0 

10  0 

11  0 

0.09 

0.14 

40 
60 

20 

7990 
8090 

11 

1449.2 

1557.6 

1669.9 

19 

12 

1451.0 

1559-5 
1561.3 

1671.0 
1673.8 

12  0 

0.19 

22  0 

2.19 

18 

8191 

13 

1348.0 

1452.8 

10 

0.20 

10 

2.25 

17 

8291 

14 

« 349-7 

'454-5 

1563.2 

1675.7 

20 

0.22 

20 

2.32 

16 

8392 

15 

1351.4 

1456.3 

1566.9 
1568.7 

1677.6 

30 
40 

0.23 
0.24 
0.25 

30 
40 

2.30 
2.46 
2.54 

15 

8492 

10 
17 

»353-» 
1356.6 

1458.1 

1679.5 
i6§i.4 

60 

50 

14 
13 

liU 

18 

1570.5 

1683.3 

13  0 

0.26 

23  0 

2.61 

12 

1^4 

19 

1358.3 

1463.4 

1572.4 

1685.2 

10 

0.28 

10 

2.69 

11 

20 
21 

1 360. 1 
1361.8 

1466.9 

'574-3 
1576.1 

1687.2 
1689.1 

20 
30 
40 

0.30 

0.31 

20 
80 
40 

2.77 
2.85 

10 
9 

8995 
9095 
9196 

22 

1363.5 

1468.7 

1578.0 

1691.0 

50 

0.33 

0.34 

hti 

2.93 

8 

23 

1365.2 

1470.5 

1579-8 

X:i 

OV 

3.01 

7 

9296 

24 

1367.0 

1472.3 

1581.7 

14  0 

0.36 

24  0 

3.10 

6 

9397 

25 

1368.7 

1474.1 

1583.5 

1696.7 

10 
20 

o.jg 

10 

90 

3.18 

5 

9497 
9598 

26 

27 

1370.4 
1372.1 

'475-9 
'477-7 

1585.3 
1587.2 

1698.6 
1700.5 

30 
40 

0.39 

0.41 

0-43 
0.45 

30 
40 

3-*7 
3.36 

3-45 
3-55 

4 
3 

28 

1373-? 

'479-5 
1481.3 

1589.1 

1702.5 

50 

&fl 

2 

9799 

20 

1375.6 

1590.9 

1704.4 

MV 

—  1 

9-999  9899 

30 

'377-3 

1483.1 

1592.7 

1706.3 

15  0 

10 
20 
30 
40 
50 

0.47 

25  0 

10 
20 
30 
40 
50 

3.64 

0 

0.000  0000  1 

31 
32 

'  379-0 
1380.8 

148A.9 
1486.7 

'594-6 
1596.5 

1708.2 
1710.2 

0.49 
0.52 

3-74 
3-84 

+i 

0101   ' 
0201  1 

33 

1382.5 

1488.5 

'598.3 
1600.2 

1712.1 

0.54 
0.56 
0.59 

3-94 

3 

0302 

34 

1384.2 

1490.3 

1714.0 

4,05 
4.15 

4 

0402 

35 
3d 
37 
38 
39 

40 

1385.9 
1387.7 
1389.4 
1391.2 
1392.9 

'394-7 
1396.4 
1398.2 

'399-9 
1401.7 

1403.4 

1492. 1 
'493-9 
'495-7 
'4975 
'499-3 
1501. I 

1602.1 
1604.0 
1605.9 
1607.7 
1609.6 

1611.5 

1715.9 

1717.9 
1719.8 
1721.7 
1723.6 

1725.6 

16  0 

10 
20 
SO 
40 
50 

0.61 
0.64 
0.67 
0.69 
0.72 
0.75 

26  0 

10 
20 
30 
40 
50 

4.26 
4-37 

5 
6 

7 
8 
9 

10 
11 

0503 
0603 

0704 

0905 

lOOC 
1 106 

41 
43 
43 
44 

45 

1502.9 

'504-7 
1506.5 
1508.4 

1510.2 

1613.3 
1615.2 
1617.1 
1619.0 

1620.8 

1727.5 
1729.5 

'73'-5 
'733-4 

'735-3 

17  0 

10 
20 
30 
40 

0.78 
0.81 
0.84 
0.88 
0.91 

27  0 

10 
20 
30 
40 

4.96 
5.C8 
5.20 
5-33 

12 
13 
14 

15 
16 

1206 

1307 
1407 

1508 
1608 

46 

1405.2 

1512.0 

1622.7 

1737.2 

50 

0.95 

50 

17 

1709 
1809 
1910 

47 
48 

1406.9 
1408.7 

1513.8 
1515.6 

162^.6 
1626.5 

1739.2 
1741.2 

18  0 

10 

0.98 
1.02 

28  0 

10 

6.01 

18 
19 

49 

1410.4 

1517.4 

1628.3 

1743.1 

20 

1.06 

20 

20 

2010 

50 

1412.2 

1519.2 

1630.2 

1745.1 

30 

1.09 

30 

6.1S 

21 

2I1I 

51 

1413.9 

1521.0 

1632.1 

1747.0 

40 

\\i 

40 

6.30 

22 

2212 

52 

1415.7 

1522.9 

1634.0 

1749.0 

50 

50 

6.44 

23 

2312 

53 
54 

'4'7-4 
1419.2 

152A.7 
1526.5 

1635.9 
1637.7 

1750-2 
1752.8 

19  0 

10 

1.22 
1.26 

29  0 

10 

6.59 
6.75 

24 
25 

2412 
2DI3 

55 

1420.9 

1528.3 

1639.6 

1754.8 
1756.8 

20 

1.30 

20 

6.90 

26 

56 

1422.7 

1530.2 

1641.5 

30 

'-35 

30 

7.06 

27 

2714 
2814 

57 

'4*4-4 
1426.2 

1532.0 

1643.3 

1758.7 
1760.7 

40 

1.40 

40 

7.22 

28 

58 

1533.8 

1645.2 

50 

'•44 

50 

7-38 

29 

2915 

59 

1427.9 

1535.6 

1647.1 

1762.6 

20  0 

'-49 

30  0 

7.55 

+  30 

0.000  3015 

686 


Table  VI.    Logarithms  of  m  and  n. 


2  8in>  i  t 

«»  =  : — TiT 


sin  1" 


log  m 


O 
1 
3 
3 

4 

5 
0 

7 
8 
0 

10 
11 
12 
13 
14 

15 
16 
17 
18 
19 

2U 
21 
22 
23 
24 

25 
26 
27 

28 
20 

30 
31 
32 
33 
34 

35 
36 
37 
38 
30 

40 
41 
412 
43 
44 

45 
46 

47 
48 
40 


!    50 

I  52 
53 
54 

55 
56 

57 
58 
59 

60 


6.73673 

7-J3879 
7.69007 
7.94085 

8.13467 
8.29103 
8.42692 
8.54291 
8.64521 

!-Z3^73 
8.81951 
8.89509 
8.96461 
9.02898 

9.08891 

9- "4497 
9.19763 
9.24727 
9.29423 

9-33879 
9.38117 

9-4»iS7 
9.46018 

9-497 1 5 

9.56667 

9-5994S 
9.63104 
9.66152 

9.69097 

9-71945 

9.74703 

9-77375 
9.79968 

9.82486 

9-?4933 

9 

9-  ,   , 

9.91886 

9-94085 
9.96229 
9.98323 
0.00366 
0.02363 

0.04315 
0.06224 
0.08092 
0.09921 
0.11712 

0.13467 
0.1C187 
0.16875 
0.18528 
0.20151 

0.21745 
0.23110 
0.2^848 
0.26158 
0.27843 

0.29303 


I.87J13 
1.89629 


0.29303 

•30739 
.32151 

•3354" 
.34909 

.36255 
.37J81 
.38888 
.40174 
.41442 

.42692 

•439*5 
.4  J 140 
.46338 
•475 > 9 
.48685 
.49836 
.50971 
.52092 
.53198 

.54291 

.56416 

•57489 
.58529 

•59557 
.60573 
.61577 
.62570 
.63551 

.64521 
.6J481 
.66431 
.67370 
.68299 

.69218 

.70127 
.71027 
.71918 
.72800 

•73673 
•74537 
•75393 
.762AO 
.77080 

.77911 
•78734 
•Z9550 
.80358 
.81158 

•!"95; 

.82738 

•55517 

.84288 
.85053 

.85813 
.86564 

.88049 
.88782 

0.89509 


0.89509 
.90230 

•90945 
.91654 

•9*357 

93055 
93747 
94434 
95115 

95791 
.96462 

■971*; 


98443 
99094 

99740 
,00381 
.01017 
,01 641 
,02271 

,02898 

03517 
04131 
,04740 
05345 
,05946 
,06543 
.07136 
,07725 
08310 

,0880 
09468 
10042 
1061 1 

11177 

11730 
12298 
12853 
13404 
13952 

14497 
15038 

15576 
16110 
16641 

17169 

\iln 

18735 
19250 

19762 
20271 
20778 
21281 
21782 

,22280 
22775 
23267 
23756 
,24243 

1.24727 


s* 


1.24727 

.25208 

.26163 
.26636 

.27107 

•»7575 
.28041 
.28504 
.28965 

.»9j23 
.29*79 
.30312 
.30783 
.31232 

.31679 

.32560 
.33006 
•33443 
•33878 
•34311 
•34743 
•3517a 
•35598 

.36022 

.37285 
.37702 

.38116 
.38529 
.38940 
•39348 
•39755 
.40160 
.40563 
.40964 
•41364 
•41761 

•4*157 
.42551 

•4*94? 

•43333 
.43722 

•44109 
.44494 

.44877 

•45*59 

•45639 

.46018 

•46395 

•46770 
•47143 
•47515 

.47886 
.48255 
.48622 
.48988 
•4935* 
1.49714 


5'^S 


4- 


1.497  I  A 
50076 
50435 
50793 
51150 

5IJO5 

5*2  1 1 
5*56x 

5*91  a 

53*60 

53606 

539Sa 
54*^6 

54639 
54980 
552*0 

5633a. 


55659 

55996 

o 


56667 

57000 

57663 
57993 

lin 

59»99 
59622 

i^tg 

605  8G 
6090^ 
61222 

61C38 

6x1  St 
6x48. 
62793 

63103 
634.13 
637*2. 
64029 

64335 
6464.1 
64945 
65248 
65550 
65851 

fit' 5' 
66450 

66748 
67045 
^734^1 
67636 

O8223 

68I0I 
69096 


1.69096 
•69385 
-69673 
.69960 
.70246 

.70J31 
.70815 
.71009 
.71582 
•71663 

•7  "944 
.72223 

.7*50* 
.72780 
•73057 

■73 

•73 

.73883 

•74157 

•744*9 

•74701 
-7497* 
•75*4* 
•755»« 
•75780 

•76048 
.76314 
.76580 
.76846 
•77110 

.77373 
•77636 
•77898 
.78160 
.78420 

.78680 
.78938 
•79197 
•79454 
•79710 

•79967 
.80221 
.80476 
.80729 
.80982 

:i::it| 

.81736 
.81986 
.82236 

.82484 
.82732 
.82979 
.83225 
.83471 

•|37i6 
;|396o 

l8 


4*04 
90 


•|444' 
'■•469< 

f.8493, 


1-84931 
.85172 
.85x12 
-85651 
.85890 

.86129 
.86366 
.86002 
.86840 
.87075 

.87310 
•87545 

-88012 
.88244 

.88476 
-88708 
.88938 
.89128 
.89398 

-89627 
.89855 
.90083 
.90310 
.90536 

.90762 
.90987 
•91212 
•91436 
.9i66< 

•91883 
.9*105 
.92327 
.9*548 
.92769 

.92990 
.93209 
•934*8 
•93646 
•93864 

.94082 

.94299 

•94515 

•9473 

•94946 

.95161 

•95375 
•95589 
.9(802 
.96014 

.96226 
.96S60 

•974il 
•97697 
•97905 1 
•98111I 

^^•98320! 


Table  YI.  Logarithms  of  m 

wd  n. 

2  sin 
"•    sin 

» 1  r 
1" 

1              log «              il 

s 
O 
1 
2 
3 
4 

8"- 

9- 

10" 

11- 

12- 

13- 

14- 

15- 

1.09917 
.10098 

.10178 

.10458 
.10637 

1.10146 

.10307 
.10A67 
.10617 
.10787 

1.19196 

:i9tJ6 

.19730 
.19874 

»-37574 

1.45130 
.45150 
.45371 
-45491 
.45611 

1.51081 
.51191 
.51303 
.51414 
•5*5*5 

.58918 

1 

1.64506  • 
.64603  i 
.64699  i 

.64795 
.64891  1 

5 

6 
7 
8 
9 

.10817 
.10995 
.11174 
.1135* 
.11530 

.10946 
.11106 
.11164 
.11413 
.11581 

.30017 

.30161 

.30304 

.30447 
.30590 

.38619 
.38749 

.45731 
.45850 
.45970 
.46089 
.46109 

.51635 
.51746 
.51856 
.5*967 
•53077 

.59031 

•59134 
.59136 

.59339 
.59441 

.64987 
.65083  ; 

.65179  i 
.65*74 
.65370  j 

lO 
11 
12 
13 
'  14 

.11884 
.11061 
.11137 
.11413 

.11739 
.11897 
.11055 
.11111 
.11369 

.30731 
.30874 

.31016 

.31158 
.31300 

.38879 
.39000 
.39118 
.39167 
.39396 

.46318 

f 

^.6801 

.53187 

.53*97 
.53406 
.53516 
.53615 

.59543 
.59645 

.59747 
.59849 
.59951 

.65466  1 
'.65I56 

mil 

15 
16 
17 

18 
10 

.11589 
.11764 

.11939 

•"3"4 
.13188 

.11681 
.11838 
.11994 
.13150 

.31441 
.31551 
.31713 
.31864 
.31004 

•39515 
.39654 
.39781 
-39910 
.40038 

.46920 
.47038 
.47156 
.47174 
-4739* 

•53735 
.53844 
.53953 
.54061 
.54170 

.60051 
.60154 

.60155 

till 

.66131 
.66125 
.66310 

20 
21 
22 
23 
24 

.13J61 

.13635 
.13809 
.13981 
.14154 

.13304 

.*3459 

.13768 
.13911 

.3*144 
.31184 
.31414 
.31563 
.31703 

w|oi66 
.40194 
.40411 
.40J48 
.40675 

.47616 

.47860 
.47977 

•54179 
.54387 
.54496 
.54604 

•547" 

.60760 
.60861 
.60961 

.66414 
.66509 
.66603 
.66697  i 
.66791 

25 
20 
27 
'  28 
20 

.14316 
.14498 
.14670 
.14841 
.15011 

.14076 
.14110 
.14381 
.i4|j6 
.14689 

.31841 

.31980 

.33010 
.33158 
.33396 

.40801 
.40919 
.410J5 
.41181 

.41307 

.48094 
.48110 
.48317 
.48443 
.48559 

.54810 
.549*8 
.55035 
.55143 
•55*50 

.61062 
.61162 
.61263 

.61463 

.66885 
.66979  1 

iVdl  \ 

.67160  • 

;  30 

1  31 

32 

33 

34 

.15181 

.1535* 
.15511 
.15691 
.15860 

.14841 
.1499A 
.15146 
.15197 
•»5449 

.33534 
.33671 
.33800 
.33946 
.34083 

.41434 
.41560 
.41685 
.41811 
.41936 

.48675 
.48790 
.48906 
.49011 
.49136 

•55358 
•55465 
.5557* 
.55S79 
.55785 

till 

.61762 
.61861 
.61961 

.67446 

.67539 
.67631  1 

.67716  ; 

35 
30 

37 
38 
30 

.16019 
.16198 
.16366 
.16534 
.16701 

.15600 

.»575' 
.i|9oi 
.16051 
.16101 

.34110 

.34357 

•34493 
.34610 
.34766 

.41061 
.41186 
.41310 
.4*435 
•4*559 

.491J1 
.49366 
.49481 
.49596 
.49711 

.55891 

.55999 
.56105 
.56211 
.56317 

.61060 
.61456 

.67818  1 

.67911  ! 
.68004  i 

.68097  : 
.68189  i 

40 
41 
42 
43 
44 

.16868 

.17035 
.17101 
.17368 
•«7534 

.16351 
.16501 
.16651 
.16800 
.16949 

.34901 

.35037 
•35"7i 
•35307 
.3544* 

.41683 
.41807 
.41931 

.43055 
.43178 

.49815 

.49939 
.50053 
.50167 
.50181 

.56413 
.56519 
.56635 
.56740 
.56846 

.61654 
.61751 
.61850 
.61949 

.68181  I 
!6846^  i 
!6865o 

45 

46 

47 
48 
40 

.18030 
.18194 
.18359 

.17097 
.17146 
.a7394 

.17689 

.35577 
•^57" 
.35846 
•35980 
.36114 

.43301 

.43415 
.43548 
.43670 

•43793 

.50394 
.50|o« 
.50621 
.50734 
.50847 

.56951 
.57056 
.57161 
.57166 

.57371 

.63047 
.63145 
.63143 

illti 

.6874* 

!689l^ 
.69017 
.69109 

1  50 

i  ^1 
52 
53 
54 

.18513 
.18687 
.18850 
.19013 
.19176 

.17816 
.17984 
.18130 
.18177 
.18413 

:f:i 

.36781 

•43915 
.44037 
•44«59 
•44181 
•44403 

.50960 
.51073 
.5118J 
.51198 
.51410 

.57476 
.57580 
.57685 
.57789 
•57893 

mil 

.63915 

.69101  j 
.69191 

.69383 
.69474 
.69565 

;  55 
50 

57 
58 
50 

.19338 
.19500 
.19661 
.19814 
.19985 

.18569 
.18715 
.18861 
.19006 
.19151 

.36911 
.37046 
.37178 
.37310 

.3744» 

•445*5 
.44646 

.44767 
.44888 
.45009 

.51JI1 
.51634 
•5'746 
.51858 
.51969 

•57997 
.58101 
.58105 

.58309 
.58411 

.64011 
.64110 
.64116 
.64313 
.64410 

.69656 

mti 

.69919 
.70019 

\eo 

1.10146 

1.19196 

1.37574 

1.45130 

1.51081 

1.58516 

1.64506 

1.70109 

687 


Table  YI.    Logarithms  of  m  and  n. 


j= 

2  8in< 

H 

"*         Bin] 

I" 

log  «.                                                                          II 

t 

16- 

n- 

18" 

19" 

W 

«1- 

M- 

^ 

s 
0 

1.70109 

»-75373 
.75458 

2.80336 

2.85029 

2.89481 

2.937x7 

1 

2.97755  30«5'3l 

1 

.70200 

.80416 

.85105 

iUit 

.93786 
-93855 

•978J2 

.01075 
,01738  1 
.01801 

3 

.70201 
.70381 

-m 

.80496 

.85181 

.97886 

3 

iuil 

.85257 

.89698 

.93923       .9795*! 

4 

.70471 

.75713 

•85333 

.89770 

.93992 

.9»oi7 

.01864 

5 
6 

.70561 
.70651 

•75798 
.75883 

mn 

.85409 
•85485 

.8984a 
.89986 

.94061 
.94i2| 

.94266 

:» 

.01926 
.01989 

7 

.70741 
.70830 

.75967 
.76052 

.80896 

isjlje 

.98214 

.02052 

8 

.80976 

.90058 

,98279     .01114 

9 

.70920 

.76136 

.81056 

.85712 

.90130 

•94335 

.98344 

.02177  j 

10 

.71010 

.76220 

.81135 

.85787 

.9020a 

.94403 

.98410 

,02239 

11 
12 

•y.m 

•& 

.81215 
.81295 

.85861 

.90*74 
.90346 

.94471 
.94540 
.94608 

.98475 

.02302 
.02361 
.02426 

13 

.71278 

.76472 

.81375 

.90417 

14 

,71367 

.76556 

.81454 

.86089 

.90489 

.94676 

.98670 

.02489 

15 

.71456 

.76640 

.8i|33 
.81612 
.81691 

.86164 

.90560 
.9063* 
.90703 

.94744 

.98800 
.98865 

.02551 
.0261 J 
.0267s 

16 
17 

•7154s 
.71634 

fellt 

.86239 
.86314 

•948" 
.94880 

18 

.71723 
.71811 

.76892 

ir^ll 

.86389 

•90774^ 
•90845 

.94948 

.98930 

.02737 

19 

.76976 

.86464 

.95016 

.98995 

.02799 

20 

.71900 

.77059 

.81928 

.86C39 
.86614 

.90917 
.90988 

.95084 

.99060'    .01861 

21 

.71989 

.77143 
.77226 

.82007 

.95152       .99"5 

.02923 

22 

.72077 

.82086 

.86689 

.91058 

.95219 

.99189 

.02985 

23 

.72165 

.77309 

.82165 

ih^i 

.911*9 

.95287 

.99154 

.03047 

24 

.72254 

.7739* 

.82244 

.86838 

.912,00 

•95355 

.99319 

.03109 

25 

.72342 

.77476 

.82322 

•f^" 

.91271 

.95422 

•^l 

.03171 

26 

.72430 

.77559 
.77841 
.77724 
.77807 

.82401 

.86987 

•9x34.2^ 

.95490 

.03232 

27 
28 

.72606 

Up 

.82636 

.87061 

.87136 

.914^13 
.91484 

•95557 
.95625 

.99512 
.99576 

.03294 
.03356 

20 

.72694 

.87210 

•91555 

.95692 

.99641 

.034»7 

30 

.72781 

.77890 

.82714 

.87432 

.91625 

.9"6o6 
.9>766 
.91837 

.95759 
.95817 
.95804 

.99705 

.03479 

31 
32 

.72869 
.71957 

■:^im 

•S*Z9* 

.82870 

.99769 

•99834 
.99898 
.99962 

.03540 
.03602 

33 

.73044 

.78138 

.82948 

.87506 

.03663 

34 

.73132 

.78220 

.83026 

.87580 

.9x907 

.037*5 

35 
36 

.73219 
.73306 

•7!302 
.78385 

.83104 
.83182 

:p!3 

•91977 
.9204^ 

.96162 

3.00026 
.0009c 

.olU 

37 

.73393 
.73480 

.78467 

.83260 

.87802 

.9^118 

.9622^ 
.96206 
.96362 

.00154 

.03909 

38 

;7863i 

.83337 

.87876 

.92188 

.00218 

.03970 

30 

.73567 

.83414 

•8794^ 

.92x58 

.00282 

.0403' 

40 

.73654 

.78713 

.83492 

.88023 
.88096 
.88170 

9^3*8 

.96429 

.003461    .0409* 

41 
42 

.73741 
.73827 

•78795 
•78877 
.78958 

.'83I48 

.9a398 
.92468 

4r 
.96563 

19663c 

.96696 

.00409;    .0415] 
.00473)    .04»H 

43 

.73914 

in^^ 

•S!*43 

.9*538 
.92608 

'    ^\Zli 

44 

.74001 

.79040 

.83802 

.88317 

45 

.74087 

.79121 

.83879 

.88390 
.88463 
.88536 
.88610 

.92677 

.96763 
.96821 

.96963 
.9702J 

.00664 

,       .00728 

.04397! 

40 

.74"73 

.79203 

.83957 

.92747 

.0445«1, 

47 
48 

.74*59 
.74346 

.79366 

.84034 
.84111 

.92817 
.92886 

.       .00791 
i       .00855 

•045[9  1 
.04580 

40 

.7443* 

.79447 

.84188 

.88683 

•92956 

J       .00918 

50 

.74518 
.74604 

.79528 
.79609 

.84264 

ilPt 

•93026 

.9709 

;       .00981 

.04701 

51 

•S^34i 

.88828 

.93096 

[        .01045 
J         .OIIOJ 

.0476*  1 
.048231 

52 

.74690 

.79690 

.84418 

.88901 

.93x64 

.9710 
.9722 
.9729' 
.9735^ 

53 

.74775 

.79771 
.79852 

.84495 

.88974 

•93233 

i      .01171 

.048831 

54 

.74861 

.84571 

.89047 

•93303 

)    .01234 

.04944) 

55 

.74947 

.79933 

.84648 

.89119 

•9337* 

.974* 
.9749 

;       .01208 
[       .01301 
7      •0H»4 
3      .01487 
9      .01550 

.05004  j 

50 
57 

.75032 
.75118 

.80014 
.80094 

•S4714 
.84801 

.89192 
.89265 

•9344^1 
•93S»o 

.0506s 
.05115 

58 
59 

Vs^l 

.80175 
.80255 

.84877 
.84953 

.89337 
.89410 

•93S79 
•9364.5 

•9755 
.9762 
.9768 

4.9775 

.05.M 
.05146 

60 

».75373 

2.80336 

2.85029 

2.89481 

»-937i7 

5     3.01613 

3.05306 1 

Table  VI.    LogarithmB  of  m 

and  n. 

2  sin'  k  t 

2  8in«  1 1 

m  =  — - 
8IE 

il" 

sm  1" 

logm                   1 

1 

I  t 

24- 

25- 

26- 

27« 

28- 

29- 

t 

logn 

t 

logn 

i 
0 

3.05306 

3.08848 

3.12252 

3.15526 

3.18681 

3.21725 

m  s 

0  0 

1  0 

2  0 

3  0 

4  0 

m    9 

20  0 

10 

20 

1 
2 
3 

.05366 

.05426 
.05487 

.08906 
.08964 
.09022 

.12307 
.12363 
.12418 

.15580 

.18836 
.18887 

•»'775 
.21825 

.21875 

—  « 
4.9706 
6.1747 
^•^79' 
7-3788 

o!iS86  1 
0.2029 

4 

•05547 

.09079 

.12474 

.15740 

.21924 

30 
40 

0.2170 
0.2311 

5 

.05607 

.09137 

.12529 

•15793 

.18939 

.21974 

5  0 

7.7665 

50 

0.2450 

6 

7 

.05667 
.05727 

.09195 
.09252 

.12J85 
.12640 

.15847 
.15900 

.18990 
.19042 

.22024 
.22073 

6  0 

8.0832 

21  0 

10 
20 
SO 

0.2589 
0.2726 
0.2862 
0.2997 

9 

.05787 
.05847 

.09310 
.09367 

.12695 
.12751 

•>5953 
.16007 

.19093 
.'9145 

.22123 
.22172 

7  0 

8  0 
0  0 

S-5^9 
8.7875 

10 

.05907 

.09425 

.12806 

.16060 

.19196 

.22222 

10  0 

8.9705 

40 

0.3111 
0.3264 

11 

.05966 
.06026 

.06086 

.09482 

.12861 

.16113 
.16166 
.16210 

.19247 

.22272 

11  0 

9.1360 

50 

12 
13 

.09540 

•09597 
.09655 

.09712 

.12916 
.12971 

.19299 
.19350 

.22321 
.22371 

12  0 

9.2871 

22  0 

0.3396 

i  1^ 

.06146 
.06205 

.13026 
.13081 

.16373 
.16326 

.19401 
.19452 

.22420 
.22470 

10 
20 
30 

9.3111 

9-3347 
93580 
9.3810 

10 
20 
30 

0.3527 
0.3657 
0.3786 

16 

.06265 

.09760 
.09826 
.09883 
.09941 

.09998 

.13136 

.16379 

.19503 

.22510 
.22568 
.22618 
.22667 

.22716 

40 

40 

0.3915 

17 
18 
10 

20 

.06324 
.06384 
.06444 

.06503 

.13191 
.13246 
.13301 

.13356 

.16412 
.1648c 
.16538 

.i6j9i 
.16641 
.16696 

.19606 
.19657 

.19708 

60 

13  0 

10 
20 

9-4037 

9.4262 

94483 
9.4701 

50 

23  0 

10 
20 

0.4042 

0.4168 
0.4291 
0.4418 

21 

.06562 
.06622 

.10055 

.13411 

.'9759 
.19810 

.22766 
.22815 

30 

9-49 '7 

30 

0.4541 

22 

.10112 

.13466 

40 

9.5130 

40 

0.4604 
0.4786 

23 

.06681 

.10169 
.10226 

.10283 

.13521 

.16749 
.16802 

.16855 

.19861 

.22864 

60 

9-534' 

50 

24 
25 

.06740 

.06800 

.13576 

.13631 
.13686 

.19912 
.19962 

.22913 
.22963 

14  0 

10 

9-5549 
9-5754 

24  0 

10 

0.4907 

0.5027 

26 

.06859 
.06918 

.10340 

.16907 

.20013 

.23012 

20 

9-5957 
9.6158 

20 

0.5  ia6 
0.5264 

27 

.10396 

.13740 

.16960 

.20064 

.23061 

30 

30 

28 

.06977 

.10453 

•13795 

.17066 

.20115 
.20166 

.23110 

40 

9.6356 

40 

0.5382 

20 

.07036 

.10510 

.13850 

.23159 

50 

9-6553 

50 

0.5499 

30 

.07095 

.10C67 
.10623 

.13904 

.17118 

.20216 

.23208 

15  0 

9.6747 

25  0 

0.5615 

31 

.07154 

•M959 

.17170 

.20267 

•»3a57 

10 

9.6930 
9.7128 

10 

0.5730 
0.5845 

32 

.07213 

.10680 

.14013 
.14068 

.17223 

.20318 

.23306 

20 

20 

33 

.07272 

.10737 

.17275 

.20369 

.»3355 

80 

9.7316 

30 

0.5959 

0.6072 

34 

.0733' 

.10793 

.14122 

•'73»7 

.20419 

.23404 

40 

9.7502 

40 

35 

.07380 
.07448 

.10850 

.14177 

.17380 

.20470 

•»3453 

60 

9.7686 

50 

0.6184  I 

36 

.10906 

.14231 

.17433 
.17485 
.17538 

.20520 

.23501 

16  0 

9.7867 
9.8047 

20  0 

0.6296  , 

37 

.07507 

.10963 

.14285 

.20571 
.20621 

.23550 

10 

10 

0.6407  1 

38 

.07566 
.07625 

.11019 

.14340 

.^3599 

20 

9.8225 

20 

0.6517  j 
0.6626  ' 

30 

.11076 

.14394 

.17590 

.20672 

.23648 

30 

9.8402 

30 

1  ^ 

.07683 

.11112 
.11188 

.14448 

.17642 

.20722 

.23697 

40 

9.8576 
9.8749 

40 

0.6735  ! 
0.6843  , 

41 

.07742 

.07801 

.14502 

.17694 
.17746 

.20772 
.20822 

.»3745 

60 

50 

42 

.11245 

•'4557 
.14611 

•13794 
.23843 

17  0 

9.8920 

27  0 

0.6951  ' 

43 

.07850 
.07918 

.11301 

.17799 

.20873 

10 

9.9089 

10 

0.7057  j 
0.7164 

44 

•"357 

.14665 

.17851 

.20924 

.23891 

20 

9-9*57 

20 

45 

.07976 
.08035 

.11413 

.14719 

.17903 

.20974 

.13940 
.23988 

30 

9-94»3 
9.9588 

30 

40 

0.7269  j 

1  46 

.11469 

•14773 

.17955 
.18007 

.21024 

40 

0.7374 
0.7478 

47 

.08093 

.11525 

.21075 

.24017 
.24086 

60 

9-975' 

50 

t  48 

.08151 

.11582 
.11638 

.14881 

.18059 

.21125 

18  0 

9.9913 

28  0 

0.7582 
0.7685 

40 

.08210 

•'4935 

.18111 

.21175 

.24134 

10 

0.0072 

10 

50 

.08268 

.11694 

.14989 

.18163 

.21225 

.24182 

20 

0.0231 

20 

0.7787 

1  51 

.08326 

.11750 

.1504J 
.15096 

.18215 

.21275 

.24231 

30 

0.038 

;j() 

C.7889  1 

52 

.08384 

.11805 

.18267 

.21325 

.24270 
.24328 

40 

°-''?it 

40 

0.7990  i 

53 

.08442 

.11861 

.15150 

.18319 

.i'375 

50 

0.0695 

5j 

0.8090  1 

:  54 

.08501 

.11917 

.15204 

.18371 

.21425 

.24376 

10  0 

0.0851 

20  0 

0  8190 

:  55 

.o8|59 
.08617 

.08675 

.11973 

.15258 

.18422 

.21475 

.24424 

10 

0.1003 

10 

0.8290 
0.8389 
0.8487 

1  56 
57 

.12029 

.12085 

.15312 
.15365 

.18474 
.18526 

.21525 

.i'575 
.21625 

.^447 3 
.24521 

20 
30 

0.1153 
0.1302 

20 
30 

58 

.08733 

.12140 

.15419 

.18578 
.18629 

.24569 
.24617 

40 

0.1450 

40 

0.8585 
— .  0C.01 

1  50 

.08791 

.12196 

.15472 

.21675 

.  50 

0.1597 

50 

0.8682 

>  60 

3.08848 

3.12252 

3.15526 

3.18681 

3.21725 

3.24665 

20  0 

0.1742 
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Table  YII.    Limits  of  Circiun-iaeridiaD  Altitudes. 

A.  Limiting  hour  angle  at  which  the  second  reduction  amounts  to  one  second. 
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The  following  approximate   rales  are  sufficiently  exact   for   practical 
purposes : 

A.  The  limit  at  which  the  second  reduction  amounts  to  O'M  is  }  the  hoar 
angle  of  Table  VII.  A. 

The  limit  at  which  the  second  reduction  amounts  to  0".01  is  i  the  hour 
angle  of  Table  YII.  A. 

B.  The  limit  at  which  the  third  reduction  amounts  to  O'M  is  }  the  hour 
angle  of  Table  VII.  B. 

The  limit  at  which  the  third  reduction  amounts  to  (y'.Ol  is  i  the  hoar 
angle  of  Table  VII.  B. 
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TABLE  Vm. 

For  reducing  tnxnsits  over  several  threads  to  a  common  instant. 
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TABLE  vm.  A. 

For  correcting  tlie  mean  log  k  found  from  the  preceding  table. 
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TABLE  IX.  Probability  of  Errors. 

(Method  of  Iiout  Squares.) 
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1.95 
1.96 
1.97 
1.98 
1.99 

2.00 


0.9661 1 
.96728 
.96841 
.96952 
•97059 

0.97162 
.97263 
.97360 
•97455 
.97546 

0.97635 

.97721 
.97804 
.97884 
.97962 

0.98038 
.98110 
.98181 
.98249 
.98315 

0.98379 
.98441 
.98500 
.98558 
.98613 

0.98667 
.98719 
.98769 
.98817 
.98864 

0.98909 
.98952 
.98994 

•99035 
.99074 

0.99111 

.99'47 
.99182 
.99216 
.99248 

0.99279 
.99309 

•99338 
.99366 

•9939* 

0.99418 

•99443 
.99466 
.99489 
.99511 

0.99532 


117 
113 
III 

107 
103 

loi 
97 
95 
9' 
89 

86 

83 
80 

78 
76 

72 

7' 
68 
66 
64 
62 
59 
58 
55 
54 

5* 
50 
48 
47 
45 

43 
4a 
4' 
39 

37 

36 
35 
34 
3* 
3' 

30 
29 
28 
26 
26 

»5 
aj 

»3 
22 
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TABLE  IX.A.   Probability  of  Errors. 

(Method  of  Iieast  SquurM.) 


<'=: 


•(pO 


0.00 
O.Oi 
0.02 
0.03 
0.04 

0.05 
0.06 
0.07 
0.06 
0.09 

0.10 
0.11 
0.12 
0.13 
0.14 

0.15 
0.16 
0.17 
0.18 
0.19 

0.20 
0.21 
0.22 
0.23 
0.24 

0.25 
0.26 
0.27 
0.28 
0.29 

0.30 
0.31 
0.32 
0.33 
0.34 

0.35 
0.36 
0.37 
0.38 
0.39 

0.40 
0.41 
0.42 
0.43 
0.44 

0.45 
0.46 
0.47 
0.48 
0.40 

0.50 


o.ooooo 

.00538 

.01076 
.01614 
.02152 

0.02690 
.03228 
.03766 

•04303 

.04840 

0.05378 
.05914 
.06451 

.06987 

.07523 

0.08059 

.08594 

.09129 
.09663 

.10197 

0.10731 
.11264 

.11796 

.12328 
.12860 

O.I339I 
.13921 

.1445" 
.14980 
.15508 

0.16035 
.16562 
.17088 
.17614 
.18138 

0.18662 
.19185 

.19707 
.20229 
.20749 

0.21268 
.21787 
.22304 
.22821 
.23336 

0.23851 
.24364 
.24876 
.25388 
.25898 

0.26407 


Dlff. 


0.50 
0.51 
0.52 
0.53 
0.54 

0.55 
0.56 
0.57 
0.58 
0.59 

0.60 
0.61 
0.62 
0.63 
0.64 

0.65 
0.66 
0.67 
0.68 
0.69 

0.70 
0.71 
0.72 
0.73 
0.74 

0.75 
0.76 
0.77 

0.78 
0.79 

0.80 
0.81 
0.82 
0.83 
0.84 

0.85 
0.86 
0.87 
0.88 
0.89 

0.90 
0.91 
0.02 
0.93 
0.94 

0.95 
0.96 
0.97 
0.98 
0.99 

1.00 


9(p0 


0.26407 
.26915 

.27421 
.27927 
.28431 

0.28934 
.29436 
.29936 

•30435 
.30933 

0.31430 
.31925 
.32419 
.32911 
.33402 

0.33892 
.34380 
.34866 
•3535» 
•3583s 

0.36317 
.36798 
.37177 
•37755 
.38231 

0.38705 
.39178 
.39649 
.40118 
.40586 

0.41052 
•41517 

•41979 
.42440 
.42899 

0.43357 
.43813 
.44267 

.447 « 9 
.45169 

0.45618 
.46064 
.46509 
.46952 
•47393 

0.47832 
.48270 
.48705 
•49139 
•49570 

0.50000 


IMff. 


508 
506 
506 
504 
503 
502 
500 

499 
498 

497 

495 
494 
492 

49' 
490 

488 
486 
486 

483 
482 

481 

479 
478 
476 
474 

473 
471 
469 
468 
466 

465 
462 
461 
459 
458 

45« 
454 
45  » 
450 
449 
446 
445 
443 
441 

439 

438 
435 
434 
431 
430 


•00 
.01 
.02 
.03 
.04 

.05 
.06 
.07 
.08 
.09 

.10 

•  11 
.12 
.13 
.14 

•  15 
.16 

•  17 

•  18 

•  19 

.20 
•21 
•22 
•23 
•24 

.25 
.26 
.27 
.28 
•29 

•30 
•31 
•32 
•33 
•34 

.35 
.36 
.37 
.38 
.39 

.40 
.41 
.42 
.43 
•44 

.45 
•46 
.47 

•48 
.49 

1.50 


9(p0 


0.50000 
.50428 
.50853 

•5»»77 
.51699 

0.52I1() 

•5»537 
.52952 
.53366 
•53778 
0.54188 

•54595 
.55001 

•55404 
.55806 

0.56205 
.56602 
.56998 

•5739' 
.57782 

0.58171 
.58558 
.58942 
•593*5 
•59705 

0.60083 
.60459 
.60833 
.61205 
.61575 

0.61942 
.62308 
.62671 
.63032 
.63391 

0.63747 
.64102 

•M54 
.64804 
.65152 

0.65498 
.65841 
.66182 
.66521 
.66858 

0*67193 
.67C26 
.67856 
.68184 
.68510 

0.68833 


Diir. 


428 
4»5 
4H 
422 
420 

418 
415 
4'4 
4'» 
410 

407 
406 

403 
402 

399 

397 
396 

393 
39' 
389 

387 
384 
383 
380 

378 

376 
374 
37a 
370 
367 

366 
363 
361 

359 
356 

355 

35a 
350 

346 

343 
341 
339 
337 
335 

333 
330 
328 
326 
3»3 


1^50 
1^51 
1.52 
1^53 
1^54 

1^55 
1^56 
1.57 
1^58 
1^59 

1^60 
1.61 
1.62 
1.63 
1.64 

1.65 
1.66 
1.67 
1.68 
1.69 

1.70 
1^71 
1^72 
1^73 
1^74 

1,75 
1.76 
1.77 
1.78 
1.79 

1.80 
1.81 
1.82 
1.83 
1.84 

1^85 
1.86 

1^87 
1.88 
1^89 

1^90 
1.91 
1.92 
1.93 
1.94 

1.95 
1.96 
1.97 
1.98 
1.99 

2.00 


•CpO 


0.68833 
.69155 
.69474 
.69791 
.70106 

0.70419 
.70729 
.71038 

.7 '344 
.71648 

0.71949 
.72249 
.72546 
.72841 


DHL 


322 

3«9 

3'7  , 
3'5 
3'3 
310 

309 
306 

304 
301 

300 
297  t 
^95 


"•3*i  III 


0-734*5 

•73714I 
.74000 


291 

289 
286 
285 


•74*85;  ^8i 
•74567  III 

0.74847 

.75124 

.75400 

•75674 

•75945 

0.76214 

76481 

.76746 

.77009 

.77270 


0.77528 

.77785 
.78039 
.78291 
•7854*; 


277 
276 
274 
271 
269 

267 
265 
263 
261 
258 


*57 

*54 

252 

J  25, 

1*48 

^•78790;   5 

•^^1^.  *44 
.79*80;  ^ 


.79522 
.79761 

0.79999 

.80235 
.80469 
.80700 
.80930 

0.81158 
.81383 
.81607 
.81828 
.82048 

0.82266 


239 
238 

236 
*34 

*3' 

230 

228 

**5 
224 
221 
220 
218 


I 


^94 


TABLE  IX.A.   Probability  of  Errors. 

(Method  of  Leaat  Squares.) 


e(po=^ 

e-^dt 

t'  = 

a 

r 

1 

t 

9(pO 

Wff. 

If 

90*0 

DliT. 

tf 

e(pO 

Dur. 

tf 

^(pn 

Diff. 

2.00 

0.82266 

"5 
214 
212 

2.50 

0.90825 

129 
128 

3.00 

0.95698 

69 
68 

3.50 

0.98176 

306 
261 

2.01 

.82481 

2.51 

.90954 

3.01 

.95767 

3.60 

.98482 

2.02 

.82695 

2.52 

.91082 

126 

3.02 

.95835 

67 
66 

3.70 

.98743 

2.03 

.82907 

210 

2.53 

.91208 

124 

124 

3.03 

.95902 

3.80 

.98962:  :j!  II 

2.04 

.83117 

207 

2.54 

.91332 

3.04 

.95968 

65 

3.90 

.99'47 

103 
155 

2.05 

0.83324 

206 

2.55 

0.91456 

122 

3.05 

0.96033 

65 
63 
63 
62 

4.00 

0  99302 

2.06 

.83530 

204 
202 

2.56 

.91578 

120 

3.06 

.96098 

4.10 

•9943' 

129 

108 

88 

/  2.07 

•83734 

2.57 

.91698 

\\t 

3.07 

.96161 

4.20 

•99539 

2.06 

.83936 

201 

2.58 

.91817 

3.08 

.96224 

4.30 

•99627 

2.09 

.84137 

198 

2.59 

•9'935 

116 

3.09 

.96286 

60 

4.40 

.99700 

73 
60 

2.10 

0.84335 

196 
195 
»93 
190 
189 

2.60 

0.92051 

"5 

114 
112 
III 

3.10 

0.96346 

60 

4.50 

0.99760 

48 

2.11 

.84S3« 

2.61 

.92166 

3.11 

.96406 

60 

4.60 

.99808 

2.12 
2.13 

.84726 
.84919 

2.62 
2.63 

.92280 
.92392 

3.12 
3.13 

.96466 
.96524 

56 

4.70 
4.80 

.99848 
.99879 

40 

11 

21 

2.14 

.85109 

2.64 

.92503 

no 

3.14 

.96582 

4.90 

.99905 

2.15 

0.85298 

188 

2.65 

0.92613 

108 

3.15 

0.96638 

56 

5.00 

0.99926 

2.10 

.85486 

.85 
183 
182 
180 

2.66 

.92721 

3.16 

.96694 

OD 

1.00000 

2.17 

.85671 

2.67 

.92828 

107 

106 

3.17 

.96749 

55 

55 

2.18 

.85854 

2.68 

.92934 

3.18 

.96804 

2.10 

.86036 

2.60 

.93038 

104 
103 

3.19 

.96857 

53 
53 

2.20 

0.86216 

178 
176 

2.70 

0.93141 

3.20 

0.96910 

52 
5' 
5' 
50 
49 

2.21 

.86394 

2.71 

•93*43 

102 
lOI 

3.21 

.96962 

2.22 

.86570 

2.72 

.93344 

3.22 

.97013 

2.23 

.86745 

^75 

172 
171 

2.73 

•93443 

98 

97 

3.23 

.97064 

2.24 

.86917 

2.74 

•9354' 

3.24 

•97"4 

2.25 

0.87088 

170 
167 
166 

2.75 

0.93638 

96 

3.25 

0.97163 

48 
48 
47 
46 

45 

2.20 

.87258 

2.76 

.93734 

3.26 

.97211 

2.27 

.87425 

2.77 

.93828 

94 
94 
92 
91 

3.27 

.97259 

2.28 

.8759' 

164 
163 

2.78 

.93922 

3.28 

.97306 

2.29 

.87755 

2.79 

.94014 

3.29 

.97352 

2.30 

0.87918 

\f^ 

2.80 

0.94105 

90 
89 
87 
87 
85 

3.30 

0.97397 

45 
44 
44 
43 
42 

2.31 

.88078 

lOU 

2.81 

•94'95 

3.31 

.97442 

2.32 

88237 

ill 

'55 
*55 

2.82 

.94284 

3.32 

•97486 

2.33 

.88395 

2.83 

•9437' 

3.33 

•97530 

2.34 

.88550 

2.84 

.94458 

3.34 

•97573 

2.35 

0.88705 

2.85 

0.94543 

84 
84 
82 

3.35 

0.97615 

42 

4' 

40 

40 
39 

2.36 

.88857 

152 

2.86 

.94627 

3.36 

•97657 

2.37 

.89008 

'5' 
149 

2.87 

.94711 

3.37 

.97698 

2.38 

.89157 

2.88 

.94793 

Xr 

3.38 

.97738 

2.39 

.89304 

'47 
146 

2.80 

.94874 

01 
80 

3.30 

.97778 

2.40 

0.89450 

2.90 

0.94954 

3.40 

0.97817 

38 
38 
37 
37 
36 

2.41 

•89595 

'45 
'43 
141 

2.01 

.95033 

79 
78 
76 
76 
75 

3.41 

.97855 

2.42 

.89738 

2.02 

.95111 

3.42 

•97891 

2.43 

.89879 

2.93 

.95187 

3.43 

.97930 

2.44 

.90019 

140 
138 

2.94 

.95263 

3.44 

■97967 

2.45 

0.90157 

136 

2.95 

0.95338 

74 

3.45 

0.98003 

36 
35 

2.46 

.90293 

2.96 

.95412 

3.46 

.98039 

2.47 

.90428 

'35 

2.97 

.95485 

73 

3.47 

.98074 

2.48 

.90562 

'34 

2.98 

•95557 

72 

7' 
70 

3.48 

.98109 

35 
34 
33 

2.49 

.90694 

132 
131 

2.99 

.95628 

3.49 

.98143 

2.50 

0.90825 

3.00 

0.95698 

3.50 

0.98176 

6»fr 


TABLE  X.   Feirce's  Criterion. 

VaLUBS  op  X*  FOR  yu  =  1. 


m 

1 

1 

2 

s 

4 

5 

6 

1 

8 

9 

3 

1.430 



4 

1.912 

1.163 

5 

1.178 

1-439 



6 

i:m 

1.687 

1.208 

MM*. 

7 

1.910 

1.409 

1.045 





8 

3.109 

1.112 

1.589 

1.229 
1.388 



...... 



9 

3-3*7 

1.205 
1.464 

1-753 

1.091 



10 

3.526 

1.904 

1.531 

1.242 



11 

3-707 
3-875 

1.621 

1.04J 
1.176 

1.661 

1-373 

1. 122 

•  ■.•■• 

12 

1.766 

1.785 

1-49* 

1.604 

1*49 
1.362 

1.018 

13 

4019 

1.901 

r,n 

1. 901 

1.145 

14 

4-173 

3.030 

1.009 

1.709 
1.807 

1.465 

1.255 

1.0C3 
1.163 

15 

4.309 

3.151 

1.5*6 

1.111 

1.561 

1-354 

16 

4.436 

3.164 

1.630 

1.107 

1.898 
1.985 

1.651 

1.445 

1.259 

1.080 

17 

tm 

3-371 

1.729 
2.824 

1.300 

1.736 
1.817 

[.^ 

1-347 
1.428 

1.176 

18 

3-475 

1.389 

1.069 

1.161 

10 

4-776 

im 

*.9'4 

*-474 
1.556 

1.150 

1.895 

1.685 

1.504 

1.341 

20 

4.878 

3.001 

1.227 

1.970 

1.757 

1.576 

1.415 

21 

5.068 

3-755 
3.840 

3.084 

1.634 

2.301 

1.041 

1.827 

1.644 

1.483  ! 

22 

3.164 

1.709 

*-373 

1.109 

1.893 

1.710 

1.549  * 
1.611  1 

23 

5-157 

3-9*3 

3.240 

1.781 
1.45* 

2.442 

1.176 

1-957 

1-773 

24 

5»4» 

4.002 

3-315 

1.509 

1.140 

2.019 

1.833 

1.671 

25 

5-3*4 

4.078 

3.387 

1.910 

*-573 

1.302 

1.079 

1.892 

1.729 

26 

5.403 

4.151 

3-456 

1.986 

1.636 

1.362 

1.137 

1.948 

^'IH 

27 

5-479 

4.222 

3-651 

3.049 

1.697 

1.420 

1.194 

2.001 
1.056 

1.83} 

28 

5-5S1 

5.D22 

4.291 

3.111 

2.756 

*-477 

1249 

1.891 

20 

4.358 

3.171 

Hi^ 

1.586 

1.301 

1.108 

1.941 

30 

5.690 

4.422 

3.712 

3.229 

1.869 

»-354 

1.158 

1.990 

31 

5-756 

4.484 

3-77* 

3.285 

1.925 
2.976 

1.618 
1.680 
1.718 
1.787 
2.834 

1.404 

1.107 

1.018 
1.085 

32 

5.820 

4-545 
4.604 

3-340 

1.454 

1.255 

33 

5.882 

3.884 

3.394 
3.446 

3.028 

1.502 

2.302 

1.130 

34 

S-94» 
6.001 

4.661 

3-939 

3-078 

1.549 

*-347 

1.175 
2.118 

35 

4-7 '7 

3.991 

3-497 

3.127 

1.594 

2.392 

36 

6.058 

4-771 
4.S13 

4,044 

3-547 

3-174 

2.880 

1.619 
1.681 

1.436 

1.161 

37 

6.113 

4095 

3-595 
3.6*9 

3.221 

2.926 

1.478 

1.301 

38 

6.167 

4.874 

4-144 

3.267 

2.970 

1.510 

*-343 
1.383 

39 

6.219 

4-9*5 

4.192 

3.312 

3.013 

1.768 
1.809 

1.561 
1.601 

40 

6.270 

4-974 

4*39 

3-734 

3356 

3055 

1.422 

41 

6.320 

5.022 

4.285 

3-779 
3.822 

3.398 

3.097 
3.138 

^.%tl 

1.640 

1.460 

42 

6.369 

5.069 

4-33> 

3-440 
3-481 

1.678 

*-497 

43 

6.416 

5.114 

4-375 
4.418 

3-86| 
3-906 

3.178 

1.927 

1.716 

*-534 

44 

6.46t 
6.508 

5-159 

3.521 

3.217 

2.965 

*.753 
1.789 

1.570 
2.606 

45 

5.102 

4.460 

3-947 

3.561 

3*55 

3.002 

46 

6.552 

5*45 
5.287 

4.501 

3-987 

3.600 

3*93 

3.039 

1.825 

1.641 

47 

6.639 
6.68? 

4-54* 
4-581 
4.620 

4.026 

3-638 

3.366 

3-075 

2.860 

1.675 
1.708 

48 

4-065 

3675 

3110 

1.89A 
1.928 

49 

5.368 

4.103 

3.712 

3.401 

3145 

1.741 

50 

6.720 

5.408 

4-657 

4.140 

3748 

3436 

3-179 

2.962 

*-774 

51 

6.761 
6.800 

5-447 
5.484 

4.695 

4.176 

3.784 

3-471 

3.111 
3.146 

1.994 

1.806 

52 

4.768 

4.§04 

4.212 

3.8.9 

3-50? 
3-538 

3.027 

1.838 
1.869 

53 

ii^l 

5.522 

4-*47 
4.2S2 

3SJ3 
3.887 

3*79 

3.059 

54 

6.876 

5-559 

3-571 
3.603 

3.311 

3.090 

1.899 

55 

6.913 

5-595 

4-839 

4.3.6 

3.920 

3-34* 

3.111 

1.929 

50 
57 

6.9CO 
6.986 

5.610 
5.665 

4.873 
4.907 

4.349 
4.382 

3-95* 
3-984 
4.016 

liu 

3-373 
3.404 

3.1C1 
3.181 

nit 

58 

7.021 

5.699 

4.941 

4415 

3.697 

3-434 
3463 

3.110 

3.017 

50 

7.056 

tin 

4-974 
5.006 

4-447 
4.478 

4.047 

3.728 

m 

3.046 

60 

7.090 

4.078 

3-758 

3.492 

3-074 

606 


TABLE  X.   Peirce's  Criterion. 

Values  of  »'  for  fi=2. 


m 

II 

1 

2 

8 

4 

5 

6 

7 

8 

9 

4 
5 

;:ll^ 

1.235 





••■••• 

...... 



...... 

6 

2.230 

«.479 

1. 114 
1.288 

•••■•• 





7 

2.528 

1.705 

1.025 



...... 





8 

2.793 

1.913 

i-459 
1.620 

1.163 



••«••• 

M.... 





9 

3.029 

2.102 

1.304 

1.066 



...... 

10 

3.14* 

2.277 

1.771 

«.439 

1. 191 







...•■. 

11 

3-437 
3.616 

2.440 

1.91J 
2.046 

1.566 
1.687 

1.310 

1.098 

, 

*..... 

12 

2.592 

1.423 

1.208 

1. 01 5 

...a.* 

13 

3-78J 

tm 

2.171 

1.802 

1.519 
1.631 

1.310 

1.122 



14 

3.916 
4.080 

2.290 

1.910 

1.409 

1.220 

1.045 



15 

2.991 

2.403 

2.014 

1.727 

1.501 

1.312 

1.141 

16 

4-215 

3.109 

2.C10 
2.011 

2.112 

1.819 

i.}89 
1.673 

1.308 
1.480 

1.229 

1.070 

17 

4.34* 
4.462 

3.221 

2.206 

1.907 

1.311 

1.157 

18 

3.328 

2.708 
2.801 

2.205 
2.382 

1.991 

».753 
1.830 

1.557 
1.631 

1.388 

1.236 

19 

till 

3.4*? 
3.526 

2.072 

1.461 

1. 310 

20 

a.890 

2.465 

2.150 

1.904 

1.703 

1.531 

1.380 

21 

till 

3.619 

»-975 

».544 
2.621 

2.22c 
2.298 
2.368 

1.976 

1.838 

\:U\ 

«.447 

22 

3707 

3-057 

2.045 

1.511 

23 

4-979 

3.791 
3*74 

3.I36 

I'll 

»«35 

2.112 

1.902 

1.725 

1.571 
1.631 
1.688 

24 

5.069 

5*h 

1435 

2.176 

1.964 

•,n 

25 

5-iSS 

3-953 

3.286 

2.501 

2.239 

2.024 

26 

5.238 

4.029 

3-357 

2.902 

nil 

2.290 
1.358 

2.082 

1.900 

1.743 

27 

5.317 

4.103 

3.426 

2.967 

2.139 

'•955 
2.008 

28 

tin 

4.«74 

3.49; 

3.030 

2.686 

2.415 

2.19J 

2.248 

29 

4.242 

3.556 
3.619 

3.091 

1.744 
2.801 

2.471 

2.060 

1.898 

30 

5-539 

4.309 

3-150 

2.525 

2.300 

2.111 

1.948 

31 

5.608 

4.373 

3.680 

3208 

2.856 

1.578 
2.030 
2.680 

2.351 

2.160 

1.996 

32 

5.675 

4.435 
4.496 

3-73? 
3.796 
3.852 

3264 

2.909 

2.401 

2.208 

2.042 
2.088 

33 

5-740 
5.803 

3.3'9 

2.961 

1.44? 
2.496 

1.155 

34 

4.555 
4.613 

3-37* 

3.012 

2.729 

2.301 

2.132 

35 

5.864 

3.906 

3.414 

3.062 

1.777 

1-543 

1.345 

2.176 

36 

5.924 

4.669 

3-959 

3.474 

3.111 

2.824 

2.C88 
2.632 

2.389 

2.219 

37 

5.981 
f-o37 

4.7*3 
4776 

4.011 

3-513 

3.158 

2.870 

2.432 

2.260 

38 

4061 

3.57* 
3.619 

3.105 

2.9 1 A 
1.958 

2.675 

1.474 

2.301 

39 

6.092 

4.111 

3.250 

2.717 

2.515 

2.3J1 

2.380 

40 

6.145 

4.878 

4. '59 

3.665 

3.194 

3.001 

1.759 

1.555 

41 

6.197 

49*7 

4.206 

3.710 

3-338 
3.381 

3.043 
3.084 

2.800 

1.595 
2.634 

2.419 

42 

6.247 

4.975 

4.252 

3-755 
3.798 

3882 

2.840 

1.457 

43 

6.297 

5.022 

4.297 

3.422 

3.124 

1-879 

2.672 

1.494 

44 

$•345 

5.068 

4-34' 
4.354 

3.463 

3.164 

2.917 

2.709 
2.746 

2.5JO 
2.566 

45 

6.392 

5.113 

3-503 

3.203 

1.955 

46 

t'li 

5.157 

*-^J$ 

3-913 

3.543 
3.581 
3.619 
3.056 

3.241 

2.992 

2.782 
2.817 

2.601 

47 

5.200 

4.468 

3.963 

3.278 

3.029 

liu 

48 

6.527 

5.2A2 
5.283 

4.508 

4.002 

3'3'5 

3.064 

2.8C2 

2.886 

40 

till 

4.548 
4587 

4.040 

3-351 
3.386 

3.099 

2.70J 
2.736 

50 

5.3a3 

4.078 

3.693 

3.134 

2.920 

51 

6653 

5.362 

4.626 

4.115 

3.718 

3.421 

3.168 

nu 

ii'j, 

52 

6.694 

5.401 

4.663 

4.IJ1 
4.187 

3-764 
3.798 

3.867 

3.4C6 
3.489 

3.201 

53 

6.734 

5.440 

4.700 

Hit 

3.018 

2.831 
2.862 

54 

5Z73 
6.811 

5.478 

4.736 

4.222 

3.513 

3.049 
3.080 

55 

5.515 

4.77* 

4.157 

3.555 

3.298 

2.892 

56 

6.848 
6.885 

5-55' 
5.587 
5.622 

4.807 

4.291 

3.900 

3.588 
3.5«9 

3.329 

3.111 

2.922 

57 

^!^; 

4.315 

3-931 
3.964 
3.996 

3.360 

3.141 

2.9  <i 
2.980 

58 

6.921 

4.876 

4.357 

3.681 

3.390 

3.171 

59 

6.957 

5.656 

4.909 

4.390 

ix^ 

3.200 

3.009 

60 

6.993 

5.690 

4.94a 

4.421 

4.027 

3.711 

3.229 

3-037 

591 


TASLE  X.  A.    Feiroe's  Griterion. 

Log  T. 


2 
3 
4 
5 

6 

7 

8 

O 

lO 

11 

u 

13 
14 
15 

16 
17 
18 
10 
M 

21 
22 
23 
24 
25 

26 
27 
28 
29 
30 

31 
32 
33 
34 
35 

36 
37 
38 
39 
40 

41 

4a 

43 
44 
45 

46 
47 
48 
49 
50 

51 
52 
53 
54 
55 

56 
57 
58 
59 
60 


9-3979 
9.1707 

2  .023 1 
•9«34 
8.8259 

8.753* 
8.6910 
8.63' 
8.588^ 

8.5447 
8.5051 
8.4689 

8-4355 
8.4044 

!-3754 
8.3483 
8.3227 
8.2986 
8.2757 

8.2540 

8.233} 
8.2136 

8.1766 
8.1592 

8.142s 
8.1264 
8.1109 
8.0959 

8.0814 
8.0674 
8.0538 
8.0407 
8.0279 

8.0155 
8.0034 

99«7 
.9803 
.9691 

.9583 
.9477 
9373 
.9272 

9*74 

8890 
8800 
.8711 

8624 

8456 

.8374 
.8293 

.8214 

vv 

.8060 

.7986 
.7912 


9-5853 

9-3979 
9.2693 

9.1707 
9.0906 

2  .0231 
.9648 
8.9134 

8.8675 
8.82C9 
8.7881 

8.753* 
8.7210 

8.6910 
8.6629 
8.6365 
8.6117 
8.5882 

8.5659 

8.5447 
8.5245 
8.5051 
8.4867 

8.4689 
8.4519 

8.4354 
8.4197 
8.4044 

8.3897 
8.3754 

8.3483 

8-3353 
8.3227 
8.310C 
8.2986 
8.2870 
8,2757 

8.2647 
8.2540 
8.2435 
8.2333 
8.2233 

8.2136 
8.2040 
8.1047 

8.1766 
8.1678 

!*'59; 
8.1508 
8.1425 
8.1344 

8.1264 
8.1186 
8.1109 
8.1033 
8.0959 


\i\v, 


9-6744 
9.5129 

9-3979 
9.3080 
9.2338 
9.1707 
9-"5T 
9.0669 

8.9834 
8.9470 
8.9134 

8.8822 

!S53a 
8.8259 
8.8003 
8.7761 

8.753* 
8.7315 

8.7107 
8.6910 
8.6721 

8.1 

8.619 

8.6037 

8.5882 

8.5587 

8.5447 
8.5311 
8.5179 

8.5051 

8.4807 
8.4689 
8.4575 

8.4463 

8.4355 
8.4249 

8.4145 
8.4044 

1-3945 
8.3849 

S-3754 
8.3662 
8.3572 

5-3483 
8.3396 
8.3311 
8.3227 
8.3145 

8.3065 
8.2986 
8.2008 
8.2832 
8.2757 


9.7283 

95853 
9.4810 

9-3979 
9.3287 
9.2693 

9.2172 

9- '727 
9.1288 
9.0906 
9-055S 
0.0231 

I-9930 
8.96AS 
8.9383 
8.9134 

8.8898 
8.8675 
8.8462 

8.'8oll 

8.7881 
8.7703 
8.753a 
8.7368 
8.7210 

8.7057 
8.6910 
8.6767 
8.6629 
8.6495 

8.6365 
8.6239 
8.6117 

1:1115 

8.5769 
8.5659 
8.5552 
8-5447 
8-5345 
8.5245 
8.5147 

8.4958 
8.4867 

8.4777 
8.4689 


8.4603 

8.451 

8.443 

8.4355 
8.4275 
8.4197 
8.4120 
8.4044 


9.76J2 
9.6362 

9.5403 
9.4630 

9-3979 

9.34*7 
9.2921 

9-»477 
9.2074 
9.1707 

9.1368 
9.10J5 
9.0762 
9.0489 
9.0231 

8.9988 
8.9758 
8.9540 
8.9332 
8.9134 

8.8588 
8.8421 
8.8259 

8.8104 

S-7254 
8.7809 
8.7668 
8.7532 

8.7400 
8.7272 
8.7148 
8.7027 
8.6910 

8.6^14 

8.6469 
8.6365 

8.6264 
8.6165 
8.6069 

8.5791 

8.5616 
8.5530 
8.5447 

5-5365 

8.5284 

8.520c 

8.5128 
8.5051 


9.7922 
9.6744 

9-5853 
9.5129 

9-45H 
9-3979 
9-3506 
9.3080 
9.2693 

9.2338 
9.201 1 
9.1707 
9.1423 

9-"57 

9.0006 
9.0669 

90445 
9.023 1 
9.0028 

8.964$ 
8.9470 
8.9299 
8.9134 

8.8822 
8.8675 

M53* 
8.8393 

!-!*59 
8.8129 
8.8003 

8.7881 
8.7761 

8.7645 
8.7532 
8.7422 
8.7315 

8.7210 

8.7107 

iV^i 
8.6910 

8.6814 

8.6721 

8.6629 

8.6539 
8.6451 
8.6365 
8.6281 

8.6198 
8.6117 
8.6037 

1:111^ 


9.8130 
9.7042 
9.6210 

9-55*7 
9.4943 
9-4433 
9-3979 
9-3570 

9-3»97 
9.2854 

9*537 

9.1966 

9.1707 
9.1463 
9.1231 
9.1012 
9.0803 

9.0604 
9.0414 
9.0231 

2.0056 
.9888 

8.9726 
8.9571 
8.9420 
8.9275 
8.9134 

8.8998 
8.8865 
!-!Z37 

8.8613 
8.8492 

8.8374 

8.8259 
8.8148 

8.8039 

8.7933 
8.7820 

8.77*8 

8.7629 

S-753; 
8.7438 

8.7345 

8.7079 
8.6993 

8.6910 
8.6828 

8.6590 


9.8296 
9-7*53 
9.6C01 

9-5853 
9.5298 
9.4810 
9-4374 

9-S979 
9.3619 
9.3287 
9.2980 
9.2693 

9.2424 
9.217* 

9-»933 
9.1707 
9.1492 

9.1288 
9.109} 
9.0906 
9.0727 
90555 
9.0390 
9.0231 

2  .0078 

8.9786 
8.9648 

5-9513 
8.9383 
8.9257 
8.9134 

8.889} 
8.8785 
8.8675 
8.8567 

8.8462 
8.8360 
8.8259 
8.8162 
8.8066 

8.7791 
8.7703 
8.7617 

8.7532 

8.7288 
8.7210 


9.8431 
9-7483 

9.6128 

9-5597 
9.5129 

9.4710 
9.4328 

9- 3979 
9.3658 

9-3359 
9.3080 
9.2818 

9*571 
9.2338 
9.2117 

9.1907 
9.1707 
9.1516 
9.1332 
9"  57 
9.0088 
9.0826 
9.0669 
9.0518 
9.0372 

9.0231 

8.9062 

89834 
8.9709 

8.9588 
8.9470 

89355 
8.9243 
8.9134 

8.0028 
8.8924 
8.8822 
8.8723 
8.8626 

1-553* 
5*5^39 

8.834S 

5*5*59 
8.8172  I 

8.8087 
8.8003 

5-7?* « 

8.78^0 
8.7761 
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TABLE  X  A.   ?eiroe's  Oriterion. 

Log  T. 


m 

1 

1 

2 

8 

4 

5 

6 

1 

8 

1 
9 

61 

7-7840 
7.7768 

8.0886 

8.2684 

S-3970 
8.3897 

8.4977 

8.5806 

8.6514 

8.7133 

8.7684 

en 

8.0814 

8.2611 

pm 

8.573* 

f»s 

p\ 

8.7607 

63 

7.7698 

8.0744 

8.2540 

8.3825 

8:fsS? 

8.7532 

64 

7.7629 

f^dt 

8.2470 

8.36S5 

llilll 

8.6293 

8.6910 
8.6838 

5-745! 

8.7386 

65 

7.7562 

8.2401 

8.5516 

8.6222 

66 

7.7495 

8.0538 

lllU 

8.3617 

8.4620 

8.5378 

8.6152 
8.6082 

8.6767 

8.7315 

67 

7-74*9 

8.0472 

S-3549 
8.3418 

ilils 

5.6697 

8.7244 

68 

7.7364 

8.0407 

8.2200 

8.53" 

8.6015 

id 

8.6629 

8.7175 

66 

7.7300 

8.0342 

8.2136 

8.4420 

8.5245 

8.6562 

8.7107 

70 

7.7237 

8.0279 

8.2072 

8.3353 

8.4355 

8.5179 

8.6495 

8.7040 

71 

7.7175 

8.0217 

8.2009 

8.3290 

8.4291 

8.5115 

8.J817 

lltr, 

8.6975 

7a 

7.71x4 

8.0155 

imi 

8.3227 

8.4228 

5-5051 
8.4989 

8-5753 

8.6910 
8.6846 

8.6783 

8.6721 

73 

7.7054 

8.0094 

8.3166 

8.4166 

8.5690 

8.6302 

74 
76 

7.6936 

8.0034 

7-9975 

8.1825 
8.1766 

8.3106 
8.3045 

8.4105 
84044 

fS'7 

8.5618 
8.556. 

'dm 

76 

7.6878 

7.9917 
7-9859 

8.1707 

8.2986 

8.3926 

8.3868 
8.3811 

8.4807 

8.5506 

8.6117 

8.6659 

77 

7.6820 

8.1649 

8.2928 
8.2870 
8.2813 

8.4632 

:15« 

8.5330 

pi 

8.6599 

78 
70 

76764 
7.6708 

7.9803 
7.9747 

8.1592 

Ki? 

80 

7.6653 

7.9691 

8.2757 

8.3754 

8.4575 

8.5273 

8.64*3 

81 

]p 

7.9637 
7-9583 

8.1425 

8.2702 

8.3699 

8.4519 

8.5216 

8.5825 

8.6365 

82 

8.1371 

8.2647 

id 

8.4463 

8.516. 

8.5769 

8.6309 

83 

7.6493 

7.9529 

!-'3I7 

8.2593 

8.4409 

8.5106 

8.5714 

8.6*5} 
8.619S 

84 

l^% 

7.9477 

8.1264 

8.25JO 
8.24*7 

8.4355 

8.5051 

8.5659 

85 

7-94*5 

8.1212 

8.4301 

8-4998 

8.5605 

8.6144 

86 

iim 

7  9373 

8.1160 

8.2384 

8.3431 

8.4249 

5-419* 

8.5552 

8.6090 

87 

7.9322 

8.1109 
8.105? 

!-3379 
8.3328 

8.4197 

8.5499 

P 

88 

itii 

7.9272 

!*3J3 
8.2283 

8.4145 

8.4841 

8.5447 

00 

7.9**3 

8.1008 

8.3277 

8.4094 

8.4790 

8.5395 

!:Pil 

00 

7.6139 

7-9 » 74 

8.0959 

8.2233 

8.3227 

8.4044 

8.4739 

8.5345 

Log  22 

M 

0 

1 

2 

8 

4 

5 

6 

% 

8 

9 

1.0 

1.1 

1.2 
1.3 
1.4 

9.5015 
9-479» 
9-4575 
94367 
9.4167 

9.4902 
9.4769 
9-4554 
9.4347 
9.4H7 

9.4969 
9-4747 
9-4533 
9-43*7 
9.4127 

9-4947 
9-47*5 
9.4512 
9.4306 
9.4108 

9.4924 
9.4704 
9-449X 
9.4286 
9.4088 

9.4682 
9.4470 
9.4266 
9-4069 

9.4880 
9.4661 
9.4450 
9.4246 
9.4050 

94857 
94639 
9.4429 
9.4226 
9.4030 

9.4835 
9.4618 
9.4408 
9.4206 
9.4011 

9.4813 

9-4597 
9.4388 
9.4186 
9.3992 

1.5 
1.6 
1.7 
1.8 
1.0 

9-3973 
9-3786 
9.3604 
9-34*9 
9-3*59 

9-3954 
9-3767 
9.3587 
9.3412 
9.3242 

9-3935 
9-3749 
9.3569 

9-3395 
9.3226 

9.3916 
9-373» 
9355" 
9-3377 
9-3*09 

9.3897 
9.3712 

9-3534 
9.3360 

9.3>93 

9.3878 

9.3694 
9.3516 

9-3343 
9.3176 

9.3860 
9.3676 

9.3498 
9.3326 
9.3160 

9.3841 
9.3658 
9-3481 
9.3310 

9-3  »43 

9.3823 
9.3640 
9.3464 

93*93 
9.3127 

9.3804 
9.3622 
9.3446 
9.3276 
9.3111 

2.0 
2.1 
2.2 
2.3 
2.4 

9-3095 
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TABLE  XIV.   A. 

Correction  of  the  Mean  Refraction  for  the  Height  of  the  Barometer. 
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20 

»3 

28 

31 

34 

^i 

40 

43 

49 

sa 

I 

00 

97 

o 

3 

lO 

>3 

:i 

i8 

21 

»3 

26 

29 

3a 

35 

41 

44 

tl 

SO 

S3 

97 

98 

o 

3 

% 

lO 

^3 

i8 

21 

»4 

27 

29 

32 

p 

38 

41 

44 

51 

54 

58 

98 

99 

o 

3 

8 

11 

»3 

i6 

19 

21 

»4 

27 

30 

33 

39 

4a 

45 

49 

Sa 

55 

59 

99 

100 

o 

3 

8 

II 

'3 

80" 

i6 

0" 

19 

30" 

22 

0" 

^5 
30" 

28 

31 

80" 

34 

0" 

37 
30" 

40 

0" 

43 
30" 

46 
0" 

SO 
30" 

S3 

56 

60 

100 

0" 

ao" 

v 

30" 

0" 

0" 

30" 

0" 

Subtract. 

Subtract 

Hiermo. 

( 

y 

r 

i 

r 

r 

4' 

5' 

6' 

r 

8' 

9' 

10 

Thermo. 

i_ 

1 

tfEi 

*.N  REFRACTION. 
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TABLE  XV.   Log  A. 

For  correcting  Lunar  DisUnces. 


of  I>. 

REDUCED  PARALLAX  AND  REFRACTION  OF  ]». 

41' 

42' 

0295 

4S' 

44' 

45 

46' 

it 

48' 

49' 

50' 

51' 

52- 

58' 

0368 

54' 

»' 

o   / 

5  0 

.0288 

0301 

0308 

0315 

0321 

0328 

033s 

0341 

0348 

0355 

036X 

I 

2 

.0286 

0293 

0299 

0306 

0313 

0319 

0326 

0333 

0339 

0346  0352 

0359 

0366 

4 

.0184 

02QI 
0289 

0297 

0304 

0311 

0317 

0324 

0330 

0337 

0344 

0350 

0357 

0363 

6 

.0282 

0296 

0302 

0309 

0315 

0322 

0328 

0335 

0341 

0348 

0354 

036X 

8 

.0281 

0287 

0294 

0300 

0307 

0313 

0320 

0326 

0333 

0339 

0346 

0352 

0359 

5  10 

.0279 

0285 

0292 

0298 

0305 

031 1 

0318 

0324 

033X 

0337 

0344 

0350 

0356 

12 

.0277 

0284 

0290 

02i8 

0296 

0303 

03C9 

0316 

0322 

0329 

0335 

034X 

0348 

0354 

14 

.0275 

0282 

0295 

0301 

0307 

0314 

0320 

0327 

0333 

0339 

0346 

0352 

16 

.0274 

0280 

0286 

0293 

0299 

0306 

0312 

03x8 

0325 

033X 

0337 

0344 

0350 

18 

.0272 

0278 

0285 

029  X 

0297 

0304 

0310 

0316 

0323 

0329 

0335 

034X 

0348 

5  20 

.0270 

0277 

0283 

0289 

0288 

0296 

0302 

0308 

0314 

0321 

0327 

0333 

0339 

0346 



22 

.0269 

0275 

0281 

0294 

0300 

0306 

0313 

03x9 

0325 

033X 

0337 

0344 

24 

.0267 

0273 

0280 

0286 

0292 

0298 

0304 

03x1 

03x7 

0323 

0329 

0335 

034X 

26 

.0265 

0272 

0278 

0284 

02Q0 
0289 

0296 

0303 

0309 

03x5 

032X 

0327 

0333 

0339 

0346 

28 

.0264 

0270 

0276 

0282 

0295 

0301 

0307 

03x3 

03x9 

0325 

0331 

0337 

0344 

5  30 

.0262 

0268 

0275 

0281 

0287 

0293 

0299 

0305 

03XX 

03x7 

0323 

0329 

0335 

0342 

32 

.0261 

0267 

0273 

0279 

0285 

0291 

0297 

0303 

0300 
0308 

03x5 

032X 

0327 

0334 

0340 

34 

.0250 
.0258 

0265 

0271 

0277 

0283 

0290 
0288 

0290 

0302 

03x4 

0320 

0326 

0332 

0338 

j 

36 

0264 

0270 

0276 

0282 

0294 

0300 

0306 

03x2 

03x8 

0324 

0330 

0336 

38 

0262 

0268 

0274 

0280 

0286 

0292 

0298 

0304 

03x0 

03x6 

0322 

0328 

0334 

5  40 

0261 

0267 

0273 

0279 

0285 

0200 
0289 

0296 

0302 

0308 

03x4 

0320 

0326 

0332 

i 

42 

0250 
0258 

0265 

0271 

0277 

0283 

029s 

030X 

0306 

03x2 

03x8 

0324 

0330 

44 

0264 

0270 

0275 

0281 

°*!Z 

0293 

0299 

0305 

03x1 

03x6 

0322 

0328 

46 

0256 

0262 

0268 

0274 

0280 

0286 

0291 

0297 

0303 

0309 

03x5 

0320 

0326 

48 

0255 

0261 

0267 

0272 

0278 

0284 

0290 

0296 

030X 

0307 

03x3 

03x9 

0324 

5  50 

0253 

0250 

0258 

0265 

0271 

0277 

0282 

0288 

0294 

0300 

0305 

03XX 

03x7 

0323 

52 

0252 

0264 

0269 
0268 

0275 

0281 

0287 

0292  0298 

0304 

0309 
0308 

03x5 

032X 

54 

0251 

0256 

0262 

0274 

027Q 
0278 

0285 

02QX 
0289 

0296 

0302 

0313 

03x9 

56 

0240 
0248 

0255 

0261 

0266 

0272 

0283 

0295 

0300 

0306 

03x2 

03x7 

58 

0254 

0259 

0265 

0271 

0276 

0282 

0287 

0293 

0299 

0304 

0310 

03x6 

6  0 

0247 

0252 

0258 

0263 

0269 
0268 

0275 

0280 

0286 

029  X 

0297 

0303 

0308 

0314 

2 

0245 

0251 

0256 

0262 

0273 

0279 

0284 

0290 
0288 

0295 

0301 

0307 

0312 

4 

0244 

0240 
0248 

025  s 

0261 

0266 

0272 

0277 

0283 

0294 

0290 
0298 

0305 

03x0 

6 

0243 

0254 

0250 
0258 

0265 

0270 

0276 

028  X 

0287 

0292 

0303 

0309 

8 

0241 

0247 

0252 

0263 

0269 

0274 

0280 

0285 

0291 

0296 

0302 

0307 

6  10 

0240 

0246 

0251 

0256 

0262 

0267 

0273 

0278 

0284 

""^h 

029s 

0300 

0306 

12 

0239 

0244 

0250 

0255 

0261 

0266 

0271 

0277 

0282 

0288  0293 

0299 

0304 

14 

0237 

0243 

0248 

0254 

0250 
0258 

0265 

0270 

0275 

028  X 

0286-  0292 

0297 

0302 

16 

0236 

0242 

0247 

0252 

0263 

0269 

0274 

0279 

0278 

0285 

02Q0 
0289 

0295 

030X 

18 

023s 

0240 

0246 

0251 

0257 

0262 

0267 

0273 

0283 

0294 

0299 

6  20 

0234 

0230 

0238 

0245 

0250 

0255 

0261 

0266 

027  X 

0276 

0282 

0287 

0292 

0298 

...... ' 

22 

0233 

0243 

0249 

0254 

0250 
0258 

0264 

0270 

0275 

0280 

0286 

02QX 
0289 
0288 

0296 

\ 

24 

0231 

0237 

0242 

0247 

0253 

0263 

0268 

0274 

0279 

0284 

0295 

26 

0236 

0241 

0246 

0251 

0257 

0262 

0267 

0272 

0277 

0283 

0293 



28 

0234 

0240 

0245 

0250 

0255 

0260 

0266 

0271 

0276 

0281 

0286 

0292 

0297 

6  30 

0233 

0238 

0244 

0240 
0248 

0254 

0250 
0258 

0264 

0270 

027  c 

0280 

0285 

0200 
0289 

0295 

32 

0232 

0237 

0242 

0253 

0263 

0268 

0273 

0278 

0284 

0294 

34 

0231 

0236 

0241 

0246 

0251 

0257 

0262 

0267 

0272 

0277 

0282 

0287 

0292 

36 

0230 

0235 

0240 

0245 

0250 

0255 

0260 

0266 

0271 

o:*76 

0281 

0286 

029X 1 

38 

0229 

0234 

0239 

0244 

0249 

0254 

0259 

0264 

0269 

0274 

0279 

0284 

0290. 

6  40 

0227 

0232 

0238 

0243 

0248 

0253 

0258 

0263 

0268  0273 

0278 

0283  0^^^ 

42 

0226 

0231 

0236 

0241 

0246 

0252 

0257 

0262 

0267  0272 

0277 

0282  0287 

44 

0225 

0230 

0235 

0240 

0245 

0250 

0255 

0260 

0265 

0270 

0275 

0280  0285 

46 

0224 

0229 
0228 

0234 

0230 
0238 

0244 

0240 
0248 

0254 

0250 
0258 

0264 

0269 
0268 

0274 

0279 
0278 

0284 

48 

0223 

0233 

0243 

0253 

0263 

0273 

0283 

0  50 

0222 

0227 

0232 

0237 

0242 

0247 

0252 

0257 

0262 

0266 

027  X 

0276 

0281 : 

52 

0221 

0226 

02311  0236 

0241 

0246 

0250 

0255 

0260 

0265 

0270 

0275 

0280  i 

54 

0220 

0225 

0230  0235 

0230 
0238 

0244 

0240 

0248 

0254 

0250 
0258 

0264 

0269 

0274 

0279 

56 

0210 
0218 

0224 

0229  0233 

0243 

0253 

0263 

0267 

0272 

0277 

58 

0223 

0227  0232 

0237 

0242 

0247 

0252 

0257 

026  X 

0266 

0271 

0276 

7  0 

0217 

0222 

0226 

0231 

0236 

0241 

0246 

025  X 

0255 

0260 

0265 

0270 

0275' 
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TABLE  XV.   Log  A. 

For  correcting  Lunar  Vistances. 


of  D. 

c.  t 

7  0 

REDUCED  PARALLAX  AND  REFRACTION  OF  D 

44' 

45' 

46' 

47' 

48' 

49' 

50' 

51' 

52 

53' 

54' 

55 

56' 

57 

.OXft2 

0226 

023X 

0236 

0241 

0246 

0251 

0255 

0260 

0265 

0270 

0275 

3 

.0220 

0225 

0230 

0234 

0239 
0238 

0244 

0249 

0254 

0258 

0263  0268 

0273 

6 

.0218 

0223 

0228 

0233 

0242 

0247 

0252 

0257 

0261  0266 

0271 

9 

.0217 

0222 

0226 

0231 

0236 

024X 

0245 

0250'  0255 

0260  0264 

0269 

1   12 

.0215 

0220 

0225 

0230  0234 

0239 

0244 

0248  0253 

0258;  0262 

0267 

7  15 

.0214 

0219 

0223 

0228 

0233 

0237 

0242  0247 1  0251 

0256  0261 

0265 

18 

.0213 

0217 

0222 

0226 

0231 

0236 

0240  0245  0250 

0254  0259 

0263 

21 

.0211 

0216 

0220 

0225 

0230 

0234 

0239 1  0243  0248 

0253.0257 

0262 

24 

.0210 

0214 

0219 

0223 

0228 

0233 

0237 1  0242  0246 

0251  0255 

0260 

] 

27 

.0208 

0213 

0217 

0222  0227 

0231 

0236 

0240  0245 

0249,  0254 

0258 

7  30 

.0207 

021 1 

0216 

0220  0225 

0230 

0234 

0239!  0243 

0248  0252  0257 

33 

.0206 

0210 

0215 

0219  0224 
0218  0222 

0228 

0232 

0237,  0241 

0246  0250,  0255 

36 

.0204 

0209 

0213 

0227 

0231 

02351  0240 

0244'  0249I  0253 

39 

.0203 

0207 

0212 

0216  0221 

0225 

0229 

0234  0238 

0243  0247  0252 

42 

.0202 

0206 

0210 

0215!  0219 

0224 

0228  0232  0237 

0241 1  0246  0250 

17  45 

.0200 

0205 

0209 

0213  0218 

0222 

0227  0231  0235 

0240  0244  0248 

48 

.0190 
.0198 

0203 

0208 

0212  0216 

0221 

0225  0220  0234 
0224  0228,  0232 

0238,  0242,  0247 

51 

0202 

0206 

0211  0215 

0219 
0218 

0237  0241!  0245 

0240 
0248 

54 

.0196 

0201 

0205 

0200  0214 
0208  0212 

0222  0227  0231 

0235  0230 
0234  0238 

0244 

57 

.0195 

0200 

0204 

0217 

0221  0225.  0229 

0242 

0246 

8  0 

.0194 

0198 

0203 

0207  021 1 

0215 

0219  0224'  0228 
0218  0222!  0227 

0232'  0236  0241 

0245 

3 

.0193 

0197 

0201 

0206  0210 

0214 

0231  0235  0230 
0229  0233  0238 

0243 

6 

.0192 

0196 

0200 

0204;  0208 

0213 

0217  0221  0225 

0242 

9 

019s 

0190 
0198 

0203 1  0207 

021 1 

0215!  0220  0224 

0228  0232'  0236 

0240 

12 

0193 

0202  0206 

1 

0210 

0214'  0218  0222 

0227.  0231!  0235 

0239 

8  15 

0192 

0196 

0201  0205 

0209 

021 3 1  0217  0221 

022  5 1  0229 
0224'  0228 

0233 

0237 

18 

0191 

0195 

01 991  0203 
0198  0202 

0207 

02121  0216  0220 

0232 

0236 

21 

0100 
0189 
0188 

0194 

0206 

0210I  0214,  0218 

0222 1  0226 

0231 

0235 

24 

0193 

0197  0201 

0205 

0200'  021 3 1  0217 
0208  0212J  0216 

0221'  0225 

0229 

0233 

27 

0192 

0196  0200 

0204 

0220  0224I  0228 

1   '  1 

0232 

8  30 

0187 

0191 

0195  0199 

0203 

0207  021 1  0215 

0219  0223  0226 

0230 

33 

0186 

0190 

Di88 

0193  0197 

0201 

0205'  0209  0213 

0217  0221  i  0225 

0229 
0228 

36 

0184 

0192  0196 

0200 

0204!  0208,  0212 

0216  0220,  0224 

39 

0183 

°'?J 

0191!  0195 

0190 
0195 

0203  0207'  0211 

0215  02191  0223 

0226 

42 

0182 

0186 

0190  0194 

0202  0206'  0210 

0214  0217I  0221 

0225 

8  45 

0181 

0185 

0189  0193 
0188,  0192 

0197 

0201  02051  0208 

0212I  o2i6|  0220 

0224 

48 

0180 

0184 

0196 

0200  0203'  0207 

02II  O2I5I  OIIQ 
0210  0214  0218 

0223 

51 

0179 

0183 

0187I  0191 

0195 

01 981  0202  0206 

0221 

54 

0178 

0182 

0186  0190 
0185'  0189 

0193 

0197J  0201 .  0205 

0209  0212,  0216 

0220 

1   '' 

0177 

0181 

0192 

0196  0200  j  0204 

0208  021  I  0215 

0219 

0  0 

0176 

0180 

0184  0188 

0191 

0195 

0199  0203 
0198  0201 

0206  0210  0214 

0218 

3 

0175 

0179 
0178 

0183!  0186 

0190 
01S9 
0188 

0194 

0205  0209 1  0213 

0216 

6 

0174 

0182'  0185 

0193 

0197!  0200 

0204  0208'  021  I 

0215 

9 

0173 

0177 

0181;  0184 

0192 

0196  019Q 
0194  0198 

0203  0207  0210 

0214 

12 

0172 

0176 

0180'  0183 

0187 

0191 

0202  0206'  0209 

0213 

0  15 

0171 

0175 

0179  0182 
0178  oi8i 

0186 

0190'  0193I  0197 
0189!  0192  0196 
0188J  0191J  0195 

0201!  0204 1  0208 

0212 

1    18 

0170 

0174 

0185 

0200  0203  0207 

02 1 1 

21 

0170 

0173 

01771 0180 

0184 

0199  <)202,  0206 
0198  0201!  0205 

020Q 
0208 

24 

0172 

0176^  0179 

0183 

01871  0*90  o>94 
0186; 0189I  0193 

27 

0171 

0175  0179 

0182 

0196  0200 1  0204 

0207 

t  9  30 

0170 

0174  0178 

0181 

0185  0188  0192 

0195 

0199'  0*03 
01981  0201 

0206 

33 

0170 

017310177 

0180 

0184,  0187  0191 

0194 

0205 

36 

0169 
0168 

0172J  0176 

0179 
0178 

0183 

0186;  0190 

0193 

01 971  0200 

0204 

39 

0171  0175 

0182 

01851  0189 
0184'  0188 

CI92 

0196J  0199 
0195  0198 

0203 

42 

0167 

0170,  0174 

0177 

0181 

0191 

0202 

0  45 

0166 

0169  0173 

0176 

0180  0183I  0187 

0190 
0189 

0194  0197 

0201 

48 

0165 

0169  0172 
0168, 0171 

0176 

0179!  0182'  0186 
0178  0182  0185 

0193  0196 

0200 

0203 

51 

0164 

0175 

oi88|oi92  0195 

0190 
0198 

0202 

54 

0163 

0167  0170 

0174 

0177  0181 j  0184 

0187 

0191  0194 

0201 

57 

0163 

0166  0169 

0173 

0176  0180  0183 

0186 

0190  0193 

0197  0200 

10  0 

0162 

01651  0169 

0172 

0175  0179  0182 

0186 

0189  0192 

0196  0x99 

Vol.  IL— 39 
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TABLE  XV.  Log  A. 

For  oorrcoting  Lniutr  DiatMwes. 


REDUCED  PARALLAX  AND  REFRACTION  OF  >.            1 

1«^ 

H 

of  J). 

46' 

«' 

48' 

iV 

sw 

51 

52' 

5a 

54' 

55' 

56' 

5r 

58^ 

— 

O    f 

10  0 

.oi6ft 

0165 

0169 

0172 

0x75 

0179 

0x82 

0186 

0189 

0192 

0196 

0199 

6 

.0160 

0164 

0167 

ox7x|  0x74  0x77 

0I8I 

0x84 

0x87 

OIQX 

0x89 

0x94 

0x97 

10 

.0150 
.01  sS 

oi6i 

0166 

0x69  0x72 

0176 

0170 
0178 

0x82 

0x86 

0192 

0196 

16 

0161 

0164 

0x68 

0X7X 

0x74 

ox8x 

0x84 

0x87 

OXQX 

0189 
0x88 

0x94 

20 

.0156 

0160 

0163 

0x66 

0x70 

0x73 

0176 

OI7Q 

OX',  8 

0183 

0186 

0x92 

26 

.0155 

0158 

0x62 

0165 

0168 

0x71 

0175 

oi8x 

0184 

0X9X 

10  30 

•ox  54 

0157 

0x60 

0x64 

0x67 

0x70 

0x73 

0x77 

0180 

0183 

0x86 

0189 
0x88 

3^ 

.0153 

0156 

0150 
0158 

0x62 

0166  0169 

0172 

0175 

0x78 

0I8I 

0x85 

40 

.0151 

0155 

ox6x,  0x64',  0x67 

0x71 

0174 

0177 

0180 

0183 

0x86 

45 

.0150 

0153 

0157 

0x60' 

0x63  0166 

0169 

0168 

0x72 

0175 

0179 

0182 

0x85 

59 

.0140 
.0x48 

0152 

0155 

0x58 

0x62 

0x65 

0x71 

0x74 

0x77 

0x80 

0x83 

5» 

0151 

0154 

0x57 

0160 

0163 

0167 

0170 

0x73 

0x76 

0179 

0182 

11  0 

.0147 

0150 

0153 

0x56 

0x50 

0158 

0162 

0165 

0x68 

0I7X 

0174 

0177 

oi8x 

ft 

.0146 

0140 
0148 

0152 

0x55 

oi6x 

0x64 

0x67 

0x70 

0x73!  0x76 

0x70 
0x78 

10 

015X 

0x54 

0x57 

0x60 

0163 

0166 

0x69 

0172 

0x75 

15 

0146 

0149 

0x52 

0x55;  0158 

0x61 

0164 

0x67 

0170 

0173 

0x76 

20 

0145 

0x48 

0I5I 

OIS4 

0157 

0160 

0163 

0166 

0169 

0x68 

0172 

0175 

2o 

0144 

0147 

0x50 

0x53 

0x56 

0159 

0x62 

0x65 

OX7X 

0x74 

1130 

0143 

0x46 

0X4Q 
0I4S 

0152 

0x55 

0x58 

ox6x 

0164 

0167 

0170 

0172 

35 

0142 

014s 

0X5X 

0154 

0157 

0160 

0x62 

0x65 

0x68 

0I7X 

40 

0141 

0x44 

0147 

0150 

CI53 

0156 

0158 

OI6I 

0164 

0167 

0170 

45 

0140 

0x43 

0146 

0x40  0x51 

0154 

0x57 

0x60 

0x63 

0166 

0169 

50 

0130 
013$ 

0142 

0x4s 

0148 

0150 

0x53 

0156 

0150 

0158 

0x62 

0165 

0x67 

55 

0141 

0144 

0x46 

0x49 

0x52 

0155 

oxox 

0163 

0x66 

12  0 

0137 

0140 

0x43 

0145 

0148 

0x51 

0x54 

0x57 

0x50 

0158 

0162 

0165 

5 

0136 

0130 
0138 

0142 

0144!  0147 

0x50 

0153 

0156 

oi6x 

0x64 

10 

0135 

0x41 

0x43 

0146 

0I4Q 
0148 

0151 

0154 

0x57 

0160 

0x63 

15 

0134 

0137 

0x40 

0x42 

0145 

015: 

0153 

0156 

0x50 
0x58 

0162 

20 

0133 

0136 

0X3Q 
0138 

0X4X 

0144 

0147 

0150 

0152 

OXS5 

0160 

2.) 

0132 

0x35 

0x40 

0143 

0146 

0148 

OI5X 

0x54 

OIS7 

0x59 

12  30 

0131 

0x34 

0x37 

0x30 

0138 

0x42 

0x45 

0x47 

0x50 

0153 

0x55 

0x58 

■••••• 

35 

0130 

0x33 

0x36 

0x41 

0144 

0146 

0149 

0x52 

0x54 

0x57 

40 

0129 

0132 

0x35 

0137 

0140 

0143 

0x45 

0148 

0I5I 

0x53 

0x56 



45 

OI2Q 

0128 

0131 

0x34 

0x36 

0x30 

0138 

0142 

0x44 

0147 

0x50 

0152 

0155 

0x58 

60 

0130 

0133 

0x36 

OI4I 

0x43 

0x46 

0x40 
0148 

0I5I 

0x54 

0x56 

55 

0127 

0x29 

0x32 

0x3s 

0x37 

0140 

0142 

0x45 

0x50 

0x53 

0155 

13  0 

0126 

0x29 

0128 

0X3X 

0x34 

0136 

0x30 

0138 

OI4X 

0144 

0x47 

0x40 
0148 

CX52 

0x54 

5 

0125 

0130 

0x33 

0135 

0x41 

0143 

0146 

0I5I 

0x53 

10 

0X24 

0x27 

0129 

0132 

0135 

0137 

0140 

0142 

0145 

0x47 

0x50 

0x52 

15 

0123 

0x26 

0X20 

0x28 

OX3X 

0134 

0x36 

0130,0141 

OX38I  0x40 

0x44 

0x46 

0x49 

0x48 

0x51 

20 

0123 

0125 

0x30 

0133 

0135 

0143 

0x45 

0150 

25 

0122 

0124 

0127 

0129 

0x32 

0134 

0x37  0139 

0x42 

0144 

0x47 

0x49 

13  30 

OI2I 

0x24 

0x26 

0x20 

0X3X 

0x33 

0x36  0x38 

0x41 

0143 

0x46 

0x48 

35 

0120 

0123 

0x25 

0x281  0130 

0133 

0135  0x38 

0x40 

0x42 

0x4s 

0147 

40 

0120 

0122 

0x24 

0x27 

OX2Q 

0x28 

0x32 

0134  0x37 

0x30 

0138 

0x42 

0x44 

0x46 

45 

OX2X 

0x24 

0x26 

0x31 

0x33]  0x36 

0I4I 

0x43 

0x45 

60 



0X20 

0x23 

0x25 

0x28 

0x30 

0132 

0135 

OJ37 

0140 

0x42 

0x45 

55 

0120 

0x22 

0124 

0x27 

0x29 

0x32 

0x34 

0136 

0x39 

0I4X 

0x44 

14  0 

OIIQ 

oxx8 

0x21 

0x24'  0126 

0x28 

OI3I 

0x33 

0136 

0x38 

0x40 

0x43 

5 

OI2X 

0123'  0125 

0128 

0130 

0x32 

0x35 

0x37 

0x39 

0x42 

10 

0XX7 

0x20 

0x22 

0124 

0127 

ox  20 

0128 

0132 

0x34 

0x36 

0130 

0x38 

0X4X 

15 

OXX7 

0119 
on  8 

0121 

0124 

0x26 

OI3I 

0x33 

0x35 

0x40 

20 

0x16 

OI2I 

0123 

0125 

0128 

0x30 

0132 

0x35 

0x37 

0x30 
0x38 

25 

01x5 

0118 

0120 

0x22 

0124 

0127 

0x29 

OX3X 

0134 

0x36 

14  30 

0XX4 

0II7 

0XX9 

OI2I 

0x24 

0126 

0128 

0I3X 

0x33 

0135 

0x37 

35 

01x4 

0II6 

oiiX 

0121 

0x23 

0125 

0x28 

0130 

0132 

0134 

0x37 

40 

0x13 

0115 

0118 

0120 

0x22 

0124 

0x27 

0120 
0128 

0I3X 

0x34 

0x36 

45 

OII2 

0x15 

0x17 

OIIQ 

0II8 

OI2I 

0124 

0126 

0x30 

o«33 

0x35 

50 

OII2 

0II4 

01x6 

0x21 

0x23 

0125 

0x27 

0x30 

0x32 

oxH 

55 

OIIX 

0XX3 

oxx6 

0II8 

0120 

0122 

0124 

0127 

0x29 

0X3X 

0x33 

i 

15  0 



OIXO 

0x13 

0XX5 

0XX7 

01x9 

0x21 

0x24 

0x26 

oxs8 

0130 

0x3.3 

J 
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48' 

49^ 

w 

51' 

St 

53' 

54' 

55' 

56' 

5r 

w 

51^ 

o   / 
15  0 

.OIXO 

0113 

0II5 

01.7 

Olio 

0II8 

OI2I 

0124 

0126 

oiftS 

0130 

0133 

10 

.OIOO 

.0108 

OIXX 

0113 

0II6 

0120 

0122 

0124 

0127 

0129 

0I3I 

20 

Olio 

OII2 

01 14 

01x6 

0II9 

OI2I 

OI23I  0125 

0x27 

0129 

0128 

30 

.0107 

0109 

OIII 

01 1 3 

0II5 

OII7 

01 IQ 

0II8 

OI2l|  0X24 

0x26 

40 

.0x05 

0107 

Olio 

OII2 

0x14 

0II6 

oisoj  0122 

0x24 

0126 

50 

.0104 

0106 

0108 

OIXO 

01x2 

0115 

0x17 

0119  OI2I 

0x23 

0x25 

16  0 

.0103 

0105 

0107 

OIOO 

0108 

OIII 

01 1 3 

0x15 

0117  ®''9 
0x16  OII8 

OI2X 

0x24 

10 

.0102 

0104 

0106 

OIXO 

OII2 

01 14 

0120 

0x22 

20 

.0101 

0103 

0105 

0107 

0109 

OIII 

OII3 

OII5  0117 

OII9 

0x21 

30 

.0100 

0102 

0103 

0105 

0107 

OIOO 

0108 

OIII 

0II3  OII5 

0x17 

OIIO 

OII8 

40 

.0098 

OIOO 

0102 

0104 

0106 

Olio 

OII2  OII4 

0II6 

50 

.0097 

0099 

0101 

0103 

0105 

0107 

0x09 

01 XI  0x13 

0x15 

01 17 

17  0 

.0096 

0098 

OIOO 

0102 

0104 

0106 

0108 

OIXO  OII2 

01 14 

0116 

10 

.0095 

0097 

0090 
0098 

OIOI 

0103 

0105 

0107 

0109!  OIIO 

0x12 

01 14 

20 

.0094 

0096 

OIOO 

0102 

0104 

OIOO 

OI07I  0109 
0106,  0108 

OIII 

0x13 

30 

0095 

0097 

0090 

0098 

0101 

0103 

0104 

OIIO 

OII2 

40 

0094 

0096 

0100 

OIOI 

0103 

0105  0107 

OIOO 

0x08 

OIII 

50 

0093 

0095 

0097 

0099 

OIOO 

0102 

0104  pxo6 

0x09 

18  0 

0092 

0094 

0096 

0098 

0090 
0098 

OIOI 

0103  0105 

0x07 

0x08 

10 

0091 

0093 

0095 

0097 

OIOO 

0102  0x04 

0x05 

0107;  OIOO 

oxo6|  0x08 

20 

OOQO 

0059 

0088 

0092 

0094 

0096 

0097 

0090 

0098 

oxoxj  0103 

0104 

30 

0091 

0093 

0095 

0096 

0100  0102 

0x03 

0x05  0107 

40 

OOQO 

0089 

0092 

0094 

0095 

0097 

OO90I  OIOI 

0102 

0104' 0106 

50 

0088 

0091 

0093 

0094 

0096 

0098 

0099 

oipx 

PI03 

0x05 

10  0 

0087 

0088 

0000 
0089 
0088 

0092 

0093 

0095 

0097 

0098 

0x00 

0x02 

0104 

10 

0086 

0087 

0091 

0092 

0094 

0096 

0098 

0090 
0098 

OIOI 

0103 

20 

0085 

0087 

0000 
0089 
0088 

0092 

0093 

0095 10097 

piooi  0102 

30 

0084 

0086 

0087 

0091 

0092 

0094'  0096 

0097 

0090  OIOI 
00981  OIOO 

40 

0083 

0085 

0087 

0000 
0089 

0091 

0093;  0095 

0096 

50 

0082 

0084 

0086 

0087 

0090 

0092  0094 

0095 

0097 1 0099 

20    0 

0082 

0083 

0085 

0086 

0088 

0000 
0089 
0088 

0091  0093 

0094 

0096:  0098 

10 

0081 

0082 

0084 

0086 

0087 

0000  0092 
0089!  0091 

0093 

0095  0097 

20 

0080 

0082 

0083 

0085 

0086 

0093 

0094  0096 

30 

0079 

0081 

0082 

0084 

0086 

0087 

0089  OOQO 

0088  0089 
0087  0088 

0092 

0093  0095 

40 

0079 
0078 

0080 

0082 

0083 

0085 

0086 

0091 

0092 

0094 

50 

0079 

0081 

0082 

0084 

0085 

0090 

P09I 

0093 

21  0 

0077 

0079 
0078 

0080 

0082 

0083 

0085 

00861  0088 

0089 

0088 

0091 

0092 

10 

0076 

0079 

0081 

0082 

0084I  0085;  0087 

0000 

0091 

20 

0076 

0077 

0070 
0078 

0080 

0082 

0083 

0085,  0086 

0087 

0080;  0090 
0088  0000 
0087 1 0089 

30 

0075:  0076 

0079 

0081 

0082 

0084 1  0085 

0087 

40 

0074 

0076 

0077 

0079 
0078 

0080 

0082 

0083:  0084 

0086 

50 

0074 

0075 

0076 

0079 

0081 

00821  0084 

008^ 

0086 

0088 

22  0 

0073 

0074 

0076 

0077 

0070 
0078 

0080 

0081  0083 

0084 

0086 

0087 

10 

0072 

0074 

0075 

0076 

0079 

008 1 1  0082 

0083 

0085 

0086 

20 

0072 

0073 

0074 

0076 

0077 

0079;  008 o|  0081 
00781  0079'  0081 

0083 

0084 

0086 

30 

0071 

0072 

0074 

0075 

0076 

0082 

0083 

0085 

40 

0070 

0072 

0073:  0074 

0076 

0077 

00791  ^^^^ 

0081 

0083:0084 

50 

0070 

0071 

0072'  0074 

0075 

0076 

0078 

0079 

0081 

0082  " 

0083 

23  0 

oo6q 

0070 

0072  0073 

0074 

0076 

0077 

0078 

0080 

0081 

0082 

10 

0068  0070 

0071  0072 

0074 

007  s 

0076 

0078 

0070 
0078 

00801 0082 

20 

006 g  0069 

0070  0072 

0073 

0074 

0076 

0077 

0080 

0081 

30 

0067  0069 
0067 1  0068 

0070 

0071 

0072 

0074 

0075 

0076 

0078 

0070 
0078 

0080 

40 

0069 

0071 

0072 

0073 

0074 

0076 

0077 

0080 

50 

0066 

0067 

0069 

0070 

0071 

0073 

0074 

0075 

0076 

0078 

0079 

24  0 

0067 

0068 

0069 

0071 

0072 

0073 

0074 

0076 

0077 

0078 

10 

0066 

0067 

0069 

0070 

0071 

0073 

0074 

0075 

0076 

0078 

20 

0066 

0067 

0068 

0069 

0071 

0072  0073 

0074]  0076 

0077 

30 

0065 

0066  0068 

0069 

0068 

0070 

0071 

0072 

0074 

0075 

0076 

40 

0065 

0066  0067 

0069 

0071 

0072 

0073 

0074 

0076 

50 

0064 

0065  0066 

0068 

0069 

0070 

0071 

0072 

0074 

0075 

25  0 

0063 

0065 1 0066 

0067 

0068  0069 

0071 

0072 

0073 

0074 
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5W 

51' 

0065 

5S' 

»' 

54' 

55' 

50* 

5r 

58' 

50'  W 

1 



1   O   ' 

25  0 

.0063 

0066 

0067 

0068 

ooel 

0071 

0072 

0073 

0074 

20 

.0061 

0064 

0065 

0066;  0067 

0069 
0068 

0071 

0072 

0073 

40 

.0061 

0062 

0064 

0065 

1  0066 

0067 

^1 

0000 

0071 

007a 

26  0 

.0060 

0061 

0063 

0064  00^5 

0066 

0067 

0069 
0068 

0071 

i   20 

.0050 
.0058 

0060 

0062 

0063  0064 

0065 

0066 

0067 

oo6q 

!  40 

0059 

0061 

0062  0063 

0064 

0C65 

0066 

0067 

0068 

27  0 

.0057 

ooc8 

0060 

0061  0062 

0063 

0064 

0065 

0066 

0067 

'   20 

.0056I  0057 

0050 
0058 

0060  0061 

0062 

0063 

0064!  0065 

0066 

40 

.0055' 0057 

0050!  0060 

0061 

0062 

0063J  0064 

0065 

] 

28  0 

.0055!  0056 

0057 

0058 

0050 
0058 

0060 

0061 

0062 

0063 

0064 

j   20 

.0054 

0055 

0056 

0057 

0050 
0058 

0060 

0061 

0062 

0063 

1 

:    40 

.0053 

0054 

0055 

0056 

0057 

0059 

0060 

0061 

0062 

20  0 

.0052 

0053 

0054 

0055 

0056 

0057 

0058 

0050 
0058 

0060 

0061 

20 

.0051 

0052 

0053 

0054 

0055 

0056 

0057 

0050 
0058 

0060 

40 

.CX550 

0051 

0052 

0053 

0054 

0055 

0056 

0057 

0050 
0058 

30  0 

.0050 

0051 

0051 

0052 

0053 

0054 

0055 

0056 

0057 

;   20 

.0040 
.0048 

0050 

0051 

0052 

0052 

0053 

0054 

0055 

0056 

0057 

!   40 

0049 

0050 

0051 

0052 

0053 

0053 

0054 

0055 

0056 

i^^oS 

.0047 

0048 

0040 
0048 

0050 

0051 

0052 

0053 

0053 

0054 

0055 

20 

.0047 

0047 

0040 
0048 

0050 

0051 

0052 

0053 

0054 

0054  0055 

40 

.0046 

0047 

0048 

0040 
0048 

0050 

0051 

0052 

0053 

0054;  0054 

32  0 

.0045 

0046 

0047 

0048 

0049 

0050 

0051 

0052 

0053  0054 

,   20 

.0044 

0045 

0046 

0047 

0048 

0040 
0048 

0049 

0050 

0051 

0052  0053 

40 

1 

.0044 

0045 

004s 

0046 

0047 

0049 

0049 

0050 

0051  0052 

'33  0 

.0043 

0044 

0045 

004s 

0046 

0047 

0048 

0049 

0049 

0050  0051 

20 

.0042 

0043 

0044 

0045 

0046 

0046 

00471004810040 
0046,  00471  0048 

0050'  005c 

40 

.0042 

3043 

0043 

0044 

0045 

0046 

0049!  005c 
0048  0049 

34  0 

.0041 

0042 

0043 

0043  0044 

0045 

0046  0046  0047 

;   20 

.0040 

0041 

CX542 

0043  0043 

0044 

0045  0046  0047 

0047  oo4k> 

i   40 

.0040 

cx>4i 

0041 

0042  0043 

0044 

0047  0047 

'35  0 

.0039 

0040 

0041 

0041 

0042 

0043 

0044  0044  0045 

0046  0047 

20 

.0030  0039 

.cx>38  0030 
.0037  0038 

0040 

0041 

0042 

0042 

0043  0044  C044 

0045  0046 

i   40 

0039 

0040 

0041 

0042 

0042  0043  0044 

0044  0045 

;36  0 

0030 
0038 

0040 

0040 

0041 

0042  0042  0043 

0044  0044 

i   20 

.0037 

0038 

0030 

0040 

0040 

004  z ;  0042  0042 

0043  0044 

;   40 

.0036 

0037 

0038 

0038J  0039 

0040 

0040  0041 

0042 

0042 

0043 

■37  0 

.CX536 

0036 

0037 

00381  0038;  0039 

0040  0040 

0041 

0042 

0042 

1   20 

.0035 

0036 

0037 

0037J0038  0030 
0037  0037  0038 

0039,  0040 

0040 

0041 

0042 

1   40 

.0035 

0035 

0036 

00301  0039 
0038;  0039 
0037;  0038 

0040 

0040 

0041 

38  0 

.0034 

0035 

0035 

0036 

003710037 

0039 

0040 

0040 

:   20 

.0034 

0034 

0035 

0036 

0036 

0037 

0030 
0038 

00391  0040 

40 

.0033 

0034 

0034 

00^5 

0036 

0030 

0037  0037 

0039  0039 

30  0 

0033 

0034 

0034 

0035 

0036 

0036  0037 

0037 

0038  0039 

20 

0033 

0033 

0034'  0035 

0035 

0036  0036 

0037 

0037  0038 

40 

0032 

0033 

003310034 

003  s 

0035!  0036 

0036 

0037.  0037 

40  0 

CX332 

0032 

0033  0033 

0034 

0035  0035  0036 

0036 

0037 

i   20 

0031 

0032 

0032  0033 

0034 

0034 

0035  0035 

0036 

0036 

1 

I   40 

0031 

0031 

0032 

0032 

0033 

0034 

0034 

0035 

003s 

0036 

1 

41  0 

0030 

0031 

0031 

0032 

0033 

0033 

0034 

0034 

0035 

003s 

20 

cx)3o 

0030 

0031 

0031 

0032 

0033 

0033 

0034 

0034 

0035 

I 

40 

0029 

cx>30 

0030 

0031 

0032 

0032 

0033 

0033 

0034 

0034 

42  0 

0029 

0029 

0030  0031 

0031 

0032 

0032 

0033 

0033 

0034 

20 

0029 
0028 

0029 

0030I  0030 

0031 

0031 

0032 

0032 

0033 

0033 

40 

0029 

0029  0030 

0030 

0031 

0031 

C032 

0032 

0033 

43  0 

0028 

0028 

0029'  0029 
0028'  0029 
0028:  0028 

0030 

0030 

0031 

0031 

0032 

0032 

20 

0027 

CX>28 

0029 

0030 

0030 

0031 

0031 

0032 

40 

0027 

0027 

0020 
0028 

0029 

0030 

0030 

0031 

0031 

.44  0 

0026 

0027 

00271  0028 

002Q  0029 
0028  1  0029 
0028  0028 

0030 

0030 

0031 

,   20 

0026 

0026 

002 7  j  0027 

0028 

0029 

0030 

003c 

40 

0026 

0026 

0026  0027 

0027 

0029 

0029 

0030 

1 

45  0 

0025 

0026 

0026.  0027 

0027 

0027  0028  0028 

0029 

0029 

1 
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TABLE  XV.   Log  A. 

For  correcting  Lunar  Distanoes. 


lit 

of  J>. 

REDUCED  PARALLAX  AND  REFRACTION  OF  D.            1 

51' 

5V 

58' 

54' 

55' 

56' 

5r 

58' 

59' 

w 

- — 

O   ' 

j45  0 

.cx>i5 

0026 

0026 

0027 

0027 

0027 

0028 

0028 

0029 
0028 

002Q 
0028 

30 

.0025 

0025 

0025 

00261  0026  0027 

0027 

0028 

46  0 

.0024 

0024 

0025 

0025  0026 

0026 

0027 

0027 

0027 

0028 

30 

.0023 

0024 

0024 

00251  ^^^5 

0026 

0026 

0026 

0027 

0027 

47  0 

.0023 

0023 

0024 

0024'  0025  0025 

0025 

0026 

0026 

0020 

30 

.0022 

0023 

CX323 

0024'  0024 

0024 

0025 

0025 

0025 

0026 

48  0 

1   „,-. 

.0022 

0022 

0023 

0023  0023 

0024 

0024 

0024 

0025 

0025 

;   30 

.0021 

0022 

0022 

0022  0023 

0023 

0024 

0024 

0024 

0025 

49  0 

.0021 

0021 

0022 

0022 1  0022 

0023 

0023 

0023 

0024 

0024 

30 

.0020 

CX52I 

0021 

0021  0022 

0022 

0022 

0023 

0023 

0023 

50  0 

.0020 

0020 

0020 

0021  0021 

0022 

0022 

0022 

0023 

0023 

30 

.0019 

0020 

0020 

0020  0021 

0021 

0021 

0022 

0022 

0022 

51  0 

.0010 
.0018 

0019 

0020 

0020  0020 

0020 

0021 

0021 

0021 

0022 

30 

OOIQ 

0018 

0019 

0019J  0020 

0020 

0020 

0021 

0021 

0021 

52  0 

.0018 

0010 
0018 

0010:  0019 
ooi8|  0019 
0018;  0018 

0019 

0020 

0020 

0020 

0021 

30 

.0018 

0018 

0019 

0019 

0020 

0020 

0020 

53  0 

.CX5I7 

0017 

0018 

0018 

0019 
0018 

0019 

00x9 

0020 

30 

.0017 

0017 

0017 

0017 

0018 

0018 

0019 

0019 

0019 

54  0 

.0016 

0016 

0017 

0017 

0017 

0018 

0018 

0018 

0018 

OOIQ 

0018 

30 

.0016 

0016 

0016 

0017'  0017 

0017 

0017 

0018 

00x8 

55  0 

.0015 

CX3l6 

0016 

0016;  0016 

0017 

0017 

0017 

0017 

0018 

30 

.0015 

0015 

0015 

0016  0016 

0016 

0016 

0017 

0017 

0017 

56  0 

.0015 

0015 

0015 

001 51  0016 

0016 

0016 

0016 

0017 

0017 

30 

.cx>i4 

0014 

0015 

0015'  0015 

0015 

0016 

0016 

0016 

0016 

57  0 

.0014 

0014 

0014 

0015I  0015 

0015 

0015 

0015 

00x6 

0016 

30 

.0014 

0014 

0014 

0014I  0014 

0015 

0015 

0015 

0015 

0015 

58  0 

.0013 

0013 

0014 

0014'  0014 

0014 

0014 

0015 

0015 

0015 

30 

.0013 

0013 

0013 

0013,  0014 

0014 

0014 

0014 

0014 

0015 

50  0 

.0012 

0013 

0013 

0013'  0013 

0013 

0014 

0014 

0014 

00X4 

30 

.0012 

0012 

0012 

0013'  0013  0013 

0013 

0013 

0014 

0014 

60 

.0012 

0012 

0012 

0012  0013 

0013 

0013 

0013 

0013 

0013 

61 

.0011 

0011 

001 1 

0012  0012 

0012 

0012 

0012 

0012 

0013 

63 

.0011 

001 1 

CX3II 

001 1 !  001 1 

001 1 

OOII 

0012 

0012 

0012 

63 

.0010 

0010 

0010 

0010'  001 1 

001 1 

0011 

0011 

OOII 

OOII 

64 

.cx>09 

0010 

0010 

ooioi  0010 

0010 

0010 

0010 

0010 

OOII 

65 

.0009 
.0008 
.0008 

0009 
0008 
0008 

0009 

0009  0009 

0009 

0010 

0010 

0010 

00x0 

66 
67 

cx>oo 

0008 

0009  0000 

0006  0008 

0009 
0008 

0000 
0008 

0009 
0009 
0008 

0009 
0000 
0008 

0009 
0009 

0008 

68 

.0007 

0007 

0008 

0008  1  0008 

ooc8 

0008 

69 

.0007 

0007 

0007 

0007'  0007 

0007 

0007 

0008 

0008 

0008 

70 

.0007 

cx>o7 

0007 

0007  0007 

0007 

0007 

0007 

0007 

0007 

71 

.0006 

0006 

OCX36 

0006  0006 

0007 

0007 

0007 

0007 

0007 

73 

.0006 

0006 

0006 

0006  0006 

0006 

0006 

0006 

0006 

0006 

73 

.0005 

0005 

0006 

0006  0006 

0006 

0006 

0006 

0006 

0006 

74 

.0005 

0005 

0005 

0005'  0005 

0005 

0005 

0005 

0005 

0006 

75 
76 

.0005 

0005 

0005 

0005  0005 

0005 

0005 

0005 

0005 

0005 

.0004 

0005 

0005 

0005  0005 

0005 

0005 

0005 

0005 

0005 

77 

.0004 

0004 

0004 

0004  0004 

0004 

0004 

0004 

0004 

0004 

.0004 

0004 

0004 

0004'  0004 

0004 

0004 

0004 

0004 

0004 

.0004 

0004 

0004 

0004 

0004 

0004 

0004 

0004 

0004 

0004 

80 

.0004 

0004 

0004 

0004 

0004 

0004 

0004 

0004 

0004 

0004 

81 

.0003 

cxx)3 

0003 

0003 

0003 

0003 

0003 

0003 

0003 

0003 

83 

.0003 

0003 

0003 

0003 

0003 

0003 

0003 

0003 

0003 

0003 

83 

.0003 

0003 

0003 

0003 

0003 

0003 

0003 

0003 

0003 

0003 

84 

.0003 

0003 

0003 

0003 

0003 

0003 

0003 

0003 

0003 

0003 

85 

.0003 

0003 

0003 

0003 

0003 

0003 

0003 

0003 

0003 

0003 

86 

.0003 

0003 

0003 

0003 

0003 

0003 

0003 

0003 

0003 

0003 

87 

.0003 

0003 

0003 

0003 

0003 

0003 

0003 

0003 

0003 

0003 

88 

.0003 

0003 

0003 

0003  0003 

0003 

0003 

0003 

0003 

0003 

89 

.0003 

00C3 

0003 

0003  0003 

0003 

0003 

0003 

0003 

0003 

90 

.0003 

0003 

0003 

0003 

0003 

0003 

0003 

0003 

0003 

0003 
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TABLE  XV.   LogB. 

F«r  Corr«e»ing  Lunar  DistuiMt. 


1       " 

App.  Alt. 
1        of 
0ar*. 

REDUCED  REFRACTION  AND  PARALLAX  OF  O  OR  *.                      jl 

0*0" 

O'lO' 

ro" 

1' JO" 

ro" 

y  10" 

re^ 

rto" 

4^V 

4.  ,0" 

y^ 

rir 

§o  0/ 

•  .•>.. 

•••••a 

10 

•■•••■ 

...... 

■«.••• 

...... 

20 

•a.... 



SO 

, 

••...« 

••.... 

...... 

40 

«>•••• 



•■•«•• 

...a.. 



50 



•••••• 







6    0 



20 



..•••a 

9.9970 

40 

•••.•. 







9.9972 

T     0 





9.9976      9.9974  1 

20 



9-9977  9-9975 

40 





9.9981 

9.9978 

9.9976 

8     0 





■•••.. 



9.9982 

9-9979 
9.9980 

9-9977 
9-997« 

20 

9.9982 

40 

, 



9.9983 

9.9981 

9.9979 

0     0 



9.9986 

9.9984 

9.9982 

9.9980 

20 

9.9986 

9.9985 

9.9983 

9.9981 

40 

•••••• 

.•••»• 

••*.•• 

9.9987 

9.9985 

9.9983 

9.9982 

10    0 



9.9989 

9.9988 

9.9986 

9!9986 

9.9982 

11 



9.999Z 

9.9991 

9.9989 

9.9987 

It&t 

I  vz 

•••••• 

9-9993 

9.999a 

9.9990 

9.9989 

9.9987 

13 



9-9995 

9.9994 

9.9992 

9.9991 

9.9990 

9.9989 

9.9987 

t    14 





9-9995 
9.9996 

9.9994 

9-9993 

9.9992 

9.9991 

9.9990 



15 



•••••• 

9-9997 

9-9995 

9.9994 

9-9993 

9.9992 

9.9991 



16 

9-9997 

9.9996 

9-9995 
9.9996 

9.9994 

9-9993 

9.9993 

...... 

18 

9.9990 

9.9998  9.9997 

9-9995 
9.9996 

9-9995 
9.9996 





*ZO 

o.oooo 

9.9999 

9.9998  9.9998 

9.9997 

...... 



...... 

25 



o.oooo 

0.0000 

9.9999  9.9999 

9.9998 

9.9998 

...... 



30 

O.OOOI 

O.OOOI 

0.0000 

0.0000  0.0000 

9.9999 



' 

50 

O.OOOI 

O.OOOI 

O.OOOI 

0.0001 

O.OOOI 

0.0001 







90 

O.OOOl 

0.0002 

O.0OO2 

0.0001 



...... 

1 

1 

LogO. 


App.  Alt. 
of 

I  0  or  *. 


5«  0' 
20 
40 

6  0 
20 
40 

T     0 

8 

9 
10 
11 
12 

13 

I  14 
15 
16 
17 
18 

20 
25 
30 
40 
50 
90 


REDUCED   REFRACTION   AND  PARALLAX  OF   O  OR   *. 


0*  0"    •'  10"    I'  0"    r  «r    r  o"    r  w    r  o"    r  to"    4'  o"    4'  to"    y  o" 


0.0000 
0.0000 


0.0000 
0.0000 
0.0000 
0.0000 


9.9998 
9.9999 
9.9999 

9-9999 
0.0000 


9-9997 
9.9998 
9.9998 
9.9999 


9-9995 
9.9996 
9.9996 
9.9996 

9-9997 
9.9998 
9.9998 

9-99991  9-9999 
9.99991  9.9999 
0.0000  


9-9993 
9.9994 
9.9994 
9-9995 
9-9995 
9.9995 

9.9996 
9.9997 
9.9998 
9.9999 


9.9990 
9.9991 

9.9992 
9.9993 

9-9993 
9.9994 
9.9994 
9.9994 

9-9995 
9.9996 
9.9997 


9.9988 
9.9989 
9.9990 

9.9991 
9.9991 
9.9992 

9-9993 
9.9993 
9.9994 

9-9994 
9.9996 


9.998A 
9.9986 
9.9987 
9.9988 

9.9989 
9.9990 
9.9991 
9.9992 
9.9992 
9.9993 

9-9993 


9.9980 

9.9982 

9.998, 

9.9981 

9.9987 

9.9989 
9.9990 
9.9990 
9-999 


9.99 


9.9969 
9.9970 


9-9974  9-997* 

8 
9.99S0  9.9978 


9-9975 


9.9982  9.9981 
9.9984  9.9982 
9-9985.  9-9984 


9.9987 
9.9988 
9.9989 


9.9985 


614 


TABLE  XT.   LogB. 

For  Correcting  Lunar  Distances. 


App.  Alt. 

of 
Oar*. 

REDUCED  REFRACTION  AND  PARALLAX  OF  0  OR  *.                      1 

rtr 

VW 

ro" 

ricr 

8'cr 

8'«r 

r  0" 

VW 

10' 0" 

10*  10" 

11' 0" 

11' 10" 

5«  0' 
10 
20 
30 
40 
60 

6  0 

20 
40 

7  0 
20 
40 

8  0 
20 
40 

0     0 
20 
40 

10     0 

11 

12 
13 
14 
15 

16 
18 
20 
25 
30 
50 

«, 

99965 
9.9966 
9.9968 
9-9969 

9-997' 
9-997* 
9-9974 

9-9975 
99970 
9-9977 
9-9978 
9-9979 
9.9980 

9.9981 

9-9983 
9.9985 

9-9959 
9.9960 
9.9961 

9.9963 
9.9965 
9.9967 
9.9968 
9-9970 
9.9971 

9-9973 
9-9974 
9-9975 
9.9976 
9.9977 
9.9978 

9-9979 
9.9981 

9-995' 
9-9953 
9-9954 
9.9956 

9-9957 
9.9958 

9.9960 
9.9961 
9-9964 
9.9966 
9.9968 
9-9969 

9997' 

9.9971 

9-9973 
9-9974 
9-9975 
9-9976 

9-9977 

9-9947 
9.9949 

9-995' 
9-995* 
9-9954 
9-9955 

9-9957 
9-9959 
9.9961 

9-9963 
9-9965 
9.9967 

9.9968 
9.9970 
9-997' 
9-997* 

9-9944 
9.9946 

9-9948 
9-9949 
9-9951 
9.9952 

9-9954 
9.9956 

9-9959 
9.9961 

9.9963 
9.9965 

9.9966 
9.9968 

9.9940 

9-994* 
9-9944 
9.9946 

9-9948 
9.9949 

9-995' 
9-9954 
9.9956 

9-9958 
9.9960 
9.9962 

9.9964 

9-9937 
9-9939 
9.9941 

9-9943 
9-9944 
9.9946 

9.9948 
9-995' 
9-9953 
9.9956 
9.9958 

9-9933 
9-9935 
9-9937 
9-9939 
9.9941 
9.9943 

9-9945 
9.9948 

9-995' 
9-9953 

9-99*9 
9-993* 
9-9934 
9-9936 
9.9938 
9.9940 

9.9941 

9-9945 
9.9948 

9.9916 
9.9918 
9.9931 
9-9933 
9.9935 
9-9937 

9-9939 

9.9911 
9.9915 
9.99*7 
9.99*9 
9.9931 

9.9919 
9.9911 

9-99*4 
•••••• 

LogO. 

App.  Alt. 

of 
0or*. 

REDUCED   REFRACTION   AND   PARALLAX  OF    0  OR   *. 

6-  0" 

6' 10" 

V  0" 

I' SO" 

8'0" 

8' 80" 

V  0" 

VW 

10' 0" 

10' SO" 

11' 0" 

11' 10" 

50  0' 
20 
40 

6  0 
20 
40 

7  0 

0 
10 

11 

12 

13 
14 
15 
16 
17 
18 

20 
25 
30 
40 
50 

9.9961 
9-9964 
9.9966 
9.9968 

9.9969 

9-9973 
9.9976 

9-9979 
9.9981 
9.9983 

9-9956 
9-9959 
9.9961 
9.9963 
9.9965 
9.9967 
9.9971 
9.9974 
9.9977 
9-9979 

9.9949 
9-9953 
9-9955 
9-9958 
9.9960 
9.9961 

9.9964 
99969 
9.9972 

9-9975 

9-9946 
9.9949 
9  995* 
9-9955 
99957 
9-9960 

9.9962 
9.9966 
9.9970 

... 

9-994* 
9-9946 
9.9949 
9.9952 
9-9955 
9-9957 

9.9959 
9.9964 
9.9968 



9.9938 
9.9942 
9.9946 
9.9949 
9.995* 
9.9954 
9.9956 
9.9962 

9.9935 
9-9939 
9-9943 
9.9940 
9.9949 

9-995' 

9.9954 
9.9960 

9.9931 
9.9936 
9-9939 
9-9943 
9-:)946 
9.9949 

9-995' 

9.9917 
9.9931 
9.9936 
9.9940 

9.9943 
9-9946 

9-99*4 
9-99*9 
9.9933 
9.9937 



9.9910 

9.99*5 
9.9930 

9.9916 
9.9911 

••■••a 

OlJS 


TABLE  lY.   Log  D. 

For  correcting  Lunar  Distances. 


of  ]). 

REDUCED  PARALLAX  AND  REFRACTION  OF  >.             * 

41' 

0290 

4S 

44' 

45' 

4G' 

47' 

48' 

4ir 

50 

51' 

54' 

5S' 

54' 

55' 

o   / 

5  0 

.0183 

0296 

0303 

0310 

0316 

0323 

0320 
0326 

0336 

0343 

0349 
0346 

0356 

0362  0369 

3 

.0280 

0287 

0293 

0300 

0307 

0313 

0320 

0333 

0339 

0352 

0359 

0365 

_ 

6 

.0177 

0284 

0291 
0288 

0297 

0304 

0310 

0317 

0323 

0330 

0336 

0342 

0349 

0355 

0362 

9 

.0275 

0281 

0294 

0301 

0307 

0313 

0320 

0326 

0333 

0339  0345 

0352 

0358 

12 

.0272 

0279 

0285 

0291  0298 

0304 

0310 

0317 

0323 

0330 

0336  0342 

0349 

0355 

5  15 

.0270 

0276 

0282 

0289  0295 

0301 

0308 

0314 

0320 

0326 

0333  0339 

0345 

0351 

18 

.0267 

0273 

0280 

0286  0292 
0283!  0289 

0298 

0305 

0311 

0317 

0323  0330;  0336 

0342 

0348 

21 

.0264 

°*Z!1 

0277 

0296 

0302 

0308 

0314 

0320  0327 

0333 

0339 

0345 

24 

.0262 

02681 

0274 

0281 j  0287 

0293 

0299 

0305 

0311 

0317 

0324 

0330 

0336 

0342 

27 

.0260 

0266 

0272 

0278  0284 

0290 

0296 

0302 

0308 

0314 

0321 

0327 

0333 

0339 

5  30 

.0257 

0263 

0269 

0275.  0282 

0288 

0294 

0300 

0306 

0312 

0318 

0324 

0330 

0336 

33 

.0255 

0261 

0267 

027310279 

0285 

0291 
0288 

0297 

0303 

0309I0315 

0321 

0327 

0333 

36 

.0253 

0259 

0265 

0271]  0276 

0282 

0294 

0300 

0306 

0312 

0318 

G3H 

0330 

39 

oi.56 

0262 

0268'  0274 

0280 

0286 

02Q2 
0289 

0298 

0303 

0309 
0306 

0315 

0321 

0327 

42 

0254 

0260 

0266  0272 

0277 

0283 

0295 

0301 

0312 

0318 

0324 

5  45 

0252 

0258 

0263'  0269 

0275 

0281 

0287 

0292 

0298 

0304 

0310 

0315 

0321 

48 

0250 

0255 

0261 1  0267!  027  3 1 

0278 

0284 

0290 
0287 

0295 1  °3o»l  0307 

0313 

0318 

51 

0247 

0253 

02591  0*65 

0270 

0276 

0282 

0293 

0290;  0304 
0296.  0302 

0310 

0316 

51 

0245 

0251 

0257 1  0262 

0268 

0274 

0279 

0285 

0290 
0288 

0307 

0313 

' 

57 

0243 

0249 

0254  0260 

0266 

0271 

0277 

0282 

0294 

0299 

0305 

0310 

G  0 

0241 

0247 

02521  0258 

0263 

0269 

0275 

0280 

0286  0201 
0283  0289 

0297 

0302 

0308 

3 

0239 

0245 

0250'  0256 

0261 

0267 

0272 

0278 

0294 

0300 

0305 

0 

0237 

0243 

0248,  0254 

0259 

0265 

0270 

0275 

0281 

0286:  0202 

0297 

0302 

1 

9 

0235 

0241 

0246  0252 

0257 

0262 

0268 

0273 

0279 

0284 

0289 

o»9S 

0)00 

12 

0233 

0239 

0244  0249 

0255 

0160 

0266 

0271 

0276 

0282 

0287 

0292 

0298 

G  15 

0231 

0237 

0242  0247 

0253 

0258 

0263 

0269 

0274 

0279 

0285 

0290 
0288 

0295 

' 

18 

0230 

0235 

0240,  0245 

0251 

C256 

0261 

0267 

0272 

0277 

0282 

0293 

21 

0228 

0233 

0238I  0243 

0249 

0254 

0259 

0264 

0270 

0275 

0280 

0285 

0290 

0288 

24 

0226 

0231 

0236'  0242 

0247 

0252 

0257 

0262 

0267 

0273 

0278 

0283 

27 

0229 

0234^  0240 

0245 

0250 

0255 

0260 

0265  0271 

0276 

0281 

02S6 

0291  \ 

G  80 

0227 

0233  0238 

0243 

0248 

0253 

0258 

0263  0268 

0274 

0270 
0276 

0284  C289  ;| 

33 

0226 

0231  0236 

0241 

0246 

0251 

0256 

0261 

0266 

0271 

0281 

0287 1 

36 

0224 

0229  0234 

0239 

0244 

0249 

0254 

0259 

0264 

0269 

0274 

0279 

^!+i 

30 

0222 

0227  0232 

0237 

0242 

0247 

0252 

0257 

0262 

0267 

0272 

0277 

0282' 

42 

0220 

0225.  0230 

023s 

0240 

024s 

0250 

0255 

0260 

0265 

0270 

0275 

0280. 

G  45 

0219 

0224!  0229 

0234 

0239 

0244 

0248 

0253 

0258 

0263 

0268 

0273 

0278 

48 

0217 

0222'  0227 

0232 

0237 

0242 

0247 

0251 

0256 

0261 

0266 

027 1 

0276 

51 

0216 

0220  0225 

0230 

0235 

0240 

0245 

0250 

0254 

0259 

0264 

0269 

0274 

54 

0214 

0219 

0224 

0228 

0233 

0238 

0243 

0248 

0253 

0257 

0262 

0267 

0272 

57 

0212 

0217 

0222 

0227 

0232 

0236 

0241 

0246 

0251 

0255 

0260 

0265 

0270 

T  0 

021 1 

0216 

0220 

0225 

0230 

023s 

0230 
0238 

0244 

0249 

0254 

0258 

0263 

0268 

3 

0209 
0208 

0214 

0219 

0223 

0228 

0233 

0242 

0247 

0252 

0256 

0261 

0266 

6 

0212J  0217 

0222 

0227 

0231 

0236 

0241 

0245 

0250 

0255 

0259 

0264 

9 

0211'  0216 

0220 

0225 

0230 

0234 

0239 

0243 

0248 

0253 

oa57 

0262 

12 

0209;  0214 

0219 

0223 

0228 

0232 

0237 

0242 

0246 

0251 

0255 

0260 

7  15 

0208 1  0212 

0217 

0222 

0226 

0231 

0235 

0240 

0245 

0249 

0254 

0258' 

18 

0206  0211 

0216 

0220 

0225 

0229 
0228 

0234 

0238 

0243 

0247 

0252 

0256 

21 

0205'  0200 
0204!  020^ 

0214 

0219 

0223 

0232 

0237 

0241 

0246 

0250 

0255 

24 

0213 

0217 

0222 

0226 

0230 

0235 

0230 
0238 

0244 

0248 

0253 

27 

0202;  0207 

021 1 

0216 

0220 

0224 

0229 

0233 

0242 

0247 

0251 

7  30 

0201 

0205 

0210 

0214 

0218 

0223 

0227 

0232 

0236 

0241 

0245 

0240 
0248 

33 

0190 
0198 

0204 

0208 

0213 

0217 

0221 

0226 

0230 

0234 

0239 

0243 

36 

0202 

0207 

021 1 

0215 

0220 

0224 

0229 

0233 

0237 

0242 

0246; 

39 

0197 

0201 

0205 

0210 

0214 

0218 

0223 

0227 

0231 

0236 

0240 

0244 

42 

0195 

0200 

0204 

0208 

0213 

0217 

0221 

0225 

0230 

0234 

0238 

0243 

7  45 

0194 

0198 

0203 

0207 

021  I 

0215 

0220 

0224 

0228 

0232 

0237 

0x41 

48 

0193 

0197 

0201 

0205 

0210 

0214 

0218 

0222 

0227 

0231 

0235 

0*39 

51 

0191 

0196 

0200 

0204 

0208 

0213 

0217 

0221 

0225 

oa2Q 
0228 

0234 

0238 

54 

0190 
0189 

0194 

0198 

0203 

0207 

021 1 

0215 

0219 
0218 

0224 

0232 

0236 

57 

0193 

0197 

0201 

0206 

0210 

0214 

0222 

0226 

0230 

0235 

« _"L_.^ 

' 



0188 

0192]  0196 

0200 

0204 

0208 

0212 

0217 

0221 

0225 

0229 

0233 

616 


TABLE  XV.   LogD. 

For  correcting  Lunar  Distances. 


of  J. 

REDUCED  PARALLAX  AND  REFRACTION  OF  D.            1 

45' 

46' 

41' 

48' 

49' 

50' 

51' 

52' 

58 

54 

55' 

56' 

57' 

58' 

— 

o   / 
8  U 

.0192 

0196 

0200 

0204 

0208 

02x2 

0217 

0221 

0225 

0229 

0233 

0237 

5 

.0100 
.01^8 

0194 

0198 

0202 

0206 

0210 

0214 

0218  0222 

0227 

0231 

0235 

10 

0192 

0196 

0200'  0204 

0208 

0212 

0216  0220 

0224 

0228 

0232 

16 

.0186 

0190 

0194 

0198 

0202 

0206 

0210 

02x4  0218 

0222 

0226 

0230 

20 

.0184 

0188 

0x92 

0196 

0200 

0204 

0207 

0211 

0215 

0219 

0223 

0227 

25 

.0182 

0186 

0190 

0194 

0197 

0201 

0205 

0209 

0213 

0217 

0221 

0225 

8  30 

.0180 

0184 

0188 

0192 

019s 

0199 

0203 

0207 

0211 

0215 

0219 

02X6 

0223 

1    35 

.0178 

0182 

0186 

oiool  0x93 
0188  0I9I 

0197 

0201 

0205 

0209 

0213 

0220 

40 

.0176 

0180 

0184 

019s 

0199 

0203 1  oao7 

0210 

0214 

0218 

45 

.0174 

0178 

0182 

oi86| 

0189 

0193 

01971  0201,  0205 

0208 

0212 

0216 

50 

.0173 

0176 

0180 

0x84 

0188 

OIQI 
O1S9 

0195!  0199 

0202 

0206 

0210 

0214 

55 

.0171 

0175 

0178 

0182 

0186 

0193  0197 

0200 

0204 

0208 

0212 

0  0 

.0169 

0173 

0177 

0180 

0x84 

0188 

OIQX   OI95I  0198 
OI89I  OI93I  0197 

0202 

0206 

0209 

5 

.0167 

0171 

017s 

0x78  0182 

0186 

0200 

0204 

0207 

10 

.0166 

0169 
0168 

0173 

0177 

0180 

0184 

0187'  OI91I  0195 

0198 

0202!  0205 

15 

.0164 

0171 

0175 

0179 

0182 

0186 

0189I  0193 

0196 

0200 

0203 

20 

.0163 

0166 

0170 
0168 

0173 

0177 

0x80 

0184 

0187I  0191 
oi86|  0189 

0194 

0198 

0201 

26 

.0161 

0165 

0172 

0175 

0179 

0182 

0193 

0196 

0199 

9  30 

0163 

0166 

0170 

0173 

0177 

0180 

0184;  0187 

OXOI 

0189 

0194 

0198 

35 

0161 

0165 

0168 

0172 

0175 

0179 

01821  0185 

0192 

0196 

40 

0160 

0163 

0167 

0170 

0174 

0177 

0180!  0184 

0x87 

OIQX 
0189 

0194 

45 

0158 

0x62 

0165 

0169 

0172 

0175 

0179'  0182 

0185 

0192 

0195 

50 

0157 

0160 

0x64 

0167 

0170 

0174 

0177  o>8o 

0184 

0187 

0100 
0189 

0194 

55 

0156 

0159 

0162 

0x65 

0169 

0172 

0175J0179 

0182 

0185 

0192 

10  0 

0154 

0157 

ox6x 

0164 

0167 

0X71 

0174  0177 

0180 

0184 

0187 

0190 
0188 

5 

0153 

0156 

0159 

0162 

0166 

0169 

0172  0175 

0179 

0182 

0185 

10 

0151 

0155 

0x58 

0161 

0164 

0167 

0171  0174 

0177 

0180 

0183 

0187 

16 

0150 

OIS3 

0156  0160 

0163 

0166 

0160  0172 
oi68|  0171 

0175 

0179 

0182 

0.85 

20 

0149 

0152 

0155  0158 

0161 

0164 

0174 

0x77 

0180 

0183 

2.) 

0147 

0150 

0x54 

0157 

0160 

0163 

0166 

0169 

0172 

0175 

0179 

01S2 

10  30 

0146 

014Q 
0145 

0x52 

0155 

0158 

0162 

0165 

0168 

0171 

0174 

0177 

0180 

35 

014s 

0151 

0154 

0157 

0160 

0163  0166 

0169 

0168 

0172 

0175 

0179 

40 

0143 

0147 

0150  0153 

0156 

0159 

0162  0165 

OI7I 

0174 

0177 

45 

0142 

0145 

0x48  0x51 

0154 

0157 

0160  0163 

0166 

0169 
0168 

0172 

0175 

50 

0141 

0144 

0x47  0x50 

0153 

0X56 

0159  0162 
0158!  0161 

0165 

0171 

0174 

55 

0140 

0143 

pi 46  0x49 

0152 

015s 

0164 

0167 

0170 

0172 

11  0 

0139 

0142 

0145  0x47 

0150 

0153'  0156:0159 

0162 

0165 

0168 

0171 

5 

0137 

0140 

0143 

0146 

0149 

0152'  0155 

0158 

0I6I 

0164 

0167 

°'Z2 

10 

013Q 
0x38 

0x42 

0x45 

0148 

015  I 

0154 

0157 

0150 
0158 

0162 

0165 

0168 

15 

0x41 

0144 

0147 

0150 

0152 

0155 

0161 

0164 

0167 

20 



0x37 

0x40 

0143 

0145 

0148 

0151 

0154 

0157 

0160 

0163 

0165 

25 

0136 

0139 

014X 

0144 

0147 

0150  0153 

0156 

0158 

0161 

0164 

11  30 

0135 

0x37 

0140 

0143 

0146 

0149  0151 

0154 

0157 

0160 

0163 

35 

0133 

0136 

0139 
0138 

0141 

0145 

0147  0150 

0153 

0156 

0159 

0161 

40 

0x32 

0135 

OI4I 

OI43I  0146'  0149 

0152 

0154 

0157 

0160 

45 

013X 

0x34 

0137 

0140 

0142 

0145;  0148 

0150 

0153 

0156 

0159 

50 

0x30 

0133 

0136 

0138 

OI4I 

0144 

0147 

0140 
0148 

0152 

015s 

0157 

1 

55 

0129 

0132 

0135 

0137 

0140 

0143 

0145 

OI5I 

0153 

0156 

1 

12  0 

0128 

013X 

0x34 

0136 

0130 
0138 

0142 

0144 

0x47 

0150 

0152 

0155 

5 

0x27 

0130 

0132 

0135 

0140 

0x43 

0146 

0148 

0151 

0154 

10 

0x26 

OI2Q 
0128 

0131 

0134 

0137 

0130 
0138 

0142 

0145 

0147 

0150 

0152 

15 

0x25 

0130 

0133 

0136 

0141 

0143 

0146 

0149 

0151 

20 

0x24 

0127 

0120 
0128 

0132 

0135 

0137 

0140 

0142 

0X45 

0147 

0150 

25 

0x23 

0126 

OI31 

0133 

0136 

0x39 

0I4I 

0144 

0146 

0149 

13  30 

0122 

0125 

0127 

0130 

0132 

0135 

0138 

0x40 

0143 

0145 

0148 



35 

0x21 

0124 

0126 

0120 
0128 

OI3I 

0134 

0136 

0130 
0138 

OI4I 

0144 

0147 

40 

0x20 

0123 

0125 

0130 

0133 

0135 

0140 

0143 

0145 

45 

0119 
0118 

0X22 

0124 

0127 

01 2Q 

0128 

0132 

0134 

0137 

0130 
0138 

0142 

0144  0147 

50 

OI2I 

0123 

0126 

0131 

0133 

0136 

0141 

0143  oh6 

65 

0118 

0120 

0123 

0125 

0127 

0130 

0x32 

0135 

0137 

0140 

0142  0145 

13  0 



0117 

OII9 

0122 

0124 

0126 

0129 

0131 

0134 

0136 

0x39 

014x10x43 

617 


TABLE  XV.   LogD. 

For  oorr«oting  Lunar  DisUncos. 


^A?r 

of  1>. 
0   / 

13  0 

REDUCED  PARALLAX  AND  REFRACTION  OF  >.            || 

47' 

48' 

w 

50' 

M' 

0126 

i%' 

» 

M' 

05' 

56 

57' 

0141 

58' 

5r 

.0117 

01 19 

oiai 

0124 

0129 

0131 

0134 

0136 

0139 

0143 

10 

.0115 

0117 

0110 

oiaa 

oia5 

0127 

0129 

0132;  0134 

0137  0139 

0141 

20 

.0113 

0116 

0118 

0120 

oia3 

0125 

0127 

0130  0132 

0134  0137 

0139 

30 

.0112 

0114 

0116 

0119 

0121 

0123 

0125 

0128 

0130 

0132 

0135 

0137 

40 

OIIl 

01 14 

0117 

0119 

0121 

0124 

0126 

0128 

0I3I 

0133 

0135 

50 

01 1 1 

0113 

0115 

0117 

0120 

0122 

0124 

0126 

0129 

0131 

0133 

14  0 

0109 

01 1 1 

01 1 3 

0116 

0118 

oiao 

01 2X 

0125 

0127 

0129 

0131 

10 

0107 

Olio 

otia 

0114 

0116 

0118 

oiai 

0123 

0125 

0127 

0129 

20 

0106 

0108 

Olio 

oiia 

0114 

0117 

01 19 

0121 

0123 

0125 

0127 

30 

0104  0106 

0109  01 i I 

0113 

0115 

01 17 

OIIQ 
OI18 

OI2I 

0123 

0126 

40 

0103 

0105 

0107 

0109 

01 1 1 

0113 

0115 

0120,  0122 

0124 

60 

OIOI 

0103 

0106 

0108 

Olio 

0112 

01 14 

OI16 

OII8 

0120 

0122 

15  0 

0100 

0101 

0104 

0106 

0108 

Olio 

0112 

01 14 

OI16 

0118 

0120 

10 

0099 

OIOI 

0103 

0105 

0107 

0109 

01 1 1 

01 1  3 

01 1  5 

01 17 

0119 

20 

0097 

0090 
0098 

OIOI 

0103 

0105 

0107 

OIOQ 
0108 

01 1 1 

OII3 

01 1 5 

0117 

30 

0096 

0100 

0102 

0104 

0106 

Olio 

OII2 

01 1 3 

01 1 5 

40 

0094 

0096 

0098 

0100 

0102 

0104 

0106 

0108 

OIIO 

01 12 

0114 

50 

0093 

0095 

0097 

0099 

OIOI 

0103 

0105 

0107 

0108 

OIIO 

01I& 

16  0 

0091 

0094 

0096 

0098 

0090 
0098 

OIOI 

0103 

0105 

0107 

0109 

on  I 

10 

OOQI 
00^9 
0088 

0093 

0094 

0096 

0100 

oioa 

0104 

0106 

0107 

0109 
0108 

20 

0091 

0093 

0095 

0097 

0099 

0100 

0102 

0104:  0106 

30 

0059 

009a 

0094 

0096 

0097 

^ 

OIOI 

OIO3I  0105 

0106 

40 

0087 

0091 

0089 

0092 

0094 

0096 

OICO 

OIOI 

0103 

0105 

50 

0086 

0091 

0093 

009s 

0096 

0098 

0100 

0102 

0104 

17  0 

0085 

0087 

0088 

0090 

0092 

0093 

0095 

0097 

OO99I  0100 

01  oa 

10 

0084 

0085 

008 71  0089 

0001 
0089 
0088 

0092 

0094 

0096 

0097,0090 
0096  0098 

OIOI 

20 

0083 

0084 

0086 

0088 

009] 

0093 

0094 

^ 

30 

0083 

0085 

0086 

0090 
0089 

0091 

0093 

0095  0096 

40 

008a 

0084 

0085 

0087 

0000 
0089 

0092 

009410095 

0097 

50 

0081 

0083 

0084 

0086 

0087 

0091 

0092 

0094 

0096 

18  0 

0080 

0082 

0083 

0085 

0086 

0088 

0090 

0087 

0091 
0089 

0093 

0094 

■••*•• 

20 

0078 

0079 

0081 

0083 

0084 

0086 

0090 

0088 

0092 

0093 

40 

0076 

0077 

0079 

0080 

0082 

0083 

0085 

0087 

0000 
0087 

0001 
0089 
0086 

10  0 

0074 

0075 

0077 

0078 

0080 

0081 

0083 

0084 

0086 

20 

007a 

0073 

0075 

0076 

0078 

0079 

0081 

0082 

0084 

0085 

40 

0070 

007a 

0073 

0074 

0076 

0077 

0079 

0080 

0081 

0083 

0084 

20  0 

0068 

0070 

0071 

0073 

0074 

0075 

0077 

0078 

0079 

0081 

008a 

20 

0067 

0068 

0069 
0068 

0071 

0072 

0073 

007s 

0076 

0077 

0079 

0080 

40 

C065 

0066 

0069 

0070 1  0072 

0073 

0074 

0075 

0077 

0078 

21  0 

0063 

0065 

0066 

0067 

0068  0070 

0071 

0072 

0074 

007$ 

0076 

20 

0062 

0063 

0064 

0065 

0067  0068 

0069 

0070 

0072 

0073 

0074 

40 

0060 

0061 

0063 

0064 

0065  0066 

0067 

0069!  0070 

0071 

0072 

22  0 

0059 

0060 

0061 

0062 

0063  0065 

0066 

0067 1  0068 

0069 
0068 

0070 

20 

0057 

0058 

0050 
0058 

0061 

0062 1  0063 

0064 

0065 

0066 

0069 

40 

0056 

0057 

0050 
0058 

0060 1  0061 

006  a 

0064 

0065 

0066 

0067 

23  0 

0054 

0055  0057 

0059;  0060 

0061 

0062!  0063 

0064 

0065 

20 

0053 

0054  0055 

0056 

00571 0058 

0050 

0058 

0060 1  0061 

0063 

0064 

40 

005  a 

0053 

0054 

0055 

0056 

0057 

0059'  0060 

0061 

006a 

24  0 

0050 

0051 

0052 

0053 

0054 

0055 

0056 

0057;  0058 

0050 
0058 

0060 

20 

0050 

0051 

0052 

0053 

0054 

0055 

0056  0057 

0059 

40 



0049 

0050 

0051 

0052 

0053 

0053 

0054 

0055 

0056 

0057 

25  0 

0047 

0048 

0040 
0048 

0050 

0051 

0052 

0053 

0054 

0055 

0056 

20 

0046 

0047 

0040 
0048 

0050 

0051 

0052 

0053 

0053 

0054 

40 

0045 

0046 

0047 

0049 

0049 

0050 

0051 

0052 

0053 

26  0 

0044 

0045 

0046 

0046 

0047 

0048 

0040 
0048 

0050 

0051 

0052 

^X 

0043 

0043 

0044 

0045 

0046 

0047 

0048 

0040 
0048 

0050 

40 

0041 

0042 

0043 

0044 

0045 

0046 

oo|6 

0047 

0049 

27  0 

0040 

0041 

0042 

0043 

0044 

0044 

0045 

0046 

0047 

0047 

20 

003Q 
0038 

0040 

0041 

0042 

0042 

0043 

0044 

0045 

0045 

0046 

40 

0039 

0040 
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85 

II 

94 

10  0 

35 

37  39 

41 

43 

45 

^l 

:2 

5' 

54 

56 

58 

61 

53 

66 

69 

71 

74 

77 

79 

82 

\^ 

I9 

30 

34 

36 

37 

39 

41 

43 

46 

50 

5» 

54 

57 

59 

62 

^4 

67 

69 

74 

75 

77 

80 

83 

86 

20 

33 

35 

36 

3! 

+2 

41 

44 

46 

% 

51 

53 

55 

58 

60 

62 

55 

67 

?? 
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75 

78 

81 

83 

86 

21 

3' 

33 

35 

36 

3? 

^2 

4» 

44 

48 

50 

54 

55 

57 

59 

61 

^ 

66 

69 

7J 

74 

76 

79 

82 

22 

^2 

3« 

33 

35 

36 

3! 

^? 

4» 

44 

46 

48 

50 

54 

54 

56 

58 

61 

63 

^5 

68 

7c 

73 

75 

78 

23 

28 

32 

3* 

33 

35 

36 

3! 

*? 

4a 

44 

45 

47 

49 

51 

53 

56 

58 

60 

62 

64 

57 

\\ 

11 

74 

24 

»7 

28 

30 

31 

33 

35 

36 

38 

40 

41 

43 

45 

47 

49 

51 

53 

55 

57 

59 

61 

64 

66 

68 

71 

I25 

26 

*Z 

28 

30 

3» 

33 

35 

36 

3! 

40 

41 

43 

45 

47 

49 

51 

53 

55 

57 

i? 

61 

63 

f5 

67 

'20 

15 

26 

*I 

^9 

30 

3» 

33 

35 

36 

38 

40 

41 

43 

45 

47 

48 

52 

54 

54 

5? 

6g 

62 

64 

27 

23 

^5 

26 

*7 

\l 

30 

3» 

33 

35 

36 

38  39 

41 

43 

45 

46 

^2 

^2 

54 

54 

56 

58 

60 

62 

i28 

22 

»4 

15 

26 

^2 

30 

3» 

33 

35 

36 

3! 

12 

41 

43 

44 

46 

48 

^2 

51 

53 

55 

57 

59 

|29 

22 

*3 

»4 

^5 

26 

29 

30 

34 

33 

35 

36 

39 

41 

43 

44 

46 

48 

49 

51 

53 

55 

57 

'30 

21 

22 

»3 

»4 

»5 

*z 

28 

:i 

3« 

3» 

33 

35 

36 

3! 

P 

41 

44 

44 

46 

^l 

49 

51 

53 

54 

'31 

20 

21 

22 

»3 

»4 

26 

*z 

29 

31 

34 

33 

35 

36 

I 

41 

44 

44 

46 

47 

49 

5» 

54 

32 

\l 

20 

21 

22 

»3 

*5 

26 

27 

28 

3° 

31 

34 

34 

35 

36 

^! 

41 

44 

44 

45 

47 

49 

52 

33 

19 

20 

22 

^3 

»4 

»5 

26 

*z 

28 

30 

31 

34 

34 

35 

36 

P 

41 

44 

44 

45 

47 

48 

|34 

18 

19 

20 

21 

22 

*3 

44 

45 

26 

47 

49 

30 

31 

34 

34 

35 

36 

39 

4' 

44 

44 

45 

47 

35 

'7 

18 

12 

20 

21 

22 

43 

44 

»5 

26 

28 

'^ 

30 

31 

3» 

34 

35 

36 

3! 

\ 

40 

44 

43 

45 

-30 

16 

17 

»9 

20 

21 

22 

43 

24 

45 

27 

ji 

30 

3' 

34 

34 

35 

36 

P 

4<^ 

44 

43 

37 

16 

'? 

x8 

IS 

«9 

20 

21 

22 

43 

45 

26 

*Z 

,1 

30 

31 

33 

34 

35 

36 

39 

4<^ 

44 

38 

'5 

16 

'I 

\l 

20 

21 

22 

43 

*4 

45 

26 

47 

^1 

30 

3> 

33 

34 

35 

3^ 

3^ 

39 

40 

30 

'5 

16 

x6 

17 

"9 

20 

21 

22 

43 

44 

45 

26 

47 

49 

30 

31 

33 

34 

35 

36 

38 

39 

40 

H 

15 

16 

17 

»7 

18 

:i 

20 

21 

22 

43 

44 

45 

26 

27 

28 

49 

30 

31 

33 

34 

35 

36 

37 

140*» 

42 

«3 

H 

«5 

x6 

16 

»7 

>9 

20 

21 

21 

22 

43 

44 

45 

26 

47 

28 

49 

30 

31 

33 

34 

35 

1S8 

44 

12 

«3 

H 

»5 

«5 

16 

>7 

17 

18 

II 

20 

21 

22 

43 

44 

44 

45 

26 

47 

28 

49 

3c 

31 

33 

130 

i!S 

12 

12 

n 

H 

H 

»5 

16 

16 

17 

19 

II 

20 

21 

22 

43 

44 

45 

26 

26 

47 

2g 

49 

30 

134 

!48 

1 

II 

II 

12 

13 

«3 

H 
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'5 

16 

»7 

17 

19 

20 

20 

21 

22 

43 

44 

45 

26 

26 

47 

18 

132 

50 

10 

XI 

XI 

12 

12 

«3 

H 

>4 

15 

16 

16 

17 

18 

18 

II 

20 

21 

21 

22 

43 

44 

45 

»5 

26 

130 

i52 

9 

10 

10 

II 

II 

12 

»3 

n 

"4 

14 

15 

16 

x6 

17 

18 

19  2C 

21 

21 

22 

43 

44 

45 

K8 

54 

I 

9 

10 

10 

II 

II 

12 

12 

>3 

13 

14 

15 

15 

16 

16 

17 

18 

18 

II 

20 

21 

21 

22 

43 

120 

150 

I 

I 
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10 

10 

II 

II 

12 

12 

13 

14 

14  15I 

15 

16 

17 

17 

x8 

19 

x8 

2C 

2C 

21 

124 

58 

7 

9 

9 

XO 

10 

XX 

II 

12 

12 

«3 

'3 

14 

14 

15 

>5 
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16 

17 

ll 

19 

20 

122 

60 
!02 

7 

7 

8 

8 

8 

1 

9 

XO 

10 

II 

II 

X2 

12 

»3 

13 

14 

14 

15 

15 

x6 

16 

17 

18 

x8 

120 

6 

7 

7 

7 

8 

1 

1 

9 

10 

10 

II 

II 

12 

12 
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13 

14 

14 

15 

15 

iC 

16 

17 

118 

04 

6 

6 

6 

7 

7 

8 

9 

9 

9 

10 
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II 

II 

12 

12 

12 

13 

»3 

14 
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15 
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5 

6 

6 

6 

7 

7 

7 
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XI 

XI 
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X2 
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14 
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7 
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7 

9 

9 
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XI 

II 

XI 
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X2 

>3 

112 
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4 

5 

5 

5 

5 

6 

6 

6 

6 

7 

7 

8 

8 

8 

9 

9 

9 

XO 

10 

XO 

XI 

XI 

XI 

110 

74 

3 

4 

4 

4 

4 

4 

5 

5 

5 

6 

6 

6 

6 

7 

7 

7 

7 

8 

8 

8 

8 

9 

9 

100 

78 

3 

3 

3 

3 

3 

3 

3 

4 

4 

4 

4 

4 

5 

5 

5 

5 

5 

6 

6 

6 

6 

6 

7 

102 

82 

2 
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2 

2 

2 

2 

2 

2 

2 

3 

3 

3 

3 

3 

3 

3 

4 

4 

4 

4 

4 

4 

4 

08 

80 

I 

I 
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X 

X 

X 

X 

X 

X 

I 

I 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

04 

|90« 

0 
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0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

c 
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0 

0 
56' 

0 
57' 

0 
58' 

0 

0 
80' 
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ApiJilr 

S7' 

38' 

W 

MV 

41' 

iV 
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44' 
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4« 

41' 

48'  49'! 

SC 
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5«'  53' 

C4' 

55' 
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Dis- 

nnt 
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TABLE  XVn. 

^-or  finding  the  Correction  of  the  Lunar  Distance  for  the  Contraction  of  (he  Moon's  Semidianteter. 


TABLE  XVII.  A.    Giving  the  Argnment  for  Table  XVII.  B.                        j| 

•  Reduced 
P.andR. 

APPARENT   ALTITUDE   OF   ]). 

o 
S 

0 
5^ 

0 

• 

0 
6i 

0 
7 

0 

0 
8 

0 
Si 

0 
9 

0 
l»i 

0 
10 

0 
11 

0 
13 

0 
It 

0 
14 

0 
15 

0 
If 

0 
17 

0 
18 

0 
20 

0 

0 
10 

... 

3 

2 
2 
2 
2 
2 

2 
2 
2 
2 
2 

0 
40 

2 

* 

2 
2 
2 
2 

2 
2 
2 
2 
2 

1 

::' 

z', 

2' 
2 

2 

41' 
42 
43 

tl 

46 

47 
48 
49 
50 

51 
52 
53 
54 
55 

56 
57 
58 
59 
60 

i^ 

6z 
to 
5« 

11 
54 
53 
5^ 

50 

47 

56 
54 
53 
5» 
50 

^ 

46 
45 
44 

43 
41 
4' 
4« 

'i 

4» 
43 

4a 
4» 

40 

It 
38 
11 

35 
35 

4« 

40 

11 

35 
35 
34 

33 
3* 
3» 
3> 
30 

35 

34 
33 

33 
3» 
3» 
30 

30 

.1 

28 

27 
a? 

26 

30 
30 

:i 

28 

11 

26 
»5 
»5 
H 
14 

»3 

26 

»5 
»5 
»4 
H 

13 
13 
22 
22 
21 

21 

»4 

43 

^3 
22 
22 
21 

21 

20 
20 
'9 
>9 

;2 

21 

21 
20 
20 
19 

»9 

;i 

18 
18 

»7 

17 
'7 

20 
19 

12 

18 
17 

17 

;? 

16 
16 

»5 

17 
'7 

12 

16 

«5 

»5 
»5 
'5 

H 
14 
'3 

>5 
14 
>4 
>4 
'3 

'3 
12 
12 
12 

12 
12 
II 

12 
12 
12 
II 

II 
II 
II 

10 
10 

10 
10 
10 

••• 

10 
10 
10 
10 

10 
9 
9 
9 
9 

9 

1 

8 

9 
9 
9 

8 
8 
8 
8 
8 

8 

7 
7 
7 

"8 
8 
8 

7 
7 
7 
7 
7 

7 
7 

I 

7 
7 
7 

7 

I 

6 
6 

6 
6 
6 
6 

6 
6 
6 

6 
6 
6 
6 
6 

5 

5 
5 
5 

"6 

5 

TABLE  XVn. 

B 

. 

Oontiaotion  of  }) 

'8  Semidiameter. 

Whole 

ARGUMENT 

=  NUMBER 

FROM   TABLE   XVIL 

A. 

,  Correction 
of  J). 

2 

4 

0 

« 

10 

13 

14 

10 

18 

20 

22 

24 

26 

28<S0 

ri 

84 

86 

88 

40 

44 

62 

If 

56 

00    61 

» 

0* 
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0 

0 

D 

0 

0 
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0 

0 
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0 

0 
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0 

0 
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0 

0'       0 

5 

0 

0 

0 

0 

G 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0,     0 

10 

0 

0 

0 

0 

0 

0 

0 

0 

0 

I 

I 

I 

I 

I 

I 

I 

I 

» 

1 
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15 

0 

0 

0 

0 

I 

I 

I 

1 

I 

I 

2 

2 

2 

2 

2 

2 

* 

3 

3     3 

20 

0 

0 

0 

I 

2 

2 

2 

2 

3 

3 

3 

3 

3 

4 

4 

4 

4 

5     5 

22 

0 

0 

I 

2 

2 

2 

3 

3 

3 

3 

4 

4 

4 

i 

5 

5 

6     6 

24 

0 

0 

I 

2 

3 

3 

-J 

3 

4 

4 

4 

4 

5 

I 

6 

6 

l\ 

26 

0 

1 

3 

3 

3 

4 

4 

5 

1 

1 

I 

6 

i 

8 

28 

0 

a 

3 

3 

4 

5 

1 

1 

I 

8 

9 

9   10 

30 

0 

2 

4 

4 

4 

5 

6 

7 

7 

9 

9 

10 

II    12 

32 

0 

2 

4 

5 

1 

I 

6 

6 

7 

I 

I 

8 

8 

9 

10 

II 

11 

12  13 

34 

0 

1 

T 

5 

? 

6 

7 

I 

9 

9 

10 

II 

12 

»3 

14  15 

36 

1 

1 

6 

I 

I 

8 

9 

9 

10 

10 

II 

12 

n 

;i 

16   17 

38 

1 

I 

6 

2 

9 

9 

10 

10 

II 

12 

'3 

»4 

«5 

17;  I* 

40 

+ 

6 

7 

8 

9 

9 

10 

II 

12 

12 

»3 

H 

>5 

17!  18 

'9,  ^: 

42 

4 

4 

6 

7 

8 

8 

9 

10 

II 

II 

12 

n 

»3 
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16 

17 

is'  20 

2ll23^ 

44 

4 

^ 

7 

8 

9 

9 

10 

II 

12 

12 

>3 

H 

»5 

:i 

U 

«9 

20 

22 

23..... 

45 

5 

7 

8 

9 

10 

II 

11'  12 

«3 

H 

«5 

;i 

19;  21 

»3 

24  ...1 

46 

^ 

g 

? 

8 

9 

10 

II 

12;  13 

H 

H 

11 

>7 

19 

20 

22 

»4 



47 

S 

9 

10 

II 

II 

.2:  .3 

H 

«5 

17 

18 

>9 

21 

*3 

25 



48 

6 

I 

8 

9 

10 

12 

.314 

'5 

16 

17 

18 

18 

20 

22 

»4 

26 

... 

...{ 

49 

b 

9 

10 

II 

12 

13   14 

;i 

16 

»7 

18 

>9 

21 

»3 

*5 

... 

... 

... 

50 

6 

8 

9 

10 

II 

n 

14  15 
15!  16 

>7 

18 

»9 

20 

22 

H 

26 

... 

... 

51 

6 

7 

8 

9 

10 

II 

14 

17 

18 

'9 

20 

21 

»3 

2J,  27 

... 

... 

...J 

52 

b 

« 

9 

10 

II 

12 

H 

15!  16 

17 

18 

19  21 

22 

»4 

26 

... 

... 

53 

7 

8 

9 

10 

II 

12 

«5 

16   17 

18 

19 

20  21 

22 

Jl 

^7 

... 

... 

...  1 

54 

7 

1    ^ 

9 

10 

12 

n 

II 

16  17 

17  I^ 

>9 

20 

21 

22 

»3 

... 

... 

... ; 

55 

... 

I 

'    8 

10 

1 1 

12 

n 

"9 

21 

22 

... 

... 

... 

... 

56 

... 

C 

9 

10 

II 

«3|  H 

16 

... 

... 

... 

... 

... 

... 

...|  ... 

... 

...  ! 

57 



... 







-1  - 

... 

... 



... 

... 

... 

... 

... 

... 

... 

— )  — 

....... 

When  the  neartst  limb  is  observed,  subtract  this  correction;  when  the  farthest^  add. 
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TABLE  XVm. 

/or  finding  the  Correction  of  the  Lunar  Distance  for  the  Contraction  of  the  Sun's  SemidiameteT. 


TABLE  XVIII.  A.    Qiying  the  Argument  for  Table  XVIII.  B.                      | 

Rednced 
P.andR. 
!    of0. 

APPARENT   ALTITUDE  OF  ©. 

o 
5 

0 
5^ 

0 

• 

0 

0 

7 

47 

ll 

61 
65 
70 
74 
79 

0 
U 

50 
55 
59 

n 

1} 

0 
8 

0 
8^ 

0 
9 

0 

0 
10 

0 
11 

49 

ll 
67 
74 

0 
12 

45 
5» 

ll 

71 

0 

11 

48 
l\ 

70 
... 

u 

... 

44 
51 

1? 

74 

... 

0 
15 

46 
54 
62 
7^ 

0 

le 

40 
49 
57 

65 

0 

IT 

41 

ll 

68 

0 
18 

35 

44 

II 

0 

37 
47 

1? 

0 
2« 

30 
4* 
53 

0 
30 

4^ 
59 

0 
40 

22 

0 
00 

18 

^9 

1     1'    0" 
1         30 
1     3    0 
30 

3  0 
30 

4  0 
30 

i    5    0 
30 

6  0 
30 

7  0 
30 

8  0 
30 

0    0 
30 

10  0 

30 

11  0 

30 

1 

55 

11 

6« 
69 

51 

55 

ll 

i! 

50 

i 

66 
70 
74 
78 

49 
53 

ll 

66 

70 
74 
79 

47 
5» 

ll 

67 
7» 
77 

50 

li 
65 

70 
75 

47 
5» 

i 

74 

49 

IS 

66 
71 

45 
51 

II 

68 
74 

TABLE  XVIII.  B 

.    Oontiactioii  of  O's  I 

Semidiameter. 

'    Whole 
Correction 
of0. 

ARGUMENT  =  NUMBER   FROM   TABLE   XVIIL  A.                              | 

20 

24 

0 

I 

28 

// 
0 

I 
2 

82 

// 
0 

I 
2 

36 

0 

I 
2 
3 

40 

// 
0 
0 

2 

3 

4 

44 

0 
0 

2 
3 
4 
5 

7 

... 

40 

0 
0 

2 
2 
4 

5 

6 

7 

9 

10 

48 

w 

0 
0 

2 
2 

3 

5 

6 

I 

9 
II 
12 

50^ 

ft 
0 
0 

2 
3 
4 

6 

I 

9 
10 
12 

«3 

'4 
16 

18 

52 

0 
0 

I 
2 
3 

4 

6 

I 

9 

10 
II 

12 
H 
'5 

17 
'9 

54 

0 
0 

I 
2 
3 

4 

1 

9 
II 

12 

II 

18 
20 

21 

CO 

0 
0 
I 

2 
3 

4 

1 
? 

9 

10 

12 
'3 

\t 
17 
>9 

21 

58 

ff 
0 
0 
I 

2 
3 
4 

1 

9 
10 

II 

12 

>5 

1^ 

20 
22 

^3 
... 

... 

60 

0 
0 

X 

2 
3 

4 

1 

2 

9 
10 

II 
12 
»3 

:i 

18 

»9 

21 

43 

63 

0 

0 

2 
3 
4 

5 

1 
I 

9 

10 
12 
>3 

;^ 

17 

19 

20 
22 

»4 

04 

/' 
0 

0 

I 
2 
3 
3 

5 

1 

9 
10 

>5 

»7 

18 
20 
21 

»3 

*5 

66 

// 
0 
0 

I 
2 
2 
3 

4 

1 

I 

9 

10 
II 
12 
>3 

\l 

17 
19 
20 
22 
»4 
»5 

6S 

/' 
0 
0 

I 
2 
2 
3 

4 

1 

i 

9 

10 
II 
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/Lbsbration,  of  a  star  in  the  direction  of 
the  obseryer's  motion,  found,  I.,  629; 
annual  aberration  of  a  star  in  longi- 
tude and  latitude,  found,  630 ;  in  right 
asoension  and  declination,  683;  Gauss's 
tables,  635;  of  the  sun,  638;  diurnal 
aberration  in  right  ascension  and  de- 
clination, found,  638 ;  Telocity  of  light, 
640;  planetary,  641;  constant  of,  689; 
effect  upon  the  angular  distance  of  two 
stars,  found,  XL,  466;  effect  upon  the 
position  angle  of  two  stars,  467.  Aber- 
ration of  lenses,  spherical  and  chro- 
matic, II.,  18. 

Adams,  I.,  555,  584. 

Airy,  I.,  323;  II.,  302,  381. 

Alidade,  II.,  32 ;  ellipticity  of  the  piyot,  47. 

Almucantars,  defined,  I.,  19. 

Altazimuth,  II.,  315. 

Altitude,  defined,  I.,  20 ;  parallels  of,  I.,  19. 

Altitude  and  azimuth  as  co-ordinates,  I., 
18. 

Altitude  and  azimuth  instrument,  II.,  315; 
azimuths  obseryed  with,  319;  zenith 
distances,  326 ;  correction  for  defectire 
illumination,  333. 

Amici,  II.,  449. 

Amplitude,  defined,  I.,  20;  of  a  star, 
found  when  the  star  is  in  the  horizon, 
I.,  38. 

Aborlandeb,  I.,  93,  182,  141,  159,  646, 
705,  706;  II.,  381. 

Axis  of  the  heavens,  defined,  I.,  21. 

Azimuth,  defined,  I.,  20;  azimuth  of  a 
star,  found  from  its  declination  and 
hour  angle,  and  the  latitude  of  the 
obseryer,  31;  found  when  the  star  is 
on  the  six  hour  circle,  36,  when  the 
star  is  at  its  greatest  elongation,  37, 
from  its  zenith  distance,  89. 

Bache,  I.,  324,  342. 

Baily,  I.,  93,  650. 

Becher,  II.,  104. 

Bebb,  I.,  543. 

Bebtband,  II.,  469. 

Bbssbl,  I.,  85,  87,  92,  93,  96,  97,  181, 132, 
134.  136,  145,  158,  159,  160,  161,  165, 
167,  168,  171,  895,  406,  439,  448,  456, 
461,  507,  612,  666,  674,  575,  678,  606, 
611,  616,  638,  640,  646,  650,  651,  652, 
655,  662,  665,  668.  693,  694,  697,  698, 
702;  II..  85,  50,  59,  61,  143,  144,  171, 
170,  178,  183,  192,  197.  190,  228,  284, 
238,  265,  268,  269,  271,  283,  289,  293, 
294,  205,  296,  801,  802,  804,  807,  309, 
840,  875,  388,  405,  406,  407,  414,  432, 
449,  450,  453,  469,  489,  494. 


BiOT,  I.,  169;  II.,  9. 

Bohmbmbbrobr,  II.,  68,  469. 

Bond,  I.,  324;  II.,  79,  87,  92,  869,  450- 

BoRDA,  I.,  398;  II.,  126. 

BououBR,  I.,  136,  138;  II.,  408. 

BowDiTCH,  I.,  163,  180,  269, 276, 806, 807, 

308,  316;  II.,  125. 
Bradley,  I.,  136,  138,  160, 161, 167,  666, 

692,  700,  702,  705,  706;  II.,  489. 
Bruhns,  I.,  136. 
BRiiNNOW,  II.,  437,  440,  446. 
BURCKHARDT,  I.,  448,  686. 
BuscH,  I.,  692,  700,  701. 

Caonoli,  I.,  286. 

Caillet,  I.,  265,  298. 

Celestial  latitude  and  longitude  as  co-ordl 

nates,  I.,  24. 
Celestial  sphere,  I.,  17. 
Chronograph,  electro,  I.,  342  et  seq. ;  II., 

86. 
Chronometers,  winding,   II.,  77;    trans^ 

porting,  78 ;  correction  for  temperature, 

79;   comparison  of,   79,  by  coincident 

beats,  80;  probable  error  of  an  inter* 

polated  yalue  of  a  correction,  83. 
Chronometric  expeditions,  I.,  323. 
Circles.     See  graduated  circles,  meridiaR 

circles,  &c. 
Circummeridian   altitudes,    I.,   236    (see 

time);  more  accurately  reduced,  238; 

of  the  Sun,  Gauss's  method,  244 ;  limits 

of  the  methods,  251. 
Clark,  II.,  460. 
Clocks,  II.,  84;  clock  correction,  I.,  193, 

II.,  174;  rate,  I.,  193. 

CODDINOTON,  II.,  9. 

CopriN,  I.,  628;  II.,  296,  297. 

Colures,  defined,  I.,  23. 

Compass,  yariation  of,  I.,  429. 

Connaissance  (La)  des  Temps,  I.,  68. 

Constants,  astronomical,  determined  by 
obseryation,  I.,  671 ;  constants  of  refrac- 
tion, 671;  of  solar  parallax,  673;  of 
lunar  parallax,  680;  of  aberration,  688, 
689:  of  nutation,  698;  of  precession,  701. 

Co-ordinates,  rectangular,  I.,  43,  trans- 
formation of,  48;  spherical,  18,  trans- 
formation of,  27 ;  differential  yariations 
of,  60. 

Cusps  in  a  solar  eclipse,  II.,  482. 

Damoiseau,  I.,  574,  575,  686. 
Daussy,  II.,  126,  127. 
Day,  sidereal,  I.,  52,  solar,  63. 
Dean,  II.,  849,  359. 

Declination,  circles  of,  parallels  of,  de- 
fined, I.,  21 ;  of  a  star,  found  from  its 
627 
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altitude  ftnd  aiimuth,  and  the  latitude 
of  the  observer,  27;  found  from  the 
star's  latitude  and  longitude,  and  the 
obliquity  of  the  eoliptio,  42;  of  the  sun 
at  the  time  of  his  transit  oyer  a  given 
meridian,  71 ;  of  the  moon  or  a  planet 
at  the  time  of  transit  over  a  given  me- 
ridian, 7S;  reduction  of,  116;  of  stars, 
found  by  transits  over  the  prime  ver- 
tical, II.,  271 ;  absolute  declination  of 
the  fixed  stars,  determined,  I.,  666. 

Declination  and  hour  angle  as  co-ordi- 
nates, I.,  21. 

Declination  and  right  ascension  as  co- 
ordinates, I.,  22. 

Dblamb&b,  I.,  177,  289,  689,  692. 

Dx  Lanqe,  I.,  d91. 

Derivatives  of  a  tabulated  function,  I.,  89. 

Dip,  of  the  horizon,  I.,  172,  178;  of  the 
sea  at  a  given  distance  from  the  ob- 
server, found,  179. 

DOLLOND,  II.,  408. 

Donate  I.,  126. 
DouwES,  I.,  816,  816. 

Earth,  figure  and  dimensions  of,  I.,  96 ; 
compression  of,  96 ;  eccentricitj  of  the 
meridian,  9G ;  radius  found  for  a  given 
latitude,  99;  length  at  normal  termi- 
nating in  the  axis,  found  for  a  given 
latitude — distance  ft*om  the  centre  to 
the  intersection  of  the  normal  with  the 
axis — radius  of  curvature  of  meridian, 
101 ;  reduction  of  observationB  to  the 
centre,  108. 

Eclipses  of  Jupiter's  satellites,  I.,  889. 

Eclipses,  tolar^  prediction  for  the  earth 
generally,  I.,  486;  fundamental  equa- 
tions— investigation  of  the  condition  of 
beginning  or  ending  of  a  solar  eclipse 
at  a  given  place  on  the  earth's  surface, 
439 ;  position  of  the  axis  of  the  shadow, 
found  for  any  given  time,  441 ;  distance 
of  a  given  place  of  observation  from  the 
axis  of  the  shadow  at  a  given  time, 
found,  444 ;  radius  of  the  shaidow  found, 
448;  outline  of  moon's  shadow  upon 
the  earth  at  a  given  time,  found,  466; 
rising  and  setting  limits,  466;  curve  of 
maximum  in  the  horizon,  476;  northern 
and  southern  limits,  480;  curve  of 
central  eclipse,  491 ;  duration  of  total 
or  annular  eclipse,  493 ;  place  where  the 
central  eclipse  occurs  at  noon,  found, 
494;  northern  and  southern  limits  of 
total  or  annular  eclipse,  498;  prediction 
for  a  given  place — time  of  a  given  phase 
computed,  506;  instant  of  maximum 
obscuration,  and  degree  of  obscuration, 
found,  608;  method  of  the  American 
Ephemeris,  612;  correction  for  refrac- 
tion, 616;  reduction  to  the  sea  level, 
617;  longitude  of  a  place  found  from 


the  observation  of  a  solar  eclipse,  518; 
longitude  corrected,  621 ;  observations 
upon  the  sun's  cusps,  II.,  482;  lunar, 
I.,  642.     See  Occultations. 

Ecliptic,  defined,  I.,  22;  obliquity  of;  de- 
fined, 28,  found,  669. 

Ellis,  II.,  194,  19a 

Emobt,  L,  889. 

Erckb,  I.,  91,  96,  100,  448,  598, 640;  U.. 
469,  476. 

Ephemeris,  American,  French,  German,  I., 
68 ;  Pbibcb's  method  of  correcting,  858. 

Equation  of  time,  I.,  64,  71 ;  of  equal  al- 
titudes, 200;  personal  equation,  II.,  189. 

Equator,  celestial,  defined,  I.,  21. 

Equatorial  telescope,  II.,  867;  general 
theory  of,  870;  instrumental  declination 
and  hour  angle  of  an  observed  point, 
found,  871;  flexure,  878;  instrumental 
declination  and  hour  angle,  reduced  to 
the  celestial  declination  and  hour  angle, 
876;  adjustment  of,  879. 

Equinoctial,  defined,  I.,  21;  points,  de- 
fined, 28;  determined,  665. 

Equinoxes,  defined,  I.,  28. 

Ebtbl,  II.,  182,  816,  816,  829. 

Fbbouson,  I.,  126. 

Fixed  stars,  proper  moticm  of,  L,  620; 
heliocentric  or  annual  parallax  of,  de- 
fined, 648,  found  in  longitude  and 
latitude,  644,  found  in  right  ascension 
and  declination,  646;  meam  and  appa- 
rent places  of,  645. 

F&ANKLiN,  Sir  John,  I.,  688. 

FRAUNHorBB,  II.,  867,  868. 

Galloway,  I.,  706. 

Gambbt,  II.,  125. 

Gauss,  I.,  81,  84, 199,  244,  246,  282,  286, 

800,  889,  627,  628,  685,  648,  674,  705; 

II.,  28,  66,  148,  469. 
Gat  Lussac,  I.,  148. 
Geocentnc  place,  I.,  108. 
Gerlino,  I.,  679;  II.,  469. 
GiLLiss,  I.,  862,  680. 
GOXTZB,  II.,  9. 
Gould,  I.,  842,  844,  846,  850,  680;  II.. 

804. 
Graduated  circles,  IL,  29;  ecoentridty  of. 

87,  89;  periodic  functions,  42;  errors 

of  graduation,  51. 

Hadlbt,  II.,  92. 

Hallbt,  IL,  181. 

Hamsbr,  I.,  85,  182,  489,  475,  686; 

II.,69, 144, 171, 174,  218,  216,  219,220, 

249,  251,  257,  804,  407,  469. 
Heliometer,  II.,  408;  general  theory  of, 

407;  determination  of  constants  of,  428. 
Hbndbbbon,  I.,  686,  706. 
Hbrsohbl,  I.,  698,  694,  708,  705;  U.,  9, 

27,  126. 
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HiPPARCHUs,  I.,  686. 

Horizon,  defined,  I.,  18;  dip  of,  defined, 
172;  dip  found,  173;  dUst&nce  of,  at  sea, 
found,  178. 

Hour  angle,  defined,  I.,  21;  numerical 
expression  of,  27 ;  of  a  star,  found  ftrom 
its  altitude  and  azimuth,  and  the  lati- 
tude of  the  obseryer,  27;  found  when 
the  star  is  at  its  greatest  elongation,  87 ; 
when  the  star  is  on  the  prime  Tertical 
of  a  giyen  place,  87 ;  when  the  star  is 
in  the  horizon,  88;  from  its  zenith  dis- 
tance, 89;  found  at  a  given  time,  64. 

Hour  circles,  defined,  I.,  21. 

Hubbard,  I.,  628,  651. 

HULSSK,  I.,  211. 

Interpolation,  simple,  I.,  69;  by  second 
differences,  73;  by  differences  of  any 
order,  79;  Bxssel's  formula,  85;  into 
the  middle,  87;  formula  arranged  ac- 
cording to  the  powers  of  the  fractional 
part  of  the  argument,  89. 

Jahrbuoh,  Berliner  Astronomisches,  I.,  68. 

Johnson,  I.,  706. 

Jupiter's  satellites,  eclipses  of,  I.,  889. 

Kaisbr,  I.,  891. 
Rank,  I.,  583. 
Kbith,  I.,  628. 
Kendall,  I.,  862. 
Kbplbr,  I.,  592,  673. 
Rbssbl,  II.,  285,  268. 
Knobrb,  II.,  102. 
Kbamp,  I.,  153,  158. 

Laoaillb,  I.,  686,  706. 

Laoeangb,  I.,  148,  598,  606. 

Lalandb,  I.,  98,  428. 

Lambert,  I.,  542. 

Laplace,  I.,  148,  153,  156,  169;  H.,  469. 

Latitude,  celestial — circles  of — parallels 
of,  I.,  24;  geographical,  25;  of  a  star, 
found  from  its  declination  and  right 
ascension,  and  the  obliquity  of  the 
ecliptic,  39 ;  reduction  of,  for  the  com- 
pression of  the  earth,  97;  distinction 
between  geodetic  and  astronomical,  103 ; 
astronomical  latitude  found  by  meridian 
altitudes,  or  zenith  distances,  228;  by 
a  single  altitude  at  a  given  time,  229 ; 
by  reduction  to  the  meridian  when  the 
time  is  given,  233;  by  circummeridian 
altitudes,  286;  by  the  pole  star,  253; 
by  two  altitudes  of  the  same  st^r,  or 
different  stars,  and  the  elapsed  time 
between  the  observations,  257 ;  by  two 
altitudes  of  the  sun,  266 ;  by  two  equal 
altitudes  of  the  same  star,  or  of  the 
sun,  270;  by  two  altitudes  of  the  same 
or  different  stars,  with  the  difference  of 
their  azimuths,  277;   by  two  different 


stars  observed  at  the  same  altitude 
when  the  time  is  given,  277:  by  three 
or  more  different  stars  observed  at  the 
same  altitude  when  the  time  is  nofc 
given,  280;  byCA0N0Li*s  formulss,  286; 
by  the  transits  of  stars  over  vertical 
circles,  298 ;  by  altitudes  near  the  me- 
ridian when  the  time  is  not  known,  296, 
by  the  rate  of  change  of  altitudes  near 
the  prime  vertical,  308 ;  found  at  sea, 
by  meridian  altitudes,  804;  by  reduc- 
tion to  the  meridian  when  the  time  is 
given — by  two  altitudes  near  the  me- 
ridian when  the  time  is  not  known,  807 ; 
by  three  altitudes  near  the  meridian 
when  the  time  is  not  known,  809;  by  a 
single  altitude  at  a  given  time,  810;  by 
the  change  of  altitude  near  the  prime 
vertical — ^by  the  pole  star,  811;  by  two 
altitudes  with  the  elapsed  time,  818; 
DouwEs's  method  of  *<  double  altitudes," 
815;  determined  by  a  transit  instru- 
ment in  the  prime  vertical,  II.,  238,  242, 
252, 254, 260, 265 ;  by  Talcott's  method, 
342. 

Least  squares,  method  of.  Appendix,  II., 
469. 

Legendrb,  II.,  469. 

Level,  II.,  70;  value  of  a  division  found — 
radius  of  curvature — effects  of  changes 
of  temperature,  75;  radius  of  curva- 
ture of  different  parts  of  the  tube,  76 ; 
level  constant,  153. 

Lb  Verrieb,  I.,  578,  601. 

LiAORE,  II.,  469. 

LiEUSSON,  L,  333;  II.,  79. 

Light,  velocity  of,  I.,  640. 

Lindenau,  I.,  692 ;  IL,  469. 

Littbow,  L,  300,  802;  IL,  9 

Llotd,  II.,  9. 

Locke,  II.,  89. 

Longitude,  celestial,  defined,  I.,  24 ;  of  » 
tar,  found  from  its  declination  and 
right  ascension,  and  the  obliquity  of 
the  ecliptic,  39;  terrestrial  longitude, 
found  by  astronomical  observations — 
by  portable  chronometers,  317 ;  by  ter- 
restrial signals,  387;  by  celestial  sig* 
nals,  889;  by  the  electric  telegraph, 
841;  by  moon  culminations,  350;  by 
azimuths  of  the  moon,  or  transits  of  the 
moon  and  a  star  over  the  same  vertical 
circle,  371 ;  by  altitudes  of  the  moon, 
382;  by  lunar  distances,  898;  by  ac 
eclipse  of  the  sun,  518 ;  by  occultations, 
550;  terrestrial  longitude  found  at  sea, 
by  chronometers,  420;  by  lunar  dis- 
tances, 422;  by  the  eclipses  of  Jupiter's 
satellites — by  the  moon's  altitude,  423;- 
by  the  occultations  of  stars  by  the 
moon,  424 ;  by  the  observed  contact  of 
the  moon's  limb  with  the  limb  of  s 
planet,  578. 
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tunw  dlBiance,  found  at  a  giyen  time,  I., 

75 ;  longitude  found  by,  898. 
LuNDAHL,  I.,  693,  701,  706. 
Lyman,  II.,  366. 

MXdler,  I.,  870.  542,  548,  606,  708,  706. 

Mahleb,  II.,  307. 

Martins,  II.,  106,  119,  127,  180. 

Mater.  I.,  542;  II.,  145. 

Measurement  of  angles,  II.,  29. 

Meridian,  celestial,  defined,  I.,  19. 

Meridian  circle,  II.,  282;  reduction  to 
the  meridian,  289 ;  observation  by  re- 
flection, 293;  flexure,  802;  obseryations 
of  the  declination  of  the  moon,  804; 
declination  of  a  planet,  or  the  sun,  809 ; 
correction  of  the  observed  declination 
uf  a  planet's  or  the  moon's  limb  for 
spheroidal  figure  and  defective  illumi- 
nation, 810. 

Meridian  line,  defined,  I.,  19;  direction 
found  by  the  meridian  passage  of  a  star, 
by  shadows,  429;  by  single  altitudes  of 
a  star,  430;  by  equal  altitudes  of  a  star, 
481;  by  the  angular  distance  of  the 
sun  from  any  terrestrial  object,  482*;  by 
two  measures  of  the  distance  of  the  sun 
from  a  terrestrial  object,  484;  by  the 
azimuth  of  a  star  at  a  given  time,  434 ; 
by  the  greatest  elongation  of  a  oircum- 
polar  star,  434. 

Meridian  mark,  II.,  187. 

Mere,  II.,  867. 

Micrometer,  filar,  II.,  59,  891 ;  yalue  of  a 
revolution,  found,  60,  860;  eff'ect  of 
temperature  upon  the  value  of  a  revolu- 
tion, 68;  position  micrometer,  69;  ring 
micrometer,  486 ;  other  micrometers,  449. 

Micrometric  observations  —  filar  microm- 
eter— distance  and  position  angle  of 
two  stars,  found,  II.,  891;  correction 
of  the  observed  position  angle  for  errors 
of  the  equatorial  instrument,  892 ;  ap- 
parent difference  of  right  ascension  and 
declination  of  two  stars,  found,  897; 
correction  for  refraction,  450;  correc- 
tion for  precession,  nutation,  and  aber- 
ration, 465. 

Microscope,  reading,  II.,  88;  error  of 
runs,  85. 

MiTCHBL.  II.,  87. 

Moon  culminations,  I.,  850. 

Morse,  II.,  86,  87. 

Mural  circle,  II.,  282. 

Nadir,  defined,  I.,  19;  point,  TL.,  286. 

Nautical  Almanac,  British,  I.,  68. 

Newton,  II.,  92. 

NicoLAi,  I.,  864,  627,  686. 

Nonagesimal,  I.,  25. 

Nonius,  II.,  30. 

Noon,  apparent,  mean,  I.,  58. 

Nutation,  I.,  624;  in  right  ascension  and 


declination  for  a  glren  star  at  a  given 
time,  found,  625;  general  tables  for, 
explained,  626;  constant  of,  624,  698; 
effect  upon  the  position  angle  of  two 
stars,  found,  II.,  467. 

Obliquity  of  the  ecliptic.     See  ecliptic. 

Occultations,  of  fixed  starsby  themoon,I., 
549 ;  longitude  found  by,  550,  578 ;  pre- 
diction for  a  given  place,  657 ;  limiting 
parallels  of  latitude  found,  561;  of 
planets,  565 ;  form  of  a  planet's  disc, 
566;  curve  of  illumination  of  a  planet's 
surface,  found,  569;  of  Jupiter,  575, 
Saturn,  Saturn's  Ring,  Mars,  Venus, 
and  Mercury,  576,  Neptune,  Uranus, 
588;  of  fixed  stars  by  a  planet,  601; 
of  Jupiter's  satellites,  840. 

Olbers,  I..  107;  II.,  16. 

Olufsen,  I.,  686. 

OuDEMANS,  I.,  891,  448,  551,  555. 

Pape,  I.,  601. 

Parallactic  angle,  defined,  I.,  80;  of  a  star 
on  the  prime  vertical  of  a  given  place, 
found,  87;  found  from  a  star's  zenith 
distance,  89. 

Parallax,  defined,  I.,  104;  found  in  alti« 
tude  or  zenith  distance,  the  earth  re- 
garded as  a  sphere,  105;  of  a  star,  in 
zenith  distance  and  azimuth,  when  the 
geocentric  zenith  distance  and  azimuth 
are  given  and  the  earth  is  regarded  as 
a  spheroid,  107 ;  of  a  star  in  zenith  dis- 
tance and  azimuth,  when  the  apparent 
zenith  distance  and  azimuth  are  given, 
the  earth  regarded  as  a  spheroid,  112; 
reduced,  reduction  of,  118;  of  the 
planets  or  the  sun,  118;  in  zenith  dis- 
tance, for  the  point  in  which  the  normal 
meets  the  earth's  axis,  116;  in  zenith 
distance  for  the  same  point,  when  the 
apparent  zenith  distance  is  given,  118 ; 
of  a  star  in  right  ascension  and  declina- 
tion when  its  geocentric  right  ascension 
and  declination  are  given,  119;  of  a 
star  in  right  ascension  and  declination, 
when  its  observed  right  ascension  and 
declination  are  given,  128;  in  latitude 
and  longitude,  126 ;  solar,  constant  of, 
678;  of  a  planet,  or  the  sun,  found  bj 
meridian  OD8erva«.ions.  674 ;  of  the  sun, 
found  by  extra- meridian  observations 
of  a  planet,  677;  lunar,  constant  of, 
680;  of  a  fixed  star,  found  by  micro- 
metric  measures,  693. 

Pearson,  II.,  9,  450. 

Peirce,  I.,  148,  847,  861,  863,  861,  862, 
866,  869,  678;  II.,  193,  202,  207,  256, 
261,  857,  469,  490. 

Periodic  flinctions,  II.,  42. 

Personal  equation,  II.,  189;  personal 
scale,  193. 
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Petmrs,  C.  a.  F.,  I.,  606,  624,  625,  626, 
627,  660,  651,  662,  662,  665,  698,  698, 
699,701;  II.,  69,  818,819,497. 

PBTER8BN,  L,  256,  601;  II.,  440. 

PiAzzi,  I.,  94,  702. 

P18T0R,  II.,  106,  119,  127,  180. 

Planets,  occultations  of,  I.,  565. 

Plumb  line,  abnormal  deviations  of,  I., 
102. 

PoissoN,  II.,  469. 

Polar  distance,  defined,  I.,  22. 

Portable  transit  instrument  (see  transit 
instrument)  as  a  zenith  telescope,  II., 
866. 

Potter,  II.,  9. 

Precession,  luni-solar,  planetary,  I.,  604; 
change  in  the  obliquity  of  the  ecliptic, 
605;  general  precession  in  longitude, 
and  the  position  of  the  mean  ecliptic, 
found,  605;  in  longitude  and  latitude 
of  a  given  st^r,  from  the  epoch  1800, 
fbund,  608;  between  any  two  given 
dates,  610;  annual  precession  in  longi- 
tude for  a  given  date,  611;  in  right 
ascension  and  declination,  between  any 
two  given  dates,  618;  annual  precession 
in  right  ascension  and  declination,  616; 
position  of  the  pole  of  the  equator  at  a 
given  time,  found,  618;  constant  of,  701 ; 
effect  upon  the  position  angle  of  two 
stars,,  found,  II.,  467. 

Prechtel,  II.,  9. 

Prime  vertical,  defined,  I.,  19. 

Prismatic  circle,  II.,  127. 

Proper  motion  of  the  fixed  stars,  I.,  620; 
reduced  from  one  epoch  to  another, 
621 ;  on  a  great  circle,  628. 

Proportional  logarithms,  I.,  75. 

Puissant,  I.,  217,  250. 

Ramsden,  II.,  23,  449. 

Raper,  I.,  422,  305;  II.,  104. 

Reduction  of  a  planet's  place,  I.,  657. 

Reduction  to  the  meridian  for  circum- 
meridian  altitudes,  I.,  285,  238;  for 
meridian  circle  observations,  II.,  289. 

Refraction,  general  laws  of,  I.,  127;  as- 
tronomical, 128;  tables  of,  explained, 
180,  169;  formula  investigated,  184; 
differential  equation  of,  136;  Simpson's 
or  Bououer's  formula,  Bradley's, 
138;  first  hypothesis,  186;  second  hy- 
pothesis, 143 ;  of  a  star  in  right  ascension 
and  declination,  found,  171;  constants 
of,  determined,  671 ;  effect  in  transit 
observations,  II.,  186. 

Reonault,  L,  141,  148,  160,  161. 

Repeating  circle,  II.,  119. 

Repsold,  II.,  167,  272,  288,  808. 

Right  ascension,  defined,  I.,  23;  of  a  star, 
found  from  the  star's  hour  angle,  89, 
from  its  latitude  and  longitude,  and  the 
obliquity  of  the  ecliptic,  42 ;  of  the  sun 


at  the  time  of  his  transit  over  a  given 
meridian,  71 ;  of  the  moon  or  a  planet 
at  the  time  of  transit  over  a  given  me- 
ridian, 78 ;  of  the  fixed  stars,  deduced 
from  transits.  II.,  176;  of  the  moon, 
deduced  from  an  observed  transit,  214. 
Determination  of  the  absolute  R.  A.  oi 
fixed  stars.  I.,  665. 

Ring  micrometer,  II.,  486;  correction  for 
curvature,  438 ;  correction  for  the  proper 
motion  of  one  of  the  objects,  441; 
radius  of  the  ring,  found,  445 ;  correc* 
tion  for  refraction,  461. 

Rittenhouse,  II.,  66,  187. 

RocHON,  II.,  449. 

Rudberg,  I.,  148,  160. 

RlJMKER,  I.,  98. 

Safford,  I.,  612. 

Santini,  I.,  94. 

Sawitsch,  II.,  9,  212,  221,  264. 

Saxton,  IL,  87,  91. 

Schott,  I.,  683. 

Schumacher,  I.,  84,  256,  627,  685;  IL, 
130. 

Semidiameters  of  celestial  bodies,  I.,  180; 
augmentation  of,  183;  contraction  of 
the  vertical  semidiameter  of  the  sun  or 
moon,  produced  by  refraction,  found, 
184;  contraction  of  any  inclined  semi- 
diameter,  produced  by  refraction,  186; 
contraction  of  horizontal,  187 ;  planets' 
mean,  687. 

Sextant,  II.,  92;  adjustments,  95,  96; 
index  correction,  by  a  star,  by  the  sun, 
98 ;  method  of  observation,  99 ;  altitude 
from  artificial  horizon,  101,  from  the 
sea  horizon,  103 ;  equal  altitudes,  104 ; 
how  to  examine  the  colored  glasses, 
106 ;  parallax,  107 ;  errors  of  the  index 
glass,  108;  error  of  the  sight  line,  112; 
eccentricity,  117. 

Simpson,  I.,  138. 

Six  hour  circle,  defined,  I.,  26. 

Solstices,  defined,  I.,  28. 

Spherical  astronomy,  defined,  I.,  18. 

Star  catalogues,  I.,  91. 

Steinheil,  II.,  132,  234,  268. 

Struve,  I.,  93,  324,  326,  828,  829,  381, 
832,  675,  578,  606,  632,  640,  692,  706, 
707;  II.,  84,  157,  192,  262,  272,  275, 
282,  283,  318,  867,  381,  385,  460. 

Sumner's  method  of  finding  a  ship^  place 
at  sea,  I.,  424. 

Sun,  right  ascension  of,  I.,  71;  meridian 
zenith  distances  of,  228;  mean  motion 
of,  652;  epoch  of  mean  longitude  of, 
663 ;  motion  in  space,  703 ;  observations 
upon  the  cusps  in  a  solar  eclipse,  II., 
432. 

Talcott,  I.,  226;  IL,  840,  866,  367;  his 
method  of  finding  the  latitude,  342. 
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Telescope,  IL«  9;  magnifying  power,  12; 
field  of  view,  14;  brightneas  of  images, 
and  intenBitj  of  their  light,  15;  spher- 
ical and  chromatic  aberration,  18; 
achromatic  eye  pieces,  20;  diagonal 
eye  pieces,  22;  magnifying  power 
measured,  first  method,  22;  second 
method,  23;  third  method,  25;  fourth 
method,  26;  reflecting,  27;  finding,  28; 
lenith,  II.,  840;  equatorial,  867. 

Time,  apparent,  mean,  sidereal,  solar,  I., 
53 ;  ciyil,  astronomical,  54 ;  conversions 
of,  54,  57,  59,  60,  62,  655;  local  mean, 
found,  65;  equation  of,  54,  71;  local, 
Greenwich,  defined,  55;  Greenwich, 
corresponding  to  a  g^iven  right  ascen- 
sion of  the  moon  on  a  giren  day,  found, 
75;  corresponding  to  a  giyen  lunar 
distance  on  a  giren  day,  found,  77; 
found  by  astronomical  obserrations, 
198 ;  by  transits,  196 ;  by  equal  altitudes 
of  a  star,  196;  by  equal  altitudes  of  the 
sun  before  and  after  noon,  198,  before 
and  after  midnight,  201 ;  correction  for 
small  inequalities  in  the  altitudes,  202 ; 
probable  error  of  obserration  of  equal 
altitudes,  205;  found  by  a  single  alti- 
tude, or  zenith  distance,  206;  mean  of 
times  reduced  to  mean  of  lenith  dis- 
tances, 215;  found  by  the  disappear- 
ance of  a  star  behind  a  terrestrial 
object,  217;  true  and  apparent  rising 
or  setting  of  a  star — beginning  and 
ending  of  twilight,  218;  found  at  sba, 
by  a  single  altitude,  219;  by  equal 
altitudes,  220;  found  with  a  portable 
transit  instrument  in  the  meridian,  II., 
200,  out  of  the  meridian,  215. 

Transit,  I.,  52;  time  of  the  moon's  or  a 
planet's  transit  over  a  given  meridian, 
found,  72. 

Transit  circle,  II.,  282. 

Transit  instrument,  II.,  181;  method  of 
observation,  138;  general  formulsd, 
139;  in  the  meridian,  140;  thread  in- 
tervals, 146;  reduction  to  the  middle 
thread,  149-;  reduction  to  the  mean  of 
the  threads,  151;  level  constant,  153; 
inequality  of  pivots,  155;  coUimation 
constant,  160;  azimuth  constant,  169; 
portable,  in  the  meridian,  200;  in  any 
vertical  plane,  209,  adaptation  as  a 
zenith  telescope,  II.,  866. 

Transit  instrument  in  the  prime  vertical ; 

feographical  latitude  determined,  II., 
38,  242,  260,  252, 254,  265;  adjustment 
in  the  prime  vertical,  239;  correction 
for  inclination  of  the  axis,  241 ;  declina- 
tions determined,  271. 


Transits,  of  the  moon,  II.,  176:  of  the  sui 
or  a  planet,  182;  correction  of  the 
transit  when  the  planet's  defective  limb 
has  been  observed,  186 ;  effect  of  re- 
fraction, 186 ;  probable  error  of  observa* 
tion,  194;  of  Jupiter's  satellites  o^er 
the  planet's  disc,  and  of  shadows  of  thf 
satellites,  I.,  840;  of  Venns  and  Mer 
cury  over  the  sun's  disc,  591. 

Trouohton,  II.,  119,  127. 

Twilight,  time  of  beginning  and  ending 
I.,  218. 

Twining,  I.,  602. 

Valz,  II.,  25. 
Vboa,  L,  211. 
Vernier,  II.,  80. 
Vernibr,  PmR,  II.,  80. 
Vertical  circles,  lines,  and  planes,  defined, 
I.,  19. 

Walker,  I.,  842,  855,  864;  II.,  898,  402 

WARNSTORr?.  I.,  84,  256,  627,  685. 

Wkissb,  I.,  98. 

WiCHMANN,  II.,  486. 

WoLFBRS,  I.,  98,  652. 

Wright,  I.,  504. 

WiJRDSMANN,  I.,  844;  II.,  186. 

Tear,  length  of,  I.,  652;  fictitious,  651 1 
beginning  of  fictitious,  found,  654. 


Zach,  I.,  802. 

Zkch,  I.,  98,  211,  662, 

Zenith,  defined,  I.,  19. 

Zenith  distance,  defined,  I.,  20 ;  of  a  star, 
found  from  its  declination  and  hour 
angle,  and  the  latitude  of  the  observer, 
81 ;  found  when  the  star  is  on  the  six 
hour  circle,  86 ;  found  when  the  star  is 
at  its  greatest  elongation,  87;  found 
when  the  star  is  on  the  prime  vertical, 
87;  reduction  of  observed  zenith  dis- 
tances to  the  centre  of  the  earth,  189 ; 
change  of,  in  a  given  interval  of  time, 
218 ;  mean  of  the  zenith  distances  re- 
duced to  the  mean  of  the  times,  214: 
of  the  sun,  228  (see  II.,  826). 

Zenith  telescope,  II.,  840;  correction  for 
refraction,  844,  for  level,  for  micro- 
meter, 846;  reduction  to  the  meridian, 
selection  of  stars,  347;  discussion  of 
the  results,  850 ;  value  of  a  division  of 
the  level,  858 ;  value  of  a  revolution  of 
the  micrometer,  860;  eztra-meridiai 
observations  for  latitude,  864. 
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